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Abstract. Log-transformed discharge is often used to calcu-
late performance criteria to better focus on low flows. This
prior transformation limits the heteroscedasticity of model
residuals and was largely applied in criteria based on squared
residuals, like the Nash–Sutcliffe efficiency (NSE). In the re-
cent years, NSE has been shown to have mathematical limi-
tations and the Kling–Gupta efficiency (KGE) was proposed
as an alternative to provide more balance between the ex-
pected qualities of a model (namely representing the water
balance, flow variability and correlation). As in the case of
NSE, several authors used the KGE criterion (or its improved
version KGE′) with a prior logarithmic transformation on
flows. However, we show that the use of this transformation
is not adapted to the case of the KGE (or KGE′) criterion and
may lead to several numerical issues, potentially resulting in
a biased evaluation of model performance. We present the
theoretical underpinning aspects of these issues and concrete
modelling examples, showing that KGE′ computed on log-
transformed flows should be avoided. Alternatives are dis-
cussed.

1 Introduction

In the context of rainfall–runoff modelling, evaluating the
quality of the models’ outputs is essential. Deterministic sim-
ulations are commonly evaluated using efficiency criteria
such as the Nash–Sutcliffe efficiency (NSE, Nash and Sut-
cliffe, 1970). The choice of the criteria obviously depends on
the modeller’s objective. For example, one may wish to fo-
cus on the overall water balance evaluation, or more specif-
ically on the simulation of different flow ranges – typically
high, intermediate or low flows. For these different objec-

tives, given that the model residuals are generally not ho-
moscedastic and often depend on the flow magnitude, one
common option to focus more closely on specific flow ranges
is to apply various prior transformations on the simulated and
observed discharge time series to distort the range of errors,
which consequently changes the relative weight of different
flow ranges in the criterion. This is commonly done within
the NSE criterion, which has been one of the most popu-
lar criteria used in hydrological modelling in the past few
decades. NSE is the distance to 1 of the ratio between the
mean square error of the model and the variance of observed
flows. Compared to the basic criterion computed on untrans-
formed flows, a prior squared transformation on flows would
put even more weight on high flows, and a logarithmic or in-
verse transformation would put more weight on low flows,
while a square-root transformation would have an intermedi-
ate effect (Krause et al., 2005; Oudin et al., 2006; De Vos and
Rientjes, 2010; Pushpalatha et al., 2012).

However, the Nash–Sutcliffe criterion was shown to have
limitations. Indeed, using a decomposition of NSE based
on the correlation, bias and ratio of variances, Gupta et al.
(2009) clearly demonstrated that discharge variability is not
correctly taken into account for the evaluation. Therefore,
Gupta et al. (2009) proposed a new criterion, the Kling–
Gupta efficiency (KGE), which was then improved into a
modified criterion called KGE′ (Kling et al., 2012). KGE
combines the previous components of NSE (correlation, bias,
ratio of variances or coefficients of variation) in a more bal-
anced way. It corrects the underestimation of variability and
provides direct assessment of four aspects of discharge time
series, namely shape, timing, water balance and variability.

Given that this criterion tends to be sensitive to large er-
rors, some users chose to apply prior transformations on
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flows before computing KGE, e.g. to put more weight on
low flows, as done with NSE. For example, Pechlivanidis
et al. (2014) applied the logarithmic transformation to use it
as a benchmark for fitting a model on low flows. Seeger and
Weiler (2014) used it as an objective function. Beck et al.
(2016) used the untransformed and log-transformed flows in
NSE, R2 and KGE as an evaluation of different global mod-
els, and Quesada-Montano et al. (2018) also used it as an
evaluation criterion of the HBV model outputs.

In this technical note we show that the use of a logarith-
mic transformation when computing KGE or KGE′, applied
in a similar way to with NSE, introduces numerical flaws and
should be avoided. After reviewing the mathematical formu-
lation of KGE′, we expose the theoretical aspects explain-
ing these flaws and illustrate them with modelling examples.
Then we suggest alternatives to circumvent this issue. The
tests will be carried out using KGE′ but they are also valid
for the initial KGE formulation.

2 The KGE and KGE′ formulations

The KGE and KGE′ criteria (Gupta et al., 2009; Kling et al.,
2012, respectively denoted EKG and E′KG in Eq. 1 and Eq. 2)
are written as a linear transformation (f : x 7−→ 1−x) of the
Euclidian distance to an ideal value (i.e. [1,1,1]) in a three-
dimensional space defined by three components of the mod-
elling error:

EKG = 1−
√
(r − 1)2+ (β − 1)2+ (α− 1)2, (1)

E′KG = 1−
√
(r − 1)2+ (β − 1)2+ (γ − 1)2, (2)

in which

– r , the Pearson correlation coefficient, evaluates the error
in shape and timing between observed (Qo) and simu-
lated (Qs) flows:

r =
cov(Qo,Qs)

σ 2
o σ

2
s

, (3)

where “cov” is the covariance between observation and
simulation and σ is the standard deviation, with sub-
scripts “o” and “s” standing for observed and simulated,
respectively.

– β, the bias term, evaluates the bias between observed
and simulated flows:

β =
µs

µo
, (4)

where µ is the mean also with subscripts “o” and “s”
standing for observed and simulated, respectively.

– α, the ratio between the simulated and observed stan-
dard deviations, evaluates the flow variability error:

α =
σs

σo
. (5)

– γ , the ratio between the simulated and observed coeffi-
cients of variation (CV), also evaluates the flow vari-
ability error. These coefficients of variation are used
to avoid the impact of bias on the variability indica-
tor (Kling et al., 2012):

γ =
µoσs

σoµs
. (6)

The KGE′ values range between −∞ and 1, as for NSE,
and it is positively oriented.

3 Issues associated with the use of a prior logarithmic
transformation

3.1 Instability when the moments of log-transformed
flows become close to zero

Because the three terms γ , β and r are ratios, they can be-
come overly sensitive to the denominator values (here µo,
µs, σo or σs) if they become close to zero. In this case, a
small absolute variation in the moments’ values can nega-
tively impact the related ratio and thus produce very nega-
tive KGE′ values. It is generally unlikely that values of σo,
σs, µs and µo so close to zero can be obtained to produce
numerical instability when using untransformed flows. How-
ever, when a prior logarithmic transformation is applied, the
values of µlog,o or µlog,s (more rarely σlog,o or σlog,s) com-
puted on transformed values can become equal or close to
zero (because log(1)= 0). The corresponding ratios r , β or γ
would therefore become very large, leading to strongly nega-
tive KGE′ values. Thus a small relative difference can lead to
very different conclusions. In this case, the score value does
not adequately represent the qualities of the model simula-
tion.

3.2 Dependence on the flow unit chosen

KGE′ and NSE criteria are dimensionless. This means that
using discharge values expressed in litres per second or in
cubic metres per second has no impact on the criteria values.
It can be easily demonstrated that γ , β and r remain identi-
cal when flow is expressed in any of these two units, since
the division by 1000 necessary for the conversion is elimi-
nated in the ratios. When using a prior logarithmic transfor-
mation, the NSE criterion is not affected because the squared
differences of flows eliminates the multiplicative conversion
coefficients in the mean square error (numerator) or in the
variance (denominator). However, the KGE′ calculation is al-
tered through the β ratio. Using the example of the average
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observed flow calculation, the conversion from cubic metres
per second to litres per second gives the following:

µlog,o[Ls−1
] = log(1000)+µlog,o[m3 s−1

]. (7)

Consequently, because the conversion term becomes ad-
ditive when applying the logarithmic transformation, the β
ratio value is modified. Similarly, the γ ratio is also al-
tered. Therefore, if the logarithmic transformation is used,
the KGE′ (and also the KGE) is no longer a dimensionless
value. This can lead to interpretation problems.

3.3 Dependence on the constant added to avoid the
zero-flow issue

When using a logarithmic (or an inverse) transformation, the
case of null flows, which may exist in the case of intermittent
or ephemeral streams, prevents proper calculation. To avoid
this, different techniques may be set up in the case of NSE:

– The first involves discarding the zero-flow values from
the series, i.e. considering them as gaps (see for example
Nguyen and Dietrich, 2018). The drawback is that parts
of the hydrographs become neglected, though they can
bring important information on the processes at play.

– The second involves adding a small constant to all flow
values (Pushpalatha et al., 2012), typically a fraction
of average flow. This option is widely used and Push-
palatha et al. (2012) showed that the NSE value has
limited sensitivity to this constant with a logarithmic
transformation as long as it is small enough compared
to flow values. These authors advise a constant equal to
1/100 of the mean observed flows. But the dependence
of KGE′ on this constant has not been investigated so
far.

– The third involves using a Box–Cox transformation to
reproduce the effects of the logarithmic transformation
without the zero-flow issue (Box and Cox, 1964; Hogue
et al., 2000; Vázquez et al., 2008).

4 Testing methodology

To illustrate these numerical issues and their potential im-
pacts, several tests were carried out in a wide range of catch-
ments, using the GR4J rainfall–runoff model (Perrin et al.,
2003).

4.1 Catchment set and data

A daily data set of 240 catchments across France (Fig. 1),
set up by Ficchí et al. (2016), was used. The climate data
of the SAFRAN daily reanalysis (Vidal et al., 2010) were
used as input data. Precipitation and temperature were spa-
tially aggregated in each catchment since the GR4J model
is lumped. Potential evapotranspiration was calculated using

Figure 1. Location of the 240 flow gauging stations in France used
for the tests and their associated catchments.

a temperature-based formula (Oudin et al., 2005). Full de-
tails on this data set are available in Ficchí et al. (2016). Ob-
served flows were retrieved for each catchment outlet from
the Banque HYDRO (http://www.hydro.eaufrance.fr/ (last
access: 29 August 2018), Leleu et al., 2014). The availability
of data covers the 2005–2013 period. To avoid requiring a
snow model, the catchments with less than 10 % of precipi-
tation falling as snow were selected.

4.2 Model and calibration

The tests were performed with the daily lumped conceptual
GR4J model (Perrin et al., 2003). The four parameters of the
model are calibrated using the local search optimization al-
gorithm used in Coron et al. (2017). The available records
are split into a calibration (from July 2005 to June 2009) and
a validation (from July 2009 to July 2013) period follow-
ing a standard split-sample test procedure (Klemeš, 1986).
The calibration procedure was run using the KGE′ on un-
transformed flows as an objective function. The performance
of the model is then evaluated during the validation period
using KGE′ on untransformed and log-transformed flows.
The performance is also calculated using different transfor-
mations that can substitute the logarithmic transformation,
namely the square-rooted flows, the inverted flows and the
Box–Cox transformed flows. The NSE criterion is also cal-
culated on log-transformed flows to be compared to KGE′

using the same transformation. The zero flows were treated
following the conclusions of Pushpalatha et al. (2012), i.e.
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Figure 2. Values of KGE′ on log-transformed flows (a, b) ver-
sus the mean of the log-transformed observed and simulated flows
compared. As a benchmark, the same plots are drawn with untrans-
formed flows (c, d). Each dot represents the performance obtained
in validation for one catchment after calibration with the KGE′ on
untransformed flows as an objective function. In plots (a) and (c),
the axis values represent the observed log-transformed flow aver-
ages and the color represents the simulated averages, while in plots
(b) and (d) it is the opposite.

by adding to flows a constant equal to 1/100 of the mean ob-
served flows. The parameter of the Box–Cox transformation
is fixed at the value of 0.25, as Vázquez et al. (2008) argue
that it is an usual value in hydrological studies.

5 Results

5.1 Instability when the moments of log-transformed
flows become close to zero

Figure 2a and b analyse the stability of the KGE′ values
with log-transformed flows obtained in the validation period.
The KGE′ values were plotted against the mean of the log-
transformed observed (a) and simulated (b) flows. When any
of these means tends to be close to zero, the KGE′ criterion
exhibits unusually low values. This plot illustrates the prob-
lem identified in Sect. 3.1. These very negative values may
alter model evaluation. When working on a large set of catch-
ments, they may also bias the calculation of the mean perfor-
mance over the catchment set, by heavily weighting these
outlier values. Figure 2c and d shows that the catchments
with negative KGE′ values in Fig. 2a and b do not seem to
exhibit any specific behaviour when evaluated with the KGE′

values on untransformed flows: the criterion values are not
lower in these catchments than in other catchments. Further-
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Figure 3. Values of KGE′ on square-root (a, b) and inverse (c, d)
transformed flows versus the mean of the log-transformed observed
and simulated flows. Each dot represents the performance obtained
in validation for one catchment after calibration with the KGE′ on
untransformed flows as an objective function. In plots (a) and (c),
the axis values represent the observed log-transformed flow aver-
ages and the color represents the simulated averages, while in plots
(b) and (d) it is the opposite.

more, this result can be completed by making the same plot
for other transformations, giving more weight to low flows.
Figure 3 shows that square-root (Fig. 3a and b) and inverse
(Fig. 3c and d) transformations do not encounter the same
problems as with the logarithm for catchments that have an
average log-transformed flow around zero.

The KGE′ on log-transformed flows can also be compared
to the NSE using the same transformation. Figure 4 shows
that, when KGE′ is significantly lower than NSE, the average
of log-transformed flows (observed or simulated) is around
zero (red dots in the figure). This tends to confirm that the
strongly negative KGE′ values stem more from a numerical
issue than an actual problem in simulated values, because the
NSE values in these catchments remain positive or around
zero.

In this technical note, the impact of a near-zero standard
deviation of log-transformed flows is not presented because it
is rarer than near-zero mean values. The standard deviations
of flows in the catchments studied are indeed all significantly
higher than zero.

5.2 Dependence on the flow unit chosen

The dependence of KGE′ on log-transformed flows on the
chosen flow units can easily be shown by plotting the KGE′

on log-transformed flows in cubic metres per second versus

Hydrol. Earth Syst. Sci., 22, 4583–4591, 2018 www.hydrol-earth-syst-sci.net/22/4583/2018/
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Figure 4. Comparison between KGE′ and NSE values on the valida-
tion period using a calibration with KGE′ on untransformed flows as
an objective function. The red dots represent the catchments where
the average of log-transformed observed (a) or simulated (b) flows
is around 0.
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Figure 5. Dependence on flow units of the KGE′ using untrans-
formed flows (a) and log-transformed flows (b) in the 240 catch-
ments. The parameters used for simulation evaluation were obtained
by calibrating GR4J using KGE′ on untransformed flows.

the KGE′ on log-transformed flows in litres per second. Fig-
ure 5b shows that, for the catchments tested, the values of
KGE′ on log-transformed flows clearly depend on the flow
unit used. A more optimistic evaluation of model perfor-
mance will generally be obtained with the flows in litres per
second. As a comparison, Fig. 5a shows that the KGE′ with
untransformed flows is not affected by the flow unit change.
This dimension dependence makes the KGE′ values based on
log-transformed flows very difficult to interpret.

The higher model performance when using litres per sec-
ond than when using square metres per second can be ex-
plained analytically. Considering Eq. (7), the formula of the
bias ratio in litres per second regarding the averages in metres
per second is as follows:

βlog[Ls−1
] =

log(1000)+µlog,s[m3 s−1
]

log(1000)+µlog,o[m3 s−1]
. (8)

Because log(1000) is not negligible compared to the av-
erages, adding this constant term would artificially improve
β and, by extension, the KGE′ value. The γ ratio is also af-
fected and, due to the interactions between the standard devi-
ation and the averages, modifies the KGE′ value differently.
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Figure 6. Sensitivity of NSE and KGE′ to the fraction of average
flows that is added to flows to avoid zero flows in the logarithmic
transformation for 240 catchments over the validation period. This
graph is inspired by Fig. 9 in Pushpalatha et al. (2012).

5.3 Dependence on the value added to avoid the
zero-flow issue

Pushpalatha et al. (2012) showed that the sensitivity of the
NSE criterion on log-transformed flows to the small added
constant declines when this constant decreases (from 1/10 to
1/100 of the mean observed flow) and becomes limited for
very small values (see Fig. 9 in Pushpalatha et al., 2012). We
performed the same test with the KGE′ criterion and we ob-
tained a very different result (Fig. 6). The impact on perfor-
mance is erratic for different values added to flows and does
not show any trend. This may be due to the numerical issues
shown in Sect. 5.1. For these reasons, the impact of added
values can be major and may alter the model evaluation.

5.4 The case of the Box–Cox transformation

As presented in Sect. 3.3, instead of adding a small value
to flows, a Box–Cox transformation can be applied to flows
to mimic the logarithm transformation without the zero-
flow problem. However, even though it removes the depen-
dence of the KGE′ value to the value added to avoid zero
flows, the other issues presented in the previous sections ex-
ist as for the logarithm. For catchments in which the log-
transformed flows’ average is close to zero, the Box–Cox
transformed flows exhibit the same behaviour as with the
logarithm (Fig. 7). This result is logical because the Box–
Cox transformation of 1 is equal to 0, as for the logarithmic
transformation.

The Box–Cox transformation is also dependent on the
units (Fig. 8a). However, for this last issue, a slight modi-
fication of the Box–Cox formula allows one to address this
problem. The classical Box–Cox transformation can be writ-
ten as follows:

fBC(Q)=
Qλ
− 1
λ

, (9)

in which λ is an exponent to be chosen by the user, Q is the
flow value for any unit and fBC is the Box–Cox function.

www.hydrol-earth-syst-sci.net/22/4583/2018/ Hydrol. Earth Syst. Sci., 22, 4583–4591, 2018
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Figure 7. Values of KGE′ on Box–Cox transformed flows versus
the mean of the log-transformed observed (a) and simulated (b)
flows. Each dot represents the performance obtained in validation
for one catchment after calibration with the KGE′ on untransformed
flows as an objective function. In plot (a), the axis values represent
the observed log-transformed flow averages and the color represents
the simulated averages, while in plot (b) it is the opposite.
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Figure 8. Dependence on flow units of the KGE′ using Box–Cox
transformed flows without adaptation (a, Eq. 9) and with adaptation
(b, Eq. 10) in the 240 catchments. The parameters used for simula-
tion evaluation were obtained by calibrating GR4J using KGE′ on
untransformed flows.

Using this equation, the KGE′ on transformed flows will
be unit-dependent because of the additive term 1 in the nu-
merator. To avoid this, we can slightly modify the formula,
by replacing the term 1 by a constant with a unit dependence
(here we propose 1/100 of the mean flow) and by putting it
to the power λ:

f ′BC(Q)=
Qλ
− (0.01µo)

λ

λ
. (10)

Using Eq. (10), the KGE′ criterion remains dimensionless
using the Box–Cox transformation (Fig. 8b).

Furthermore, because the zero of the modified Box–Cox
function is not 1 any more, this transformation would reduce
the issue of strongly negative values when µlog,o or µlog,s are
around zero. However, there still is an issue if the average of
simulated flows is around the zero of the modified Box–Cox
function (i.e. if µs = (0.01µo)

λ, Fig. 9). This instability oc-
curs more rarely than for the logarithm transformation but
can be more frequent if larger percentages of the average of
observed flow or different λ value are used. Because this in-
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Figure 9. Values of KGE′ on modified Box–Cox transformed flows
(Eq. 10) versus the mean of this transformed observed (a) and sim-
ulated (b) flows. Each dot represents the performance obtained in
validation for one catchment after calibration with the KGE′ on un-
transformed flows as an objective function. In plot (a), the axis val-
ues represent the observed transformed flow averages and the color
represents the simulated averages, while in plot (b) it is the oppo-
site.
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Figure 10. Comparison between KGE′ values on Box–Cox and
modified Box–Cox transformed flows on the validation period us-
ing a calibration with KGE′ on untransformed flows as an objective
function. The red dots represent the catchments where the average
of log-transformed observed (a) or simulated (b) flows is around 0.

stability is due to µs (which is only in the denominator of the
γ ratio in Eq. 6), it will only affect the KGE′. The KGE is
not affected because an α ratio is used instead of the γ ratio
(Eqs. 1 and 5).

The modified Box–Cox transformation (Eq. 10) allows
unit dependence to be avoided and the instability issues due
to the values of average flows to be reduced (especially when
using the KGE). The behaviour of this modified transforma-
tion also remains similar to the one of the initial Box–Cox
transformation except when µlog,o or µlog,s are around zero
(Fig. 10).

6 Summary

6.1 Log transformation should not be used in the KGE
or KGE′ criterion

Given the previous results, we can argue that using log-
transformed flows to calculate the KGE or the KGE′ criterion
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Table 1. Pros (+) and cons (−) of different flow transformations to improve consideration of low flows in KGE′. In the second column, the
number of + symbols represents the intensity of the low-flow weight increase. There are parentheses around the last + for inverted root and
Box–Cox transformations because the low-flow weight depends on parameters.

Flow Increased low No issue with Dimensionless No issue when
transformation flow weight zero flows flows average around 1

Square root + + + +

Inverse +++ − + +

Reciprocal of root ++ (+) − + +

Logarithm ++ − − −

Box–Cox +(+) + + (if using Eq. 10) + (if using Eq. 10)

can lead to difficulties in the interpretation of criterion values.
The criterion does not remain dimensionless like NSE with
a prior logarithmic transformation. It also becomes overly
sensitive when the log-transformed flows’ average becomes
close to zero, yielding potentially very negative values, or
when a small constant is added to flows prior to logarithmic
transformation to cope with zero flows. Because of all these
issues, logarithmic transformation should be avoided when
using KGE′.

6.2 Alternatives

Instead of KGE′ on log-transformed flows, several transfor-
mations can be used to calculate KGE′. The pros and cons
for several transformations are summarised in Table 1. The
reciprocal of root (RoR) is an example of a transformation
used in the literature that is not tested in the article but leads
to an increase in the weight of low flows (Chapman, 1964;
Ishihara and Takagi, 1965; Ding, 1966). As stated in Ding
(2018b), it can be parametrized with the value of the power
in the root (Q−

1
N ). Depending on the value of N , there will

be more or less weight on low flows (Ding, 2018a). The
higher N is, the less the weight on low flows is. This N
value can also be determined with the recession curves of
observed flows. Regarding this table, the modified Box–Cox
transformation (Eq. 10) seems to be the best solution but it
still faces instabilities for some flow average values (for the
KGE′). Thus, there is no ideal solution to avoid all problems.
Modellers have to make a choice depending on their specific
applications. According to the intensity of low-flow weight
increase that is needed, the choice of transformation has to
be adapted. Garcia et al. (2016), for example, recommend av-
eraging two KGE′ criteria, computed on untransformed and
inverted flows, into a composite criterion.

Note that many studies use NSE on log-transformed
flows (see for example Lyon et al., 2017; Nguyen and Di-
etrich, 2018). Fortunately, the mathematical formulation of
NSE avoids all the problematic aspects identified for KGE
with the logarithmic transformation. However, this may not
be a sufficient argument to continue to use NSE given the is-
sues presented by Gupta et al. (2009) and Schaefli and Gupta
(2007):

– the underestimation of variability,

– the low weight of water balance errors for catchments
with highly variable flows,

– the poor benchmark represented by the mean flows for
catchments with highly variable flows.

6.3 Final remarks

Two additional remarks should be taken into account on this
topic. First, as noted by Harald Kling in a personal commu-
nication, 2018, prior transformations on flows in KGE (or
in NSE) lead to a misinterpretation in the estimation of the
water balance. The other components of the KGE also lose
their initial physical meaning. KGE on transformed flows can
give more information on low flows, but the physical inter-
pretation of the criterion is not as simple as in the case of
untransformed flows.

Secondly, even if it did not occur in our experiment, the
issue described in this technical note may lead to problems
during the calibration process. Indeed, it can create a strongly
negative zone in the objective function hyperspace, which
may negatively impact the performance of local calibration
algorithms.

Data availability. The daily flow data can be downloaded from the
Banque HYDRO website (http://www.hydro.eaufrance.fr/, last ac-
cess 29 August 2018). The climatic data from the SAFRAN reanal-
ysis used in this paper (daily precipitation and temperature) are not
freely available. The data was provided to Irstea following a con-
vention between the two institutes. However, the analyses can be
reproduced using open data and would lead to similar conclusions.
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