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Foreword

Understanding the city is a little like peeling an onion. The more layers you take off, the
more the subject of your inquiry seems to remain the same. In fact, you appear to be get-
ting nowhere as you continue your peeling, except that like an onion, the frustration of not
being able to make substantial advances on understanding its complexity brings tears (of
frustration) to your eyes. The onion continues to look the same, almost impenetrable.

Cities are like this. Almost since the beginning of the industrial revolution in the
West, more than 200 years ago, scholars have sought to understand how complex sys-
tems such as cities resolve the problem of remaining highly ordered in their form and
function but without any top-down mechanisms that hold their structure together. This
was Adam Smith’s essential point in his Wealth of Nations published in 1776 where
he posed the conundrum that there seemed to be an “invisible hand” guiding individual
actions based on self-interest to generate structures such as markets that enabled soci-
ety to get richer and trade to take place. In fact, economics has been spectacularly
unsuccessful in deriving high theory to make sense of modern societies, particularly
cities, although it is now widely recognized that the two different perspectives that
evolved through the 19th and 20th centuries based on micro- and macroeconomics
are different enough in kind not to be reconcilable other than in the most crudely fash-
ioned ways. What is slowly taking its place is a deeper, more cognitive style of eco-
nomics that draws from both the micro and the macro.

Our knowledge of cities manifests all the same problems and dilemmas that domi-
nate economics. Moreover, it is clear that technology change is driving cities and
societies to ever greater complexity, thus rendering our theories about how cities
form and function increasingly obsolete, especially as new modes of human behavior
come to dominate the way our cities are structured. Over the last 50 years, building on
ideas first formalized by von Thunen in the early 19th century, an explanation for cities
and much that pertains to their spatial organization across many scales has been forged
from the perspective of microeconomics. In fact, what came to be called the New
Urban Economics in the 1970s (Richardson, 1976) represented the most powerful
approach there had ever been to explaining the way the city came to be spatially differ-
entiated. This is built on the edifice of microeconomics and is constructed around the
key idea that a typical “consumer” of the city optimizes the land and transportation
they require to function at different housing and workplace locations. In essence,
this theory of urban economics is based on the classical assumptions that an individual
acts rationally in choosing their location by optimizingdmaximizingdtheir utility.
This is always subject to various constraints on their budget, typically their income,



and some measure of the benefits received and costs incurred, such as transport and
housing costs in the form of rent.

This model of utility maximizing lies at the basis of contemporary urban economics
and is fundamental to the theories that Francisco Martinez develops here. In essence,
his approach not only builds on microeconomic theory but also extends such theory to
embrace various theories of spatial interaction and movement formalized over the last
50 years using approaches from statistical physics, discrete choice, and random utility
theory. The great feat that Francisco Martinez accomplishes here is to extend urban
economic models to demonstrate how such ideas can relate to agglomeration econo-
mies, in particular to scaling, which occurs as cities grow in size, and in this context,
to systems of cities. He does this at the same time as demonstrating that the models he
develops can be solved as equilibrium structures, thus balancing demand and supply.
These he extends to the wider economy, thus providing a set of tools which are partial
models that can be assembled by the astute reader to produce many different general
model types. In this way, his is a unique approach to resolving the age-old aggregation
problem in economics.

What is fascinating about the general theory that he seeks to promote is that when
he unpeels the onion, layer by layer, he finds new ways of linking what appear to be
quite different approaches together in formal ways. To an extent, the way he organizes
the development of microeconomic modeling is by peeling the onion chapter by chap-
ter. He gradually adds these layers together, establishing partial solutions which, in
economic terms, are essentially partial equilibria, gradually moving toward more gen-
eral equilibrium and thence aggregating his models to suggest ways in which they
inform quantitative and qualitative changes as cities grow in size and organize them-
selves into more extensive systems. An important feature of the city system which he is
at pains to emphasize is the fact that he treats location as a differentiated good with its
own unique properties which makes comparability between places in spatially exten-
sive systems very different from other kinds of economic market. It is into this nexus
that he begins the development of a coherent economic theory of the world of cities,
arguing that accessibility is one of the key determinants of how locations are differen-
tiated. His initial focus on location gives strong credibility to the notion of a “general
concept” of accessibility which he defines in two ways: as physical accessibility,
which is the trade-off between the benefits that a person moving from one location
to another receives and the transport costs incurred. In fact, this is a rather specific defi-
nition, and more generally, this kind of accessibility is the comparison or difference
between benefits and costs of engaging in such interaction. In contrast but in a com-
plementary way, he defines attraction as the benefits of locating in a place where
many others are located, a kind of economy of scale, that takes account of the advan-
tages to that individual in question of having other individuals located in the same
place. After setting the context to his theory in Chapter 1, these ideas about accessi-
bility and attraction are given formal substance in Chapter 2 where he relates them
to spatial interaction, agglomeration, and random utility theory, key model tools that
enable these concepts to be given true economic substance. It is worth noting that
throughout the book at the end of most chapters, there are technical notes that take
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the formal mathematics of the various models he introduces further, thus enabling
readers to probe these ideas in greater technical depth.

The major outline of his microeconomic theory begins in earnest in Chapter 3. The
theory of the land market that lies at the basis of models treats individuals as agents and
the market they engage in as an auction. In fact, this is simply a way of generalizing
many agents acting to maximize their utility subject to their usual budget and external
physical constraints to a system where prices are established when the market clears.
The model is equally applicable to agents as households and agents as firms with the
focus being respectively on utility and profit. These models of demand are set against
the supply of land (or real estate) which introduces land owners and developers, and by
the end of the introduction to these models, market clearing is demonstrated with
respect to how an equilibriumdin traditional economic parlance a Walrasian
equilibriumdis established. These models are all deterministic, but it is well known
that the uncertainties of modern economic life are such that all decision-making takes
place under uncertainty, and Francisco Martinez then follows this up with a chapter on
what he refers to as the stochastic bid-auction model. One might think that adding a
random element to the standard bid-rent models just introduced would be a straightfor-
ward matter, but in the process of doing this, many linear relations are transformed to
nonlinear, and thus the overall models take on an aura of somewhat greater
complexity.

All of this machinery sets up a more general discrete urban model of land use and
transportation that contains all the rudiments for application. Building on the various
equilibria that have been established in earlier layers of the theory, short- and long-
term equilibria are established by bringing together the stochastic household and
firm models, figuring out locational effects through accessibilities interpreted as con-
sumer surplus measures, and introducing a series of external constraints such as overall
demand and supply. This then evolves into a land use transportation structure in which
traffic equilibrium models are embedded and which are akin to land use transportation
integrated models (so-called LUTImodels) which get closer to those in practice such as
the TRANUS and MEPLAN models. So far, although firms have been modeled in the
wider framework, the employment or economic sector has been avoided. But at this
point, all the elements for modeling the firm, similar to inputeoutput modeling but
within the conditions of linearity and without their aggregate structure, have been
assembled. Francisco Martinez then shows how this can be done. What is fascinating
is that he is able to show that the model structure, which he calls LUTE (Land-Use-
Transportation-Economy) that he evolves, is one with a unique, fixed-point solution.
This is quite an achievement for in many instances such equilibria are neither estab-
lished or if they are, it is never clear that such equilibrium points are unique. To my
knowledge, this is the first time this has been done.

In the last elaboration of the LUTE model structure, the framework is extended to a
system of cities, to CLUTE (Cities-Land-Use-Transportation-Economy). Migration is
the force that binds cities in LUTE together, and the extended model CLUTE is able to
show that economies of scaledagglomeration effectsdare associated with even
bigger cities in this framework. This is a nice tie-in to questions of scale and aggrega-
tion which have become popular, indeed iconic, in terms of our current interest in cities
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(West, 2017). One of the features of economic theory with respect to cities is that much
of it does not connect to either operational land use transport modeling or to the devel-
opment of a science of cities that is based on social physics. This treatment and the
models that are evolved is an exception, and although the formality and rigor of the
presentation is not for the faint-hearted, what follows is a magnificent attempt at gener-
alizing some very basic ideas that were developed many years ago and which continue
to act as the only high theory we have when it comes to cities.

By the time these models are complete within the book, they can be used to consider
much more empirical matters. Their applicability to testing scenarios, handling urban
sprawl, addressing social exclusion, incorporating subsidies, and examining the im-
pacts of regulations relating to the many elements that feature in the model both as in-
puts and outputs are all noted. The book is of course a theoretical treatment for the
most part, but like all good theory, Francisco Martinez believes that this is good prac-
tice. By the end of the book, the reader is in a strong position to reflect and take forward
these ideas to the many empirical questions and problems that must be urgently
addressed in our contemporary cities.

Michael Batty
CASA, University College London
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Notation

The following notation is commonly used throughout the book; however, it is specif-
ically defined when it is used in the text.

Indices
n˛C Index for agentdhouseholds and firmsdin the population set C.
h˛H Index for household h in the households’ set H; it may refer to an individual household or

a socioeconomic cluster. This index also refers to a generic agent, i.e., a household or a firm,
when it is indicated.

f˛F Index for firm f in the firms’ set F; it may refer to an individual firm or the firms in an in-
dustry. Note that HWF ¼ C.

r˛K Index for an industry in the set K.
i; j;m˛I Index for locations in the set of discrete locations in set I. Locations are single prop-

erties in a disaggregated model or a zone in an aggregated one. In system of cities, the loca-
tion set of a city indexed by c is denoted by Ic.

v˛V Index for real estate type in the set V.
vi˛V3I Index for real estate location vi˛V � I; when it is convenient, this index is simplified,

denoting i˛VI with VI ¼ V � I.
k˛K Index for goods and services industries in set K.
i˛N Index for nodes in a network with a set of nodes N.
d˛D Index for destinations nodes in the set D, with D4N.
a˛A Index for arcs in the set of network arcs A.
a˛AD

i Index for arcs in the set of arcs whose tail (entry) is the ith node.
i˛iv Index for locations in the set of locations or zones defining the neighborhood of the ith

location.

Variables
Hi Total number of members’ agents in the city. In the context of a system of cities, Hi is the

population of agents in the ith city.
Hh Number of members in cluster h.
HhvieM Number of members in cluster/agent h allocated in real estate vi; with M the allocation

matrix.
Svi; Si Number of real estate units type v supplied at zone i, and the total at zone i, respectively.
Xr=vj Production of industry r (measured in physical units per unit of time) conditional on the

firm’s location at vj.



zvi˛Z Vector of attributes of real estate type v in location i; it belongs to set Z.
cnij Travel cost of individual n in a trip from origin i to destination j.
bnij Net trip benefit of individual n in a trip between zones i to j.
qvj Set of quality attributes at location vj.
pvi Land price at location i.
cvi Cost of building real state v at location i.
whvi Willingness to pay of agent h for real state v at location i.
xk Amount of consumption of goods or services from industry k.
yh Income of household h.
uh Utility of household h.
lh Marginal utility of income of household h.
Bi Set of bidders at location i; note that Bi4C.
Svi Number of real estate units type v supplied at zone i.
Pvi=h Choice probability of agent h for location vi.
Qh=vi Bid-auction probability of agent h at location vi.
Di Demand for locations at zone i.
xa Total flow on arc a.
vdha Flow of trips by agents of socioeconomic cluster h with destination node d traversing arc a.
ta Travel time in arc a.
uhij Salary for household h with residence location i and job at location j.
ufi Salary at jobs type f located at location i.
N Size of urban population.
L Land size.
R Set of zoning regulations.
k Cost of capital.
S Building’s structural density.
Xð$Þ Equilibrium set.
fðxÞ Cutoff factor
RA Agricultural land rent.
E Per capita investment for population growth.

Abbreviations
CBD Central business district.
CLUTE Country land-use, transportation, and economic equilibrium.
LU Land-use system.
LUT Land-use and transportation subsystems.
LUTE Land-use, transportation, and the production economy or the general urban system.
T Transportation infrastructure or system.
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Introduction 1
1.1 Initial Motivation

We now live in the urban era because more than 50% of the world’s population lives in
cities, and this number is expected to increase from 54.5% in 2016 to 60.0% in 2030
according to UN reports.1 This fact has deep effects on human civilization, attracting
global attention to understanding the city, its merits and difficulties, and its basic struc-
tures and their dynamics, which has been a difficult task to address in different
disciplines.

The difficulties start with the definition of what we call a city, on which there is no
consensus. For example, when defined via minimum population, we find the following
levels: 100 inhabitants in Peru, 200 in Norway, 1000 in Canada and New Zealand,
2000 in Argentina, 2500 in Mexico and the United States, 5000 in Chile and India,
and 10,000 in Senegal. However, we also find cities defined by density, as in China,
with 1500 or more per square kilometer.2 This variation shows that cities are human
institutions, difficult to define and complex to describe.

Current cities have a large range of populations, as reported by the United Nations.1

For the year 2016, the United Nations reports 551 cities in the range of 0.5e1 million
population, 436 from 1 to 5 million, 45 from 5 to 10 million, and 34 cities over
10 million called megacities.

These statistics show the variety of city definitions and sizes, and announces the
richness of their diversity, the comparability of their quality and functioning, and,
perhaps more intriguing, what is common in their structures and dynamics. Moreover,
they draw our attention because cities represent humanity’s most complex social and
economic organizations, perhaps the most complex constructs of our civilization and
the results of the past few hundred thousands of years.

1.2 Toward an Urban Science

To think about the origin of cities and why they exist, we can look to what the
anthropologist’s story tells us (see for example, Diamond, 1999; Harari, 2013). The
apparently more accepted theory is that homo sapiens, differentiated from other
primates in prehistory, developed in Africa and emigrated to dominate the world.
They substituted (and perhaps also mixed with) other archaic human species that

1 See the World’s Cities in 2016. http://www.un.org/en/development/desa/population/publications/pdf/
urbanization/the_worlds_cities_in_2016_data_booklet.pdf.

2 http://www.prb.org/Publications/Articles/2009/urbanization.aspx.

Microeconomic Modeling in Urban Science. https://doi.org/10.1016/B978-0-12-815296-6.00001-9
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had previously dominated Europe, the Middle East, and Asia, which would have also
emigrated from Africa some hundred thousand years earlier, although these original
inhabitants had an even larger brain and a stronger body than the new wave of African
primates.

What appears to have differentiated the sapiens was a cognition revolution; their
organization capacity scaled from small groups or herds up to 150 members to a larger
number of thousands of organized members. This singularity in human evolution was
possible when sapiens imagined unreal situations and created myths, i.e., ideas of the
unknown or unobservable, that large numbers of humans can believe in and obey,
allowing them to set common organizing rules (Harari, 2013). To understand the
power of this evolution, consider that today we cannot imagine life without myths,
for example, without money, laws, companies, countries, or religions, that organize
our complex society with rules that we all follow without thinking much about
them until they require reform, a never-ending (re)evolution, which pushes us, the
humans, to be in permanent alignment with evolving conditions, i.e., permanently
increasing complexity.

This archeologist story is followed by the development of the more complex soci-
eties of prehistory, describing what appears to be a common process over thousands of
years across very different, unconnected regions. A common thread appears to be that
as the agricultural revolution developed, these societies became larger in number of
members, the inhabited area was more densely populated by humans who developed
tools and eventually guns, and the society became hierarchical, identifying not only the
alpha person but also differentiating social levels of the population. This process not
only allowed humans to develop more sophisticated tools (technology) and organiza-
tions (the archaic bureaucracy) but they also gathered in towns and primitive cities.

Jump some thousand years over the hunteregatherer society and the agricultural
society to find homo economicus, a term coined in the 19th century by the neoclassic
school of economics to describedor modeldthe individual behavior of modern sapi-
ens living in complex societies, conceived to understand how they seek the production
and consumption of goods and the generation of wealth. There is a corpus of rules that
define the homo economicus system in the modern society, describing the vast network
of economic interactions that spans the world.

Modern economics attempts to understand the already complex civilization or
human organizations with its usual strategydstart from a simplified version. Its
view considers egocentric individuals who maximize their own utility rather than
addressing social ties or social well-being. The social institutions and common
problems (e.g., security, environment, education, and health) are matters left to an
upper-level institution, called The State. This simplistic view of homo economicus
has been carefully extended to a more complex analysis of the social behavior of
humans. In this process, the underlying idea is that a group of individuals might be
represented by fictitious agents whose utility is affected not only by their consumption
of goods and services but also by others or/and by the goals of the group. However,
this framework remains too simplistic to understand cities.

The city is an organization that must be understood as an agglomeration of individ-
uals who behave as homo urbanus, or the citizen. They are differentiated from their
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predecessors, homo sapiens and homo economicus, because they are predominantly a
social species who, in addition to having survival rules to produce and consume effi-
ciently, are conscious of the spatial context in which they apply these rules; i.e., the
social context matters. The initial attempt to understand the city emphasized the role
of the space in which interactions occur. The urban economic theory (Alonso, 1964)
and the spatial interaction theory (Wilson, 1971) emphasized the role of the space
in human interaction, highlighting the friction that distance imposes on these interac-
tions, although these authors remain faithful to the homo economicus view of humans
as workers. Homo urbanus is more complex; they regularly perform socioeconomic
activities in a space that can be explored in the limited time of a day or a week, which
is better described by the activity-based approach in transportation studies (Axhausen
and G€arling, 1992). In this approach, the higher emphasis on integrating economic and
social interactions is on the timescale, thus moving one step further from a static to a
dynamic representation of individuals’ behavior.

In addition to direct interactions involving traveling or communications, citizens
are conscious of the physical and social environment in which they spend their life;
they value and choose among optional locations to obtain the maximum benefit of
belonging to a city. In other words, even when the individual is not explicitly interact-
ing with their neighbor at the restaurant, in the bus, or at their residence, they perceive
(dis)benefits from their neighbors only because they are inhabitants of a common
space; some might consider that this benefit is associated with potential interactions,
but this assumption limits the scope of the perceived environment to feasible interac-
tions. This phenomenon has been identified as location externalities when it refers to
the one-to-one effect on social and economic interactions or as agglomeration
economies when it refers to a system effect such as the effect of densities in the loca-
tion choice, although this concept is usually used only for economic interactions. This
phenomenon is considered in the new economic geography (Fujita et al., 1999).

Therefore, homo urbanus pursues different types of interactions (explicit or
implicit, social or economic) with other individuals and organizations, which
contribute to their utility as a social being. This species inherits the rational behavior
of its parents, that is, it is an efficient interaction maximizer; it must reduce its costs
because time and wealth resources are limited. If many individuals seek this common
objective, they will find it more efficient to gather together in towns and cities. If this
behavior is universal among modern humans, then we can understand why the number
of them who live in rural areas (with low interaction) has been recently overcome by
citizens (with high interaction) and why in more developed societies, usually more
than 80% live in cities. We can also understand the causality of the recently observed
and apparently universal scale law of the relationship between cities’ outputs (e.g.,
production, wealth, research, and crime) and the population (Bettencourt et al., 2007).

A realistic model that incorporates all of these factors describing the citizen’s
behavior requires sophisticated mathematical tools and rich data because it attempts
to represent a complex system; both of these elements are becoming more available,
particularly via access to telecommunication’s big data. The contribution of urban
economists, geographers, and transportation engineers from their different perspec-
tives, coupled with advanced mathematical tools and massive data to analyze complex
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systems, has been proved difficult to merge into a unified framework, but the field
appears now sufficiently mature to conceive a new urban science (Batty, 2013) by
developing a theory of homo urbanus.

This book seeks to contribute to this emerging science by describingdand
modeling withda unified framework of the interaction-maximizer homo urbanus,
who lives in a complex system of rules called the city. This model covers the
microscopic decisions of each individual, passing by intermediate institutions, to
a macroscopic universal rule of the cities’ dynamics. It incorporates the abovemen-
tioned contributions in a coherent model of the urban system, built upon applying
McFadden’s discrete choiceerandom utility approach to describe all agents’ behavior
(Ben-Akiva and Lerman, 1985) integrated in the urban economic theory and fed by the
experience of developing and applying predictive microeconomic models of cities in
several metropolises.

1.3 About the Book

Book Content

This book is about citiesdhow to understand and model their complexity without
becoming lost. It explains the mechanism of the intense interaction among citizens
that makes cities efficient factories of social and economic outputs.

It is specifically designed for those who seek to understand and build predictive
models of complex cities and systems of cities. They include students, teachers, and
researchers from different disciplines such as geography, economics, engineering,
computing, and urban planning, among others. Such diversity contributes with
different perspectives to the same object, the city. These perspectives include, for
example, the normative view, or how cities should be to fulfill a set of social goals
usually defined after theoretical arguments, or the positive perspective of how the cities
really perform, without any evaluation view. This book follows the positive perspec-
tive, seeking the ultimate goal of simulating the evolution of real cities; nevertheless, it
also provides a normative modeling tool to plan cities and design policies that comply
with a variety of social goals.

In this context, the book follows what economists call a microeconomic approach.
In other words, we will imagine the city as an object that can be described by a set of
agents interacting in the physical space; in the economic space, called the market; and
in the social space, called the society. The agents include first, the social consumers,
which are households and firms, that consume goods and services but also socialize;
second, the producers of goods and services; and third, the suppliers of land and
real estate units. The microeconomic approach describes their individual and differen-
tiated behavior, assumed always rational, and their social and economic interactions
that define the urban system.

This microeconomic perspective provides a simple process to model a city: define a
model of the individual behavior of each agent and make them interact in the market to
observe the resulting city. However, it is in the market that the model achieves its
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complexity. The model is specified with the market rules set by policymakersdor
regulationsdseeking societal goals by restricting agents’ behavior. The model also
represent the effects of distance, or transportation costs, and various forms of interac-
tion between agents, e.g., social ties between residents, and economies of scale and
agglomeration economies in the production of firms. Additionally, cities are open
markets, with births and deaths and immigrant and emigrant flows. These factors
make each city a member of a larger system of cities. Thus, complexity builds from
both the agents’ interactions occurring in different locations within the city and the
interactions between cities. The model also comply with another requisite: cities are
not built from scratch; they evolve as a long succession of infrastructure and planning
decisions.

The microeconomic model is then analyzed at the aggregate level of the city to
show how from the large number of microeconomic interactions a structural law
emerges naturally, thus explaining the existence of scaling in cities based on economic
principles and offering a deep understanding of the urban system and its mechanisms.

In simple words, this microeconomic and complex process is what is described in
this book, with the aim of formulating a socioeconomic model of urban systems, i.e.,
the urban socioeconomics. The goal is a model of cities that extends urban economics
to recognize the socialespatialetemporal dimensions of interactions, the diversity of
agents, their complex behavior in the urban market, and the evolution of the city.

Book Structure

Two models will help to analyze each topic: the theoretical economic model, used here
to explain general economic properties, and its stochastic version that allows the model
to be based on more flexible assumptions but that also makes it possible to compute the
system equilibrium and to develop operational models.

In its first seven chapters, the book is written following the idea that a system of
cities can be described as an integration of subsystems: land use (LU), transportation
(T), and the economy (E), i.e., the economic market for goods and services. These
subsystems are consistently modeled with the same techniques that are usual in micro-
economics; consumers and supplier agents follow behavioral rules: utility maximiza-
tion and profit maximization, respectively. These techniques are applied to represent
agent interactions in the geographical and time spaces subject to resource constraints.
A special feature of this urban model is that space causes the economy to explode into
many markets, one for each location, because goods, services, and dwellings become
differentiated by their location, although they remain interconnected by transportation
technology.

In this chapter, the book and the general context of the approach followed to model
cities is introduced. In Chapter 2, the book describes the notion of accessibility, which
is a synthetic index of the interaction between agents and is extensively used in
transportation and geography. However, it is loosely related to consumer behavior;
accessibility is dominated by the friction introduced by distance in potential interac-
tions. Here, the attempt to link the classic approach with economic principles is
pursued.
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The following four chapters describe the microeconomic model of the urban sys-
tem. We start with the LU model in Chapter 4, extending the urban economic theory,
which is conceived for a continuous space in which real estate locations are differen-
tiated only by distance. The model describes the equivalent theory in a discrete space,
which allows modeling further differentiation between location options according
their multiple attributes or dimensions and considers heterogeneous agents, incorpo-
rating the rich diversity of human systems. This theory is applied in Chapter 5 using
the random utility framework, which is not only more realistic to represent agent
behavior but also useful because it offers significant advantages in its mathematical
properties to compute equilibrium in the urban complex system. In Chapter 6 we inte-
grate LU and transportation systems in a model consistent with respect to economic
assumptions and with a coherent modeling structure, which yields a land use and
transportation (LUT) model. In Chapter 7 the model is completed with economy of
the urban system, extending the LUT model to all economic interactions between
consumers and producers agents, including the labor market, which link consumers
and suppliers. This model yields the land use, transportation, and economic
(LUTE) model, a microeconomic representation of all interactions in the urban sys-
tem that explains and describes in rigorous economic terms the classic simplified
notion of accessibility.

The urban microeconomic model is analyzed at an aggregate level in Chapter 8,
which discusses two main topics. First, it extends the individual city model LUTE
to a model of a system of cities (CLUTE), describing the population migration between
cities and the mobility of households between socioeconomic groups. The second
topic demonstrates that aggregating the socioeconomic indices of the LUTE model
in the city totals generates scaling laws, i.e., superlinear production of wealth and
goods, services, and labor. This result provides a microeconomic explanation of this
surprising phenomenon, which has been empirically supported worldwide. Therefore,
in this chapter, the essential characteristic of human beings, i.e., their rationality, is the
plausible universally valid assumption in this model that explains the also universal
empirical regularity of scaling in urban systems.

Urban planning for real cities, the classical topic in urbanism, is discussed later in
the book in Chapter 9. The LU model is used as a tool to simulate different scenarios,
describing urban policies and using two policy instruments, subsidies and regulations.
Optimal policies are modeled contingent on specific social goals defined by the policy-
maker; i.e., no normative a priori view is imposed by the model, not even the utilitarian
goal of standard economics.

Finally, Chapter 10 uses frequently asked questions in urban planning and transpor-
tation concerning policies to explain how answers to difficult questions can be
extracted from the model, i.e., what answers are supported by the theory. The chapter
also examines how far we can go in modeling the complexity of urban systems and
how close we are to merging several disciplines into a unified urban science.

This book does not attempt to offer a detailed review of previous contributions in
the relevant fields of regional science, transportation or urban economics; interested
readers are referred to previous studies for this purpose, e.g., Plane et al. (2007), Arnott
and McMillen (2006), and Ort�uzar and Willumsen (2002).
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1.4 Issues in Urban Structures

The reader will find throughout this book several interesting and fundamental topics of
theoretical and practical relevance concerning how urban centers emerge. These topics
are summarized in this section as an introduction. The theoretical support for some
comments and the explanation of how a model can be formulated are found in the
pages of this book. Each of these topics is a difficult component contributing to define
the complex system we want to understand.

Land Use Problem

All agents, households, and firms must reside somewhere in the city; otherwise, they
are visitors. This rather obvious statement opens the discussion of several questions.

The city is a space in which people live and in which they perform social and eco-
nomic activities. However, how can we define the limits of a city? Agreement is
weaker on this matter. The simple answer is that they are defined by administrative de-
cisions. Although this answer is normally useful, one can question whether it is an
answer with scientific value, i.e., a generally useful definition for modeling, because
someone must initially decide these administrative boundaries. A more general defini-
tion of city boundaries is that the city ends where the rural area begins, which can be
identified by the imaginary line at which the building density decreases to a level com-
mon in rural areas. This definition, based on building densities, is consistent with the
theory of urban economics and implies that the city border is not static but rather the
endogenous outcome of the city’s dynamic development.

The following questions are classical in LU studies: Why and how density is built
up at each point in the city or how people and firms decide their preferred locations is
called the location problem. The answer depends upon who is allocated at each loca-
tion, called the allocation problem, which can be formulated as how the market sorts
out the matching between the set of consumers and the set of locations at each point in
time. A related question is how land values are determined and what is valued at each
location. All of these questions are the matter of urban economics studies.

In general, we define the term location as points or sites in the space. In this book,
however, the term represents an option to reside, described by multiple attributes,
including its address, size of the land parcel, and dwelling characteristics, both for res-
idents (houses and building apartments) and nonresidents (e.g., office space and indus-
trial facilities). In fact, every spatial option to reside in the city or to establish a business
is called a location.

The location and allocation problems are large in terms of modeling effort, because
of the amount of information needed to describe the locations in which activities reside
and in which the trades of land occur, but also due to the diversity of agents that reside
in a city.

Land Auctions

An important feature of a city, worth mentioning from the beginning, is that the goods
traded in this market are differentiated by their set of attributes, e.g., spatial location,
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land space, and dwelling characteristics. In other words, each location is different on
some attributes from others in the same city. That is, it is theoretically defined as
unique. Even in the extreme case of equal apartments on the same floor of a building,
some characteristics such as orientation make them different.

This feature was recognized by Von Th€unen in 1863 for rural areas and then by
Alonso in 1964 for cities. Alonso identified transportation costs as a differentiating
feature of each location that can explain in a simple model the emergence of different
land values. Alonso also recognized that such differences naturally affect how that land
is traded in auctions, i.e., is sold or rented to the highest bidder. Later, other differen-
tiating features were analyzed, such as neighborhood quality and agglomeration econ-
omies, or natural amenities such as lakes, rivers, or mountains. All of these attributes
make the city a collection of different locations rich in diversity.

Observe that modeling simultaneous auctions in space is a complex process
because they occur by sharing information about agents’ behavior and transactions
in the market. Therefore, their outcomes influence each other.

Externalities

In the economic literature, externalities occur when a decision of one agent affects the
decisions of other agents in the market, in way different than prices, called nonpecuni-
ary effects. When a market is subject to externalities, some complex effects arise
because they determine socioeconomic pull (centripetal) and push (centrifugal) forces
between agents.

In the LU market, several forms of location externalities are usually present, pro-
duced by the fact that agents’ valuation of a given location is determined by the built
environment, i.e., human-made amenities, e.g., shopping and business. Such amenities
include neighborhood attributes that define the quality of the area, i.e., who lives and
what activities are performed in the neighborhood define some valuable attributes in
every location.

Why do these attributes represent externalities? The decision of agents to locate
themselves in a site inevitably contributes to define their neighbor’s perception of
the quality of the neighborhood. This contribution can be strong, such as a noisy family
or a polluting industry, or marginal, and it can be negative or positive in eyes of the
neighbors. However, it always defines what is perceived as the neighborhood quality.
To reify this argument, the reader might consider what defines the quality of his or her
neighborhood and what types of new residents and firms would improve or worsen its
currently perceived quality.

Agglomeration economies refer to a special type of externality. It describes the push
or pull power of the agglomeration of business activities in some areas, eventually
causing the emergence of subcenters and transforming the initially monocentric city
into a more complex polycentric urban system.

There are several attributes that induce externalities, some with physical effects
(e.g., pollution) and others with socioeconomic effects (e.g., income or ethnic segre-
gation), all simultaneously affecting agents’ perceptions of the neighborhood quality
and inducing the location patterns observed in cities. These diverse sets of externalities
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in the LU problem are the main cause of the complex processes that occur in urban
systems because each agent’s decision becomes dependent upon the location decision
of all other agents, creating a circular interaction in the market.

Regulations

Despite the waves of deregulation in most economic markets worldwide in recent
decades, the urban land market remains highly regulated. Why? A plausible answer
is that because of the complexity of this market, policymakers prefer not to change
the traditional plan-and-regulate scheme, which provides them a sense of predictability
of the city. To some extent, this answer might be correct, at least initially, but predict-
ability is usually much lower in complex systems in the medium- and long-term than is
usually expected.

Regulations do not necessarily help to reduce the complexity of cities. The diversity
of regulations and their projection over space makes each land point in the city subject
to overlapping regulations, each of them restricting land parcel size, dwelling, and
building type or LU. Moreover, a regulation in one zone has spillover effects that
potentially affect all other zones of the city.

These regulations impose discontinuities in the city space that are difficult to handle
with models and have a high effect on LU. The difficulties that their representation
imposes on a complex process are not trivial.

Accessibility

Accessibility is a concept used generally by people; everyone understands it, and it is
included in our common language. People refer to accessibility to identify the closeness
of other people or activities to their own location. However, finding a theoretically sound
and operational definition is not simple (e.g., see Koening, 1980; Geurs and Van Wee,
2004) because accessibility is a complex concept based on a rather intuitive notion.

In its simplest form, accessibility refers to a combination of two elements: the
opportunities reached by a single trip and its cost (or effort), technically called relative
accessibility. Researchers initially defined this accessibility as a physical entity,
combining the travel distance of a trip from a given origin with some measure of
the magnitude of the activity reached at the destination. Later, it was defined as an
economic entity, using the individual’s utility to combine the travel cost with the
associated perceived benefit at the destination, i.e., following the individual traveler’s
value of money and opportunities. Although the physical measure is simple, it does not
provide a theoretically sound means of combining travel cost with activity magnitude,
which is given in the utility framework.

In LU studies, accessibility refers to the opportunities that a given location offers to
the agent that has the right to locate there, i.e., instead of referring to a single trip, it is a
permanent right to enjoy the benefits of the residence. It represents the aggregate of
potential trips’ relative accessibility across all of the activities the agent can perform,
at any time, to every possible location in the city, at a transportation cost for each trip.
This aggregation is called integral accessibility and is theoretically sound and
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operationally feasible to perform using the utility-based measure because the aggrega-
tion of benefits across potential trips is made by the same agent with common percep-
tions (Martínez, 1995).

Moreover, in LU, there is another form of accessibility associated with visits at a
given location. This form represents the opportunities, usually for a business, that
an agent might have at a given location because of all trips with a destination at that
location. We will refer to this measure as integral attractiveness.

Thus, the location problem refers to how agents seek access. In particular, neighbor-
hood quality is also a form of access to the nearest activities and is affected by trans-
portation facilities such as walking paths. This definition reveals the complexity of the
LU problem because one’s perception of access at a location depends upon the location
of all activities in the city and the perception of transportation costs; each person’s
perceptions are different. Hence, an agent valuing the accessibility of a given location
implies that its preference depends upon others’ preferences; thus, its own location
affects the accessibility of all locations in the city. This arrangement describes a
network of mutual influences among all agents in the city.

The Economy

Accessibility is a simplified concept that ignores the dynamics of the many goods and
services markets and their effect on prices and quantities. Noting that these markets are
spread out in a city, we first observe that the usual assumption in economics fails; i.e.,
the market cannot be represented as a spaceless entity. This observation has significant
implications.

Because their access to goods and services depends upon the relative location
between consumers and suppliers, the transportation cost differentiates the total price
paid depending upon these locations. The theoretical consequence of this point is that
goods and services are differentiated by location; thus, the number of markets in the
model scales by the number of locations in the city. Additionally, the production of
goods and services depends upon the technology and is simply differentiated by their
economies of scale. Different technologies induce concentration of production in one
or a few firms or its dispersion in many small firms that follow the location of con-
sumers, which is another source of pull and push location forces. In this context,
the simulation of prices, production, and delivery equilibrium of supply and demand
is a challenging problem.

Urban System: Land Use and Transportation Interaction

There has been a long discussion about what are the main drivers of cities’
developmentdinvestment in real estate or the development of the transportation sys-
tem. Both actions directly affect the map of what we call accessibility because this
geographically based concept depends upon the combination of transportation and
the location of activities; hence, they have the potential to induce further opportunities
and development. However, experience shows that none of them on their own are suf-
ficient to ensure development of economic activity, nor are the two together sufficient
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for urban development; e.g., an economically declining city is unlikely to sustain
development despite the impulse to invest in real estate and transportation.

If the city’s economy is healthy, then better transportation is expected to make
rural land more accessible to opportunities in the city. This accessibility potentially
induces developers to invest beyond the city borders, i.e., ceteris paribus, the lower
the transportation cost (including price and time), the larger we expect the city size to
be. However, it is not necessarily true that an improvement of the transportation
system in one direction of the city implies that the city development will concentrate
toward that direction, simply because even when other directions might not have as
good transportation facilities, they might, however, compete for development with
better access to economic and social opportunities. For example, the first subway
line in Santiago city, capital of Chile, crosses the city east-west through the city
center. Although in the east section, where the wealthy population concentrates,
development was quickly evident along the line, the west section showed almost
no development over 30 years.

Thus, to predict whether a public investment in real estate or transportation is likely
to produce development, a model is needed to simulate agents’ preferences, real estate
suppliers’ behavior, and transportation performance, allowing the assessment of
effects on the LU and transportation markets under changing conditions in the urban
system. In other words, transportation and LU systems are mutually dependent; they
have a circular causeeeffect mechanism, very much like the chicken-and-egg dilemma
in other complex systems.

1.5 Issues in Urban Modeling

The complexity of urban systems poses interesting and advanced challenges to mod-
elers. These challenges range from the phycology problem of how to represent agent
behavior in a large space of choices, to mathematical difficulties with estimating the
emerging output of multiple, spatially disperse but mutually dependent markets.

Why Modeling?

There are theoretical and practical answers. Building a model is a methodology to test a
theoretical hypothesis about cities’ performance and dynamics. However, the limita-
tions of available models also limit their use for this purpose. Conversely, model
designers benefit from these tests and from the implementation of theoretical con-
structs. The use of models for practical purposes has increased in the last 50 years,
despite initial skepticism. Policymakers find useful answers concerning the diversity
of effects caused by different policy scenarios for a city’s development, including
LU regulations and developments, transportation investment, and pricing systems.

Nevertheless, modeling cities is also beneficial for pure science because doing so
requires understanding the most complex social organization, a task that raises basic
questions about human beings and challenges one’s understanding of the fundamentals
of a society.
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Diversity of Choices and Their Perceptions

Individuals face the difficult task of making their location choice in a very large space
of different options. Consider the number of optional locations, the attributes that
describe each of them, plus the information required to assess accessibility at each
location to understand that agents face a complex information problem: recollection,
analysis, storing, and comparing in a large set.

Computers can perform this task better than individuals can, but models must
reproduce human behavior, not their own calculation capacity. This requirement is
an interesting challenge for LU modelsdhow agents collect, synthesize, and
compare information in big data problems. There is little scientific evidence to
help modelers on this matter. The literature on consumer psychology shows evidence
that the human capacity to process information in choice making is surprisingly
small, falling in the range of 5e10 items of information, which motivated Miller’s
(1956) “magical number seven � two.” Beyond this threshold, consumers are
overloaded, their analysis deteriorates and fail to choose the best options (see also
Malhotra, 1982).

The city’s population is also diverse in taste and objectives, which sets another chal-
lenge to modelersdhow to model such a diverse space of agents’ preferences. Choice
models have improved in recent decades, introducing stochastic approaches in
decision-making models, which consider this diversity and improve their capability
to reproduce observed choices. However, the choice process in LU problems is far
more complex than in most markets and so is the challenge of predicting human
behavior. It is necessary to consider human limitations with respect to information
and searching for best options, i.e., the intellectual and economic costs of such
searches, which lead us to believe that we all search strategically to reduce our cogni-
tive burden.

System Size

The dimensions of the LU problem are a source of computational complexity. The
georeference of each microprocess increases the size of the problem with the city
population. Moreover, the complex interaction between agents induced by external-
ities causes the computational burden of calculating the outcome of the LU problem
to increase nonlinearly with the city size.

This matter is of technical concern in building operational models, which requires
the use of best methodologies to minimize such computational cost and make the
calculation feasible. Unless methods and model structures provide sufficient efficiency
in calculations and provide guarantees that the computational processes converge,
models will fail to be applicable or will be excessively simplified to obtain results.
In the last decade, data collection became easier using advanced information technol-
ogy, which made scientists more ambitious in building models of processes in greater
detail, called microsimulation models, but these additional data increase the size and
complexity of the LU problem. Therefore, having a tested theory of the urban system
is fundamental to supporting the model.
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Complex System

The topics listed above make the city a complex system, which is the natural outcome
of the large diversity of interests of the population, all linked by their mutual interde-
pendency and spatially and timely distributed. For the student and the researcher, it is a
fascinating topic that remains open for research to be done.

Mathematically, complex systems can generate a given macroscale structure from
different microscale processes, i.e., different microprocesses of agents’ behavior can
yield the same city, a many-to-one effect. Conversely, a given set of microscale
processes does not ensure a unique outcome, a one-to-many effect. Hence, there is
no unique path or causeeeffect mapping between microscale processes and macro-
structures in complex systems. However, a complex system might generate one or
more expected macroscale outcomes, called attractors.

The good news in this book is that, with the help of modeling tools (e.g., the
stochastic model), a relevant part of cities’ complexity is treatable, allowing the calcu-
lation of expected outcomes addressing the many-to-one or one-to-many effects. The
reader is invited to keep track of such tools because assumptions are necessary to make
calculations feasible at some cost of losing generality, although not necessarily depart-
ing significantly from reality, as the experience in modeling shows. Theoretical
support to consider the approximation of the model to reality good is given when
observed macroscopic structures of the city emerge from microscopic simulations of
individuals’ interactions; the book proves this property for the modeling approach
that it presents.

Bottom-Up Approach

The microscopic approach can also be called a bottom-up approach because the city
macrostructure emerges from many microscale processes. The benefit of this approach
is that it yields detailed explanations of each microscopic process, i.e., decisions of
agents, which explains the emerging, observed structure of the city. This explanation
allows researchers to test, for example, sociological changes such as the effect of future
changes in social values at the city level or to assess economic effects such as the ben-
efits of urban policies for each individual agent.

However, we recognize that the ambition embedded in the microscopic approach is
currently distant from the modeling technology available. A testable model must have
the capacity of testing each individual agent’s behavior against a set of different
contexts. This capability is, however, not available or is largely too costly in direct
tests, but advances in information technology are generating new forms to “observe”
individuals’ behavior and thus build better models, which makes data science relevant
for urban science.

The reader might foresee that the microeconomic perspective leads to an open space
of diverse potential cities because all depends upon the individual’s behavior. That
expectation is partially true because although diversity does appear at a microscale,
we will see in this book that such a space is closed or limited; that is, microeconomic
forces do produce compact cities and, perhaps more surprising, follow similar
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evolutionary paths. Thus, the microscopic approach in a complex system is a feasible
technique to represent the observed macroscopic features of cities.

A model is a representation of the complex reality of cities. The task of the modeler
is to develop the best representation that is feasible with available resources and tech-
nology. Note that the best representation requires defining the purpose of the model.
For example, the model might be used to analyze a theoretical hypothesis; then,
many details can be simplified by specifying a stylized model able to represent rigor-
ously and in detail only what matters to prove the hypothesis. Von Th€unen’s (1863)
model is a good example, in which agricultural land was assumed flat and homoge-
neously productive to isolate other effects from what he wanted to understanddthat
is, why different crops are produced at different distances around the market, and
why land values decay away from the central market place in which crops are sold
by the peasants due to the transportation costs, up to a limit distance at which the peas-
ant’s profit vanishes due to transportation cost. More recently, Alonso (1964) analyzed
the urban case, assuming a monocentric city in which all jobs are in the center, to pro-
pose that residents locate in rings around the center according to their willingness to
pay, i.e., their preferences, and proved that land values decay outward from the center
up to the city boundaries at which they match land values for agriculture.

These two models are considered the foundations of urban economics (see Arnott
and McMillen, 2006), which have developed further from Alonso’s model to consider
complex issues in LU, for example, agents’ interactions or agglomeration economies
(Fujita and Thisse, 2002). The main task of urban economics is to understand, given
the complexity of cities, how the different forces interplay in the market, what is called
the land-use market equilibrium.

In simple terms, a model of the LU market comprises a demand submodel, i.e., of
the behavior of land users for residential and nonresidential purposes; a supply submo-
del or land-dwelling options in which demand is satisfied; a submodel of the market
that describes the protocols for buyingeselling real estate properties and the renting
protocol.

A simplified model will be used in this book to explain matters as simply as possible
but not less than what is required to model the complexity of the LU model and to
study the market equilibrium. References will help the reader to obtain further infor-
mation on specific models.

Stochastic Approach

This book presents the basic models in two forms. The theoretical model is used to
specify the theoretical relationships of the LU market, which is specified as a static
and deterministic equilibrium. The stochastic model represents the LUmarket in which
behavior of agents is assumed not deterministic but stochastic, which is then extended
to model two complementary markets: the transportation and the economy. Because all
of these subsystems are modeled using the same mathematical techniques and eco-
nomic principles, the resulting integrated model is consistent.

The stochastic approach is more realistic because, first, agents make decisions using
inaccurate information to assess the quality of each location option, which is described
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by a set of attributes also difficult to observe (e.g., accessibility), then evaluation of
quality is made subject to the agents’ information error. Second, the modeler has
limited information about what values of the attributes the consumer observes, which
induces the modeler’s observation error. Nevertheless, once the stochastic model
makes assumptions about the error distribution, it limits the model generality.
Conversely, some error distributions help make the complexity of the equilibrium
model more treatable for applied models; solutions exist and can be calculated.

Discrete Modeling

Discrete representation of space in the LU context is a necessary technique because,
although space is continuous in nature, location quality is not; it is described as a vec-
tor of attributes discontinuous in space (e.g., buildings, land parcel size, natural
amenities). Unless otherwise stated, this book considers the discrete representation
of space to develop models applicable in real studies.

However, a discontinuous model of space has a very important effect in its math-
ematical construct, particularly concerning the complex market equilibrium problem,
which becomes untreatable. To overcome this difficulty, one should realize that the
discrete stochastic model can help to introduce convenient continuity in the model,
which provides good properties in the mathematical problem of LU equilibrium.

Residential and Nonresidential Activities

The model of the demand side of the LU market must represent a set of different agents
located or seeking location in the city. A taxonomy of these agents identifies
households and firms (including different institutions), performing residential and
nonresidential activities, respectively. The differences between these types of agents
are studied in distinctive literature concerning their specific market conditions. For
example, in the microeconomic literature, firms perform commercial or nonresidential
activities modeled as profit maximizers, in which the issue is how their locations affect
production costs and income. Conversely, households perform residential activities
and are assumed to be utility maximizers, subject to their location being affected by
their social ties and the location of service facilities.

From the modeler’s point of view, however, all of them can be modeled as differ-
entiated agents, each assumed to follow rational behavior described by a benefit maxi-
mization rule, be it a profit or a utility rule. In this book, the following approach is
followed whenever possible: all agents are represented in the market by a behavior
rule with an individual specification.

One technique to reduce the computation burden is to aggregate individual agents
with similar behavior in the LU market into a cluster and define a representative agent
of the cluster with a cluster behavioral rule. For example, households are normally
clustered by income level and cultural background, and firms are clustered by industry
(e.g., service, manufacturing, education, and health). Clustering reduces the calcula-
tion burden and the requirement of data at the cost of introducing an aggregation error
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in the model; the more similar the individuals’ behavior rules are within a cluster of
agents, the less is the approximation error of the cluster technique and vice versa.

Location Representation

Locations are real estate options in the city that represent the supply side of the LU
market. They are diverse options based on the significant variety of attributes that suits
the requirements and preferences of agents, which are different between household and
firm clusters.

A property is described by a large vector of location attributes, including the loca-
tion in the city and a description of the neighborhood quality and its accessibility; the
land or the parcel size and other characteristics, such as street front, slope, and vege-
tation; and the building characteristics, such as number of rooms, build or floor space,
and structure quality.

This variety of location options can be aggregated for computational purposes,
again at the cost of introducing an aggregation error. The usual spatial aggregation
for locations is to define zones with similar use and buildings. Building differences
can also be clustered into similar real estate types, for example, detached, semide-
tached or back-to-back houses or apartments in high, medium, or low buildings.
The term similar should reflect what agents perceive as similar when they seek loca-
tions in the city.

Location Prices

Does the model of the LU market represent the city’s real estate trade market or the
rental market?

This question arises because real estate consists of durable property bought as an
investmentdto generate profit from its rent or to be used as the residence of the owner.
This dual use generates two interrelated markets: the property trade market and the real
estate rental markets. The former yields property prices and the latter, rent values.
These values are theoretically related because property prices represent the present
value of expected land rents obtained over a long period. Additionally, the property
price is the value of transferring the property rights for an unlimited period, whereas
the rent is the value of transferring the right to use the real estate for a period defined
in the contract.

An interesting question is how prices and rents are defined. Consider that a prop-
erty consists of its land and its building. The cost of the building can be simply
estimated by calculating the cost of inputs because the building construction market
is competitive and input prices are known. Urban land, conversely, defines a very
different market because there are no inputs; the value of a given location is precisely
its location related to the location of all other activities, i.e., its accessibility to activ-
ities in the city. This feature makes each land parcel a differentiated good; i.e., it has
different accessibility characteristics from other locations, and economic theory
recognizes that this type of good is sold in auctions. Therefore, land prices and rents
(not the building) reveal the value that the userdowner or renterdpays to enjoy its
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accessibility; conversely, it implies that accessibility renders benefits to the user
equivalent to at least the rent value. Note that here and in this book, we use the
concept of accessibility in the most general form; i.e., it refers to the benefit yielded
by accessdaccessibility and attractivenessdto all activities available in the city, net
of transportation costs.

In the land and real estate markets, one can observe what is called the asking price,
which represents the owner’s initial value to enter the auction. This price can change,
occasionally significantly, during the auction bargain process to reach the selling price
or rent value. Modeling this process has its own challenges because auctions are based
on the strategic behavior of agents to address the ex ante limited information about the
value of the property, which is only revealed ex post the auction.

The following question arises: why do prices and rents change? The rent or price of
a location will change if some agents change their valuation of the location attributes,
or they change their perception of the attributes, or if accessibility changes due to
changes in transportation costs or due to changes in the location of residential and
nonresidential activities. All of these changes in the city will affect land rents and pri-
ces; analogously to how our body’s temperature reflects the status of our health, rents
and prices reflect the economic energy of the city. One can think of this process as
though cities provide opportunities to create economic activities and increase wealth.
Because for a specific agent these opportunities and wealth depend upon its location,
the landowner is able to capture a proportion of that wealth in the form of the rent or
property price; i.e., wealth percolates into land values. This process encapsulates the
capitalization of interaction opportunities of the city into its land values. Their differ-
ences reflect the differential opportunities within the city.

Static Versus Dynamic Approaches

The LU system, like any system, is composed of several interactions between its com-
ponents presented above. Modelers use two ways to describe these interactions: the
static and the dynamic approaches.

The static process describes a system subject to an external shock that changes the
system from an initial state to the final one. The usual method considers that the
original system state is in equilibrium and the model seeks the new equilibrium for
the system after the shock. The equilibrium is attained when certain conditions
hold, usually that demand and supply match at the equilibrium price. This state of
the system is theoretical, useful to estimate the expected outcome of markets when
the information about all agents in the market is shared and decisions are made in
that context without interference from outside the system, i.e., under ceteris paribus
conditions. The predictive power of static equilibrium models comes from the simula-
tion of all market forces interacting in the LU system assuming only one rule for the
marketdthe equilibrium condition.

Such an equilibrium state of the system might never actually occur in LU markets
because too much time is required for all of the interaction to occur and the ceteris par-
ibus condition does not hold for such a long period of time. Thus, the LU system is
naturally dynamic, but we can add to it in slow motion. This slow motion of the
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city dynamic refers to the fact that real estate investment and relocation of households
and firms take long periods of time, i.e., one or more years. Additionally, because the
infrastructure is costly, only a very small fraction of the city buildings are renovated or
developed in a period of few years. Thus, for an annual timescale, at any point in time,
the system does not divert far from equilibrium conditions unless a large external
shock occurs.

This book attempts to provide a coherent framework of how the equilibrium
assumption can be reconciled with a dynamic view. The book posits the hypothesis
that the dynamic system (closely) follows a sequence of short-term equilibrium states
of the system, which means that the equilibrating forces are always active in the market
and that the system is always moving toward equilibrium. Additionally, external
conditions change over time, pushing the system from one state of equilibrium to
another.

1.6 Remarks

The task of formulating a general theory of cities, developing applicable models,
reproducing universal laws, and testing the validity of results against data is the attrac-
tive content of this book and the subject matter of the emerging urban science.

The task is challenging because it involves merging theoretical contributions from
different disciplines, including economics, statistics, mathematics, sociology, geogra-
phy, transportation, and urbanism. The new science needs a common language, a core
of accepted principles, and sufficient testing to be convincing.

This book builds a model of cities that seeks to contribute to this task for the better
understanding of our complex society.
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Accessibility* 2
2.1 The Concept

Interaction among humans has always been necessary to enable satisfying their needs
in an efficient way. It can be said that together, two people make more than just the sum
of one plus one. This applies to the vastly diverse variety of human activities, be they
social, economic, or other. Being together in groups brings the extra benefits of a
greater number of interaction opportunities that occur among those in the same area,
or, conversely, we can say that spatial separation limits what a group of individuals
can accomplish. Indeed, many social organizations have emerged from grouping
people together to contribute to the following common goal: families to raise the
new generations, firms to produce goods and services, and a variety of social groups
for political, recreational, and other specific purposes. Here, we will call their functions
generically activities, and we will focus on the interactions among the people in a city
for productive and social purposes. Although communication technologyd
particularly mobile phonesdprovides efficient ways to interact without traveling,
which has prompted ideas whereby travel demand may be reduced, the evidence shows
that both travel and phone interactions have increased.

Accessibility is a term commonly used to measure the ease of individuals’ interac-
tion in a spatial context or, equivalently, the cost of covering the distance between the
interaction activities. When this interaction is personal or face to face, it involves
people’s traveling costs, and when the interaction is a transaction of goods, it includes
delivery costs. However, this view is clearly insufficient because the travel cost falls
short of measuring the quality of the interaction, i.e., the perceived benefit that induces
making the trips. Therefore, accessibility should always include this second factor that
accounts for the effectsdpositive or negativedthat the interaction induces to those
participating in the activities. Thus, accessibility is a measure that should combine
distance-related costs and the quality associated with the interactions.

An interesting characteristic of accessibility worth commenting on is that not only is
it an intuitive concept, i.e., everyone seems to understand what it means, but it is also a
polysemic and complex one, as we shall see in this chapter. We expect that the
complexity lies in how to combine quality with costs in each interaction and how to
combine or aggregate multiple and diverse activities in which individuals, households,
and firms interact. Moreover, although accessibility is commonly associated with an
interaction involving travel, the same trip involves another effect called attractiveness;
these two concepts are linked in a way we shall clarify conceptually and regarding their
measurement.

* This chapter is based on Martínez (1995) and Martínez and Araya (2000a, 2000b).
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In this chapter, we analyze the concept of accessibility with special focus on its
meaning from a microeconomic approach, i.e., what the rational reason for the inter-
action to occur is and how individuals choose among available feasible interactions.
The rationality assumption implies that if an interaction occurs, a net positive benefit
must be generated for the traveler or for the traveler’s activity. Additionally, because
interactions between individuals comprise the fundamental reason for building cities,
we examine how microeconomically sound measures of accessibility identify the
generation of agglomeration economies, which make cities, with their multiple inter-
actions, the centers for development.

2.2 Alternative Measures

Intuition is naturally associated with which activities individuals perform and with
whom and where they interact. This is a matter well known in transport studies as a
choice of destination among the large set of destinations one can choose for a given
activity. A physical explanation of how accessibility can be measured was given by
Hansen (1959), who coined the definition of “the potential of opportunities for inter-
action,” focusing not only on actual interactions but also on the opportunities to
interact. He proposed the measure, Ai ¼

P
j ˛ I

Djd�a
ij , to calculate the accessibility

from location i to opportunities Dj located at a distance dij, with i, j ˛ I and I a set
of zones and a a parameter known as distance deterrence. Later, Wilson (1967) inter-
preted balancing factors of spatial interaction (entropy based) models as measures of
accessibility, and then Neuburger (1971) and Williams (1976) gave them the interpre-
tation of consumers’ surplus. At that time, the random utility framework brought direct
microeconomic support to the concept of accessibility, providing utility-based mea-
sures obtained from logit models (Domencic and McFadden, 1975; Williams, 1977;
Ben-Akiva and Lerman, 1985). The gap between spatial interaction and multinomial
logit (MNL) models was bridged by Anas (1983), who showed that these models
are formally equivalent. For reviews see Morris et al. (1979) and Geurs and van
Wee (2004).

In the rest of this chapter, we define the concept of accessibility as the individual’s
elemental interaction with distant activities. We focus on a microeconomic measure of
such an interaction, and we also examine and define the related concept of attractive-
ness. After defining these concepts, we discuss how to measure them.

2.3 The Microeconomic Measure of Interactions

We assume that individuals are rational agents, i.e., they engage in interactions that are
beneficial for them. Consider the interaction between an individual n located originally
at a point denoted by i and another individual or activity located at point j (assuming
that i and j belong to a given spatial partition denoted by I, e.g., a zone system).
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Assume that the individual n faces a cost cnij to visit location j, and the visit yields a
benefit to individual n denoted by bnj, and that benefits and costs are measured with the
same units (utility or monetary units). This conventional view may be extended to
include costs at the destination, e.g., the price of performing the activity and the ben-
efits of traveling, e.g., enjoying the views or using the travel time to perform in-vehicle
activities.

Thus, that interaction (n,i, j) is rational if, and only if, the net benefit bnij is positive,
i.e., if the following condition holds:

bnij ¼ bnj � cnij > 0 (2.1)

which defines the microeconomic rule for elemental decisions.
Let us examine this rule in some detail. The net benefit bnij may be positive or nega-

tive, and it should measure the (conditional indirect) utility of performing the activity
at location j, discounting the cost that this activity may incur. bnij is specific to the
individual because it is essentially a benefit as perceived by n of the interaction with
a distant activity and must be defined within a consistent timescale, for example, the
whole duration of the interaction.

The amount of the benefit at the destination, bnj, depends on the characteristics of
the activity visited, which we describe by a set of quality attributes denoted by qj, such
that bnij(qj). This benefit may be tangible, e.g., a salary when the activity is working,
but it can also be intangible, such as emotional rewards, for example, visiting family.
Thus, this benefit is necessarily specific to the individuals because it depends crucially
on their preferences. The perceived utility that the activity yields to the individual is
measured in monetary units. We assume that any cost (other than travel cost), e.g.,
the price of performing the activity, is included in bnj. Additionally, the quality of these
benefits may also depend on neighboring activities; e.g., the quality of the job location
may be enhanced by other social activities occurring in that neighborhood.

The travel cost cnij of the interaction accounts for every perceived cost associated
with the distance between the spatial locations i and j. The travel cost is assumed to
be different between individuals because it should include the monetary travel cost
and the perceived time cost, which is usually called the composite travel cost.

The way we have defined benefits and costs makes it feasible to associate a net
benefit with any type of interaction between individuals and or activities, including
social, economic, and sentimental benefits. The readers are invited to think about their
own experiences with daily interactions.

A provocative example, in the sense that it tenses the argument of the rational rule
in Eq. (2.1), is visits of lovers to their loved ones. We can assume that the planned
visits give large enough benefits to the visitors to make them willing to pay the travel
cost. However, let us consider an increase of the distance between the loving couples
up to the point where a travel cost equals the benefit. If that distance exists, i.e., is not
infinite, then we would conclude that rational individuals would cease visiting their
fiancé because the net benefit is null and thus, in a more controversial statement, we
can say that the travel cost would become a measure of the couple’s love. This example
is striking because it suggests that love can be analyzed with a rational model, which is
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purposefully an extreme argument. The readers are invited to take a more parsimo-
nious approach, replacing the visited lovers by other people, from the more to the
less sentimental, and to see at what point the argument becomesdfor the readerd
unacceptable or unrealistic. Of course, virtual interactions are almost costless, so the
couple may avoid or reduce the high travel cost by combining personal and virtual
visits. In any case, this example helps us to understand that the definition of accessi-
bility as a utility concept is not limited to the economic resources involved in interac-
tions, but it encompasses a more holistic view of human perceptions.

2.4 Definition of Access

We define accessibility as the benefit yielded by visiting activities, and the net benefit
bnij as the microeconomic measure of relative accessibility, i.e., the accessibility of an
elementary interaction between two agents.

An important merit of this relative measure as an economic benefit is that the ag-
gregation of relative accessibility values across all interactions performed by the indi-
vidual is straightforward. Indeed, adding benefits for the same individual is simply the
direct sum of relative accessibility values, which represents the integral accessibility
that measures the total benefit that the individual can obtain, per unit of time (say
per day or week) at location i.

Let us now note that an interaction necessarily involves at least two agents, either
individuals or activities. Indeed, in addition to the travelers, there are passive individ-
uals or activities that do not travel but are affected by the visitors who introduce pos-
itive or negative benefits. Hence, we now define attractiveness as the benefit yielded by
the interaction with the visited activity. This benefit is clearly different from accessi-
bility because the individuals or activities that receive this benefit are different from the
visitors and have an impact on their utility (or profit in the case of a firm visited). Note
that, in contrast to the visitor, the passive activity makes no decision regarding the
interaction, and hence, there is no decision rule to consider regarding the identification
and measurement of the attractiveness benefit.

It is worth remarking that the number and type of travelers meeting at one destina-
tion affect both accessibility and attractiveness because they contribute to the intensity
of potential interactions, i.e., the amount of benefit and therefore the perceived value of
the associated activities available at the trip’s destination. This is a phenomenon asso-
ciated with agglomeration economies, i.e., the more participants at one activity or in its
neighborhood, the larger the potential benefits.

The usual example of the importance of attractiveness is the location of retail estab-
lishments seeking locations that maximize their demand for goods, i.e., they locate at
highly attractive sites where they will receive more visitors. The benefit in this case is
economic and is measured by the profit of the activity. A less usual example of how
attractiveness influences locations in social interactions is the case of elders who seek
having visits from family members. They will have more visits, and hence higher ben-
efits, by locating close to their family members or along their frequent routes; this strat-
egy reduces the family visits’ transportation costs, thus increasing the number of visits.
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Therefore, every interaction yields (at least) the two interacting activities with
different benefits, which we call accessibility (denoted as acc) and attractiveness
(denoted as att). It follows that every location can be characterized by this pair of
access measures and that they have different values for each individual or activity n,
denoted as (accni, attni) c n, i.

2.5 Measuring Access

To measure access benefits, we have to observe the behavior of the interacting persons
in their activities to be able to indirectly identify and measure the benefits from their
decisions. The single decision that reflects the visitor’s benefit is the trip to visit the
activities because when the individual decides to take a trip, it reveals that the condi-
tion in Eq. (2.1) holds, i.e., the perceived benefit is at least higher than the transporta-
tion cost. Additionally, by observing the frequencydor travel demanddof such
interactions and the amount of resources spent, the modeler can derive a measure of
accessibility. Conversely, measuring the attractiveness of trips is not direct because
the visited activity is passive, i.e., it makes no decision regarding the trip. In this
case, the modeler can only observe the number and type of visitors and infer measures
of benefits estimated indirectly; otherwise, complementary information of visited ac-
tivities is needed to estimate benefits, for example, profits on sales.

Accessibility, defined as the benefit yield by a visit to a distant activity, is
precisely what the transport modeler measures to derive the traveler’s benefits asso-
ciated with a change in the transportation system; therefore, we can use their
techniques.

From microeconomics, a simple expression for calculating the benefit of a trip bij
with the originedestination (i, j) is obtained by integrating the Marshallian trip
demand function Dij ¼ D(qj, cij). Here, (i, j) ˛ I � I with I the set of alternative loca-
tions defined at any spatial aggregation, e.g., coordinates, property, block, or zone; qj
represents the quality of the activities at the destination, which depends on the attri-
butes of the visited activity and the quality of the neighborhood, i.e., it depends on
the LU and the location pattern, and cij is the transportation composite cost (including
travel monetary cost and time), which depends on the infrastructure, transportation
modes, and the system operation, particularly on the level of congestion in the trans-
portation network. It is important to note that Dij is the individual’s demand for a trip,
given the individual traveller n and the trip or interaction purpose p ˛ G, with G the set
of activity purposes defined by the modeler, i.e., the extensive notation is Dnpij. Thus,
the trip benefit is

bnpij ¼
Z x1

x0
Dnp
�
qj; cij

�
dx (2.2)

where xk ¼
�
qkj ; c

k
ij

�
with k ¼ (0,1) represents the scenario before and after the

transportation changes in costs or quality.
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Most transportation models are coarser in describing travel demand, as they aggre-
gate individuals into clusters with similar socioeconomic characteristics; space is also
aggregated in seemingly homogeneous zones and trip purposes. This aggregated
model simplifies the calculus and reduces data requirements in real applications.
Hereafter in this chapter, we shall denote by Dnpij the aggregated demand per cluster,
purpose, and originedestination zone pair.

The resulting benefit measures depend on the model used to estimate travel
demand. Here, we describe the benefits derived from the two most frequently applied
travel demand models: the spatial interaction model based on entropy theory and the
MNL model based on discrete choice theory.

Spatial Interaction Entropy Model

Technical Note 2.1 describes this trip demand model. The result of Eq. (2.2) using this
model was calculated by Williams (1976) for a short-run case, in which the
transportation cost cij changes but quality qj remains unchanged, i.e., in Eq. (2.2)

x1 ¼
�
q0j ; c

1
ij

�
. This result was then extended by Martínez and Araya (2000a,

2000b) to include changes in the LU that modify the quality; i.e., making

x1 ¼
�
q1j ; c

1
ij

�
in Eq. (2.2).

The trip demand model is

Dnpij ¼ AnpiOnpiBnpjEnpje
�bnpcpij (2.3)

where A and B are known as the balancing factors respectively associated with the
number of trips generated at zone i, denoted by Onpi, and the number of trips with
destinations in zone j, Enpj, and bnp is called the deterrent cost parameter with inverse
monetary units. The balancing factors are

Anpi ¼
0
@X

j ˛I
BnpjEnpje

�bnpcpij

1
A�1

(2.4)

Bnpj ¼
 X

i˛ I

AnpiOnpie
�bnpcpij

!�1

(2.5)

The balancing factors Ai have been interpreted as measuring the potential accessi-
bility of zone i and Bj as an attraction factor. The concept of potential accessibility
refers to the fact that it aggregates benefits of potential trips across the entire city.
Similar measures with economic interpretation in monetary units per trip are (see
Martínez, 1995; Martínez and Araya, 2000a, 2000b)
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accnpi ¼ �1
bnp

lnðAnpiÞ (2.6)

attnpj ¼ �1
bnp

lnðBnpjÞ (2.7)

which, when added, account for the total user benefit associated with a single trip:

tubnpij ¼ �1
bnp

lnðAnpiBnpjÞ (2.8)

Therefore, the modeler can use balancing factors of the estimated spatial interaction
travel demand model to calculate access measures, acc, att, and tub, per trip in the
monetary units per time period used for transportation costs. We observe that the
demand in Eq. (2.3) is unaffected by a constant scaling factor multiplying all A0

is
and dividing all B0

js. Such a constant is unidentified in this model, which implies

that acc and att are relative values with respect to some reference value, but tub is
an absolute value because the constant cancels out.

We note that the information embedded in these measures of benefits is based on
trip interactions only, ignoring other means of interactions such as communication.
These measures are usually aggregated in space (a zoning system) and by socioeco-
nomic clusters, although the level of disaggregation may be as fine as desired. Because
the demand model is based on entropy theory, these measures represent the expected
benefits associated with the most likely distribution of trips for a given number of trips
produced Onpi and attracted Enpj.

Discrete Choice Random Utility Model

The most well-known application of the discrete random utility theory (Domencic and
McFadden, 1975) is the MNL model presented in Technical Note 2.2. It calculates the
probability of an individual n at location i, choosing the destination location option j
for activity purpose p, Pj/npi, which results from the agent’s optimization of utility from
the set of optional destinations Cnp4I. This model also yields the following expected
maximum utility derived from the destination choice process:

Vnpi ¼ 1
mnp

ln

0
@X

j˛ I

em
npVnpij

1
A;ci ˛I (2.9)

where Vnpij ¼ Vnp(qj, cij) is the elemental utility yielded by a trip that combines
interaction quality and travel costs, including the travel time. The variance of this choice
process is specific to each trip purpose, which we represent by mnp. This expression,
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known as the logsum function of utilities, is recognized (Ben-Akiva and Lerman,
1985) as measuring accessibility or the expected worth of a set of destination
alternatives.

The logsum function can be derived from Eq. (2.2) defining Vnpi ¼ {Vnpij(q,c),
cj ˛ I} and the elemental demand (only one trip) for destination j given by
Dnpij ¼ Pj/npi(Vnpi), with the logit conditional destination choice probability

Pj=npi ¼ em
npðVnpij�VnpiÞ. Note that Pj=npi ¼ vVnpi

vVnpij
defines Vnpi as the generative function

of the logit model. Observe that Vnpi increases with the number of alternative destina-
tions given by the size of set I; i.e., the number of options for interaction increases
accessibility.

In the context of discrete choice models in transportation studies, modelers have
naturally recognized that utilities are functions of quality, usually called the level of
service, and travel costs, i.e., Dnp(q, c). The level of service includes travel time as
a prominent variable that differentiates transportation modes and destinations. It
also includes attributes of the activities at the destinations that correlate with the attrac-
tion of the trips.

The usual application of the logit model considers the aggregate version where n rep-
resents a cluster of individuals with similar behavior; there are Onpi trips generated at
zone i and Enpj trips arriving at each zone j. Additionally, purposes do not represent a
unitary interaction between two individuals but are more general, with several activities
assumed to be similar for a given trip purpose. In this context, the trip origin constraint isP
j ˛I

EnpjPj=npi ¼ Onpi;ci ˛I, and trip probabilities are Pj=npi ¼ em
npðVnpij � VnpiÞ, with

Vnpi the aggregated accessibility given by

Vnpi ¼ 1
mnp

ln

0
@ 1
Onpi

X
j ˛I

Enpje
mnpVnpij

1
A;ci ˛I (2.10)

Furthermore, the aggregated model can be restricted to also comply with an
exogenous number of trips arriving at each destination called a doubly constrained

logit model, i.e.,
P
i ˛I

OnpiPi=npj ¼ Ej, where Pi=npj ¼ em
npðVnpij � VnpjÞ. For this condi-

tion to hold, we define Vnpj as

Vnpj ¼ 1
mnp

ln

 
1

Enpj

X
i ˛I

Onpie
mnpðVnpij � VnpiÞ

!
;cj ˛I (2.11)

where Vnpj represents the attractiveness measure (att), i.e., the expected maximum
benefits obtained by an np-type trip visiting zone j.

The similarity between the random utility and the entropy models has been
observed by several authors (Anas, 1983; Williams, 1977), and Anas (1983) demon-
strates that they are identical in that the MNL model can be derived by the maximum
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random utility with maximum likelihood (ML) estimates of parameters or by the
maximum entropy (ME) approaches. However, this equivalence holds only for the
linear utility parameters b in Technical Note 2.2 and Shannon’s entropy parameters
a;g; and q in Technical Note 2.1. In this case, the corresponding parameters are
identical. Thus, the reader can observe that at least in the case of linear utility in the
MNL model, access measures can be enriched by the respective interpretations of
the estimated parameters: (1) from the ML model, the parameters of the MNL model
represent the consumer’s value of quality attributes and travel costs of any interaction,
that is, the benefit of each attribute of interaction, and (2) from the ME model, they
represent the Lagrange multipliers of an optimization function, for example, minimi-
zation of transportation costs.

2.6 Location Externalities and Agglomeration
Economies

The significant property of location externalities and agglomeration economies is
embedded in the access measures presented. We call the impact on residents and vis-
itors that a resident in a neighborhood, either a household or a firm, induces on other
agents in the same neighborhood, a location externality. This impact may be of
different types, such as socioeconomic, religious or ethnic, attraction or exclusion,
nuisance, or production opportunities, which could be induced by explicit (personal
contacts) or implicit (attitudes) interactions. When such an effect is associated with
the increment on density, this type of location externality is called an agglomeration
economy.

To appreciate this property, consider the elemental interaction benefit given by
Eq. (2.9) and its aggregation across interaction purposes given by

bni ¼
X
p ˛G

Vnpi ¼
X
p ˛G

1
mnp

ln

0
@X

j ˛I
em

npVnpðqj; cijÞ
1
A (2.12)

where we recall that the direct aggregation of benefits accrued by the same agent is
legitimate if these benefits are measured in terms of utility.

Let us examine the impact of a new agent on the city by increasing the population
from N to Nþ1. We identify the newcomer’s activity and its location with a single in-
dex j0 because each agent or activity has a unique location. Define I0 ¼ IWfj0g, which
considers that the newcomer adds a new location in the space by either expanding the
city or by augmenting the density without changing the city limits. Then, the new
benefit is

b0ni ¼
X
p ˛G

1
mnp

ln

0
@X

j ˛I 0
em

npVnp

�
q0j; c

0
ij

�1A (2.13)
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where mnp recognizes that the variance of the destination choice behavior depends on
the agent and the trip’s interaction purpose. We observe that the new agent has two
impacts on the interaction benefits of every agent in the city: (1) an additional positive
term in the inner sum (it is positive because exponentials are strictly positive), which is
a direct interaction effect, and (2) a change in the utility at each alternative destination

Vnp

�
q0j; c

0
ij

�
because of the change in quality due to agglomeration economies and in

transport costs due to a change in congestion, from Vnp(qj, cij) to Vnp

�
q0j; c0ij

�
. The

second impact represents the externality effect on the interactions.
To analyze these changes, we differentiate Eq. (2.13):

db0ni ¼
X
p ˛G

Pnpij0Vnpij0 þ
X
p ˛G

X
j ˛Ij0

Pnpij

 
vVnpij

vqj
dqj þ vVnpij

vcij
dcij

!
(2.14)

where the utility Vnpij ¼ Vnp(qj, cij) is defined such that
vVnpij

vqj
� 0 (quality attracts trips)

and vVnpij

vcij
� 0 (congestion cost deters trips). The first term is the direct benefit of the

potential interaction with the new agent in the city, with Pj0=npi
vVnp

vN ¼ Pnpij0Vnpij0

because the variation in utility is the final utility in this case where there is no previous
interaction with the newcomer. The second term represents the induced change in
utilities by agglomeration economies generated by the presence of j0 in the neigh-
borhood Ij0, which represents a change in the interaction benefits between agent n and
all other agents j ˛Ij0.

The induced effect on utilities represents location externalities, and it is the effect
that a new agent introduces on the density and diversity of activities in the neighbor-
hood, which is perceived by all citizens as a change in the potential interaction in that
neighborhood. Observe that location externalities in Eq. (2.14) include a large number
of potential direct and indirect impacts: (1) agents traveling and interacting directly
with j0, represented by the first term in the equation, (2) agents traveling and interact-
ing with other agents in the neighborhood and benefiting indirectly via agglomeration
economies induced by j0, represented by the second term in the equation, and (3) res-
idents in the neighborhood of j0, represented in Eq. (2.14) when i is the neighbor of j0,
which is an indirect benefit induced by agglomeration economies that occurred without
travel.

These impacts can be analyzed more closely according to the classical definition of
agglomeration economies as a density effect. We have argued that the new agent in-
creases the density in the neighborhood of location j0, which has an impact on the
perceived attraction utility of all the locations in this neighborhood, thus affecting
the neighborhood quality. Here, we simply define neighborhood as the area affected
by a new agent at j0, but it is important to recognize that the size of this area and
the magnitude and sign of the change in quality depend on who the new agent is
and the magnitude of its activity at j0, i.e., it matters if the newcomer activity is a retail
or a manufactory firm and if it is a large or small activity. Additionally, the increase in
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density may also increase congestion in general, again depending on the type of
the new agent. This can be represented denoting the density in the neighborhood Ij0
by rj0 and rewriting the change in the traveler’s utility as a result of the change in
density:

db0ni ¼
X
p ˛G

Pnpij0Vnpij0 þ
X
j ˛Ij0

X
p ˛G

Pnpij

 
vVnpi

vqj

vqj
vrj0

þ vVnpi

vcij

vcij
vrj0

!
drj0 (2.15)

where vqj
vrj0

is the positive or negative change in attraction, and vcij
vrj0

� 0 is the change in

the congestion cost.
The sign of the combined effect of density on attraction and congestion is ambig-

uous, but to understand the net impact, we must consider the significant role of the
interaction probability in Eq. (2.15). Indeed, the probability Pnpij weighs the term in
brackets in a way that increases with utilities (when positive attraction outweighs
congestion) and decreases with costs (when congestion costs outweigh attraction, or
attraction change is negative). In fact, it is interesting to recognize that this adjustment
on probabilities with externalities represents the agent’s rational rule of choosing the
interaction option that filters in favor of the highest benefit options for its benefit.
Such a selection process induces that, on average, location externalities are positive,
despite the increment in congestion, which is avoided as much as possible by travelers
as the probabilities dictate. Additionally, this net positive effect increases with the size
of the neighborhood Ij0 (number of terms of the outer sum of the externality), which
depends on the type of the new agent (e.g., consider the size of the neighborhood
impacted by a new shopping center vs. a new household residence) but also on the den-
sity in this neighborhood rj0 because the greater the density, the larger the number of
agents in the neighborhood impacted by the newcomer.

This analysis considers a simplified model of interactions because it does not recog-
nize trip tours, i.e., chains of trips, but more complex transportation demand models
could be considered to arrive at similar conclusions.

Therefore, noting that density on average increases with urban population N, we
foresee that location externalities increase with the city’s population size. Thus, on
average, benefits of urban agents increase with the city size as

bni ¼ aþ gðNÞ (2.16)

where a is the direct benefit, and g(N) are the location externalities. This conclusion
recognizes the existence of agglomeration economies associated with interactions in
cities and explains its origins on a microscale. It is important to note that, as we have
shown, these per capita economies are embedded in the economically sound definition
of accessibility measures and emerge from the location externalities that new agents
introduce on the travelers’ utility. Additionally, we observe that the direct benefit in
small cities, represented by the constant a in Eq. (2.16), is relatively larger than the
externality compared with large cities.
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Notice that the g(N) factor may not be observed when comparing access measures
of cities of different sizes in the same country if they have been derived from travel
demand models developed independently for each city. This is because, as we noted,
access values are relative measures affected by an unknown scale parameter, which is
different for each demand model, i.e., different for each city. This difficulty is over-
come, however, with a nation-wide travel demand model that combines inner and
intercity trips in which access measures have a common scale parameter.

We have purposely introduced the effect of density on the notion of accessibility,
which links the microscopic definition of accessibility as an individual’s perception
of interactions with a mesoscale variable of the system such as density. The purpose
is to provide a clear interaction between two scales of the model and therefore model
the aggregation process between these scales.

2.7 Summary

In this chapter, we have defined the concept of access as a vector with two components,
acc and att, both associated with the potential benefit of a trip, which can be measured
using the travel demand functions. They are specific for each traveler type (n) and trip
interaction purpose ( p) and can be defined for the individual trip or for an aggregate of
trips between zones, travelers’ clusters, and interaction purposes. The estimation of
these benefits derives directly from a trip demand model, a methodology that applies
for personal trips and the case of goods being delivered by using the corresponding trip
demand function.

As we said at the beginning of this chapter, because the access measures presented
represent net benefits associated with a trip, they depend on both the interaction qual-
ity and the transport cost (including travel time). We presented access measures for
two travel demand functions, the spatial interaction or entropy demand model and
the MNL model, and we have discussed the equivalence between them. This
equivalence property reconciles these two approaches for travel demand modeling,
originally considered as essentially different because the entropy model is a statistical
concept applied to an aggregate of trips (or trip flows) between zones, while the logit
is derived from microeconomic principles to model individuals’ behavior. Hence,
access can be estimated from an MNL derived from entropy or discrete choice
approaches.

The fact that access is measured using the economic metric of benefit allows the
simple addition of such benefits across the multiple agents’ interactions with different
purposes, which is feasible within a microeconomic approach, and makes these inter-
action benefits comparable with other benefits associated with the same agents’ deci-
sions, for example, the residential or firm location choice or investments. This added
condition permits us their use in the microeconomic base model of agents’ behavior in
the urban system presented in this book.

Finally, we have shown that economies of agglomeration are embedded in the
economic measure of accessibility and can be explained at the level of the microscopic
interaction of each agent with others as the result of the intensified interaction
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occurring in larger cities with higher population density. Moreover, this analysis lets us
conclude that benefits tend to be constant in small cities, whereas they increase with the
city size as economies of agglomeration gradually emerge.

Technical Note 2.1: Spatial Interaction Entropy Model

The spatial interaction model (Wilson, 1970, 1971) estimates the number of trips
between pairs of zones (i, j) in the space I � I, denoted Dij, for a known set of trip
ends: Oi ¼

P
j ˛I

Dij and Ej ¼
P
i ˛I

Dij, which comply with the total demand condition:

D ¼ P
ij ˛I�I

Dij. If the number of zones is n, this model estimates n2 values based on

2n trip end values. The method to expand from 2n to n2 values is the maximization
of the entropy of the trips.

The entropy notion used in spatial interaction models is Shannon’s definition,
described for a discrete random vector x¼ (xi), i˛ Iwith probabilities p(xi) and defined
by Z ¼ P

i ˛I
pðxiÞln pðxiÞ. Maximizing the value of Z yields the most likely value for the

vector x following the Wilson (1970) criteria. Wilson shows that Shannon’s entropy
measures the number of possible microstates associated with the mesostate of the
trip matrix, and if all microstates are assumed equally likely to occur, then the meso-
state with the maximum number of microstates is the most likely to happen, i.e., the
one associated with the ME. A microstate is a distribution of D trips, which complies
with the macrostate constraints Oi and Ej, cij; a mesostate is a matrix [Dij] that also
complies with macrostate constraints. Spatial interaction models use this method to es-

timate the most likely matrix of trips
h
D�
ij

i
, for a given set of trip origins Oi and des-

tinations Ej, with (i, j) ˛ I � I.
The entropy optimization problem, known as the doubly constrained model, is

MaxDij Z ¼ �
X

ij ˛I�I

Dijðln Dij � 1Þ (T2.1)

s.t.
P
j ˛I

Dij ¼ Oi ci ðaiÞ
P
i ˛I

Dij ¼ Ej cj
�
gj

�

with D ¼ P
i ˛I

Oi ¼
P
j ˛I

Ej. According to information theory, Z measures the uncer-

tainty of the trip matrix [Dij]. To understand this, note that dividing Dij by the total
number of trips D, a constant in this problem, we obtain a new entropy term on
Pij ¼ Dij /D variables. The entropy term Z 0 ¼ �P

ij
Pijðln PijÞ represents the expected

value of the uncertainty measure: �ln(Pij). This makes the entropy approach equiv-
alent to finding a probability distribution {Pij} that complies with the constraints
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and maximizes uncertainty. The “maximum uncertainty” criteria implies that the
resulting probability distribution itself induces the least bias into the solution, which is
the uniform distribution, thus leaving the constraints as the only information that
defines the trip matrix solution; i.e., in the absence of constraints, the matrix solution is
uniform with Dij ¼ D

jIj2;ci; j ˛I. Additionally, transportation costs in each pair, cij’s,

are introduced by a constraint on the total travel costs C:

X
ij ˛I�I

Dijcij ¼ C ðbÞ (T2.2)

The corresponding Lagrange multipliers of the optimization problem in Eqs (T2.1)
and (T2.2) are in brackets. The model is presented in this Note, ignoring the subindices
n and p used in the chapter text.

The constraint on total transport costs is introduced ad hoc, but the problem can be
reformulated as

MaxDij;q Z ¼ �
X
ij

Dijðln Dij � 1Þ þ b

 
C �

X
ij

Dijcij

!
(T2.3)

s.t.
P
j ˛I

Dij ¼ Oi; ci ˛I ðaiÞ
P
i ˛I

Dij ¼ Ej; cj ˛I
�
gj
�

With this form, we can interpret that the optimization problem yields the demand
that minimizes travelers’ costs, which implicitly assumes that travelers behave as
cost minimizers rather than benefit maximizers. In this problem, b weighs the role
of the uncertainty, such that only when b /Ndoes the optimization problem become
deterministic and based on transportation costs; otherwise, the system embeds uncer-
tainty modeled by trips’ probabilities, i.e., as expected, trips. Additionally, the
Lagrange multipliers a and g represent the increase in Z if the respective constraint
is relaxed marginally, which are also called the shadow price of the constraint. Hence,
given the stochastic context of this problem, ai represents the expected benefit (or cost
saving) for the last trip from zone i, whereas gj represents the expected benefit of the
last trip arriving at zone j.

The optimization problem is solved using the Lagrange method, defining:

LðZ 0Þ ¼ �
X

ij ˛I�I

Dijðln Dij � 1Þ þ b

0
@C �

X
ij ˛I�I

Dijcij

1
A

þ
X
i ˛I

ai

0
@Oi �

X
j ˛I

Dij

1
Aþ

X
j ˛I

gj

 
Ej �

X
i ˛I

Dij

! (T2.4)
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Calculating the first-order conditions vL
vDij

¼ 0;cði; jÞ ˛I � I yields the solution:

D�
ij ¼ e�ai�gj�bcij ; cði; jÞ ˛I � I. (T2.5)

It is common practice to replace e�ai ¼ AiOi and e�gj ¼ BjEj, so the solution is
equivalently expressed in its usual form as

D�
ij ¼ AiOiBjEje

�bcij cði; jÞ ˛I � I. (T2.6)

Then, the solution depends on the unknown parameters ai, gj or Ai, Bj, plus b.
Imposing the trip end constraints for the solution, we obtain:

A�1
i ¼

X
j ˛I

BjEje
�bcij ; ci ˛I (T2.7)

B�1
j ¼

X
i ˛I

AiOie
�bcij ; cj ˛I (T2.8)

which are known as the balancing factors because they balance the values of Dij to
comply with the trip end conditions. The expressions for the balancing factors define a
fixed point problem, for which it is well known that the iteration process starting with
any set of initial values converges to the solution conditional on the parameter b

(Macgill, 1977). There are several algorithms for the calibration of b (see Fang et al.,
1997).

Notice that the travel demand model is invariant if the balancing factors are scaled

as lAi and l�1Bj. Although the solution for the matrix
h
D�
ij

i
is unique, the balancing

factors are undefined by a single factor. Therefore, we can identify only relative values

of each individual balancing factor and absolute values for AiBj,
Aj

Aj0
and Bj

Bj0
because

the scaling factor cancels out. This observation implies that accessibility and attractive-
ness measured by balancing factors can define relative values only.

An important merit of the entropy model is that it is a nonlinear optimization

problem that can be solved efficiently for the unique solution of
h
D�
ij

i
and for relative

values of the balancing factors, given trip ends O ¼ (Oi, i ˛ I ), E ¼ (Ej, j ˛ I ) and b.

Technical Note 2.2: Discrete Choice Random Utility Model

This note shows the derivation of the double-constraint MNL model from the
maximum utility approach, following Anas (1983).

This MNL model can be applied to several spatial assignment problems for esti-
mating the interaction between individuals or groups of individuals in the aggregate
model. Such interaction may occur, for example, by means of trips and communication
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networks, and the model can also be applied for the allocation of individuals to spatial
locations.

We consider the case of an agent choosing an originedestination pair in the set of
location options I � I, with I the set of locations in the city; thus, this set includes all
possible interactions in the city between agents. The agent maximizes the (indirect)
utility V

�
qj; cij; b

�
, where qj is the quality of the interaction at location j, cij is the travel

cost including time (also called the composite cost), and b is a vector of the perceived
utility of quality and costs. Note that for simplicity, we ignore indices n and p used in
the text, but what follows is valid for every np’s trip. We consider the following
random utility:

Vij ¼ Vij þ Vi þ Vj þ εij; ci; j ˛I (T2.9)

The probability that a pair (i, j) yields the maximum utility is defined as

Pij ¼ Pr ob
�
Vij � Vmn;cm; n ˛I

�
; ci; j ˛I (T2.10)

which, if εij is an i.i.d. Gumbel variate yields the MNL model:

Pij ¼ emðVijþViþVjÞP
mn ˛I�I

emðVmnþVmþVnÞ (T2.11)

To estimate the utility function of this model, let us assume that the modeler has a
set of observed agents C, indexed by h and they have the same utility; i.e., the param-
eters of the utility function are the same because they belong to the same agent cluster.
The criteria to estimate utilities, i.e., estimate b’s parameters, are such that applied to
the model Pij(b), the joint probability associated with observed choices is maximized;
i.e., it is the set of parameter values that best replicate observed choices, which is eval-

uated in likelihood function L ¼ Q
h ˛C

Q
ij ˛I�I

�
Ph
ij

�
b
��dhij

. Using the logarithm of L, the

problem is to estimate the set of parameters b given by

Max
b
logL ¼

X
h ˛C

X
ij ˛I�I

dhij log Ph
ij

�
b
�

(T2.12)

where b is the estimate of the vector of parameters of the utility functions Vij, Vi, and
Vj. d

h
ij is the indicator of the observed choices: dhij ¼ 1 if the observed agent h ˛ C

chooses pair (i, j), otherwise dhij ¼ 0. Ph
ij is the choice probability evaluated for the

choice conditions of individual h.
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For each elemental parameter bk ˛ b, k ¼ 1,.,K, the first-order conditions for this
problem are the following:

vlogL
vbk

¼
X
h ˛C

X
ij ˛I�I

dhij

Ph
ij

�
b
� vPh

ij

�
b
�

vbk
¼ 0 (T2.13)

with

vPh
ij

vbk
¼ vPh

ij

vvij

vvij
vbk

¼ Ph
ij
vvij
vbk

� Ph
ij

X
mn ˛I�I

Ph
mn
vvmn
vbk

(T2.14)

and vij ¼ Vij þ Vi þ Vj. Replacing Eq. (T2.14) into Eq. (T2.13) yields

vlogL
vbk

¼
X
h ˛C

X
ij ˛I�I

dhij

 
vvij
vbk

�
X

mn ˛I�I

Ph
mn
vvmn
vbk

!
¼ 0; cbk ˛b (T2.15)

Let us now consider the simple case of the following linear in parameter utility,
often used in applied choice models:

Vij
�
b
� ¼ X

k ˛K
bkxijk;Vi ¼ b0i;Vj ¼ b0j

where parameters b0 are called alternative specific constants, and xijk are trip attributes
including travel time and cost. Note that parameter m is not identifiable from choice
data in the linear utility model, so we can only estimate the parameters scaled by m, i.e.,
b ¼ mb.

This utility yields the following conditions for the ML estimate of parameters:

X
h ˛C

X
ij ˛I�I

dhij

 
xhijk �

X
mn ˛I�I

Ph
mnxhmnk

!
¼ 0; cbk s b0i;b0j (T2.16)

Organizing terms, we obtain:

X
h ˛C

X
ij ˛I�I

Ph
ij

�
bk
�
xhijk ¼

X
h ˛C

X
ij ˛I�I

dhijxhijk ¼ Xk; cbk s b0i; b0j (T2.17)

where
P
h ˛C

P
ij ˛I�I

dhijxhijk ¼ Xk is the aggregate value of the kth attribute in the data set

used for the estimation. This equation can be solved for bk to obtain the estimates
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that guarantee that the model forecasts the observed total Xk for every attribute k in
the utility function. In other words, the model fits the data at the aggregate level.
Under weak conditions, the function L is globally concave, so if the solution for bk
in Eq. (T2.17) exists, it is unique (McFadden, 1974), and the ML estimator is
consistent, asymptotically normal, and asymptotically efficient (Ben-Akiva and
Lerman, 1985).

Similarly, for the specific constants b0i0 and b0j0, xhijk ¼ 1, so we write

X
h ˛C

X
ij ˛I�I

Ph
ij

�
b0i0
�
di0j ¼

X
h ˛C

X
j ˛I

Ph
i0j

�
b0i0
� ¼ X

h ˛C

X
j ˛I

dhi0j ¼ Oi0; cb0i0

(T2.18)

X
h ˛C

X
ij ˛I�I

Ph
ij

�
b0j0

�
dij0 ¼

X
h ˛C

X
i ˛I

Ph
ij0

�
b0j0

�
¼
X
h ˛C

X
i ˛I

dhij0 ¼ Ej0; cb0j0

(T2.19)

where
P
h ˛C

P
j ˛I

dhij ¼ Oi is the frequency observed in the data of agents choosing option

i, and similarly for
P
h ˛C

P
i ˛I

dhij ¼ Ej. This implies that solving Eqs (T2.18) and (T2.19)

for specific constants b0i and b0j, respectively, guarantees that the model forecasts the
observed total number of choices with origin i and with destination j.

Note that the approach used here to derive the doubly constrained logit model
assumes that the agent chooses a pair (i, j), which implies that it chooses the agent’s
residential location and the trip destination (e.g., job) simultaneously. This choice pro-
cess may be plausible in the case of a new agent in the city who seeks residence and
location simultaneously, but it is unlikely to represent other trips associated with inter-
actions where residential location is fixed, such as shopping, entertainment, or even
jobs in the case of old residents.

It is direct to define the conditional probabilities from the MNL marginal or joint
choice probability (Eq. T2.11): the destination (job) choice model conditional on
the origin (residence location) is:

Pj=i ¼
emðVijþVjÞP

n ˛I
emðVinþVnÞ (T2.20)

and the origin (residence) choice model conditional on the destination (job):

Pi=j ¼
emðVijþViÞP

m ˛I
emðVmjþVmÞ (T2.21)
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Exercise 2.1

Show that the doubly constrained logit probability may be written as�P
i ˛I

Onpi

�
Pnpij ¼

 P
j ˛I

Enpj

!
Pnpij ¼ OnpiPj=npi ¼ EnpjPi=npj and interpret the condi-

tional probabilities Pj/npi and Pj/npi. Additionally, consider Eqs (2.10) and (2.11) to

prove that vVnpi

vVnpij
¼ vVnpj

vVnpij
¼ Pnpij. Compare the logit and entropy double constraint

models regarding accessibility and attractiveness and follow Anas (1983) to show
the equivalence between these models.
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Discrete Urban Economic Theory 3
3.1 Introduction

The land-use (LU) market is a system with multiple and heterogeneous agents interact-
ing in processes that occur in the space, and the traded objects are real estate properties
characterized as discrete, immobile and durable, requiring a timeepath-dependent
dynamic where the buildings stock lasts for a long time.

The analysis of this complex market requires a theoretical framework with the
flexibility to realistically reproduce urban structures and processes. In this chapter,
we discuss such a microeconomic framework in a static and discrete context, built
upon the urban economic theory of urban land to develop a more realistic model.
By assuming a discrete urban real estate market, we can consider the fact that a city’s
dynamic is dependent on its built stock and allocation of activities, i.e., path
dependent.

Because the LU market is embedded in a larger urban system in which production
and transportation markets interact with LU processes, this flexible framework allows
us to extend this approach to the more complex model of the urban system developed
in the rest of this book.

The Structure of a Land-Use System

The emergence of cities from agricultural land into complex systems of real estate
units and population use can be represented by the multistage process shown in
Fig. 3.1.

In the first stage, the agricultural land owner releases land at a price RA per area unit
to land developers, who partition the land optimally into land lots indexed by i ˛ I,
with size ql, urbanized at a cost of ci(q

l), and then sell them at price pi. In the next stage,
real estate developers build on the land lots, deciding on the optimal building type at
each location, denoted by index v ˛ V and characterized by the real estate (housing)
size (q f). The building cost of the units is cvi and the units are sold at price pvi as
defined in the real estate selling auction, where potential owners bid according to
their willingness to pay (wvi). This process is identified as the new stock market in
Fig. 3.1, where a different agent is defined for each stage, although real estate agencies
may consolidate several steps in one business firm, e.g., a land lots and real estate
developer.

The complete real estate market includes the supply of both the old and new stocks
in a unified real estate selling auction, where property owners and developers offer
real estate units. In this market, consumers are owners and redevelopers who invest
in real estate property bidding according to their willingness to pay (wvi) and also
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supply old and redeveloped stock for reselling. The winners of real estate auctions are
the new owners, who have the following three choices:

1. Lease their property for rent (rvi) per time unit, e.g., per annum, in the real estate leasing
auction;

2. Use the property for their own residential or nonresidential purposes (at the opportunity cost
rvi); or

3. Offer the property as old stock in the real estate selling auction, obtaining an auction price
pvi.

Redevelopers buy old stock (indexed by w) and recycle the land to produce new
stock (indexed by v), at a demolition cost and a building cost, to offer the new stock
back on the real estate selling auction market.

The problem of the new real estate market has been examined and reported in the
classic urban economic literature, initiated by the seminal contributions of Alonso
(1964), Mills (1972), and Muth (1969). The two developers stages collapse into one
stage, i.e., real estate developers obtain the land input from empty agricultural and
continuous land, i.e., the old stock is ignored. Therefore, the urban economic theory

Figure 3.1 The land and real estate (re)development and use process.1

Inspired by Martínez, F., Roy, J., 2004. A model for residential supply. The Annals of Regional
Science 38, 531e550.

1 The price arrows point from the consumer to the supplier, i.e., the real estate developer pays a price pi per
unit of land to the land lots developer; in the inverse direction, cost arrows point from the supplier to the
consumer, i.e., the real estate agent covers the land lot developer’s cost. The net profit for the land lot
developer is pi � ci and for the real estate developer is pvi � cvi.
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studies the emergence of a city from empty agricultural land into LU equilibrium. The
theory benefits from the elegance of a continuous setting, i.e., land size and locations
are continuous variables, and is able to reproduce certain general characteristics of real
cities, including the stylized profiles of rents and densities and the theoretical city
border. Nevertheless, it is difficult to represent other issues that add complexity,
such as diversity of the population, agglomeration economies, neighborhood quality,
detailed transportation networks, and interaction with other markets.

The real estate market involves the complex interaction of several agents: land lot
developers, real estate developers, redevelopers, owners, and renters, and loops of
reselling and redeveloping stock. Modelers have designed discrete choice models to
simulate the market in the heterogeneous context of landscape, real estate, and
population characteristics; see Pagliara et al. (2010). This approach also enables the
representation of dynamic interactions among agents in this market in a simple way,
fueled particularly by the city’s population and economic change and delayed by
the adjustment of the new stock supply.

The real estate market has been analyzed as a short-term agents’ allocation
equilibrium process, which includes an exogenous stock of buildings, and as a long-
term LU process that allows for the adjustment of supply to demand, i.e., as an
equilibrium where the market clears at any time or as a disequilibrium in which an
excess of supply or demand may occur. This market can be studied as a closed system,
without migration from other cities, or as an open system.

Characteristics of the Market

The analysis of urban land and real estate markets requires that we consider specific
characteristics of this market: spatial context, real estate heterogeneity, consumer
interactions, and inelastic demand; when combined, these characteristics yield a theory
of the urban LU market.

The spatial context of this market, which was introduced in the previous chapter in
the discussion of concepts associated with accessibility, is the first and most evident
characteristic. Contrary to the classical notion of the market as the place where con-
sumers and suppliers meet and trade, in this case, the spatial distribution of the land
makes each location different or differentiable from all the others, i.e., each alternative
location is different. Unlike products, the LU market has no factory that can produce as
many equal copies as demanded at a price. This distinction was observed by classical
economists, who interpreted the specific commodity of land to be a monopolistic
market in which the owner holds the monopoly of the access, at a transportation
cost, to the central business district (CBD). Alonso’s seminal work (1964) proposed
the bid-auction theory, interpreting this market as an auction of differentiated goods.
From that point, the urban economic theory developed as a continuous space model.

The discrete modeling described in this book provides a more realistic approach by
assuming a heterogeneous space, where buildings are developed from land previously
used and partitioned into land lots in a continuous development process. Additionally,
consumers are seen as heterogeneous and as valuing a variety of attributes of alterna-
tive locations. This setting provides the flexibility that explains why this approach is
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used in applied models of cities to analyze how the city is predicted to evolve from the
current situation. Recognizing that land is already divided into land lots and built on,
this approach provides the modeler with a highly diverse representation of real estate
alternatives described by a large set of different attributes, including building charac-
teristics, land size, neighborhood, and accessibility or transportation costs.

LU consumers are household and firm residents who value each location for the
interactions that each one can perform with the rest. We discussed this concept in
Chapter 2, observing the value that consumers assign to different locations according
to their accessibility and location externalities. From the modeler’s point of view, this
calls for a theory of the impact of these interactions in the market that produces
evident structures on a macroscale in the city, as for example, the social exclusion
phenomena on household residents or the agglomeration of industries and commer-
cial activities.

LU demand is highly inelastic because a population of consumers needs to be
located somewhere in the city. More specifically, the total demand for real estate units
is inelastic at any time, whereas building densities make demand for a specific land lot
and floor space more elastic because the same number of agents may be accommo-
dated with different floor space to land ratios.

In the first part of this chapter, we present a discrete theory of how consumers
behave in this market. We then discuss how suppliers develop land into real estate
options and how buildings are redeveloped. Finally, we propose a model of the market
performance to show how prices are formed and how the auction process matches con-
sumer and supplier behavior. In this chapter, the theory is presented for an ideal static
equilibrium, which assumes that information is perfect for all agents and that all real
estate units available in the market are sold simultaneously. This ideal scenario enables
us to understand the fundamental forces and characteristics of this market. In the
following chapters, we relax the perfect information assumption to develop more
applicable models that remain consistent with the theory presented here.

3.2 The Consumer Location Problem

The consumer location problem studied in this section represents the real estate selling
and leasing auctions shown in Fig. 3.1 for proprietors and renters, respectively. It
describes the process through which agents decide on their preferred locations, which
are allocated by an auction process to alternative location options at any point in time.
This process considers that location options and all their characteristics are given, e.g.,
they are exogenous to the consumer. The problem involves the allocation of agents to
available location options and the prices involved in these transactions. We examine a
static model in which location decisions and interactions occur, reaching equilibrium
conditions at each point in time.

The consumers are conceived as representative agents who seek residential loca-
tions to perform their social and economic activities in the city. We recognize that
households are composed of members with different perceptions about location pref-
erences, but it is also true that they must somehow decide on a common location after
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internal negotiations among the household members. For simplicity, we define a
hypothetical representative consumer whose behavior is usually observed only as
the outcome of the household negotiation; this consumer is called an agent. Although
firms are also complex social organizations, we can similarly assume that their
behavior in the land market can be described by that of a representative agent. This
agent, however, may decide on locations for several establishments of the same
firm. The assumption of a representative agent can, of course, be a topic of research
for a more microscopic model of the internal decision process within households
and firms.

The location problem has been formulated following two approaches. The utility
approach applies the classical consumer problem of deciding what and how much to
consume of each type of goods, with prices and income defined exogenously (see
Anas, 1982). This framework considers location as one of these goods, the residence,
although it is a good differentiated by the specific location. The second approach,
called the bid auction, follows Alonso’s seminal work (1964), in which he developed
the argument that the market is an auction where agents participate, bidding for avail-
able locations. Because both approaches are founded on the same microeconomic prin-
ciples, we will therefore observe their consistency and equivalence in a unified
approach called the bid-choice model. We will present these approaches considering
the case of households in the residential market and will then extend the framework
to firms. In the next section, we discuss the location problem in a stylized form to
explain the essentials of this interesting problem.

The Household Location Utility Approach

The main assumption in a microeconomic model is that each household, denoted by
h ˛ C, resides in only one location and is rational, i.e., behaves in the land market
to locate its residence in the location that, along with other consumption goods, yields
the maximum utility. In this approach, the household is assumed to consider exoge-
nous prices and its income in the location decision. Another assumption is that house-
holds have perfect information; that is, the household knows all the attributes of all the
real estate alternatives, indexed by i ˛ VI, with VI ¼ V � I the set combining locations
i ˛ I and real estate alternatives v ˛ V available in the market. In the next chapter, we
lift some of these assumptions.

Household h’s behavior can be described by the following utility maximization
problem:

max
x˛X;i˛VI

uhðx; ziÞ (3.1)

where x ¼ ðxk ˛ℝþÞ is the vector of consumption goods with k ˛ K, zi ¼ ðfzmig˛ℝÞ
is the vector of discrete values describing the set of attributes of real estate i ˛ VI, and
uh is household h’s utility function. In other words, the household searches simulta-
neously for an optimal pair (x, zi), which combines continuous goods variables with
discrete locations.
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The utility function uh is a quantitative latent (unobservable) measure of the agent’s
value of the pair (x, zi). It only provides a preference order for different pairs, from high
to low value, which is enough for the household to make a choice using the rational
criteria: select the highest utility option, i.e., that utility quantities are nonobservable
economic entities. This function may be different for each household but should
comply with the usual requisites defined in microeconomic textbooks: that they be
continuous, differentiable, and concave (see for example, Mas-Colell et al., 1995,
pp. 46e50).

Note that the consumer’s problem in Eq. (3.1) is set in a discrete space of location
options described in set I, which is not only more realistic but also more mathemati-
cally treatable than a continuous model. The classical example of a continuous space
model is the monocentric city proposed by Alonso (1964), which simplifies the set of
location attributes to only two: the radial distance to the unique city centerdthe CBD
that concentrates labordand the size of the land lot; both are continuous variables.

The household’s location choice is constrained by its income, i.e., the choice must
be economically feasible. This can be stated by the following budget constraint
expression:

pxxþ ð1Þpi � yh (3.2)

with px the price of the set of goods, pi the price of the property denoted by i, and yh the
household h’s income; location prices, income, and consumption goods are per unit of
time (e.g., per annum). Notably, in the discrete approach, the final consumer, i.e., the
resident, is assumed to demand just one location in which to reside, not more and not
less, making the expenditure on location dependent only on the price and not on the
quantity consumed, that is to say, as it is made evident in Eq. (3.2), the residence
quantity is inelastic and equal to one. This formulation departs from the classical urban
economics approach in which land is empty and the consumer chooses not only any
location in a continuous space but also the amount of land to occupy. In the discrete
model, land consumption is an attribute of the real estate choice and is defined
exogenously by the supplier.

The location problem is defined by Eq. (3.1), subject to the constraint Eq. (3.2).
Despite the simplifications considered, this model contains the essentials of consumer
behavior. To solve the problem, we proceed by solving for vector x first, using the
budget constraint Eq. (3.2) to obtain consumer demand for each good in x, conditional
on the residence location, denoted as x*. This is a theoretical process that is not simple
to perform due to the variety of goods in vector x; however, for our purpose it is
enough to know that these demands are represented by x*(zi,pi;yh), i.e., the optimal
consumption of goods remains conditional on the location choice i, which explains
why x* is called the vector of conditional demands. The analysis, however, is usually
presented in a simplified way by considering x to be a composite good, i.e., represent-
ing the bundle of goods, and px the bundle price. Additionally, it is assumed that all
income is spent on goods and residence, i.e., Eq. (3.2) holds for equality, implying
no intertemporal savings. In this context, it is convenient to divide Eq. (3.2) by px
and assume px ¼ 1 to be the numeraire, and redefine y and pi as relative values with
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respect to price px. Finally, solving for x, we obtain x* ¼ yh � pi, a very specific form
for the conditional demand function for goods because real estate demand is inelastic.
We note that in land and real estate markets, location prices per unit of time pi are also
called rents.

Then, the conditional demands are replaced in the consumer’s utility to obtain the
indirect utility conditional on the location choice:

vhðziÞ ¼ uhðx�; ziÞ ¼ uhðyh � pi; ziÞ (3.3)

which gives us the value of the utility achieved for each alternative location, depending
on the location price, the set of attributes, the household’s income, and the numeraire
price.

Note that the utility in Eq. (3.3) should be an increasing function of yh � pi because
it represents the consumption of the bundle of goods x, assumed as normal goods,
increasing x’s consumption increases utility.

To solve the location problem, the household evaluates all available alternative
locations using Eq. (3.3) and then chooses the one that yields the maximum value
of vh. That is:

i�h ¼ argmaxi˛VI ½vhðziÞ� (3.4)

where i*h denotes the optimal location choice conditional on household h.
Several important characteristics of this theoretical model are worth highlighting as

follows:

1. The land lot size is a discrete variable, which differs from Alonso’s monocentric model. His
assumption of a continuous land size model implies the strong assumption that the con-
sumer’s optimal size choice is available on the market or that the model considers a city
developing from empty land. Therefore, it is more realistic to assume that location options
are discrete and heterogeneous, described by a set of attributes including the land size, and
that the consumer should choose among available options. Nonetheless, the continuous
model can be interpreted as the limited case of a discrete model following Anas’ work
(1990), in which a monocentric city was specified with continuous land lot sizes but with
the innovation of considering discrete location options defined by small incremental dis-
tances to the CBD.

2. The household chooses only one location for residence. This assumption is explicit in the
income constraint of Eq. (3.2) because the location price pi is not multiplied by any quantity.
In other words, although the consumer optimizes the quantities for the composite good x, the
land and floor space quantities and all other characteristics are exogenous attributes of the
discrete location choice i. This assumption is consistent with the consumer’s residential loca-
tion choice, as either a renter or owner-user, but does not represent the behavior followed by
an investor choosing several locations to buy for renting, which is described not as a con-
sumer but as a supplier of locations offered for a rent, as is shown in Fig. 3.1.

3. The set of location attributes is large and includes complex variables. It contains all the
attributes of the property and of its location. Property attributes include, for example,
land size and dwelling characteristics including floor space, number of rooms, etc. Location
attributes are the neighborhood quality and accessibility to activities in the city relevant for
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the household. Neighborhood attributes are important because they introduce location
externalities, i.e., the location of one agent influences the neighborhood quality, hence
affecting other consumers’ utility, making the behavior of consumers interdependent and
introducing complexity into the market process. Accessibility can be considered as the
foremost important attribute in location problems, which also induces spatial interdepen-
dencies among all citizens. This large number of complex attributes confronts the house-
hold with a complex problem to solve because it requires a significant amount of
information on attributes at each location and an assessment of how much the household
values each of them.

4. The way in which this model represents transportation monetary costs and travel times in the
location choice is worthy of comment. This important factor is implicit in the definition of
the accessibility attribute in the household’s utility. Specifying the model to represent the
relevance of travel times and costs explicitly is not trivial in complex network structures
because it requires an integration of all the choices of activities and transportation, including
trip destinations, transportation modes, and route choices for all activities, including their
duration and sequence, all of which leads to the accessibility measures considered in this
model.

The Bid-Auction Approach

The Auction in the Real Estate Market

Economists identify certain goods as unique, such as art paintings and sculptures,
although the clear majority of goods are “normal” in the sense that equal copies can
be produced. Some goods can be defined as quasi-unique because they are similar
but not equal, which is the case of urban properties. Unique characteristics define
differentiable goods whose prices are related not only to their production costs, as is
the case in normal goods, but also to consumers’ valuations of their intrinsically
different characteristics. To bring these values into the market, an auction process
reveals consumers’ values as willingness to pay.

The auction approach considers urban locations as differentiable. What makes
urban properties intrinsically differentiable is their location, that is, their relative
location with respect to all the city’s activities, because it affects the opportunities
for economic and social interactions, which we identify as accessibility. The location
also provides access to natural amenities in the neighborhood, as well as to built
environments, which differ at each location and which cannot be reproduced at will.
More precisely, what is traded at an auction is the right to enjoy the benefits of the
accessibility that the location offers, by either buying or renting the site. Once this right
is traded, the access to these opportunities is transferred to the new owner or user. Of
course, building characteristics also induce differences between properties, such as the
number of rooms, lot size, etc., but they are not considered to be intrinsic because they
can be produced and replicated at a cost.

A corollary, that what is traded in the LU market, is the value of the right to use the
opportunities provided by a location, which is represented per time unit as the renting
value or as the selling price of the property that grants the right to permanent use. In
modeling the LU market, it is convenient to consider the rent value of a property rather
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than the selling price because it is consistent with the unit of the income constraint, i.e.,
per unit of time of income and consumption.

The behavior of a consumer in a market with several simultaneous location auctions
must comply with one condition: bids for alternative locations should be defined in
such a way that they ensure that the consumer attains the highest utility. To analyze
this process, we must define how consumers build their willingness to pay.

The Willingness to Pay

We recall the indirect utility in Eq. (3.3). Following Solow (1973) and Rosen (1974),
we define the willingness to pay as the solution of the following expression:
uh ¼ vh (yh � whi, zi), where the location price is replaced by the willingness to pay
whi in Eq. (3.3).

Here, we introduce a fundamental condition in LU: we assume uh to be equal for all
locations, i.e., consumers define the willingness to pay at each alternative location to
be indifferent about locating at any of them. This assumption is fundamental because it
assures that the consumer is indifferent to winning the auction of any location if the
price is equal to the willingness to pay.

The indifference utility is called the reservation utility, representing the utility the
consumer expects to attain ex ante entering the auction. Then, if the utility function is
invertible in w, from Eq. (3.3) we obtain:

whiðz; uhÞ ¼ yh � v�1
h ðzi; uhÞ;ci˛VI (3.5)

How can we interpret these functions?
The willingness-to-pay function of Eq. (3.5) represents a family of iso-utility

willingness-to-pay functions. To illustrate this concept, in Fig. 3.2 we observe a family
of willingness-to-pay functions in a monocentric city as a function of the distance to
the CBD, w(d,u), one for each utility reference: u1, u2, and u3. In this idealized city,

Figure 3.2 Willingness-to-pay curves in a monocentric city.
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all location attributes are assumed to be homogeneous, except for the continuous loca-
tions defined by distance d to the CBD. At the CBD, the willingness to pay is at the
maximum and decreases with distance because the travel costs to the jobs in the
CBD increase with the sole attribute distance. In this figure, iso-utility willingness-
to-pay curves are shown for utilities u1 < u2 < u3. To determine which utility is the
highest, observe that at distance d0, the location yields a given utility that is comple-
mented by the utility obtained from different amounts of the consumption of goods,
given by x ¼ y � w(d0, u), where w(d0, u) is shown on the vertical axis, which implies
that x(u1) < x(u2) < x(u3). Then, if the location yields the same utility, and consump-
tion is lower for u1 than for u3, this implies that u1 < u2 < u3. Notably, consumers
cannot identify their own willingness to pay without defining a reservation utility,
and this reference value makes them indifferent to the set of location alternatives if
they pay the value defined by the associated willingness to pay.

Observations include the following:

• To obtain the willingness to pay in Eq. (3.5), we have assumed that utilities are invertible in
prices, that consumers demand only one residence, and that they have no intertemporal sav-
ings. Additionally, if utility is assumed to be quasi-linear, then willingness to pay is separable
in the utility: whiðz; uÞ ¼ yh � l�1

h uh þ f ðziÞ, with lh the consumer’s marginal utility of in-
come, which is a useful form for developing computable models.

• Considering the budget constraint in Eq. (3.2), then whi(u) ¼ yh � pxx must hold. Now we
replace whi(z; u) in Eq. (3.5) to conclude that v�1

h ðzi; uhÞ ¼ pxx is the expenditure on all con-
sumption goods conditional on the location option and the reservation utility level.

• Willingness to pay is a decreasing function on the reservation utility level uh, as shown in
Fig. 3.3, i.e., vw=vu < 0. This is because given the residential location (identified as d0 in

Fig. 3.3), a higher utility u3 can be obtained only from a higher consumption of goods
(x3), at the cost of higher expenditure on goods and lesser expenditure on the residential loca-
tion for the income constraint to hold, i.e., a lower willingness to pay.

• Although the household’s income increases the willingness to pay, it is not true that the high-
est bidder will always be the wealthiest householder because the second term in Eq. (3.5)
may strongly reduce the willingness to pay of the wealthiest bidder in locations with certain
undesirable attributes, e.g., a neighborhood of poor quality or low accessibility.

Figure 3.3 Willingness to pay decreasing with utility.
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• Income is capitalized into land rents through willingness to pay in auctions, as defined in Eq.

(3.5). This is calculated by vwhi
vy ¼ 1 � vv�1

h
vuh

vuh
vyh

, which combines a direct transfer minus an

indirect utility effect through the impact of income on the expenditures on other goods.
The direct effect (first term) transfers a change in income into willingness to pay, which is
a consequence of the inelastic demand assumption of the static model Eq. (3.2), where there
is no intertemporal savings; if such savings were incorporated, it would introduce a trade-off
between saving resources for the future and expending income on goods and locations in the
present; this effect is not included in Eq. (3.5). The indirect effect (second term) is positive
because other goods are assumed to be normal, and therefore consumption increases with
income. The combined effect is that the capitalization of income into land rents is only par-
tial, splitting new income into location and consumption of other goods.

The Auction Allocation Process

Let us now briefly examine the auction, that is, the process that determines the “high-
est bidder” at a given location and defines prices. Attributed to Vickery (1961), the
well-known “second-price” auction considers that bidders submit sealed bids for a
single item which is sold to the highest bidder but at the price of the second highest
bid; this auction protocol assures that at the chosen price, the item is demanded by
only one consumer, which is the highest bidder, where the highest bidder only
pays the minimum necessary to outbid others. The rationale of the second-price
auction is to induce bidders to reveal their true value of the good because they are
confident that they will pay a price that at least one other bidder is willing to pay,
which eliminates the risk of excessive payment. For example, consider A submits a
bid equal to 100 for a single item and B a bid equal to 90; the second-price protocol
assigns the item to A at the price of 90 (or marginally higher, say 91) because B is
outbid by A, who is the only consumer demanding the item at this price. This protocol
yields approximately the same results as an auction without submitting bids: an auc-
tion initiates at a low price, say 50, increasing until there is only one bidder left; in the
example, B will exit at the value of 90 and A wins the auction at any value slightly
higher. These auction protocols are relevant for trading single items, i.e., for differen-
tiated goods where only one consumer can buy the item; thus, bids increase up to the
value where there is only one bidder. A property of the second-price auction is that it
yields the smallest price equilibrium because for any lower price there is more than
one bidder.

The generalization to multidifferentiated items is described by Demange et al.
(1986), where each bidder is interested in acquiring at most one item, which is the
case in residential real estate auctions. The auctioneer announces a price vector and
each bidder calculates its surplus as the difference between its willingness to pay
and the price; this assumes that consumers define ex ante arbitrary reservation utilities.
The items with the highest surplus are included in the bidders’ demand set, which is
announced in the auction. A price vector yields equilibrium if every bidder can be
assigned an item in its demand set and no two bidders are assigned the same object.
Demange et al. note that the model always has an equilibrium and there is a unique
price vector that is the smallest in the strong sense (is at least as small in every
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component as any other equilibrium price), i.e., is the best price vector from the bid-
ders’ point of view.

The authors also proposed a progressive auction mechanism that approximately
yields the equilibrium allocation. In the case of multiple real estate auctions, the pro-
cess is initiated at a set of low prices for units, e.g., prices equal to zero, and each
bidder announces which locations are in its demand set, i.e., the set of items that yields
the bidder the highest surplus. In the next step, the auctioneer increases the price of
locations with excess demand and announces a new price vector. The procedure stops
when each item has only one demanding bidder and each bidder is allocated to only
one item.

If the number of items is larger or equal to the number of bidders, the mechanism
has a solution which renders a minimum price equilibrium, i.e., the lowest equilibrium
price or the best price for consumers. The progressive mechanism does not require that
bidders announce their willingness to pay, i.e., their true value remains private. The
mechanism is explained with an example in Technical Note 3.1, where it is easy to
observe that the equilibrium prices p� ¼ ��

p�i
�
;ci˛VI

�
yielded by the solution of

Demange et al.’s mechanism can be equivalently expressed by the vectors of ex
post utilities u� ¼ ��

u�h
�
;ch˛C

�
because for the solution allocation the following

holds: p�i ¼ whi
�
u�h
�
and u�h ¼ w�1

hi

�
p�i
�
.

Can we assume that the willingness to pay is the bid that the agent presents in the
auction?

This question seems to imply that speculative behavior is ignored if the answer is
yes because if consumers speculate, one could think that bidders will speculate
presenting bids below the true willingness to pay. To analyze this issue, we assume
that, ex ante entering the auction, bidders define their reservation utilities, evaluate
the attributes of the specific real estate, and then define their willingness to pay for
each available location Eq. (3.5). Additionally, we assume that bidders consider all
the information available, such as the auction protocol and the number of bidders at
the auction (the market thickness) (see McAfee and McMillan, 1987).

In this context, consider that an agent bids lower than the true willingness to pay
that would yield uh, which implies a speculative behavior to increase utility up to
u

0
h > uh, such that the speculative bid equals a lower willingness to pay

whi
�
z; u

0
h

�
< whiðz; uhÞ. This means that speculation behavior is equivalent to define

a high reservation utility. Therefore, in our model, any speculative behavior is
correctly represented by the reservation utility used to define willingness to pay and
bids represent the consumer monetary value of the speculative reservation utility.
Moreover, we can say that speculation is a rational behavior in auctions because it
seeks to define the highest reservation utility.

How does a rational agent define the ex ante utility in multiple real estate auctions?
Assuming that these auctions are simultaneous and noting that ex ante the bidder

ignores the price of the location and its value for other bidders, i.e., the bidder cannot
compute ex ante the surplus of each alternative, the rational behavior is to pursue
the following strategy: define a common reservation utility across all auctions, i.e.,
uhi ¼ uh, ci ˛ VI. This strategy guarantees that despite the location won at the
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auctions, and despite the price paid, the consumer obtains the reservation utility. To
observe the rationality of this strategy, consider the following cases: (1) if the bidder
wins several auctions, then all belong to the demand set (maximum surplus) and any
one can be chosen randomly because they are indifferent to the bidder or (2) if no auc-
tion is won, then it means that other agents had bid higher in all auctions and the auc-
tion price renders the agent a utility lower than the reservation utility; in this case, the
bidder would have to reduce the reservation utility to win an auction.

How do households define reservation utility?
Because utility is theoretically unbounded, the rational agent would like to define a

very high reservation utility, but this yields a very low willingness to pay that is
unlikely to outbid other bidders. The solution in this case is that some bidders exit
the market; indeed, losing all auctions is an acceptable outcome in the majority of
cases.

However, if consumers are obliged to win an auction, then they will have to adjust
their utility level downward to be able to win one auction. In this case, the ex ante util-
ity does not affect the allocation solution because it is invariant to an additive constant
of the consumer utility. Moreover, the equilibrium consumer’s surplus may be positive
or negative because it only represents the difference between the ex post utility and an
arbitrary ex ante utility (see Technical Note 3.1).

Consider the set of household bidders at location i, denoted by Bi, to define the auc-
tion winner at location i, denoted by h�i , as follows:

h�i ¼ argmaxh˛Bifwhðzi; uhÞg (3.6)

The Hedonic Price

The auction defines not only which agent is the winner but also the location price (pi)
as the value of the highest bid:

pi ¼ maxh˛Bifwhðzi; uhÞg (3.7)

This price reveals the opportunity value of the auction winner, who can obtain the
highest economic benefit from the location; more precisely, this is the value of the right
to use the location by purchasing or renting the real estate unit. Because the building
costs of real estate do not vary significantly across the city, this price function embeds
the consumers’ value of land at different locations, i.e., the value of the right to benefit
from the set of location amenities.

The price Eq. (3.7) represents a hedonic price function as defined by Rosen (1974)
and Ellickson (1981) because prices are built from the consumers’ valuation of the set
of amenities zi of the real estate. As noted by these authors, the hedonic price of

attributes, given by dp
dzk
, reveals the intrinsic or hedonic value of the amenity zk for

the population, which is helpful and frequently used to estimate the value of intangi-
bles such as air pollution, congestion, and neighborhood quality. Notably, Eq. (3.7)
states that hedonic price functions are theoretically derived from the consumers’
willingness-to-pay functions, and therefore from their utility functions. Hence, because
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utility functional forms are restricted, theoretically acceptable hedonic price functions
are also restricted. Also note that a consistent hedonic price model should be dependent
not only on attributes, as is usually the case, but also on the utility level attained at
equilibrium, as was noted by Rosen (1974) and Wheaton (1977).

Firms’ Location Problem

The behavior of firms in the land and property markets can be described as essentially
similar to that of households, in that they enter the market with a willingness to pay
with which they compete in land and real estate auctions, adjusting their bids to obtain
a location in the city. However, there are very important differences in how the
willingness to pay is built by the firm and in how their choices affect city structures,
a phenomenon associated with agglomeration economies.

We define a firm as a complex organization with the common goal of seeking profit
maximization. Regarding this goal, it is plausible to represent the firm’s behavior by an
agent, although recognizing that the organization follows a complex internal decision-
making process. One difference between a firm and a residential location is that a firm
may be distributed over several locations or establishments, which implies a multilo-
cation decision problem. Such a problem can be considered in the static auction frame-
work assuming the firm’s profit as a multilocation profit problem, where the profit of
one establishment depends on the location of the other firm’s branches; this depen-
dency is transferred to the corresponding willingness to pay. Here, however, we
consider the case of a single location, which can represent the dynamic location of
establishments, where the profit of adding a single new location is calculated given
the establishments already owned and in operation.

The Firm Continuous Location Model

The single establishment location is analyzed in the urban economic literature where
the impact of the firm’s location choice in the urban structure, i.e., the formation of
subcenters or hot spots, is emphasized because they determine the evolution from a
monocentric to a polycentric city. This follows from the assumption that residents
demand products from and provide labor to the most convenient firm regarding wages,
prices, and travel cost differentials. Therefore, firms choose a location where such dif-
ferentials yield the highest profit after discounting labor and land rent cost differentials.

In the study of Fujita and Ogawa (1982), the firms are homogeneous and their profit
is defined by the “location potential” minus labor and land costs, where this potential
describes the attraction of homogeneous consumers distributed in the city according to
their travel costs. The authors establish certain conditions for the polycentric configu-
ration, i.e., essentially when transportation costs become too large for commuting to
the CBD. In this model, transportation costs ignore congestion because travel time
increases only by the distance travelled by consumers. Similarly, Krugman (1996)
defines the “market potential,” including positive or negative effects due to business
concentration, which decays with distance, and predicts a linear increase in subcenters
within the city limits. Barthelemy (2016, p. 65) observes that these models do not
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predict the nonlinear scaling of subcenters with population observed in cities world-
wide. He introduces congestion and simplifies the complex wages formation by
assuming stochastic wages. He assumes that residents are labor providers who
commute to locations where they maximize benefits defined as wage minus travel
costs, and the firms emerge following the commuters’ pattern.

These models provide interesting insights into understanding the basic elements of
the location pattern of firms, but they simplify the complexity of a real urban system.
They assume homogeneous agents, both firms and residents, simplistic and homoge-
neous transportation systems, and simplify or ignore agents’ interactions other than
labor. Although such extensions are difficult in a continuous space model, we observe
that they can be integrated in the discrete framework.

The Firm Discrete Location Model

In this section, we consider the firms’ location problem of a single establishment
maximizing profit, with profit defined as income minus costs. Income depends on
the firms’ product prices and the demand for these products, which are both potentially
dependent on the location, although in urban contexts the spatial price variability is
limited. Demand varies in the spatial context according to consumers’ attraction to
each location and can be estimated from travel demand models, i.e., depending on con-
sumers’ benefit minus the travel costs. As we discussed in Chapter 2, this benefit not
only considers the consumption of the firm’s products and services but also includes
the opportunities that the specific location provides to the visitors, what we termed
location externalities at the destination, that depend on the density of the location.

The production cost depends on the transportation costs of input and output deliv-
eries, which are variable depending on the location, wage profile, and the real estate or
land price of the location.

We define the profit function of a firm indexed by f with input and output prices
independent of the location, which is a plausible assumption in a competitive urban
market. The demand for the firms’ products and services depends on the relative acces-
sibility of the firms’ location to the consumers, represented as an attribute of the profit
function. A firm’s access to labor depends on the location of the residents and their
transportation costs (including time and fare), which is also a measure of the accessi-
bility of the firm’s location to the residents. Additionally, economies of agglomeration
are represented by the dependence of a firm’s profit on the location of other firms,
which can be a positive pull force (agglomeration economies) or a negative push force
(spatial competition). In any case, economies of agglomeration are mathematically
equivalent to the location externalities in the households’ utility, although the func-
tional dependency may be different and specific to the firm’s industry. In this chapter,
we synthesize push and pull forces as accessibility and attractiveness measures or
attributes in the firms’ profit function; in Chapter 7, we will discuss a more detailed
model of the interaction among firms, consumers, and workers.

As urban economists have noted, an important feature of the firms’ location process
is the emergence of “hot spots,”which are locations that emerge as subcenters in which
firms agglomerate. A subcenter location emerges and is differentiated from previous
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production or service centers such as the CBD when the profit of a new location, built
out of accessibility and attractiveness measures of benefits and costs, equals the profit
attained at the previous center. That is, the new center location produces benefits from
better accessibility that compensate for larger agglomeration benefits in previous
center(s). Hence, “hot spots” are locations where accessibility and location external-
ities generate relatively higher profits. Nevertheless, when predicting the emergence
of subcenters, it is crucial that accessibility functions are defined specifically for the
firm’s industry, so that the conditions for the emergence of “hot spots” in each industry
can be captured.

We define the firm’s profit as pfi(zi, wi, pi), representing the monetary profit per unit
of time; zi is the set of attributes of the location relevant for the firm’s profit, including
accessibility, attractiveness, and agglomeration economies; wi is the wage profile, with
vp
vwi

< 0; and pi is the real estate price per unit of time at location i, with vp
vpi

< 0. Note

that this definition has complex interactions embedded in it: among firms as agglom-
eration (dis)economies; among household members and firms as consumers’ potential
demand, described by attractiveness measures by shopping transportation demand
models; and among residents and firms as the attraction of commuters to work places.
The discrete approach provides the flexibility of describing these attributes for each
location differenced by the industry of the firms.

As in the residential case, by inverting the profit function in the location price, we
obtain the firm’s willingness to pay depending on the location and a nonnegative level
of profit:

wfi ¼ p�1ðzi;pf Þ; ci˛I

s.t. pf � 0
(3.8)

where pf is assumed to be the same for all the alternative locations because, similar to
the reservation utility in the residential model, indifference bids are assured and
vw
vp

< 0. The firm’s behavior is to maximize total profit in the auction, which implies
that it follows the process of adjusting the pf to locate in the city or exits the real estate
market.

We can observe a general similarity between the behavior of households and firms
in their willingness-to-pay functions depending on a utility (or profit) level and on a set
of location attributes (plus a set of prices of goods not explicit in Eqs 3.5 and 3.8). The
relevant differences occur when implementing the model: in the set of location attri-
butes associated with each specific agent’s utility/profit; the specific definition of
access, both accessibility and attractiveness; the set of relevant prices of goods (if
included); and, of course, the functional forms. These functions are likely to be
nonlinear to make the prediction of spatial agglomeration and location externalities
of activities feasible. In the case of firms, the behavior depends on the market structure
of the specific firm’s industry. In the simplest case, the market is fully competitive with
numerous players, whereas in other cases, the industry may have more complex
behavior, for example, in the case of an oligopoly (a small number of firms with a large
majority of market share).
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3.3 The Bid-Choice Equivalence

With the willingness-to-pay functions defined for households and firms, we then
model a set C of generic agents, where specific willingness-to-pay functions differen-
tiate between the behavior of different households and firms.

Although the utilitydor choicedand the bid-auction approaches are both rooted in
the same microeconomic framework, they have evident differences: in the choice
approach, location prices are assumed to be defined exogenously by the market, and
agents are considered as price takers with apparently no direct effect on land values.
Conversely, in the bid-auction approach, they emerge from an auction in which agents’
willingness to pay defines the price. Additionally, in the choice approach, agents
search in the space of available location choices, whereas in the bid-auction approach,
it is the supplier who searches the space of the set of bidders to select the highest
bidder. These fundamental differences produce a dilemma concerning which approach
to follow, raising the question of whether the results in terms of the allocation of agents
and location prices are different (for a discussion of this issue, see Anas, 1982).

However, we observe that this dilemma vanishes and these approaches can be
understood as a double-matching problem under the bid-choice equivalence. For a
conceptual analysis, note that in the bid-auction approach, the reservation utilities of
bids are all equal across alternative locations; thus, all auctions are linked at any point
in time, i.e., adjustments to these utilities in one auction imply the same adjustment in
all other auctions. In the choice approach, prices are adjusted, and then all simulta-
neous trades are linked by the perceived utility of agents who are sensitive to prices.
If one price changes, the utility attained at that location decreases, and the demand is
affected. Hence, prices in the choice approach and reservation utilities in the bid-
auction approach represent dual variables that make market-clearing conditions hold.

To demonstrate that the two approaches are equivalent, Martínez (1992) redefined
the utility maximization process into an equivalent consumer surplus maximization
process, which allows us to compare these approaches based on the same monetary
dimension for prices and willingness to pay.

To define consumer surplus at a given location, consider the level for the reserva-
tion utility �uh, e.g., the utility obtained at the current residence location ex ante entering
the LU market or any other theoretical value. The difference in the consumer surplus
between the reservation utility uh and the utility at any optional location choice uhi can
be measured by the compensating variation, i.e., the change in income that would be
equivalent to a change in prices making the consumer indifferent to the price change
(Mas-Colell et al., 1995). This measure of consumer surplus can be proven to be the
difference between the willingness to pay and the price paid for a location (see
Technical Note 3.2):

cshi ¼ whðzi; uhÞ � pi (3.9)

Thus, the consumer surplus is positive if the price paid is lower than the willingness
to pay, i.e., the price paid yields a higher utility than the reservation value uh. Note that
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in Eq. (3.9), the consumer surplus is conditional on the reservation utility, i.e., if
positive, it represents the monetary benefit measuring the location utility above the
reservation utility.

Then, the maximum utility problem is equivalent to selecting the location that
yields the maximum consumer surplus to the agent:

i�h ¼ argmaxi˛I
�
cshi ¼ whðzi; uhÞ � pi

�
(3.10)

If we now assume that the location price emerges from the auction, with willingness
to pay defined at the reservation utilities, then:

pi ¼ maxh˛Bi3Cfwhðzi; uhÞg (3.11)

Replace the price of Eq. (3.11) in Eq. (3.10) to obtain the bid-choice equation:

i�h ¼ argmaxi˛I
�
cshi ¼ whðzi; uhÞ �maxg˛Bi3C

�
wg

�
zi; ug

���
; ch˛C (3.12)

where the set of bidders Bi 3 C may be defined according to the type of location:
residential, office, mixed, industrial, etc.

Let us examine this equation. The equation represents a double search process in
different sets by different agents: the inner process is the bid auction, in which the
auctioneer searches in the set of bidders Bi 3 C for the highest bidder at a given loca-
tion, which defines who obtains the location and the price paid by the winner of the
auction. The outer process is the utility approach, in which the agents search in the
set of available locations for their best option, conditional on the price emerging
from the auctions.

The bid-choice equation implies that the maximum surplus is zero. To observe this,
notice that agent h’s willingness to pay is both in the outer and in the inner search
processes because the consumer is a bidder, i.e., h ˛ Bi. We consider two possible
outcomes of the auction. First, if consumer h is the highest bidder at a given location,
then the two terms in the bid-choice equation are equal, the agent’s surplus is zero, and
the agent can locate at i. Conversely, in the second case, if the agent is outbid, then the
price is higher than the agent’s willingness to pay, the surplus is negative, and someone
else is allocated the location. If the surplus is negative in all auctions, the agent exits
the market.

However, notice also that reservation utilities (�uh) do not comply with any requisite,
i.e., the agent may take any value to enter the market. Then, the agent may set �uh too
high (wh too low) and fail in all auctions, exiting the market with no location; alterna-
tively, the agent may reduce �uh (increase wh) until it wins an auction. Conversely, �uh
may be set too low (wh too high) so the agent outbids other bidders in several locations,
which induces it to increase �uh (reduce wh) until it wins in one auction only. In the
event, the agent wins in more than one option and cannot locate at a higher utility,
then it randomly chooses among them because they are indifferent for that agent.
Although the reservation utility is freely set by the consumer, there is an equilibrium
utility level that is set by the market conditions that is exogenous for the consumer. We
observe these equilibrium conditions in the following section.
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The null surplus result applies under the assumption that the agent has no private
information (not shared by other bidders) regarding any location or other bidders’ pref-
erences and bids. If the agent had private information about a location i0, it would be
equivalent to observing a positive or negative attribute not observed by others, which
would make the agent adjust its reservation utilities everywhere, by uh þ shi0, with shi0
the value of the private information, and adjust the bids correspondingly. Once this
adjustment is made, the bid-auction model applies.

An important merit of the bid choice Eq. (3.12) is that it represents the double-
matching process and the equivalence between the utility and the bid-auction
approaches. Indeed, the result of the bid-auction based on the best bidder rule is
precisely the same location where the consumer maximizes surplus, i.e., maximizes
utility. The requisite for this equivalence to hold is that the trade process of the location
market is the auction.

3.4 Suppliers’ Behavior

The earlier sections assume that the real estate supply is exogenous. Although this
assumption is helpful in analyzing the market in the short run, in the long run we
must model the way in which suppliers generate real estate units, as shown in Fig. 3.1.

We first consider the simpler case of the new stock market, where the entire supply
is developed from empty agricultural land by a single agent called a developer. This
market setting is studied in the urban economic literature, which we first revise and
then reformulate in a discrete setting. Then, we extend the model framework to an
analysis of the real estate market, where we consider the redevelopment of old stock.

The Continuous Supply Model

The real estate supply problem, as formulated in urban economics, is described by
Brueckner (1987). He considers the joint real estate-land developer problem, i.e.,
who buys empty and continuous (nonparceled) agricultural land, where homogeneous
developers decide what type of real estate they should produce to maximize profit. He
assumes that the supply market is competitive, achieving zero profit in the long run. In
this context, building production is characterized by two inputs: capital (K) and land
size (L), whose ratio K/L is the building’s structural density (S) that defines the height
of the building. Thus, the model has the merit of predicting the floor density at every
location at equilibrium. Additionally, it shows that land rents and building heights
decrease with distance from the city center when prices follow the AlonsoeMuthe
Mills’ monocentric city model.

This model assumes a production function of floor space given by H(K; L), with
vH
vK > 0 and v2H

vK2 < 0. Then, the supplier’s profit function at any location x is given
by the income minus building and land costs:

pðx;K; LÞ ¼ pðxÞHðK; LÞ � kK � rðxÞL (3.13)
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with x the continuous spatial variable, e.g., defined as the distance to the CBD, pðxÞ
the selling price per unit of floor space, and rðxÞ the rent per unit of land. The capital
cost k is assumed to be constant in the city. Considering constant building returns to
scale, i.e., H(lK, lL) ¼ lH(K, L), we can conveniently take l ¼ 1/L to write

H
�
K
L; 1

�
¼ 1

LHðK; LÞ, which yields:

pðx; sÞ ¼ LðpðxÞhðSÞ � kS� rðxÞÞ (3.14)

with S ¼ K/L and h(S) ¼ H(S,1) the floor space built per land unit. Observe that
vh
vS ¼ H0ðS; 1Þ > 0 and v2h

vS2 ¼ H00ðS; 1Þ < 0.
The optimal conditions at every location are as follows:

1. Suppliers choose S to maximize profit:

ph0ðSÞ ¼ k (3.15)

2. The profit is null:

phðSÞ � kS ¼ rðxÞ (3.16)

These two equations determine the optimal S and r, conditional on the location x, on
k, and on the variables of the demand problem embedded in the price p, i.e., on
willingness-to-pay attributes.

Further insights are obtained by the author deriving these conditions with respect to
the arguments of the price function, i.e., the arguments of the demand, e.g., from (1):
p0h0 þ ph00S0 ¼ 0, yields:

S0 ¼ � h0

h00p
p0 (3.17)

because h00 < 0, it follows that the sign(S0) ¼ sign(p0). From (2): ðp0h0 � kÞ$S0þ
p0$h ¼ r0 and replacing Eq. (3.15) yields:

r0 ¼ hp0 (3.18)

Therefore, because h > 0, then signðr0Þ ¼ signðS0Þ ¼ signðpÞ. Moreover, in the

case of the monocentric city where vp
vx < 0, it follows that vr

vx < 0 and vS
vx < 0. This is

a fundamental result of this model because it explains the general real world observa-
tion that real estate prices, land prices, and building heights decrease with distance
from the city center.

The last result (Eq. 3.18) is worth commenting on because it defines the suppliers’
willingness to pay for the land input ðrÞ as a function of the floor space to be built (S)
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and the real estate, or output price ðpÞ, i.e., the land and the floor space markets are
linked by the technical production function h(S). As shown in Eqs (3.17) and
(3.18), this link indicates that the shapes of land rents and building heights are caused
by the decreasing slope of prices, i.e., by p0 decreasing from the CBD, which is the
fundamental result of the AlonsoeMutheMills’ model. Thus, consumers’ willingness
to pay for land and travel costs governs the city’s landscape in this monocentric model.

The Discrete Model of Durable Stock

We now extend Brueckner’s model to the real estate market, considering a discrete
land context where land is partitioned. We also recognize that real estate is a durable
good, in contrast to a consumption good, and that the land input may have been built
previously and is taken for redevelopment. For this case, it is convenient to expand the
notation indexing for supply units, making an explicit index for real estate type v and
expanding index i ˛ VI to vi (i ˛ I, v ˛ V).

Let us define building type v described by the triplet
�
nv; qf

v ; q
l
v

�
, where nv is the

number of homogeneous housing units (house: nv ¼ 1; apartments: nv > 1), qf
v is

the floor space of each unit in the building, and qlv is the land footprint of the building.
In this case, developers of new buildings use developed land lots of different sizes
indexed by w ˛ W, including empty land lots and old real estate stock, to build new
real estate properties denoted by v ˛ V. Note that because the land lot is reused,
then qlv ¼ qlw. In this case, we define the capital as Kv ¼ gvnvq

f
v , with gv the capital

input per unit of floor space, and L ¼ qlw. The new building structural density condi-

tional on the redeveloped land lot size is Sv=w ¼ gvnv
q f
v

qlw
, which measures the number

of floors of the building. Then, the constant returns production function implies that

H
�
gvnvq

f
v ; q

l
w

� ¼ H
�
gvnvq

f
v

qlw
; 1
�
¼ qlwh

�
Sv=w

�
. Additionally, consider the capital cost

of demolition given by kdnwqf
w ¼ kdSwqlw, with d the demolition cost per floor space

unit.
The supplier’s profit on a building project, conditional on converting building w

into v, is

pvi=w ¼ pviq
l
wh

�
Sv=w

�
� kKv � rwiq

l
w � kdSwq

l
w

or

pvi=w ¼ qlw

�
pvih

�
Sv=w

�
� k

�
Sv=w þ dSw

�
� rwi

�
(3.19)

Development from empty land lots is represented by assuming a specific old stock
characterized by

�
nw; qf

w; q
l
w

� ¼ �
0; 0; qlw

�
, i.e., the input is empty land previously

divided into land lots.

Discrete Urban Economic Theory 61



Observe that Eq. (3.19) introduces a dynamic process of the building stock of cities.
Conditional on the land lot size and location, the supplier will maximize profit by
choosing land with the least demolition cost, i.e., houses and small buildings are likely
to be preferred for redevelopment.

The optimal condition Eq. (3.15) holds for discrete values, i.e., pvih
0
vw ¼ k applies

for each w / v redevelopment, which enables the optimal building type conditional

on the old-stock land input (w) to be identified at each location: S�v=wi ¼
ðnvq f

v Þ�
qlw

.

Note that the optimal structural density leaves the supplier with one degree of freedom
to decide between the number of dwellings (nv) and the size of them

�
qf
v

�
, which is a

consequence of the constant return assumption per floor space unit; the profit is
invariant to changes in the number and size of dwellings if the total floor space remains
unchanged. Moreover, Eq. (3.17) also holds.

The null profit condition yields the maximum rent value per land unit that the sup-
plier is willing to bid for real estate indexed as wi, denoted by wwi, given by:

wwi h rwi ¼ pvih
�
S�v=w

�
� k

�
S�v=w � dSw

�
(3.20)

Additionally, totally differentiating the willingness to pay with respect to the argu-
ments of pvi and using pvih

0
vw � k ¼ 0, yields:

w
0
wi ¼ p

0
vihvw

�
S�v=w

�
(3.21)

This result reproduces Eq. (3.18) for a discrete set of values of the h-function and

links the willingness to pay for land with real estate prices through a factor hvw
�
S�v=w

�
,

indicating the most profitable use of the land. Note that this function is applied to the
feasible set w ˛ W to build a building of type v, including new developed land into
empty land lots and redeveloped land from old stock. The case of undeveloped agri-
cultural land at the city’s edge where the city sprawls requires a model of the land
lots developer stage as proposed by Martínez and Roy (2004) and represented by
the continuous land model.

The Unified LandeReal Estate Market

Notably, old stock unifies land and real estate markets because the set of prices is the
same, despite the final use of the property for leasing or for redevelopment, i.e.,
rwiqlw ¼ pwi. Moreover, regarding the owners’ three options, including resale, lease,
or personal use, as shown in Fig. 3.1, their optimal choice is to allocate the property
to the highest bidder (including the owner-user’s value). Therefore, renting (rwi) and
property prices differ only in the annualizing factor, i.e., prices reflect the present value
of the property rent (DiPasquale and Wheathon, 1996), and in the annual maintenance
cost denoted mv. Therefore, we conclude that the three prices are related by
pvi ¼ rviqlv ¼ ðrvi þ mvÞk�1, with k the cost of capital or its interest rate. Because
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land, property, and leasing prices are all correlated, a fundamental conclusion follows:
price differences for land are explained by the final users’ willingness to pay for
locations, and in addition to this price pattern, building and maintenance costs affect
prices.

The Generalized Model

The supply model can be generalized to consider a less competitive and regulated mar-
ket. Here, the supplier is assumed to be willing to sell or rent for a nonnegative profit,
i.e., the limit is zero profit in a fully competitive real estate market. In a dynamic
context, negative profit implies that the supplier exits the market and holds the real
estate in stock for future auctions.

Additionally, planners establish regulations that limit the options of the supplier for
developing new real estate stock. Regulations may be of very different types. Usually,
they are specifically defined for each zone; they may regulate building types, e.g., floor
space density per land unit, or at a more aggregate level, they may restrain the zone
density.

Thus, consider the following problem:

Maxvi˛VI p ðpvi � cviÞ
Subject to : pðpvi � cviÞ � 0

vi˛R

(3.22)

where nonnegative profit extends the competitive model and supply is restricted to
comply with zoning regulations, denoted by the set R.

The optimization problem in Eq. (3.22) leads to different supply models depending
on the cost function and the set of regulations. Building costs may exhibit economies
of scale, i.e., cvi ¼ c(Sv) � kSv, with dc

dS < 0. Another phenomenon concerns economies
of scope, when cost decreases with the number of projects in a portfolio with different
locations and building types, for example, because of shared costs of marketing.

Economies of scale in real estate developments would induce denser floor space per
land unit compared with the constant returns assumption made earlier, and economies
of scope would make the real estate industry concentrate on fewer firms, i.e., an
oligopoly. However, these potential tendencies are mediated by other factors. The
fact that locations and building options are differentiated dictates that suppliers have
different specialized submarkets to operate: by zone, building type, or use type, which
induce more firms to enter the market. Second, large-scale production implies an
extensive amount of capital in stock, which is costly because production plus selling
delays increase and are less predictable with the size of the stock. The literature reports
evidence of significant economies of scale in the real estate investment market
(Ambrose et al., 2005; Bers and Springer, 1997) and economies of scope in the
brokerage service market (Zumpano and Elder, 1994). However, the influence of these
types of economies is not directly observed in the building process of real estate but
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rather in the investment in real estate assets, which are likely to be dominated by the
land capitalization of rents rather than scale economies associated with the cost
function.

Zoning regulations are used by policy makers as a common tool in urban land
markets, despite the extent to which the rest of the economy is deregulated. Regula-
tions imply that policy makers foresee that making this market completely free does
not guarantee a social optimum somehow defined. Issues such as access to land by
all citizens, location externalities, and access to several public goods and services,
such as transportation and parks, environmental issues, and congestion, are all com-
mon concerns of urban planners. These regulations are represented as constraints on
the feasible supply vi ˛ R, with R the set of regulations. The impact of regulations
on the allocation of agents and prices can be estimated with applied models, although
one can predict that the more binding the regulation is, the higher its impact on land
prices.

In summary, the cost function is dependent on land values and it is likely to be
nonlinear with production size, with some level of economies of scale but also disecon-
omies of capital risk on long-term larger stocks. Profits are uncertain because they are
subject to the ex ante forecasts of land prices.

3.5 Market Clearing2

The model of consumer behavior discussed earlier represents the process of how a set
of agents assess location options and define their choices by evaluating their utility,
which they compare with the location price to assess the surplus at each supplied
location. They then choose maximizing surplus, i.e., maximizing utility. For this pro-
cess to occur, agents are assumed to be perfectly informed about location prices and the
attributes describing the quality of alternative locations.

The classical market-process-clearing condition of products is to adjust prices to
clear the market, i.e., to match demand and supply; that is to say, equal items can
be produced and supplied in any quantity for a price, and then the market adjusts
the prices and the quantities consumed. This process is called Walras’s equilibrium,
and the essential role of the market is to distribute the information to all agents
regarding the prices that clear the market. However, we have observed that real estate
units are not such products in the sense that they are differentiated by their location;
thus, they are sold in auctions to the highest bidder where the price is the result of
the auction.

We described the auction process assuming that the consumer enters the auctions
with an ex ante reservation utility equal for all auctions, setting bids for this utility
by evaluating the willingness to pay at each location, and participates in all auctions
simultaneously. The assumption of simultaneous participation defines a static

2 The LU equilibrium problem is discussed in Chapter 5 for the stochastic LU model and extended to
transportation and production markets in Chapters 6 and 7. In this section, we anticipate the more classical
market-clearing problem of the LU market in the deterministic case.
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equilibrium that assumes rational behavior under perfect information, i.e., the
consumer gathers all information to compare options accurately and to select the
best option.

We will now formalize the static short-term equilibrium for a given set of real
estate auctions; the supply is exogenous. Consider the bid-auction process and define
d�ih ¼ 1 if i�h ¼ argmaxi˛I

�
cs�h ¼ wh

�
zi; u�h

�� p�i
�

and d�ih ¼ 0 otherwise, with

p�i ¼ maxg˛Bi3C

n
wg

�
zi; u�g

�o
;ci˛I. Then, consider the following conditions:

1. The number of agents (jCj) demanding locations equals the number of locations supplied jIj:
X
h˛C

1 ¼
X
i˛I

1 (3.23)

This condition is necessary for the existence of a static equilibrium and is independent of
the allocation process.

2. Every bidder is allocated to one, and only one, location:

X
i˛I

d�ih ¼ 1 ch˛C (3.24)

3. Every location is sold to one, and only one, bidder:

X
h˛Bi

d�ih ¼ 1 ci˛I (3.25)

Note that one of the above conditions is redundant: if every location is sold (con-
dition 3) and there are as many locations as bidders (condition 1), it is obvious that
every bidder is allocated and condition 2 holds. Similarly, if every bidder is allocated
to one, and only one, location (condition 2) and condition 1 holds, then all locations are
sold and condition 3 holds.

The second condition implies that during the bargaining process, each agent should
adjust its ex ante reservation utility to an ex post equilibrium utility u� ¼ �

u�h; h˛C
�
,

such that at equilibrium only one agent is the maximum bidder and the price is the
maximum bid. The adjustment mechanism yields equilibrium utilities that can be
obtained by solving the equations’ system in Eq. (3.24) for the set of agents’ utilities.
Eq. (3.24) has as many equations as bidders and the same number of unknown utilities.
The solution may yield ambiguous (nonunique) solutions that should be solved by an
absentee auctioneer, e.g., by random assignment: (1) multiple auctions won by one
bidder; (2) multiple winners with the same bid at one location, which again is solved
by the auctioneer by random assignment. The auctioneer assignment is indifferent for
the agents: in case (1) because consumers are indifferent to any allocation, i.e., they
yield the same equilibrium utility u*; in case (2), suppliers are also indifferent because
the price is the maximum bid which is equal among winners. Once u* is calculated,
despite the auctioneer assignment, real estate prices can be directly calculated as the
highest bid at each location evaluated at the equilibrium utilities.
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Notably, a specific set of bidders Bi is defined at each location; thus, auctions may
be differentiated by the set of bidders, creating a potential segmentation of the LU
market. Moreover, if regulations prevent certain bidders from occupying a specific
real estate property, then they can be eliminated from set Bi; e.g., certain industries
are forbidden in designated zones, which also segment the LU market. Second,
observe that in Eq. (3.24), the equilibrium utilities are interdependent among all the
bidders in the static equilibrium, i.e., all bidders participating in the set of auctions
being held simultaneously. Additionally, because prices depend on the equilibrium
utility through successful bids, equilibrium prices are also mutually dependent, as
they should be in a market-clearing process.

The short-term static equilibrium considers that supply is developed in a dynamic
process, i.e., prices are anticipated and residential units developed for future periods of
time; hence, supply is exogenous at any point in time. In this case, however, condition 1
(Eq. 3.23) is less realistic because it requires that suppliers perfectly foresee the total
number of agents demanding real estate units and the auction prices to produce the
total supply distributed according to a maximum profit rule.

The static short-term equilibrium may also be defined in the case where condition 1
does not hold, i.e., total demand does not match total supply. This leads to two cases:
excessive supply or excessive demand. In the case of excessive supply, suppliers exit
the market following a rule such as nonnegative profit. In this case, agents may
increase equilibrium utilities, inducing reduced prices and profits. The least profitable
real estate units exit the market and the equilibrium is set when the number of remain-
ing units equals the total demand. At the margin, the least profitable unit sold attains
zero profit. In the case of excessive demand, consumers decrease their utilities seeking
a scarce location, thus increasing the auction prices and the suppliers’ profit, with some
agents exiting the market because of binding income constraints; those who exit the
market remain without a residence and their number equals the excessive demand.
At the margin, the last bidder is the poorest among those winning an auction. There-
fore, under excessive supply, prices are lower and bounded by a rule such as nonneg-
ative profit, whereas under excessive demand, prices are upper bounded by residents’
income.

It is convenient to discuss the effects of location externalities and agglomeration
economies on urban locations at equilibrium. This phenomenon is represented by
including an attribute of neighborhood quality depending on the neighbors, i.e., if
neighbors are of certain ethnic or socioeconomic groups, or if there are nuisance
commercial activities, etc. This implies that bidders will adjust their bids on a given
location according to others being allocated to the neighborhood, which implies that
one’s bids depend on the bids of others, i.e., we should write wh(zi(w); uh), with
w ¼ (wgi,g ˛ C). The consequence of this mutual dependence on agents’ behavior is
that equilibrium is a highly complex process and the calculation of equilibrium utilities
and prices requires sophisticated mathematical techniques. Conversely, the merit of
this more complex model is that equilibrium can predict more interesting city struc-
tures, such as subcenters, socioeconomic segmentation of residents, and spatial clus-
tering of industries.
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Auctions are organized by an auctioneer (who may be absent), who establishes the
auction rules. Once bidders are informed of these rules, the auction occurs with bargai-
ning between consumers who seek a minimum price (maximum utility) and suppliers
who seek the opposite, a maximum price. Different auction rules are suited to specific
markets; in the land market, one rule is top-down, in which the auctioneer sets a high
initial price and decreases it until a first bidder is willing to accept the price. Another
rule is bottom-up, in which bidders offer bids until no one bids higher. The theoretical
framework presented here applies for different auction rules that may be used in
different countries because it affects the bidder set and information differentials
between bidders, which are both exogenous in the model described.

3.6 Summary

In this chapter, the theoretical process of the allocation of agents to location options,
i.e., real estate units or land lots, is described as the interaction of the agents of
suppliers and consumers in an auction process. The process itself is performed by
an (absent) auctioneer who follows a set of prescribed rules defined to maximize the
price. Although this process ensures that suppliers obtain the highest price for each
unit sold or rented, we have also shown that this process yields the maximum utility
attainable in the market for the set of location options available to consumers.

Additionally, we have shown that the classical Walrasian equilibrium that sets pri-
ces to clear the market of differentiated goods, called the choice approach, is equiva-
lent to the bid-auction equilibrium wherein consumers define bids (conditional on
utilities), and the auction process establishes equilibrium utilities. This is called the
bid-choice equivalence.

This chapter describes a static equilibrium model in a discrete spatial setting, which
of course requires strong assumptions about the process, including the simultaneous
auctions of available locations and full information on the attributes of alternative
real estate units and on the bargaining process for the bidders. These ideal assumptions
are necessary for equilibrium conditions to hold, which helps us to understand how the
market yields prices and allocates consumers to locations in the city. More realistic
models about the information and simultaneity of the auctions can be considered to
define more applicable models, introducing, for example, random behavior of agents
to model the lack of perfect information or defining a dynamic setting.

We have shown in this chapter that all agents behave in a similar way once their spe-
cific willingness to pay has been identified. This similarity is also reflected in the agents’
willingness to pay, whether they are households or firms, because they depend on
similar attributes: accessibility and attractiveness, location externalities, agglomeration
economies, and land or real estate prices. Moreover, access measures essentially define
special benefit differentials, either households’ utilities or firms’ profits. This allows us
to conceive a generic consumer agent, carrying a profile of willingness-to-pay rules
differentiated by their specific attributes and bid functions, and a real estate supplier
agent carrying a profile of profit rules, which is enough to predict the distribution of
equilibrium prices, utilities and profits, agglomeration clusters, and urban limits.
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The theoretical model presented has been used to develop operational models that
will be described in the following chapters, which requires an identification of more
specific details of the agents’ behavior and the auction process. These models extend
the theory presented here, which holds for a utility concept limited to perfect informa-
tion of the agents and the modeler regarding the agent’s preferences and the quality of
the alternative consumption sets. Additionally, for simplicity, the individual’s
behavior represented in this theory faces only one constraint: income for households
and profit for firms.

To overcome certain limitations, the basic discrete and deterministic bid-auction
model is extended in the following chapters assuming the random behavior of agents
leading to probabilistic models. This approach generates continuous demand models
that are more treatable for studying market equilibrium and its dynamics, policy anal-
ysis, and the replication of city dynamics.

Technical Note 3.1: The Auction Mechanism

The following Fig. T3.1 depicts an example of Demange et al. (1986) progressive
mechanism. In this example, bidders, denoted by index h ¼ (A,B,C), define their
values for locations, denoted as i ¼ (1,2,3), as shown in Fig. T3.1A and B. We denote
such willingness-to-pay values as whi, which are kept private, i.e., unknown by the
auctioneer and by other bidders.

Step 1: The auctioneer announces an initial price vector, in this case p1 ¼ (0,0,0),
and consumers calculate their surplus at each location for that vector, as shown in
Fig. T3.1C. Then, consumers identify their demand, i.e., the location with the highest
surplus, which is d1h ¼ ð3;1;3Þ and defines the demand for each location d1i ¼ ð1;0;2Þ,
indicating an excessive demand for location 3.

Figure T3.1 Example of a real estate auction. (A) Consumers’ bids. (B) Consumers’ bids
matrix. (C) First step: initial prices are announced. (D) Second step: price of location 3 is
increased.
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Step 2: The auctioneer increases the price of the overdemanded location 3,
announcing p2 ¼ (0,0,2), which produces the surpluses shown in Fig. T3.1D and
the demands d2h ¼ ðf2; 3g; 1; f1; 3gÞ. In this case, there is a feasible allocation
assigning (2,1,3) because consumers with two items in their demand set are indifferent
at prices p2. Therefore, the auction finishes because consumers are allocated to only
one unit in their demand set and no location has been assigned to more than one
consumer.

This example is useful for making remarks regarding this auction procedure:

1. The highest bidder in all locations is C, and A is the lowest; in this auction, the price equi-
librium is the lowest, even lower that consumer A’s willingness to pay. Thus, prices are
the best for consumers and the worst for sellers.

2. The auction proceeds through interdependent steps. Indeed, note that A demands location 3
in step 1 but demands locations 2 and 3 in step 2; the reader can observe that location 1 would
enter in A’s demand set at the price vector (0,2,4) and would include all units, i.e., (1,2,3).
Then, as prices increase, bidders’ demand sets change. Therefore, the assignment occurs
simultaneously at the end of the auction.

3. The reader may apply the auction procedure for different vectors of initial prices, which
represent the set of a seller’s reservation prices.

We can use the example for a general observation.

1. Each consumer defines the willingness-to-pay values shown in Fig. T3.1B using its ex
ante utility u0h, i.e., whi

�
u0h
�
, and the solution yields the set of consumer surplus

cshi ¼ whi
�
u0h
� � pi; ci˛I, as shown in Fig. T3.1D.

2. The equilibrium allocation maximizes consumer surpluses, with optimum values
cs�h ¼ ð4; 16; 114Þ, and yields ex post utilities

�
u�h
�
attained given by solution prices

p�i ¼ whi
�
u�h
�
.

3. The solution, in prices, allocations, and surpluses, is invariant to a change in kh in the
consumer’s ex ante utility, i.e., invariant to u0h þ kh, if kh is constant for all locations although
different for consumers ðkh s kh0 Þ.

4. A basic assumption of this auction procedure is that all consumers are obliged to be allocated
at one, and only one, location, and there are equal numbers of consumers and locations.
Therefore, consumer surpluses may be negative. This means that their ex ante utility is too
high to comply with the obliged location condition.

An important note is that the vectors of ex post utilities u� ¼ ��
u�h
�
;ch˛C

�
and

prices p� ¼ ��
p�i
�
;ci˛I

�
are alternative ways to express the same solution because

for the solution allocation the following holds: p�i ¼ whi
�
u�h
�
and u�h ¼ w�1

hi ðpiÞ.

Technical Note 3.2: Consumers’ Surplus

Recall that the price paid for a location is constrained to income by pi ¼ yh � pxx.
Consider Eq. (3.5) where the willingness-to-pay function at any location i is

whiðz; uÞ ¼ yh � v�1
h ðzi; uhÞ;ci˛I (T3.1)
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and bids are constrained by whi ¼ yh � pxx. It follows that expenditure on other goods
is pxx ¼ v�1

h ðzi; uhÞ ¼ yh � whiðzi; uhÞ.
Let us define the total expenditure function as e(p, u) ¼ pi þ pxx, i.e., the sum of the

price paid for the location, equal to the willingness to pay at utility u, plus the expen-
diture on other goods. Then, the expenditure conditional on location i is

eðzi; p; uhÞ ¼ pi þ yh � ðwhiðzi; uhÞÞ ¼ yh � ðwhiðzi; uhÞ � piÞ (T3.2)

The consumer surplus between two locations, denoted as 0 and 1, can be measured
rigorously by the compensating variation, denoted as CV, which measures the amount
of income that would exactly match the change in utility when moving from locations
0 to 1. The CV is defined as the following variation in expenditure:

CV ¼ e
�
z1; p1; u1

�� e
�
z1; p1; u0

�
¼ y� �

w
�
z1; u1

�� p1
�� �

y� �
w
�
z1; u0

�� p1
��

(T3.3)

If this variation is measured at the auction equilibrium of allocations and prices,
then bids equal price paid, i.e., w(z1; u1) ¼ p1. Therefore, we obtain

CV ¼ w
�
z1; u0

�� p1 (T3.4)

This result can be applied to evaluate consumer h’s surplus at location i paying a
price pi to attain a reservation utility uh

0 as:

cshi ¼ whðzi; uhÞ � pi (T3.5)

Exercise 3.1

Consider Anas’ (1990) setup of a monocentric city with homogeneous population N
with utility function u ¼ (1 � b) ln(x) þ b ln(q), with x˛ℝþ the consumption of
goods and q˛ℝþ the land size, both continuous variables, and b ˛ [0,1] a parameter
describing the household’s preferences. The budget constraint is x þ rq þ kt ¼ y, with
r ˛ ℝþ the land value and t˛ℝþ the distance to the city center (or CBD) that concen-
trates jobs where the population travels to work daily. For every location t, find the
demands for goods and land, the indirect utility, and the willingness to pay. Plot these
functions against distance t to CBD.

Answer 3.1: From the income constraint x(q, t) ¼ y � kt � rq, replace it in u(x, q)
to obtain u(q, t) and derive it on q to obtain q* ¼ b(y � kt)r�1.

Then, x*¼(1 � b)(y � kt) and v(t,r) ¼ ln(y � kt) � b ln(r) þ a; invert on r to

obtain wðt; uÞ ¼ bðy� ktÞ1be�u
b; replace r by w(t, u) in q*(t) to obtain

q�ðtÞ ¼ cðy� ktÞb�1
b e

u
b; with a ¼ b lnb � (b � 1) ln(1 � b), b ¼ bð1� bÞ1�b

b , and

c ¼ ð1� bÞb�1
b .
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The Stochastic Bid-Auction
Land-Use Model 4

4.1 Introduction

The theoretical model of the bid-auction market in land use (LU) was presented in
Chapter 3, assuming deterministic and discrete real estate housing units and nonresi-
dential location alternatives. In this chapter, we formulate and analyze this theoretical
approach in the context of the random behavior of agents.

The Stochastic Approach

Modeling cities essentially means modeling individual agents’ behavior in a complex
system of interactions and is subject to constraints imposed by limited resources and
regulations. This implies that the modeler faces the challenge of defining a suitable
modeling approach. The first choice to make is the theoretical support, which in this
book was described in Chapter 3 based on microeconomics, discrete choice, and
bid-auction theories. The second basic choice is how to model agents’ behavior. In
this chapter, we assume that heterogeneous consumers are grouped into socioeco-
nomic clusters, each one with different utilities and income, and that cluster members
have idiosyncratic differences represented by random utilities.

The random utility model was justified theoretically by Manski (1977) as follows:
although agents are assumed to know their utilities, the analyst cannot observe the
agents’ utilities with certainty because of unobserved attributes, taste variations,
measurement errors, and instrumental variables (proxies to the actual attributes of
choices). Therefore, by assuming random utilities, unobserved behavior is included.

Under this assumption, the random utility as a model of individual decision-making
was pioneered by Daniel McFadden and has evolved into a dominant model since then,
with the contribution of many researchers in transportation and marketing studies
(e.g., Ben-Akiva and Lerman, 1985). This approach considers discrete choices instead
of the consumption of continuous goods, which suits a basic requirement for the urban
application. Although space is continuous, developed land is not; land lots, modes of
transportation, activities, real estate options, etc. are all discrete in developed cities.
Moreover, real estate options are represented by a set of discrete attributes, including
the land lot size in the case of developed land.

The stochastic model can be formulated for continuous and discrete variables.
Anas (1990) used AlonsoeMillseMuth’s monocentric city and continuous land lot
size (undeveloped land), which is the standard urban economics model that assumes
consumers to be identical in incomes and tastes; however, he introduced stochastic
utilities representing random taste, thus representing idiosyncratic heterogeneity.

Microeconomic Modeling in Urban Science. https://doi.org/10.1016/B978-0-12-815296-6.00004-4
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He found that most results are similar and that the deterministic model yields an
upper limit for the rent gradient and a lower bound for the city size compared with
the stochastic model.

The random utility discrete model leads to a probabilistic choice and consumers’
allocation model. The result does not provide a definitive answer regarding who
is allocated at each location, but it determines the probability of each consumer
to be allocated there. Therefore, the resulting LU pattern is not a map of a single
consumer cluster populating each location but rather a mixture of heterogeneous
consumers with different concentrations of each socioeconomic type at each
location area.

Although the space is assumed discrete, usually partitioned as land lots and homo-
geneous zones, the probabilistic approach yields continuous demands and supply
models for each location, allowing analysts to study economic and mathematical
conditions equivalent to those of the continuous model and to perform efficient
calculations.

In this chapter, we revise stochastic models formulated from assuming random e
extreme valueeindirect utilities, and this assumption is justified theoretically. We
consider choice models in which consumers are assumed to be price takers and
bid-auction models in which consumers bid for differentiated location options and
prices emerge from the auction process. These models are specified assuming the
Gumbel and the Fréchet distributions for basic behavior variates: consumers’ surplus
and willingness to pay.

The Aggregation

The aggregate model considers the aggregation of elemental units of three dimensions
of the urban system: consumers, buildings, and land. This method reduces the compu-
tational burden in the calculation of the model outputs, at the cost of a reduction in the
diversity of consumers’ behavior and alternatives. The stochastic model represents this
diversity in a simplified way.

Consumers, both households and firms, are grouped according to their similar
behavior, and the behavior of individuals in each cluster is described by a representa-
tive agent. In the case of households, clusters are defined by income and a set of
other socioeconomic attributes, whereas clusters of firms are defined by the type of
economic activity (e.g., commercial, service, and industrial).

Supply is grouped into building types and location zones. Building types are
defined by a set of characteristics in the same range, e.g., land lot size, building height,
dwelling type (detached, semidetached, back to back). Space is aggregated into zones
whose attributes, e.g., density, quality, accessibility, and attractiveness, are assumed to
be homogeneous, normally following administrative borders.

We shall use the following notation for the aggregate model: the agent cluster is
denoted by h ˛ C, with Hh members and C the set of clusters; the building type by
v ˛ V, with V the set of dwelling types; and the zones by i ˛ I, with I the set of zones.
The number of units in the building type v at zone i is denoted by Svi. This notation is
also valid for the disaggregate model, makingHh ¼ Svi ¼ 1c h ˛ C, v ˛ V, i ˛ I. Thus,
the dimension of the model is jCj$jVj$jIj (jXj denotes the cardinal of the set X).
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Therefore, a tuple (h,v,i), indexed as hvi, defines agents of cluster h, assigned to building
type v in location zone i. Whenever it is convenient, the tuple notation hvi may be
simplified as a duple (h,i), where a single index i denotes the combined building-
location option, with i ˛ VI and jVIj ¼ jVj$jIj.

4.2 The Random Utilities

The deterministic indirect utility yielded by the duple (h,i), defined in Chapter 3, is
redefined in the stochastic approach as a stochastic variate thus defining the origin
of a family of discrete stochastic models of consumers’ behavior.

Consider the following stochastic indirect utility:

Uhi ¼ uhi þ εhi (4.1)

which is represented by two additive components, the deterministic or systematic
utility uhi, and the stochastic term εhi; additivity is the usual simplifiying assumption.

The Interpretation of the Stochastic Term

There are two potential sources that generate stochastic utilities: the agents’ own vari-
ability of information about the quality and location attributes of goods, called here
endogenous randomness, and the measurement error from the perspective of the
analyst, as proposed by Manski (1977), which we call the analyst’s error.

The most common assumption is that the stochastic term reflects the analyst’s
measurement error in observing the consumers’ behavior while agents know their
utility deterministically, i.e., random utility does not affect the rational assumption
of utility maximization. In addition to this theoretical argument, the choice of a
Gumbel distribution function (d.f.) for the indirect utility has been justified frequently
based on utilitarian arguments, such as the convenience of a closed form of the
probability model and the similar bell shape of the normal distribution, which assumes
this one to be the natural d.f. associated with the analyst’s measurement errors (see
Ben-Akiva and Lerman, 1985)1.

Although the measurement error argument is fine for theoretically justifying the
estimation of demand models, there is another more fundamental justification for
choosing an extreme value d.f. provided by the extreme value theorem and mentioned
by Domencich and McFadden (1975, pg. 61): Extreme value distributions are
asymptotically stable distributions under the maximization operator. The argument
is stated as follows: the indirect utility conditional on the location choice represents
the result of a maximization of a direct utility under income constraint. Then, if we
assume that the underpinning direct utilities as random variates with any d.f., this the-
orem states that the asymptotic distribution of maximized utilities, i.e., the conditional
indirect utilities, is one of the three types of extreme value distributions: Type I or

1 In page 70 of the sixth printing, 1994.
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Gumbel, Type II or Fréchet, or Type III or reversed Weibull. In the case of utilities,
with unbounded domain and support set ℝ, the Gumbel distribution is the natural
d.f. because the domain of the Fréchet d.f. has a lower bound and the reversed Weibull
has an upper bound. An evident source of randomness in direct utilities is the informa-
tion variability on the quality of the large set of consumption goods that consumers
demand in the market.

This view is fundamentally different from that of the measurement error because it
is inherent to the consumers and independent of the measurement tools of the analyst.
However, the measurement error approach has a merit that is clearly consistent with
the rational assumption, i.e., consumers know their utility fully, with no error, and
behave deterministically, but the modeler lacks information and can only estimate
utilities with an error.

A theoretical question arises regarding whether the inherent randomness of the
consumer utility is consistent with rational behavior. To address this issue, let us first
recognize that it is easy to criticize the assumption that the consumer knows the utility
ex ante consumption, i.e., there is no perception or information error compared with
the consumer utility evaluated ex post. If a more plausible assumption is that such error
exists, then we may assume that the consumer is conscious about the mismatch
between the ex ante and ex post utilities, and that, in fact, the consumer observes a
random utility: the information is uncertain and the perception is variable. Then, we
conclude that consumer utility can be assumed to be inherently random because
consumers draw information from random quality information and define a determin-
istic value of the utility for that draw.

In practice, this theoretical discussion does not affect the model formulation. In fact,
despite the views on this theoretical issue, the stochastic discrete choice approach has
been implemented in applied models assuming two basic distributions for the stochas-
tic term. The normal distribution is natural to the measurement error and yields a
family of models called probit, and the Gumbel distribution generates logit models.
The latter is the more commonly used because under some assumptions, its closed
form simplifies the mathematical analysis in complex processes such as market
equilibrium.

4.3 The Random Willingness to Pay

In Chapter 3 we defined the willingness to pay as derived from utilities, i.e., as the
inverse of the utility function in prices or whiðz; uÞ ¼ yh � v�1

h ðzi; uhÞ. Assuming
that utility is invertible, we shall now invert the random utility to obtain the stochastic
willingness to pay.

The random indirect utility in Eq. (4.1) is vhi ¼ uhi(zi,yh � pi) þ εhi and is depen-
dent on the available income, which inverted in the rents pi, yields the willingness
to pay conditional on the reservation utility uh: whi ¼ yh � v�1

h ðzi; εhi; uhÞ. Observe
that the distribution of the stochastic willingness to pay is clearly dependent on the
inverse function v�1

h . Then, we consider two interesting cases derived from the func-
tional form of the indirect utility: linear and nonlinear utilities in prices (rents). For the
following, see Technical Note 4.1.
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Linear Utilities

In this case, consider the indirect utility as:

vhi ¼ lhðyh � piÞ þ fhðziÞ þ εhi (4.2)

with εhi Gumbel (0, mh) and lh the marginal utility of income (lh > 0). Inverting utility
in rents yields the following willingness to pay:

qhi ¼ whi þ ε
0
hi ¼ yh þ fhðziÞ � uh

lh
þ εhi

lh
(4.3)

where ε0hi ¼ εhi
lh
is distributed Gumbel with parameters (0, bh), bh ¼ lhmh and uh is the

reservation utility. This implies that the shape parameter of the willingness to pay is
larger than the parameter of the utility (bh > mh) and the variance is smaller and de-
creases with the marginal utility of the income. Because it is expected that lh decreases
with income, the variance of the willingness to pay increases with income�
vsq

vy ¼ vsq

vl
$vl
vy > 0

�
, reflecting the larger variability of high-income groups’ willing-

ness to pay regarding their less constrained income.
Because the willingness to pay preserves the Gumbel distribution, it preserves the

properties of a closed form for the associated probabilities and the logsum function to
measure the maximum expected value. The drawback, however, is that this distribu-
tion yields negative values for the willingness to pay, i.e., w e [�N, þN], which has
no simple interpretation in real markets. This inconsistency follows from the linear
assumption of the indirect utility because it is unable to impose income constraints.
Despite this drawback, the Gumbel distribution under the assumption of independent
and identical distribution (i.i.d.) generates the family of logit models, with the multi-
nomial logit (MNL) model the most widely used in applications.

Nonlinear Utilities

In this case, the indirect utility is nonlinear in prices, for example:

vhi ¼ lh ln

�
yh
pi

�
þ fhðziÞ þ εhi (4.4)

This formulation is more consistent economically with the income constraint
because utility tends to �N when the price pi exceeds the consumer’s income yh
and becomes unfeasible; thus, option i is unlikely to be chosen.

Inverting Eq. (4.4) in rents yields:

qhi ¼ whi$xhi ¼ yhe
l�1
h ð�uhþfhðziÞÞ$eðl�1

h εhiÞ (4.5)
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where the willingness to pay variates q ¼ (qhi; c h ˛ C, i ˛ VI) distribute Fréchet

(whi, bhi) with whi ¼ el
�1
h ðln yh�uhþfhðziÞÞ and the stochastic term xhi ¼ eðl�1

h εhiÞ, with
shape parameter bh ¼ lhmh > 0. In this case, the willingness to pay is positive, i.e.,
q ˛ (0,N), and the variance is also inversely proportional to the shape parameter and
increases with income. This distribution also yields a closed form for probabilities and
expected maximum values.

The Fréchet distribution generates a lesser-known family of models, named here as
frechit models, with the multinomial model denoted as MNF. For a study on the rela-
tionship between the logit and the frechit models see Mattsson et al. (2014).

The multiplicative model in Eq. (4.5) has been studied previously in the context of a
cost-minimization choice process. G�alvez (2002) proposed the multiplicative form in a
cost-minimizing model. Castillo et al. (2008) and Fosgerau and Bierlaire (2009)
derived this model from the Weibull distribution (Type III extreme value). The latter
found empirically that for transportation demand choices, whether the logit or frechit
model best fits data depends on the utility specification, leaving the question of the best
model inconclusive and to be defined as an empirical issue.

It is worth remarking how the logit and frechit models of willingness to pay has
been introduced, because they where formulated based on two theoretical arguments,
instead of on their mathematical nice properties: 1) the indirect utility emerges natu-
rally ealthough asymptoticallye as an extreme value function, despite the assump-
tions made on the distribution of the underpinning direct utilities; 2) the choice of
the Gumbel or the Fr�echet distributions is based on whether the indirect utility is linear
or nonlinear in land prices.

4.4 The Stochastic Demand Model

The demand for a location is calculated by the choice model, as was presented in
Chapter 3, assuming deterministic utilities and consumers as price takers. In this
section, this approach is applied for i.i.d. Gumbel utilities to generate the stochastic
demand model. If consumer h’s choice probability for a given location i is Pi/h, then
the demand for this location option is Di ¼

P
h˛C

Pi=h. In this section, we analyze

models to calculate the choice probability.
The stochastic demand model calculates the probability Pi/h of demanding a

given discrete alternative from a set of alternative locations i ˛ VI. This probability
represents the choice frequency generated by the realizations of Gumbel indirect
utilities. Such realizations of the εhi term in Eq. (4.1) represent the random informa-
tion of a single consumer h’s utility with expected value given by uhi, which we call
the disaggregated model, or may represent the idiosyncratic variability of utilities
associated with different individuals of the cluster with the same expected value
uhi, i.e., who belong to the same socioeconomic cluster, which we call the aggregate
model.
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The Assumptions of the Multinomial Logit Model

The assumption that the stochastic utility is represented by the Gumbel distribution
generates a family of models called logit, in which each model is differentiated by
the structure of the utility variance, e.g., the multinomial, hierarchical, and mixed logit.
For a good reference on the MNL model see Ben-Akiva and Lerman (1985) and see
Technical Note 4.1. on extreme value distributions.

The MNL model assumes the utility’s stochastic term as identically and indepen-
dently distributed (called i.i.d.) Gumbel. The i.i.d. assumption means they have the
same variance and null covariance, i.e., the variance matrix of utilities is s2u ¼ s2Im,
with s2 the constant variance and Im the identity matrix, with dimension m equal to
the number of elements in the set of alternatives VI. Then, the variance matrix is

s2 ¼

2
666664

s2 0 / 0

0 s2 / 0

/ / / /

0 0 / s2

3
777775

Notably, this is a strong assumption that induces forecasting limitations but that also
provides the useful simplicity of the MNL model.

In this case, the Gumbel distribution of the stochastic terms has parameters
(0, mh), where the shape parameter mh is inversely related to the constant variance,

i.e., s2 ¼ p2

6m2. Then, the MNL model assumes utilities as random variables and distrib-

uted i.i.d. Gumbel with parameters (uhi, mh), ch ˛ C, i ˛ VI.

The Multinomial Logit Choice Probability: Utility Approach

The multinomial choice probability of a duple (h,i) is defined as:

Pi=h ¼ Probðvhi � vhj;ci; j˛VIÞ (4.6)

This expression states that the choice probability of the MNL model is the result of
the utility maximization process. In other words, the resulting probabilities encapsulate
the theoretical assumption that individuals are rational beings. For convenience,
hereafter we use the conditional probability notation Pi/h, i.e., the probability that
the location alternative is chosen conditionally on consumer h.

The probability can be computed to obtain the useful closed form of the MNLmodel:

Pi=h ¼
emhuhiP
j˛VIe

mhuhj
(4.7)

This choice probability represents the odds that the agents of cluster h will choose a
building-location option i.
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In the aggregate model, each location i represents a zone and building type with a
number of elemental locations described by vector (Sj; j ˛ VI). We write the aggregate
probability, i.e., the probability that an agent of cluster h will choose one of the
elemental building-zone locations of the group indexed by i, as follows:

Pi=h ¼ Si
emhuhiP

j˛VISje
mhuhj

(4.8)

This result was obtained by McFadden (1978), assuming a random sample is taken
from the cluster. Eq. (4.8) is the simplest aggregate model, including a cluster size
factor which is intuitive and easy to explain.2 Sj in the denominator is the number
of elemental alternatives with equal exponential terms: emhuhj , so the sum is simplified
by grouping terms and multiplying by Sj; additionally, emhuhiP

j˛VI
Sje

mhuhj
is the probability of

choosing an elemental alternative. Thus, the aggregate probability calculates the odds
that any one of the cluster’s elemental alternatives is chosen, which is the sum of Si
equal elemental probabilities.

An important feature of the MNL probability is the closed form formula of the prob-
ability, which allows the analyst to perform analytical studies and efficient evaluation.
This feature has enabled this model to be used more than others; for example, more
than the probit model based on the normal distribution of the stochastic term. In addi-
tion to this closed form, it is important to emphasize that the logit model is natural to
the maximization of utilities. This last feature, less recognized in the literature,
provides the MNL with theoretical elegance and consistency.

Observe that the sum of the choice probabilities across alternatives is equal to one,
and that the probability increases with the choice utility uhi, whereas it decreases with
both the utility of the alternative competing options uhj,j s i and with the number of
alternative options. It is known that if the variance decreases (i.e., m increases), then the
choice probability tends to yield all-or-nothing extreme values: equal to one for the
alternative with the highest utility and zero for the rest. Conversely, as the variance
increases, location choices become less dependent on the deterministic values of
utilities (u) and more dependent on the stochastic term, up to the other extreme where
deterministic utilities are irrelevant compared with the error terms and all choice
probabilities become equal to the inverse of the number of alternatives.

It is also useful to write the choice probability as:

Pi=h ¼
1P

j˛VIe
mhðuhj�uhiÞ (4.9)

to show that choice probabilities depend on the utility differences, not on their absolute
values. This is consistent with the definition of utility as an ordinal, i.e., the absolute

2 Different factors are derived from other assumptions of the sampling protocol of elemental alternatives in
the cluster. Another correction factor measures the variability of the elemental alternatives in the cluster.
For more details, the reader is referred to Ben-Akiva and Lerman (1985), pg. 258.
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values of utilities are meaningless for choice making; what is relevant is the difference
in preferences expressed here by the difference in utilities. This implies that proba-
bilities are invariant to an additive constant utility: P(u) ¼ P(u þ c), with c ˛ ℝ any
constant value.

The i.i.d. assumption implies that the choice probability exhibits the property of
irrelevance of alternative options, which can be explained by writing:

Pi=h

Pj=h
¼ emhðuhi�uhjÞ (4.10)

showing that the probability ratio between two alternative locations is independent of
the utility yield by other alternatives. This property is commonly criticized as a lim-
itation of the MNL model, particularly because neighbor zones are expected to share
common unobserved attributes. Therefore, some correlation is expected between their
stochastic terms, a topic studied in more detail as spatial econometrics (Anselin, 1988).

Another useful feature of the MNL model is that the expected maximum utility that
a consumer can attain from a set of location options can be easily computed. Here, we
use the property that the Gumbel distribution is preserved under the maximization
operator, i.e., that the maximum value of a Gumbel variate is also a stochastic variate
with the same distribution. It follows that the maximum utility also distributes Gumbel

with parameters (hh, mh), where hh ¼ 1
mh
ln

� P
i˛VI

Siemhuhi

�
is the mode of the distribu-

tion known as the logsum function, and the mean is hh þ g
mh
. Thus, the expected value

of the maximum utility is given by:

v�h ¼
1
mh

ln

 X
i˛VI

Sie
mhuhi

!
þ g

mh
(4.11)

where g w 0.577 is Euler’s constant. Observe that the maximum utility increases with
the number of options, i.e., with the city size S ¼ P

i˛VI
Si and with the variance of the

stochastic distribution. Note that the maximum utility is also a dimensionless ordinal
value, so the constant g

mh
has a statistical interpretation as the difference between the

mode and the expected values but has no economic significance because it modifies
only a meaningless utility level.

The Multinomial Logit Choice Model: Consumer Surplus
Approach

The choice model can also be derived by maximizing the consumer surplus. Under the
assumption of the i.i.d. Gumbel willingness to pay, the consumer surplus is defined by:

cshi ¼ whi � pi (4.12)
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Because the consumer is assumed to be a price taker, i.e., the asking price pi is
exogenous and known to the consumer, the consumer’s surplus preserves the i.i.d.
Gumbel distribution of the willingness to pay with shape parameter bh ¼ lhmh,
although the location parameter is displaced to the left in pi.

In this context, the maximum consumer surplus or choice model is represented by
the following MNL probability:

Pi=h ¼
ebhðwhi�piÞP
j˛VIe

bhðwhj�pjÞ (4.13)

which also admits an aggregated version such as Eq. (4.8). As expected, the choice
probability increases with the willingness to pay and decreases with prices.

To understand why this choice process yields maximum utility, it is worth recalling
that willingness-to-pay values across the set of alternative locations are set such
that they yield the same reservation utility, i.e., whi(uh), c i ˛ VI, and therefore, the
consumer is indifferent to choosing any location if the price equals the willingness-
to-pay value. It follows that at the location where the willingness to pay is below
the asking price, there is a gain in utility with respect to its reservation value and where
the price is higher, there is a loss. Then, maximizing gains implies maximizing utility
and the consumer surplus.

The expected maximum consumer surplus of a set of options VI with i.i.d. Gumbel
distributed variates is calculated as:

cs�h ¼
1
bh

ln

"X
i˛VI

ebhðwhi�piÞ
#
þ g

bh
(4.14)

and the maximum consumer surplus is also a Gumbel variate with parameters (hh,bh)

and mode hh ¼ 1
bh
ln

� P
i˛VI

ebhðwhi�piÞ
�
. In this case, because the consumer surplus has

the dimension of income, then g
bh

is meaningful not only statistically but also

economically.

The Multinomial Frechit Choice Model: Consumer Surplus

As a reminder, the multinomial frechit (MNF) model is derived from nonlinear in
price indirect utilities and i.i.d. Gumbel and that bids are stochastic variates
qhi ¼ whi$xhi, asymptotically distributed Fréchet with parameters (whi, bh), mode

whi ¼ yhel
�1
h ð�uhþfhðziÞÞ, and shape parameter bh ¼ lhmh > 0; mh is the shape param-

eter of the Gumbel utilities. This assumption ensures that bids are positive, which is
consistent with the income constraint that imposes a nonlinear in price (rents) util-
ity function.
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In the MNF model, the consumer surplus is defined in a multiplicative form, as the
ratio between the willingness to pay and the price instead of the difference between
them. Under the assumption that the consumer is a price taker, with prices assumed
to be deterministic and exogenous values, the consumer’s surplus preserves the iden-
tical and independent Fréchet distribution of the willingness to pay, although the loca-
tion parameter is different. Then:

cshi ¼ qhi

pi
¼ whi

pi
$xhi (4.15)

which is also a Fréchet variate with parameters
�
whi
pi
; bh

�
.

The maximum consumer surplus or choice model is represented by the following
MNF choice probability:

Pi=h ¼
ðwhi=piÞbhP

j˛VI
�
whj
	
pj

bh

(4.16)

which also admits an aggregated version. As in the logit model, the frechit choice
probability has a close form, increases with the willingness to pay and decreases
with prices. In this case the probability is invariant to a multiplicative constant c ˛ ℝ,
i.e: Pi/h (w) ¼ Pi/h (w$c).

The expected maximum consumer surplus of a set of options VI, with i.i.d. Fréchet
distributed variates, is calculated as:

cs�h ¼ K

2
4X
j˛VI

�
whj
	
pj

bh

3
5

1
bh

(4.17)

and the maximum consumer surplus is also a Fréchet variate with parameters (hh, bh),

mode hh ¼
" P
j˛VI

�
whj
	
pj

bh

# 1
bh

, and media hh K.

4.5 Substitution Property of Stochastic Demand

The demand for a location in the stochastic choice models described above, given by

Di ¼
P
h˛C

Pi=h, satisfies the strict gross substitution conditions: vDi
vpi

< 0 and vDi
vpj

> 0,

with vDi
vpi

¼ P
h˛C

Hh
vPi=h

vpi
.
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In the case of the logit demand model, consider Eq. (4.7) with vuhi
vpi

< 0. It follows
that:

vPi=h

vpi
¼ mhPi=h

�
1� Pi=h

� vuhi
vpi

< 0 (4.18)

vPi=h

vpj
¼ �mhPi=hPj=h

vuhj
vpj

> 0 (4.19)

The same holds for the consumer surplus MNL (Eq. 4.13):

vPi=h

vpi
¼ �bhPi=h

�
1� Pi=h

� vcshi
vpi

< 0 (4.20)

¼ bhPi=hPj=h > 0 (4.21)

because vwhi
vpi

¼ 0.

In the case of the frechit demand model, using Eq. (4.16) we obtain:

vPi=h

vpi
¼ �bh

pi
Pi=h

�
1� Pi=h

�
< 0 (4.22)

vPi=h

vpj
¼ bh

pi
Pi=hPj=h > 0 (4.23)

4.6 The Stochastic Bid-Auction Approach

Let us now consider the bid-auction approach. In contrast to the demand model,
which assumes that prices (rents) are exogenous, the bid-auction assumes that loca-
tion options are differentiable, and, thus, the market represents an auction, as pro-
posed by Alonso (1964). In this section, we discuss the stochastic approach of the
bid-auction model. This approach assumes that consumers bid for each available
location according to their willingness to pay, which is conditional on a reservation
utility.

The first bid-auction model was proposed by Ellickson (1981). He considered a set
of bidders, Bi, each one represented by a stochastic bid function, and defined the
following auction outcome probability conditional on the location:

Qh=i ¼ Probðwhi � wgi;cg˛BiÞ (4.24)

which defines the probability of consumer h being the highest bidder at the auction of
real estate i.
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This expression and the assumptions regarding the distribution of bids lead to a
stochastic bid-auction model that represents the result of the maximization of bids
across the set of bidders Bi 3 C for an auction at location i. In other words, the result-
ing probabilities encapsulate the maximization process that defines the outcome of the
auction.

Ellickson’s (1981) argument for bids to be extreme value variables is worth
mentioning. He indicates that those bids that are presented in auctions are expected
to show an extreme value distribution because he asserts that only the maximum
bid of a socioeconomic cluster is relevant for the auction. Hence, no matter what
the distribution of elementary bids is within the cluster, the maximum bid relevant
to the auction is an extreme variable. He used this argument to justify a Gumbel dis-
tribution of bids, ignoring other extreme value distributions; in fact, he seems to have
not recognized that Gumbel bids have positive and negative values. He also asserts that
bids are independent because they emerge from groups of different bidders with inde-
pendent utilities but provides no justification for assuming that bids are identical.

Although Ellickson used these arguments to assume a Gumbel distribution of bids,
they can be generalized to all extreme value d.f. We add to his argument that the
extreme value distribution is the natural distribution for bids because they result
from the individual’s indirect utility, which we have argued is naturally asymptotically
Gumbel. From this, we showed that the distribution of bids is Gumbel or Fréchet
depending on whether the indirect utility is linear or nonlinear.

Nevertheless, the argument for assuming identical distribution remains useful
because it is convenient to obtain closed simple multinomial models, although it is
an important assumption because it imposes an identical variance of bids across
different consumers.

The Multinomial Logit Bid-Auction Probability

The MNL bid-auction assumes bids that are i.i.d. and Gumbel distributed with shape
parameter bi; ci ˛ I to obtain the following probability:

Qh=i ¼
ebiwhiP
g˛Bi

ebiwgi
(4.25)

which represents the odds that consumer h will be the highest bidder in the auction of
the building-location option i.

Notably, Eq. (4.25) is different from the usual choice models in which an individual
chooses among a set of alternatives; thus, the choice probability is conditional on the
individual. Conversely, Eq. (4.25) represents an auction, a process in which an
auctioneer chooses a bidder from among a set of bidders, making the probability, in
this case, conditional on the location rather than on consumers, whom represent the
choice set for the auctioneer. Then, the auction is a process that chooses in the space
of consumers, whereas the usual choice process chooses in the space of supply alter-
natives. It is worth noting this difference to avoid confusion.
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In the aggregate model, bidders represent clusters denoted by h ˛ Bi, each one with
a number of agents described by vector (Hh; h ˛ C). In this case, we write the aggre-
gate probability, i.e., the probability that an agent of cluster h will be the highest bidder
in a building-zone location indexed by i, as:

Qh=i ¼ Hh
ebiwhiP

g˛Bi
Hgebiwgi

(4.26)

Note that the bid-auction probability is invariant to an additive constant c ˛ ℝ on
bid values, Qh/i(w) ¼ Qhi(w þ c), and the auction outcome depends on the difference
between bids rather that its absolute values.

The Logit Hedonic Price

The term “hedonic” refers to the implicit value of an amenity, which is not revealed in
the market (Rosen, 1974). Consider, for example, the consumer value of a free-entry
park. Because this amenity has no price, one method to identify the consumers’ value
is by observing the change in real estate or land prices in the presence of a park in the
neighborhood, i.e., if the amenity is valued, it should have a differential impact on real
estate and land prices. In the stochastic model, the auction yields hedonic prices and
provides a specific functional form.

The maximum bid in the auction represents the transaction price of the auctioned
location. If bids are Gumbel variates, the price preserves this d.f. with parameters
(pi, bi), and the expected value p�i is given by:

p�i ¼ pi þ g

bi
¼ 1

bi
ln

2
4X
h˛Bi

Hhe
biwhi

3
5þ g

bi
(4.27)

This equation represents a logit hedonic price function because it is the result of the
consumers’ value of the set of amenities of the auctioned location. More rigorously,
this is the value of the right of use of the location. It represents the expected transaction
price in the real estate market or the expected land price for empty land lots.

From this price function, the hedonic value of an amenity zk is:

hzk ¼
X
h˛Bi

Qh=i
dwhi

dzk
(4.28)

which states that the expected hedonic value of the amenity is the average value across
the set Bi of consumers who participate in the auction.

Note that the hedonic price in Eq. (4.27) increases with the number of bidders,
because the larger the number of bidders, the larger the possibility of receiving higher
bids. To observe this, consider Ni equals bidders that bid wi to obtain that

p�i ¼ wi þ 1
bi
lnðNiÞ þ g

bi
, showing that prices increase with the logarithm of the
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number of bidders and decrease with bi (i.e., increase with the bid’s variance); this also
shows that for the extreme case of Ni ¼ 1 we find that p�i ¼ wi þ g

bi
> wi.

It is also worth noting that using Eq. (4.27), the probability in Eq. (4.25) may be
rewritten as:

Qh=i ¼ ebiðwhi�piÞ (4.29)

This expression shows a direct relationship between the consumer surplus and the bid-
auction probability; i.e., the bid-auction probability is the logistic function of the
consumer surplus. Observe that whi � p�i < 0 because the price is the expected
maximum bid, as shown in Eq. (4.27). It is then easy to conclude that the highest
bidder attains the highest location probability, which tends to one when consumer h

0
s

bid tends to match the auction price.
Additionally, Lerman and Kern (1983), extending Ellickson’s (1981) previous

work, proposed a model in which hedonic prices and bid-auction location models
are estimated simultaneously, correctly recognizing that they depend on the same
set of bid functions. As noticed by McMillen (1997), this approach introduces a correc-
tion to the selection endogeneity problem of the isolated hedonic price model.

The Multinomial Frechit Bid-Auction Probability

In this model, bids are assumed to be i.i.d. and Fréchet, with shape parameter b, which
yields the following multinomial frechit bid-auction probability:

Qh=i ¼
ðwhiÞbiP
g˛Bi

ðwgiÞbi
(4.30)

and represents the odds that consumer h will be the highest bidder in the auction of
building-location option i.

In the aggregate model, the aggregate probability, i.e., the probability that an agent
of cluster h will be the highest bidder in a building-zone location indexed by i, is

Qh=i ¼ Hh
ðwhiÞbiP

g˛Bi
HgðwgiÞbi

(4.31)

Note that in this case, the bid-auction probability is invariant to a multiplicative con-
stant bid, Qhi(w) ¼ Qhi(w$c), with c ˛ℝ a constant; i.e., the auction outcome depends
on the ratio between bids rather than on its absolute values, which is evident when
writing:

Qh=i ¼ Hh
1P

g˛Bi
Hh

�
wgi

whi

�bi
(4.32)
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The Frechit Hedonic Price

In the case of Fréchet bids, the price which is also a Fréchet distributed variate with
parameters (pi, bi), with an expected value p�i , is defined when bi > 1 as:

p�i ¼ Kpi ¼ K

2
4X
g˛Bi

ðwgiÞbi

3
5

1
bi

(4.33)

where K ¼ G
�
1� 1

bi

�
>0 is constant for bi and G is the gamma function.

This equation represents the frechit hedonic price function, and the hedonic value
of an amenity zk is

hzk ¼ p�i

2
4X
g˛Bi

Qg=i
1
wgi

vwgi

vzk

3
5 (4.34)

Note that the frechit hedonic price also increases with the number of bidders. To

observe this, consider Ni equal bidders that bid wi to obtain that p�i ¼ KwiN
1=bi

i ,
showing that prices increase exponentially with the number of bidders and decrease
with bi (increase with the bid variance): at the limit case where Ni ¼ 1; p�i ¼ Kwi.
Note also that the bid-auction probability in Eq. (4.30) can be written as:

Qh=i ¼ Kbi

�
whi
pi

�bi

with whi
pi

the consumer surplus ratio.

Estimation of Willingness to Pay

Observe that both choice probabilities Pi/h and bid-auction probabilities Qh/i are func-
tions of a set of willingness-to-pay functions. Let us now remark on the differences
when the willingness-to-pay functions are estimated using these models.

Recall that the willingness-to-pay functions are whi ¼ yh þ fhðziÞ�uh
lh

þ εhi
lh
in the logit

model (Eq. 4.3) and whi ¼ yhel
�1
h ð�uhþfhðziÞÞ in the frechit model (Eq. 4.5). The logit

choice probability is

Pi=h ¼
ebhðwhi�piÞP
j˛VIe

bhðwhj�pjÞ ¼
ebhðl�1

h fhðziÞ�piÞP
j˛VIe

bh

�
l�1
h fgðziÞ�pj


 (4.35)

and the frechit probability is

Pi=h ¼
ðwhi=piÞbhP

j˛VI
�
whj
	
pj

bh

¼
�
el

�1
h ð fhðziÞÞ

.
pi
�bh

P
j˛VI

�
el

�1
h ð fhðzjÞÞ

.
pj
�bh

(4.36)
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These equations show that the choice probabilities are invariant with consumers’
income and in utility if the utility function is quasi-linear. Therefore, the estimation
can only obtain parameters for the truncated willingness-to-pay function:
l�1
h ð fhðziÞÞ. This truncation does not occur when the willingness-to-pay functions
are estimated using bid-auction probabilities.

Nevertheless, the estimation of the willingness-to-pay functions can be performed
using the system of equations: Pi/h(w, b), Qh/i(w, b) and pi(w, b), ch ˛ Bi, i ˛ VI. For
this process, the modeler requires observations of the allocation of agents Hhi and pri-
ces (rents) pi. An estimation method integrating probabilities and rents was developed
by Lerman and Kern (1983). Note that unlike the usual discrete choice models in
which the shape parameter is unidentifiable, in the LU model price Eqs (4.27) and
(4.33) let us identify the bid-auction shape parameter.

4.7 The Stochastic Bid-Choice Equivalence

In the context of deterministic behavior, in Chapter 3 we showed that both of the
demand modelsdbased on maximum utility or maximum consumer surplusdare
equivalent to the bid-auction model if prices emerge from the auction process,
i.e., assuming an auction market. Here, we analyze this equivalence for the stochastic
behavior in the logit and frechit models.

Equivalence in the Logit Model

The assumption required to define equivalence is that the shape parameters of the
choice and bid-auction probabilities are identical, i.e., b ¼ bh ¼ bi, ch ˛ Bi, i ˛ VI.
Then, consider the MNL consumer surplus choice probability (Eq. 4.13) and the

bid-auction probability, Qh=i ¼ ebðwhi�p�i Þ, to write:

Pi=h ¼
Qh=iP
j˛VIQh=j

(4.37)

In Eq. (4.37), the denominator
P
j˛VI

Qh=j ¼ Qh is the aggregate probability that the

consumer is the highest bidder in the set of available location auctions. Then, the
equality Pi/h ¼ Qh/i holds if Qh ¼ 1, i.e., under the condition that the consumer is ex-
pected to be allocated somewhere in the city; the conditionQh < 1 means that there is a
probability that the consumer is without a home, in which case the equality does not
hold.

Conversely, consider Qh/i in Eq. (4.25) and multiply each term by e�bpi to obtain

Qh=i ¼ ebðwhi�piÞP
g˛Bi

ebðwgi�piÞ ¼ Pi=hP
g˛Bi

Pi=h
. Therefore, when Pi ¼

P
g˛Bi

Pi=h ¼ 1, then the

equivalence holds, i.e., when the location is auctioned to some consumer.
Notably, the double condition Pi ¼ Qh ¼ 1 holds if total demand equals total

supply, a condition usually considered for the LU equilibrium between demand and
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supply that sets the utility levels and prices to clear the market. Hence, we conclude
that, under this equilibrium condition, the bid-choice equivalence holds for the
logit model. For this equivalence to hold, however, we impose the following: the con-
sumer surplus and the bid-auction shape parameters for all bidders are identical,
i.e., b ¼ bh ¼ bi, ch ˛ C, i ˛ VI; the underpinning indirect utility is linear in price;
and prices emerge from auctions.

Equivalence in Frechit Model

Under the assumption of equal shape parameters, i.e., b ¼ bh ¼ bi,ch ˛ Bi, i ˛ I, we
consider the MNF choice probability in Eq. (4.16) and the bid-auction probability,

Qh=i ¼ Kb
�
whi
pi

�b
, to write:

Pi=h ¼
Qh=iP
j˛VIQh=j

(4.38)

Again, imposing the equilibrium condition Qh ¼ 1, the equivalence holds.
Conversely, consider the bid-auction probability in Eq. (4.30) and divide each term

by pi to obtain Qh=i ¼

�
whi

pi

�b

P
g˛Bi

ðwgi=piÞ
b ¼ Pi=hP

g˛Bi
Pi=g

. If
P
g˛Bi

Pi=g ¼ 1, the equivalence

holds.
Therefore, we conclude that the bid-choice equivalence also holds in the frechit

model at market equilibrium. For this equivalence to hold, we impose the following:
the consumer surplus and the bid-auction shape parameters are identical and prices
emerge from an auction process. However, we lift the condition that the indirect utility
be linear in price.

Additionally, the equivalence for aggregate logit and frechitmodels holds under the
same equilibrium conditions, as shown for the logit model by Martínez (1992). The
bid-choice equivalence replicates the similar property of the deterministic model
shown in Chapter 3.

It is worth commenting on the assumption of equal shape parameters,
b ¼ bh ¼ bi, ch ˛ Bi, i ˛ VI, because this is a strong assumption for real studies.
It means that the bell shape of the willingness-to-pay function is identical,
i.e., the distributions have the same variance. In the absence of this condition,
the choice approach models the demand for locations at exogenous prices, whereas
the bid-auction approach models the allocation with endogenous prices, i.e., these
models are different. It is only when the condition holds that we obtain the equiv-
alence property: the expected auction prices ensure that the expected demand clears
the market.
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4.8 The Stochastic Supply Model

The total number of location options available in the LU market is denoted by
S ¼ P

i˛VI
Si, where Si is the market share of the location type indexed by i, including

the type of building and location. For a better understanding, in this section we use
the expanded notation for indexing supply units, making the real estate type index v
explicit, then i ˛ VI/vi, i ˛ I, v ˛ V; therefore, S ¼ P

vi˛VI
Svi. We now consider the

suppliers’ behavior in Chapter 3 as profit maximizers for different market assumptions.

The Stochastic Profit

Supplier profit is a stochastic variable if auction prices are stochastic. Indeed, if profit is
defined as the real estate price minus the supply cost, then stochastic prices are enough
for profit to be stochastic, independent of the assumption of cost.

The justification of a specific distribution of profit requires certain assumptions.
In the above sections, we justified real estate prices as Gumbel and Fréchet variables.
Then, if costs are assumed to be deterministic, the random profit follows the same cor-
responding distribution of prices. However, under the assumption that profits are
nonnegative variates, the Fréchet distribution is more appropriate because it complies
naturally with this condition. Nevertheless, the multinomial logit model has been
widely used as an applied model, whereas the frechit model hasn’t been applied in
the context of LU.

The Competitive Supply Market

To introduce the random profit, consider a simple model at the aggregate level of the
supplier industry in a competitive market. In this context, the auction takes place ex
post and real estate suppliers make the optimal partition of the market into real estate
units facing incomplete information of prices; hence, we assume that selling prices
(or rents) are random variables. Additionally, building and capital costs may be asso-
ciated with competitive markets with known prices and hence are deterministic, but the
land input is highly correlated with real estate values, which also makes costs random.
With selling prices and production costs assumed to be random, profits are also
random variables. However, the supplier can observe the distribution of prices from
historical auctions to estimate an expected value.

We define the probability that the industry will provide a supply unit vi as:

Pvi ¼ Probðpvi > pv0i0 ;ci0 ˛I; v0 ˛VÞ (4.39)

where pvi is a random variable.
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In Chapter 3, real estate development costs are defined as cvi ¼ cvðp$i; SviÞ, and
they depend on the vector of real estate prices at the development location ðp$iÞ,
including both empty and developed land. Additionally, development costs depend
on the project itself because economies of scale make costs nonlinearly dependent
on the number of real estate units (Svi) and the characteristics of the building given
by index v, which include floor space density.

The optimum number of real estate units is obtained as a partition of the exoge-
nous total number of supply units (S) multiplied by the supply probability Denoting
pvi ¼ pðp$i; SviÞ and the multinomial logit supply by PS

vi, the supply model is

Sviðp; SÞ ¼ SPS
vi ¼ S

eqpviP
wj˛VIe

qpwj
(4.40)

with q the shape parameter of the i.i.d. Gumbel distribution of profits, and the expected
maximum profit is

p ¼ 1
q
ln

2
4 X
wj˛VI

eqpwj

3
5þ g

q
(4.41)

with g z 0.577 the Euler’s constant.
The multinomial frechit supply model is

Sviðp; SÞ ¼ SPS
vi ¼ S

pq
viP

wj˛VIp
q
wj

(4.42)

with the q shape parameter of the i.i.d. Fréchet distribution of profits, and the expected
maximum profit is

p ¼ K

" X
wj˛VI

pq
wj

#1
q

(4.43)

where K ¼ G
�
1� 1

q

�
> 0 and G is the gamma function.

4.9 Summary

In this chapter, we have described stochastic discrete models for the urban real estate
market. From the basic assumption that direct utilities (of goods and location) are
random variates with any distribution, it follows that the corresponding indirect utili-
ties and willingness-to-pay random variates are naturally extreme values distributions.

Two different models were obtained based on whether the indirect utilities/profits
are assumed to be linear or nonlinear in prices. The linear case justifies the Gumbel
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distribution for willingness-to-pay variates, which yields the most commonly used
logit model (MNL). The nonlinear case justifies the Fréchet distribution for these
variables, which yields the frechit model (MNF). We have noticed that the MNF
bid-auction model has the advantage of imposing agents’ income and profit constraints
consistently, minimizing the probability of choosing a location that is not affordable to
the consumer, and yields positive willingness-to-pay values. Similarly, logit and
frechit supply models were developed with the same advantage of the MNF regarding
positive profit constraints.

We used these models to develop the demand model for locations at different prices
and the bid-auction model with the respective probabilities for building-location
options. We proved that these approaches are equivalent under certain equilibrium
conditions, i.e., yield the same pattern of consumer allocation, subject to the assump-
tion of identical distributions of bids and prices emerging from auctions. A more
thorough analysis of equilibrium with stochastic models is provided in the next
chapter.

Therefore, the MNL and MNF stochastic models provide alternative frameworks
consistent with the standard microeconomics of consumer and supplier behavior but
with different assumptions regarding the underpinning utility. Each one provides
modelers with the flexibility to represent the agents’ behavior in making optimal
choices in the vast heterogeneity of urban space and real estate options and allows
the representation of significant heterogeneity in population preferences.

It is worth recalling that the discrete representation of building-location units allows
us to define specific attributes for each unit, including the complex measures of acces-
sibility and attractiveness discussed previously. This means that transportation sys-
tems, with their transport technology, network, and travel patterns, are represented
in these models. Hence, the mutual interaction between transportation and LU is fully
considered. The implication of this point is that consumers are assumed to make loca-
tion and travel choices within a unified framework that is consistent with microeco-
nomics, such that preferences and constraints can be considered consistently.

In the stochastic logit and (the newly baptized) frechitmodels, the discrete represen-
tation yields continuous and differentiable closed form demand and supply models.
This flexibility, largely provided by the independent and identical assumption
(i.i.d.), is accompanied by an efficient calculation of probabilities and prices; more-
over, we shall see that they provide an even more powerful computing capacity for
solving the complex equilibrium of the urban system to be discussed in the following
chapters.

In practice, modelers may adopt the choice approach or the bid-auction approach
because they are theoretically equivalent under certain assumptions.

Technical Note 4.1: Extreme Value Distributions

This note revises the relevant role of the extreme value distributions for the consumer’s
behavior theory. The fundamental argument for using extreme value distributions
emerges from the extremal types theorem (Fisher and Trippett, 1928), generalized
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by Gnedenko (1943). For a set of independent stochastic variates, they proved
that the asymptotic (nondegenerative) distribution functions of the maximum of a
set belongs to a set of three types of extreme value distribution functions (d.f.),
regardless of the d.f. of the maximized variates. See also Leadbetter et al. (1983),
Galambos (1987), and Mattsson et al. (2014) for references. Hence, the extreme
value distribution isdby the extremal types theoremdto the maximum operator
equivalent to what the normal distribution isdby the central limit theoremdto the
addition operator.

Logit Model

The Type-I, Gumbel or double exponential distribution function is FðxÞ ¼ e�e�mðx�nÞ
,

with m > 0. The expected value is E[x] ¼ nþg/m, where Euler’s constant is approxi-
mately 0.577; the variance is Var[u] ¼ p2/(6m2); and the mode is n. This distribution
function is particularly relevant in utility-maximizing models because out of the three
extreme value distributions; this one is the attractor of a larger number of maximized
functions, and the support set is ℝ. For a set of identical and independent Gumbel
variates with parameters (vi, m), the probability of choosing alternative i ˛ C, with
C the set of available alternatives, is given by the now popular closed-form multino-
mial logit model (called MNL):

Pi ¼ emviP
j˛Ce

mvj
;ci˛C (T4.1)

and the expected value of the maximum utility, given by the known logsum function, is

v ¼ 1
m
ln
X
i˛C

emvi þ g

m
(T4.2)

The Gumbel distribution function became popular with the individual discrete
choice theory with random utilities proposed by Domencic and McFadden (1975).

Another well-known Gumbel-based model is the nested logit model (with a similar
closed-form probability function), which is of interest in spatial contexts because of its
hierarchical choice, where space is analyzed at an scale appropriate to the scale of the
choice process.

The Frechit Model

The Fréchet distribution, also called the Type-II extreme value distribution, is the
domain of attraction or the limiting nondegenerative distribution of the maximum
operator of a set of independent Fréchet variables, among other distributions;
i.e., this distribution function is closed with respect to maximization. The Fréchet

c.d.f. is FðxÞ ¼ e

�
�
�
v
x


b�
; defined for b > 0, but the expected value is only defined

94 Microeconomic Modeling in Urban Science



for b > 1, with E½q� ¼ vG
�
1� 1

b

�
and G the gamma function; for b > 2, the variance

is Var½q� ¼ ðvÞ2
"
G
�
1 � 2

b

�
�
�
G
�
1� 1

b

��2
#
, inversely related to b. For a set of

identical and independent Gumbel variates with parameters (vi, m), the probability
of choosing i ˛ C is given by the following closed-form multinomial model
(called MNF):

Pi ¼ vbiP
j˛Cv

b
j

(T4.3)

and the expected maximum is

v ¼ K

0
@X

j˛C
vbj

1
A

1
b

(T4.4)

with K ¼ G

�
1� 1

b

�
. Recall that G˛ℝþþ, GðzÞ ¼

RN
0 tz�1e�zdz; and for any positive

integer n, G(n) ¼ (n�1)!.
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Land-Use Stochastic Equilibrium 5
5.1 Introduction

In the land-use system (LU), equilibrium refers to a situation in the system where
different push and pull economic and social forces are balanced, leaving the system
in a steady state in which agents choosing property in a different location would leave
them no better off than before.

This situation includes complying with classical market-clearing conditions,
attained by setting equilibrium prices in the choice approach or utilities in the bid-
auction approach. However, it also requires other forces to be equilibrated, including
those generically called location externalities and agglomeration economies.

The relevance of these “other forces” will be made clear in this chapter with regard
to their economic implications, their role in building city structures, and the mathemat-
ical complexity that they introduce into the equilibrium problem.

The extension of random LU equilibrium to include location externalities and
agglomeration economies is the subject matter of this chapter. Here, we assume that
the transportation system (travel and cargo time and costs) and the economic system
(goods prices and salaries) are exogenous. These assumptions are relaxed in the
next two chapters.

City Structures

The structures that emerge in a city define its macro footprints, i.e., those features that
typify the city and differentiate it from others. In addition to natural landmarks, such as
rivers, mountains, lakes, and sea frontage, macrofeatures are also created by the built
environment. These features include the socioeconomic distribution of the population
in the city and the concentration of activity in subcenters and along the main corridors
of the transportation system.

Given the natural landmarks, the built structures emerge from two major forces:
agent behavior and urban policies (e.g., transportation infrastructure, zoning regula-
tions), which define scenarios in which the urban LU market operates following partic-
ular rules. The market rules are fundamental in determining which structures emerge
and how the city evolves. In this chapter, we examine marrket equilibrium as a rule that
helps to describe market performance.

A set of stylized city structures is sketched in Fig. 5.1, which helps us to visualize
certain basic ideas. For simplicity, we use the classical urban economics model in this
figure, with land as a continuous space and agents having deterministic behavior. Each
figure provides a bird’s-eye view on the left side, showing concentrations as seen on
maps; on the right side is a radial vertical axel diagram, in which densities and rents are
collapsed in a single line because their general shape is similar. Fig. 5.1A (left) shows
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the classical monocentric city with an inner ring called the central business district
(CBD) concentering all jobs and an outer ring of residents that expands out to the
city limit (L). On the right, land rents decrease with distance (x) from the CBD,
with rents meeting an agricultural land rent (RA) where agricultural activities outbid
residents. Additionally, land consumption per resident increases with distance,

Figure 5.1 Urban structures. (A) Static monocentric city. (B) Dynamic monocentric city
population increase. (C) Static monocentric city with heterogeneous population. (D) Dynamic
monocentric city with heterogeneous population. (E) Static multicentric city. (F) Dynamic
multicentric city. (G) Static transport network city. CBD, central business district.
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inducing a decrease in density. This figure shows the first feature: for a given popula-
tion, the city limit depends on agricultural land rents. The evolution of the city as pop-
ulation (N) increases is shown in Fig. 5.1B, depicting urban sprawl by the expanding
city limit L(N) and increasing densities and rents at every location. This figure demon-
strates that the city limit depends on total population and agricultural land rents in a
way that we will discuss in this chapter.

Figure 5.1 introduces the formation of a city’s structures. Fig. 5.1C depicts the so-
cioeconomic segregation between heterogeneous residents, forming rings with limits
(L1,L2,L3) that differentiate residents according to their trade-offs between a more cen-
tral area with high density, high land rents, and low transportation costs, and outer
rings with low density, low rent, and high transportation costs. In Fig. 5.1D, these rings
expand with population growth (from dotted to solid lines) at different speeds depend-
ing on how the population’s socioeconomic profile evolves over time.

In Fig. 5.1E, subcenters (or hot spots) break the smooth downward slopes of den-
sities and rents with the emergence of nonresidential subcenters at distance Ls from the
CBD where transportation costs offset the benefits of scale economies of the CBD. At
the subcenter, densities and rents increase as a result of a peak in demand for nonres-
idential land. Fig. 5.1F shows that the subcenter emerges at a critical population level
and expands thereafter with increased population. Finally, Fig. 5.1G shows how the
transportation network disrupts the notion of accessibility, decreasing monotonically
with distance to CBD, introducing improved access in nearby corridors, which leads
to higher densities and rents and expands the city limit along these corridors (from
L0 to L). Thus, the city’s dynamics follow the development of the transportation
network (not shown in Fig. 5.1).

Real cities combine these elemental structures in a dynamic process, generating
diverse and complex structures because of the underpinnings of the diverse behaviors
of agents. The challenge of modeling is to reproduce this complexity, the resulting
structure, and its evolution as a market process, which is the topic of this chapter.

The Concept of Equilibrium

Although LU market equilibrium is defined by the classical clear market condition
existing between supply and demand, it also includes a state wherein the agents’ com-
plex interactions, e.g., location externalities and agglomeration economies, are
resolved to a steady state situation in which urban structures emerge. The equilibrium
condition guarantees that no agent, for either households or firms or real estate sup-
pliers, can improve their own utility or profit by making a different choice.

In urban land modeling, the concept of equilibrium is sometimes disputed by ques-
tioning whether this market ever attains equilibrium. This dispute is worthy of
comment because market equilibrium yields the prices in the system, i.e., land and
real estate rents. Moreover, because real estate units are differentiated goods, rents
are a large set of values with the dimension of real estate types times the optional lo-
cations. Thus, equilibrium is a highly valuable mechanism that provides a rule for
calculating these values consistently with economic principles, establishing the
ways in which they are related across the city.
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In the absence of market equilibrium, the modeler must use an alternative rule for
calculating prices. For this purpose, modelers often use the hedonic price rule, which is
an econometric model of prices as a function of real estate attributes. As was shown in
Chapter 4, hedonic price models are theoretically consistent with urban economic the-
ory. Lancaster (1966) first proposed that utility is derived from the attributes of the
goods, and Rosen (1974) applied this concept in the urban land market. However,
the important issue to mention here is that hedonic prices are point values of the theo-
retical equilibrium prices, i.e., they describe how cross-section values of rents can be
explained by the differentials of attributes among real estate units. Therefore, they are
very helpful in identifying the value of unpriced goods, such as access to parks or pub-
lic transportation, which are implicitly valued by residents and revealed in real estate
prices (Rosen, 1974). The difficulty arises when they are used to estimate future rents
but ignore the nonlinear mechanism that yields these prices, which depends on the
complex dynamics of location externalities and agglomeration economies. Hence, us-
ing this rule to extrapolate prices in the future may be deemed valid for only a very
short time from the observation of prices; its use is unable to predict equilibrium prices
in the medium or long run (Hurtubia et al., 2010). Hence, the use of the hedonic price
technique is limited.

The critical view, that static equilibrium is a theoretical construct that never occurs,
is realistic but does not invalidate the cautious use of the concept to obtain an approx-
imation of reality. Indeed, every market is in constant change, i.e., a dynamic process
of interactions among agents sharing information about their values for different goods
in the market. In this dynamic process of information exchange, market forces operate
by pushing prices toward the equilibrium prices, which are the signals that all agents
perceive at any point in time. Therefore, we consider here that equilibrium prices are
the most informed values that the modeler can calculate given the diversity of agents
and real estate options.

Furthermore, LU equilibrium is a dynamic concept because land prices always
depend on the economy in which the urban land market is embedded, which undergoes
constant change. In the case of the urban land market, this dynamic is also influenced
by demographics, in addition to urban policies. Therefore, by static equilibrium we
refer to a point in time at which the clear market condition holds in the urban LU mar-
ket for a given set of external conditions, i.e., it is a static picture of a dynamic system.

Finally, the LU and rents equilibrium involves the transference of different and
complex pieces of information through the market, with different speeds of reactions.
For example, buildings take significant time to be built, whereas auctions of old stock
are quicker. Thus, the modeler can represent the dynamic system with delays in the
acquisition of information and in the auctions, differentiating between short-term
and long-term equilibrium states. In this context, rents and location equilibrium con-
ditions may be conceived and modeled to account for the delays. Hence, the static
equilibrium without delays defines an idealistic situation in the long term when all rele-
vant delays have been accounted for, whereas the short-term equilibrium represents a
market-clearing condition with delayed information and actions.

Notably, the discussion above is valid for every market and is a common issue in
microeconomics. What is specific to the LU market is that real estate units are
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differentiable goods, and therefore the load of information required in the assumption
of perfect information in the static equilibrium is more demanding. Second, goods are
durables in this market; thus, certain consumers are proprietors of an investment that is
used but not consumed. In this case, the information required to model the demand
process involves the future evolution of the market. This requires the modeler’s deci-
sion on how agents, both consumers and suppliers, foresee the future, with two
extreme points: agents with perfect foresight or agents who are short-sighted. We sug-
gest that the myopic assumption is more consistent with the static equilibrium model
because agents are assumed to be reacting to current information, whereas perfect fore-
sight assumes that agents know the future dynamic of the system. Because the myopic
perception is based on historical information, regardless of its quality, it is realistic,
whereas perfect foresight can only be taken as a theoretical assumption.

Levels of Analysis

The urban system may be studied at the different levels depicted in Fig. 5.2. The LU
partial equilibrium shown in Fig. 5.2A focuses on the distribution of agents in the

Figure 5.2 Levels of urban equilibrium. (A) Land-use equilibrium with transport interaction.
(B) Land-use and transport equilibrium. (C) General land-use, transport, and production
markets equilibrium.
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space and the emergence of city structures, conditional on transportation and other sys-
tem conditions. These systems can be represented by accessibility and attractiveness
indices, generated from specific interacting models but without attaining equilibrium.
The next level integrates the land-use and transportation (LUT) subsystems at equilib-
rium, with the economic system (prices of goods, jobs, and salaries) assumed to be
exogenous (Fig. 5.2B). This level is followed by the general urban equilibrium, in
which the model integrates land-use, transportation, and the production economy
(LUTE), i.e., production and labor relations (Fig. 5.2C). The system of cities is the
largest model, in which cities are objects that compete for population and economic
development. In this chapter, we discuss LU market equilibrium, leaving the integra-
tion of transportation and economic markets for the next chapters.

These market levels are combined with specific resolution levels, i.e., with aggre-
gation levels of the heterogeneity of the population and the firms, real estate diversity,
spatial resolution (from real estate units to blocks and to zones), and the transportation
system description. The spatial resolution defines different model types: macro (few
zones and homogeneous agents), meso (usually zones and groups of agents), and mi-
cro (individual and real estate unit resolution) models. For each of these levels, the cor-
responding market equilibrium can be defined depending on the exogenous system,
whose variability can be represented by scenarios.

External Scenarios

Market equilibrium always depends on the set of external or exogenous scenarios.
These scenarios include the economy of the country where the city is located, which
defines the income of its residents, the demand for its firms’ exports, and the prices of
imported commodities based on transport costs and import taxes.

Another external force is demographics, the human birth and death dynamics which
define the population’s age profile and their life cycles. Modelers are usually comfort-
able with predictions of demographic dynamics because they are not significantly sus-
ceptible to unexpected shocks. This is important for modelers because population is an
essential fuel of the city’s dynamic, i.e., even if hypothetically the economy remains
static, the urban system continues to change.

Nonetheless, the external conditions (or parameters) in the urban system are largely
a definition of the modeler, who decides what is included in the model and what is
assumed to be exogenous. Theoretically, this limit between external conditions and in-
ternal processes does not exist because the entire world’s socioeconomic system can be
considered as a complex set of interdependent mechanisms. Therefore, this boundary
is only a utilitarian definition necessary for developing models.

Behavior of Agents

Described by the set of utilities and profit functions, the behavior of agents, including
resident households, firms, and real estate developers, defines the internal or endoge-
nous dynamics of the urban market and drives the formation of macroscale structures
in the city. Indeed, given the external conditions, the allocation of agents in the space,
the use of land, the development of real estate units, the spatial profiles of the
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population, the floor-space densities, and the land and real estate rents are the result of
the signals defined by agents’ behavior.

The macrostructures of the city, i.e., the concentration of activities in special clus-
ters of socioeconomic groups, or the emergence of productive subcenters, etc., depend
on how agents behave in their location process, specifically with regard to the interac-
tions among agents. Therefore, the specification of these behavioral functions deter-
mines the emergence of the city structures.

At a general level, agents’ behavior can be considered to be dependent on the
following characteristics: their value of the interaction with other agents, i.e., some
form of accessibility or attractiveness; their sensitivity to prices; and their perceptions
of local conditions, i.e., location externalities and agglomeration economies. Agents
are also subject to feasibility conditions that limit their actions, such as income con-
straints and nonnegative profits. Thus, a simplified way of understanding the LU
model is to consider a model of generic agents, each one governed by a behavioral
rule (called utility or profit) but differentiated by the specific rule attached to each
one. Agents use the rule to evaluate the attributes of the system (i.e., to assess utility
or profit) and make optimal choices. This simplifies the modeling to the specification
of each agent’s behavioral function and the definition of the market equilibrium rules
that combine the behavior of all the individual agents.

In the case of households, the specification of rules considering location external-
ities, such as neighborhood quality indices, creates segregation structures among resi-
dent groups, whether socioeconomic, ethnic, religious, or other. These structures
emerge even without the influence of pecuniary effects (without the effect of land pri-
ces), e.g., when the location pattern is the result of only the value of locating a resi-
dence close to peers. The segregation of households by group type emerges even in
the theoretical case in which land prices are flat, i.e., land prices are equal everywhere
(Shelling, 1978). In the case of firms, agglomeration economies define the emergence
of clusters of firms and subcenters.

Additionally, for all agents, transportation costs mediate their location choices.
Thus, the extent to which agents value transportation costs (mainly travel time) and
quality is another force in the emergence of the structures of cities. Urban locations
are the result of multiple forces, in addition to land rents.

The Role of Constraints

Regulations in the urban system are usually more relevant and numerous than in other
competitive markets because planners seek social objectives that the unregulated mar-
ket may not provide. The presence of social externalities that are not internalized in
agents’ perceptions but that emerge as unwanted features of the market process,
e.g., socioeconomic segregation, high congestion, and environmental impacts, ex-
plains why cities continue to be regulated, whereas other markets have been largely
deregulated.

Subsidies and taxes represent another policy considered as a vehicle for socially and
environmentally sustainable cities. This policy has been applied to internalize conges-
tion costs in the transportation system, following the social objective of minimizing
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total transportation costs. In the LU system, subsidies have usually been applied as a
social policy to provide residential solutions for people who cannot afford it.

The impact of regulations and economic incentives on the equilibrium outcome
should not be ignored by modelers. They have a strong potential to shape cities
away from what a purely competitive market would dictate. Even if the impacts of reg-
ulations may eventually be overcome by market forces, they still have strong long-term
effects because the evolution of the city is guided by regulations and incentives, i.e.,
they create the prevailing city structures that create the future city.

This Chapter

In our discussion on the LU bid-auction equilibrium, we first address the short term
when supply is exogenous and then the long term, both without location externalities
and agglomeration economies. Next, we extend the model to the situation with exter-
nalities in the LU market and explain how to model constraints.

We examine the LU of a closed city, i.e., assuming that the population is exogenous
and inelastic, and where transportation and the production markets (goods and labor)
are considered to be exogenous to the equilibrium. These topics will be examined in
the next chapters, where these conditions are relaxed.

Because equilibrium is a feature at the market level, it is more intuitive to discuss
this topic considering the aggregated model, i.e., where bidders are categorized into
socioeconomic clusters denoted by h ˛ B, with Hh the number of members in each
cluster, and totaling a population of H agents in the city. Moreover, we assume that
the set of bidders at each auction is the population, i.e., B ¼ C, and in the cases where
certain bidders are forbidden in an auction, e.g., if regulations apply, this is modeled
using constraints as shown later. Real estate units are aggregated into zones and real
estate types, with Si units in each type of zone group i ˛ VI. Nevertheless, the disag-
gregated equilibrium is obtained by setting Hh ¼ Si ¼ 1, ch ˛ C, i ˛ VI in the
following equations.

5.2 Short-Term Land-Use Equilibrium

Short-term LU partial equilibrium is characterized by exogenous demand by cluster,
and supply by real estate type and zone, i.e., Hh and Si are given as the modeling sce-
nario. Additionally, transportation and production markets are also exogenous and
defined as a scenario for this equilibrium. In this context, the LU market equilibrium
considers the situation in which the total number of real estate supply units equals the
number of consumers (H), i.e., jVIj ¼ jBj ¼ H, with the set of bidders B ¼ Wi˛VI Bi.
Note that because the set of supply units VI is exogenous, building densities at each
location and the urban bounds are given.

This represents a situation where prices and location decisions are adjusted for an
exogenous supply. The assumption of exogenous supply is realistic in the short term
because new stock involves a construction period; thus, the location and building char-
acteristics of a real estate unit are decided some time before it is available on the mar-
ket, which is when the auctions take place.
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The short-term equilibrium conditions (STEqC):

1. Total supply equals total demand.
2. All agents are allocated.
3. Demand matches supply at each location.
4. Prices at the edge of the city match agriculture land rents.

We shall see that conditions 1 to 3 are mutually dependent. If demand matches sup-
ply at each location (condition 3), and all agents are allocated (condition 2), it follows
that total demand equals total supply because condition 1 is an aggregation of the other
two conditions. Hence, one of these conditions is redundant.

Total Demand Equals Supply

The bid-auction equilibrium yields the solution matrix MH ¼ {Hhi, h ˛ C, i ˛ VI},
which describes the allocation of consumers to available real estate units, subject to:P
h˛C
i˛VI

Hhi ¼ H ¼ P
h˛C

Hh ¼ P
i˛VI

Si.

Consumers’ Equilibrium

The second equilibrium condition is that the population of agents is allocated to the
available supply, what we call the consumers’ equilibrium.

Considering the bid-auction model discussed in Chapter 4, this equilibrium condi-
tion holds if:

Hh ¼
X
i˛VI

Hhi ¼
X
i˛VI

SiQh=iðu�Þ;ch˛C (5.1)

where Qh/i is the auction probability.
This equation guarantees that every consumer agent h is located somewhere, i.e.,

the consumer is the highest bidder at some of the available locations. For this condition
to hold, consumers’ relative utilities are adjusted to equilibrium values (u*), while
the solution depends on the probability model Qh/idlogit or frechitddefined in
Chapter 4.

Demand Equals Supply at Each Location

This condition assures that demand and supply match at each submarket, i.e., in each
zone and real estate type. This is expressed by:

Si ¼
X
h˛C

Hhi ¼
X
h˛C

HhPi=hðp�Þ;ci˛VI (5.2)

where Pi/h is the consumer choice probability. For this equation to hold, relative prices
are adjusted in the equilibrium of the auction process (p*).

Land-Use Stochastic Equilibrium 105



The City Boundary

Additionally, Alonso (1964) states that equilibrium land prices at the city limit should
match agricultural land rents. In the real estate model, however, the equivalent condi-
tion is that profit at the city limit should match the profit of renting the land for agri-
culture. For this condition to hold, relative prices should be adjusted to absolute values;
thus, utilities are also simultaneously adjusted. These adjustments must retain the rela-
tive values of the prices and utilities of the previous conditions.

Equilibrium of Utilities and Prices

The Logit Model

For Eq. (5.1) to hold, it is necessary that all consumers in the market (households and
firms) adjust their reservation utilities and profits simultaneously up to the level where
the equilibrium condition is satisfied assuming the logit bid-choice model. The
outcome of the auctions can be estimated by solving Eq. (5.1) for the equilibrium
utilities (or profits in the case of firms), denoted u*, such that:

X
i˛VI

SiQh=iðu�Þ ¼
X
i˛VI

Si
Hhe

bwhiðu�hÞP
g˛C

Hge
bwgiðu�gÞ ¼ Hh;ch˛C (5.3)

This equation defines a fixed-point problem on the set of equilibrium utilities, such
that u�h ¼ Fuðu�Þ;ch˛C. The solution of this fixed-point problem depends on the
specification of bid functions.

For the case of utilities linear in price, i.e., bids linear in utility,
whi
�
u�h
� ¼ yh � u�h

lh
þ fhðziÞ

lh
, the fixed-point equation is treatable. In this case, the equi-

librium problem can be written more conveniently using u�h ¼ u�h
lh
, and solving for u�h in

the numerator yields:

u�h ¼
1
b
ln

0
BB@X

i˛VI
Si

e
b

�
yhþfhðziÞ

lh

�
P
g˛C

Hgebwgiðu�Þ

1
CCA;ch˛C (5.4)

This equation can be written as: Fuðu�Þ ¼ 1
b
ln

 P
i˛VI

Si ebzhiP
g˛C

e
bðzgi�ugÞ

!
, with b, Si

and zhi ¼ Hhe
b

�
yhþfhðziÞ

lh

�
constants in this problem.

In Technical Note 5.1 we prove that Eq. (5.3) is the solution of a convex optimiza-
tion problem. The solution is unique in terms of normalized utilities because Eq. (5.4)
is invariant to an additive constant of utilities; i.e., if u� is the solution, then
ðu� þ cÞ ¼ Fuðu� þ cÞ.
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Let us now consider the equilibrium condition in Eq. (5.2):

Si ¼
X
h˛C

Hh
Siebðwhi�piÞP

j˛VI
Sjebðwhj�pjÞ;ci˛VI (5.5)

Solving for price pi in the numerator, we obtain the prices at equilibrium given by:

p�i ¼
1
b
ln

0
B@X

h˛C
Hh

ebðwhiÞP
j˛VISje

b
�
whj�p�j

�
1
CA;ci˛VI (5.6)

We now examine equilibrium Eqs (5.4) and (5.6) because utilities and prices
are mutually dependent. Let us define the location price as: p�i :¼ 1

b
ln�P

g˛C
HgebðwgiÞ

�
;ci˛VI, which, in Eq. (5.6), holds if Hh ¼

P
j˛VI

Sje
b
�
whj�p�j

�
. Using

this condition in Eq. (5.4) yields
P
i˛VI

Sie
bðwhiðu�hÞ�p�i Þ ¼ 1 for equilibrium utilities.

Then, Eq. (5.5) imposes that
P
h˛C

Hhe
bðwhiðu�hÞ�p�i Þ ¼ 1;ci˛VI, which holds by the

definition of bid probabilities.
We conclude that the solution of the equilibrium conditions in Eqs (5.3) and (5.5)

hold if:

u�h ¼
1
b
ln

 X
i˛VI

Sie
b

�
yh þ fhðziÞ

lh
�p�i

�!
;ch˛C (5.7)

p�i ðu�Þ ¼
1
b
ln

0
@X

g˛C
Hge

bwgiðu�gÞ
1
A;ci˛VI (5.8)

Note that the solution of equilibrium utilities in Eq. (5.4) is sufficient to calculate
equilibrium prices in Eq. (5.8). This is consistent with our conclusion in previous chap-
ters that in the bid-auction model, the equilibrium utilities define equilibrium prices or
that STEqC 3 presented earlier is redundant if STEqC 1 and 2 hold. To calculate the
solution on relative values of utilities, normalize utilities setting one element of the
vector at any constant (e.g. zero), and iterate Eq. (5.4) until convergence is attained;
then, use the result in Eq. (5.8) to obtain expected prices.

The economic interpretation of Eq. (5.7) is that because utilities are random vari-
ables, the equilibrium solution u* is the set of maximum expected utility that agents
can obtain on the market to outbid others somewhere and be allocated, with the cor-
responding location probability given by Qh/i(u*). Additionally, note that because con-
sumers bid with the same expected utility level u�h in all auctions, this implies that the
indifference condition holds.

Land-Use Stochastic Equilibrium 107



As expected, equilibrium utilities increase and prices decrease, with the supply size
given by jVIj, called the market supply thickness, due to the larger variety of options.
Conversely, prices increase with market demand thickness jCj, while utilities decrease.

From Relative to Absolute Prices

Mathematically, the fixed-point problem u ¼ FuðuÞ, with u ¼ �u�h;ch˛C
�

in
Eq. (5.4), is invariant for an additive constant k˛ℝ, i.e., it admits multiple solutions
because if u� is a solution, then u� þ k is also a solution because the constant cancels
out. Additionally, real estate prices comply with pðu� þ kÞ ¼ p � k. These multiple
solutions are reduced to a unique solution imposing the fourth equilibrium condition,
originally proposed by Alonso (1964), for the continuous monocentric city: land prices
at the edge of the city must equal agricultural land rents (denoted RA). The underlying
concept is that the land owner at the city limit must be indifferent to the use for selling
it. In the discrete model, this means holding no preference between selling the land for
agricultural use or for real estate development as long as the profits are equal.

The implementation of this condition implies the identification of the real estate
unit in the city that yields the minimum profit at the relative prices obtained from
Eq. (5.8), which we identify by i0 ˛ VI with qi0 its land size, i.e., we define
i0 ¼ argmini˛VI

�
piðu�Þ � ci

	
, with ci the building cost. Then, constant k is adjusted

appropriately to match its profit with the profit of renting this land for agriculture for a
value of qi0RA (ignoring any agricultural costs of LU). Thus, equalizing the expected
profits, we write: pi0ðu�Þ � k � ci0 ¼ qi0RA. Replacing Eq. (5.8) and solving for the
constant yields:

kðRAÞ ¼ 1
b
ln

2
4X
g˛C

ebwgi0ðu�gÞ
3
5� ci0 � qi0RA (5.9)

where development costs ci are known because the real estate supply is exogenous.
Because k(RA) is constant for all locations, u� þ kðRAÞ identifies a unique solution for
the fixed point in Eq. (5.4) and absolute prices for Eq. (5.8).

Nevertheless, this analysis is overly simplistic. Indeed, it is worth considering that
Alonso’s condition is restrictive for our more complex context because it assumes a
monocentric city with a circular border where agricultural rents are constant along
this border. It is more realistic to implement this basic idea but for heterogeneous agri-
cultural rents, given by a vector RA ¼ {RAk, k ˛ Ib 3 I}, where Ib is the set of locations
at the city border. In this case, we redefine K0 ¼ argmink˛Kb

�
pkðu�Þ � ck � RAk

	
and

apply the corresponding correction kðRAi0Þ to all prices and utilities. Because k(RA) is a
scalar, i.e., a constant adjustment of all prices in the city locations, it follows that the
profit at locations other than i0 is expected to exceed the agricultural land rents at the
city borders, (except at i0), generating a mismatch in the price profile at these borders,
i.e., a singularity in the form of a step on the land price profile from rural to urban land.
This mismatch in prices at certain borders is expected to induce urban sprawl in a dy-
namic process not captured in the static model. Although this method for adjusting
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prices to heterogeneous agricultural land values is more realistic, it is also more diffi-
cult to implement because it requires collecting not one value but a vector of values
{RAk}.

The underlying intuition of the constant adjustment is as follows. Consider the
case in which bidders’ reservation utilities and profits are high; thus, expected bid-
auction prices are low, such that the minimum profit at the “city border” (i.e., min-
imum profit location) is less than the profit yield if land is rented for agriculture.
The constant will be negative, and the adjustment reduces all the agents’ reservation
utilities and increases land prices at the border and everywhere in the city, up to a
match with agricultural land profits. Note that because real estate supply is exoge-
nous in this case, this adjustment only affects the profile of utilities, prices, profits,
densities, and the allocation of consumers but does not influence supply, city struc-
tures, or city size.

An important observation is that Eq. (5.9) assures the suppliers a positive expected
profit on all real estate units because the expected profit at the city limit is qi0RA > 0.
Notably, the price adjustment assumes that the suppliers have no reservation prices,
i.e., that they are willing to sell or rent at any price above the threshold RA per land unit.

The Frechit Model

In this case, bids are nonlinear at the utility level with a multiplicative form:

whiðuhÞ ¼ yhel
�1ð�uh þ fhðziÞÞ; additionally, Qh=i ¼ Hhw

b

hiP
g˛C

Hgw
b
gi

and pi=h ¼
Si

�
whi=pi

�b

P
j˛VI

Sj

�
whj


pj

�b.

Then, the equilibrium utilities’ fixed-point problem derived from Eq. (5.1) is

u�h ¼
1
b
ln

 X
i˛VI

Si

"
yh,el

�1fhðziÞ

piðu�Þ

#b!
;ch˛C (5.10)

with

piðu�Þ ¼
2
4X
g˛C

Hgwgiðu�Þb
3
5

1
b

(5.11)

In this case,
P
g˛C

Hg

�
wgi=pi

�b

¼ 1 holds for pi ¼ pi(u*).

Note that Eq. (5.10) is also invariant for an additive constant, although this is not the
case for prices because piðu� þ kÞ ¼ piðu�Þe�k for any constant k˛ℝ. Additionally,
the solution of equilibrium utilities is unique (see Technical Note 5.1); optimal utility
and real estate prices are calculated simultaneously and iteratively using Eqs (5.10) and
(5.11); Alternatively, utilities can be calculated directly solving by iterations the fixed-
point Eq. (5.10) after replacing prices by Eq. (5.11).
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Here, the price adjustment to agricultural land values yields:

kðRAÞ ¼ 1
b
ln

2
4X
g˛C

wgi0

�
u�g
�b35� ln

�
ci0 þ qi0RA

�
(5.12)

with i0 defined above.

Comments on Short-Term Equilibrium

Technically, there is a unique solution for short-run equilibrium, defined in Eq. (5.1),
given for utilities normalized by an additive constant. This holds only if the total sup-
ply equals the total demand, i.e., S ¼ H. In this case, the iterative algorithm
ut ¼ Fu(ut�1) converges for any initial value ut¼0; (see the proof in Technical
Note 5.1). The solution does not exist if

P
i˛VI

Si < H because total demand is inelastic;

equilibrium conditions are not unique if
P
i˛VI

Si > H because there are multiple sets of

unsold (unused) real estate units with one equilibrium solution for each set.
The algorithm for calculating equilibrium has two general steps: first, solve the

fixed-point equations on relative utilities to obtain u� þ k and calculate relative equi-
librium prices pðu� þ kÞ and second, find the minimum profit real estate unit i0, calcu-
late k(RA) for the corresponding model (logit or frechit), and adjust equilibrium utilities
and prices to obtain absolute values.

Denote by 4ST ¼ ({Hh},{Si}, Z(T), RA, E) the set of parameters defining the short-
term exogenous scenario: {Hh} is the population by cluster; {Si} the supply by real
estate type and location; Z(T) the location attributes (including accessibility measures
that are dependent on the transportation system denoted as T); RA the agricultural land
rents; and E the set of parameters defining the economy, i.e., the prices of goods and
salaries. Then, the short-term equilibrium is denoted by:

Xðu;4stÞ ¼ ��u�h	 ¼ Fu� (5.13)

The economic mechanism of the short-term LU equilibrium has several topics to
revise regarding the dynamics of the cities; in this analysis, other variables are consid-
ered ceteris paribus. An increase in agricultural land rents is an external shock that
causes a reduction in the constant k(RA) and thus an equal reduction in utilities for
all agents and an increase in prices everywhere. In the short run, however, the logit
and frechit models presented earlier predict that agents’ allocations are unaffected
because bid-auction probabilities are insensitive to constant change in utilities across
individuals for quasi-linear utilities, even though the induced change in prices has a
different impact on the income constraint across consumers. This counterintuitive
feature is a shortcoming of these models, not of these random models per se, but
caused by the simplistic formulation of utilities, i.e., the model does not eliminate con-
sumers from the market when prices exceed their income constraints. Instead, every
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consumer is allocated at equilibrium. To address this topic properly, we extend the
model below, explicitly modeling the constraints regarding the behavior of the agents.

The impact of an increase in the population’s incomes induces an increase in util-
ities and prices, impelling urban sprawl because residents outbid agricultural activity in
a wider area. An important observation is that the increase in land prices represents
the capitalization of the wealth of the population into land values, captured in the
model through the change in willingness to pay.

Notably, in a scenario with higher prices induced by exogenous forces such as agri-
cultural land rents, consumers would tend to compensate utility in their willingness to
pay with lower land inputs and transportation costs, thus increasing the demand for real
estate units with a smaller size (higher density) at locations closer to the center of the
city. However, because equilibrium supply is exogenous in the short term, such
compensation is not realized, and in a short period of time, available suppliers capi-
talize on the shock in prices until the supply is adjusted.

5.3 Long-Term Land-Use Equilibrium

Long-term equilibrium considers the short-term equilibrium conditions but with an
endogenous supply. That is, total demand is exogenous and satisfied by the supply
at any point in time, i.e., H ¼ P

i˛VI
SiðpÞ. The demand for real estate units at any loca-

tion is also satisfied because the amount of supply of each real estate type is elastic with
regard to prices. These conditions are assumed to hold in the long term, depending on
the exogenous scenario 4LT ¼ ({Hh}, Z(T), RA, E) defining the demography, accessi-
bility, and the economy, respectively.

The long-term equilibrium condition defines the supply of real estate units at each
location, the city’s boundaries, the building density profile, and the city’s structures. In
this case, the auction process leads to a situation in which consumers attain maximum
utility and suppliers simultaneously attain maximum profit, a process known as a dou-
ble matching mechanism.

The supplier’s stochastic profit model is

SiðpÞ ¼ HPs
i ðpÞ;ci˛VI� (5.14)

with Ps
i ðpÞ � 1 the probability that the real estate type i is supplied according to the

maximum profit rule. Notably, Eq. (5.14) applies for a set of real estate options that is
also endogenously defined at equilibrium, denoted by the optimum set VI*. This means
that the city border is endogenous. This topic will be discussed later.

The supply probability model was discussed in Chapter 4.

1. The logit maximum profit model is the MNL model:

Siðp�Þ ¼ H
eqpðp�i �ciÞP

j˛VI�
eqpðp�j �cjÞ;ci˛VI� (5.15)
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where logit equilibrium prices are given by Eq. (5.8). Notice that p�i ¼ p�i ðu�Þ with
u�h ¼ u�hðSðp�ÞÞ. Then, we conclude that in the absence of scale economies (discussed
below), the solution of the long-term logit equilibrium is given by the set of fixed point
equations u ¼ Fuðu; SðuÞÞ.

2. The frechit maximum profit model is the MNF model:

SiðpÞ ¼ H
p
�
p�i


ci
�q

P
j˛VI�

p
�
p�j
.
cj
�q;ci˛VI� (5.16)

with frechit equilibrium prices given in Eq. (5.11). As before, this yields the fixed point
problem u ¼ Fuðu; SðuÞÞ.

Scale Economies and Land Price Dependency in Supply Costs

In the previous analysis, we assumed exogenous production costs in the real estate sup-
ply industry. However, in Chapter 3 we discussed production costs of real estate units
theoretically, indicating that they depend on real estate prices and on the scale of the
development project, which can be expressed as ci ¼ c(pi, Si). The price in the cost
function represents the vector pi˛VI ¼ {pvi, v ˛ V, i ˛ I} and is the cost of the land
input taken from the redevelopment of land at the same location. Under scale econo-
mies, the cost also depends on the number of units produced.

Recognizing the more complex and realistic costs, the supply model (SM) is

Siðp; SÞ ¼ HPs
i ðp; SÞ (5.17)

where {Si(p, S)} and the supply probability Ps
i ðp; SÞ are specific to the logit and frechit

models. Solving this equation, we obtain the number of equal real estate units at each
location of the city. This expression represents a supply fixed-point problem, denoted
as Si ¼ Fs(p, S), which is conditional on the equilibrium prices.

Notice that Eq. (5.17) has the same mathematical form as the logit or frechit fixed-
point problems of the location model with externalities that are analyzed in Technical
Note 5.2. Therefore, if the variance of the SM complies with the bounds for the param-
eter of the probability Ps

i ðp; SÞ, as discussed in Technical Note 5.2, then it is guaranteed
that Fs has a unique solution, and the succession converges to the solution.

Economically, this model represents a complex decision-making process for sup-
pliers because identifying their optimal supply choice implies the ability to evaluate
all alternative real estate choices and to identify and exploit production scale econo-
mies. This complexity creates an information barrier that justifies market segmentation
in production at least partially, for example, by housing type, size of projects, and areas
of the city. Such specialization of the market can be modeled assuming heterogeneous
producers facing different production costs.
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The Optimal Supply Choice Set

The supply given by Eq. (5.17) is conditional on the real estate and location options
denoted by set VI*. We shall now analyze the optimal choice set of real estate units
on which both the logit and frechit equilibrium models depend. Indeed, in contrast
to the short-term case, here the choice set VI* is endogenous. This issue arises
when using the discrete choice theory, in which the choice set is considered to be exog-
enous. However, this assumption is inconsistent with the long-term LU problem, in
which the choice set and the city’s limit are endogenously defined by optional
locations.

The problem that we must address is that for any set VI that is arbitrarily large, the
logit and frechit probabilistic models yield a positive supply to all alternatives in that
set, i.e., Si(p) > 0, ci ˛ VI. This causes a problem in the discrete model because the
numbers of units supplied at each location depend on the size of this choice set
assumed to be exogenous by the modeler. In other words, unless there is a model of
the optimal choice set, the modeler is compelled to define ex ante the borders of the
city.

To identify the optimal choice set of real estate alternatives within the urban border
{i ˛ VI* 4 VI}, the market must follow the rational rule of choosing the choice set
VI* that yields the maximum profit. To implement this rule, we consider an arbitrarily
large set VI, calculate equilibrium, and reindex real estate units in descending expected
profit order, that is, pm¼1 � pm¼2 /� pm¼H � pm¼Hþ1 /� pm¼jVIj. Then, we iden-
tify the critical location m* that complies with the following condition: pm¼m� �
pA > pm¼m�þ1, with pA the profit of renting land for agriculture. The solution set is
VI* ¼ {m ¼ 1,.,m*}. With VI*, we can apply the price adjustment procedure
k(RA) discussed above, with i0 ¼ m*.

However, a difficulty arises here because the order of the profits is not indifferent to
the equilibrium and to the adjustment of prices, as seen in Eqs (5.8) and (5.11) with
k(RA). This induces an iterative procedure where, at iteration n, we calculate equilib-
rium for the set of alternatives VIn (n ¼ 1,2,.), adjust the constant kn(RA), and update
prices. We then reindex profits in descending order to find VInþ1, continue increment-
ing n, and proceed iteratively until VIn stabilizes. However, this iterative procedure
may be highly demanding on computing resources.

A convenient and more efficient alternative algorithm is as follows. Define the
probability that a candidate real estate unit i from the set VI belongs to the optimal
set VI*, called PVI

i . This represents the probability that the profit of the candidate ex-
ceeds the profit yield of agricultural use of the land:

PVI
i ¼ Probðpi � qiRAiÞ;ci˛VI (5.18)

This probability is calculated for an exogenous and large set VI.
In this case, the profit-ordering procedure is unnecessary. However, we note that the

profit is calculated for the equilibrium, conditional on set VI. The iterative procedure is
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avoided if this probability is calculated endogenously and simultaneously with the
equilibrium. The implementation of this method requires defining constrained proba-
bilities to comply with Eq. (5.18), a topic we shall discuss later in this chapter.

Comments on Long-Term Equilibrium

To summarize, the long-term equilibrium, denoted by Xðx;4Þ with x ¼ (u, p,{Si},VI)
the set of endogenous variables, is described by the tuple of fixed points:

X
�
x;4LT� ¼ ��u�h	 ¼ Fu;

�
p�i
	 ¼ Fp;

�
S�i
	 ¼ Fs;VI�

�
(5.19)

which is conditional on the scenario given by the set 4LT ¼ ({Hh}, Z(T), RA, E): the
city’s population vector (by cluster), transportation accessibility, the agricultural land
rent, and economic conditions. The size of this system of equations is given by the
number of consumer clusters jCj and real estate types jVIj, as: jCj for Fp plus jVIj for
Fp and for Fs; i.e., jCj þ 2jVIj equations, which equals the number of variables
({uh},{pi},{Si}).

The dynamics of this long-term equilibrium represent a complex system. For
example, an external demographic shock induces higher building densities as the re-
action of suppliers to higher demand and expected prices at every location, which leads
to higher land values and thus higher profit by creating real estate options with less
intensive land input. A shock increasing agricultural land rents induces higher prices
and thus a shrinking city with higher densities and lower utilities, leading to con-
sumers’ losses and producers’ surpluses.

5.4 Long-Term Equilibrium With Externalities

In the previous sections, externalities were ignored. For example, in the logit model,
households are assumed to bid according to whiðuhÞ ¼ yh � uh

lh
þ fhðziÞ and firms to

bid according to whiðphÞ ¼ yh � ph
lh

þ fhðziÞ, with all attributes described in zi
assumed to be exogenous. The implicit assumption is that the relocation of agents
does not affect consumer bids. This can represent a short-term situation where only
a small fraction of the city’s total stock, including old and new, is offered on the mar-
ket, such that the impact of the (re)location of residents and activities, i.e., households
and firms, is negligible in the calculation of bids.

Now we consider the case where the number of relocations and new agents is high
enough to affect residents’ perceptions, that is, the long run. It also represents the sit-
uation of agents with perfect foresight, where consumers can forecast the relocation
process occurring in the market and are thus able to anticipate the change in LU
when they evaluate their bids.

We consider two types of externalities. In the case of households, changes in LU
affect the quality of the neighbors, a phenomenon known as location externality. In
the case of firms, such changes affect agglomeration economies. Mathematically,
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both externalities are similar and induce a complex system. The actual form of the ex-
ternality in the bids function was discussed previously in Chapter 3; therefore, we will
focus here on the calculation of equilibrium.

Both location externalities and agglomeration economies induce push (repulsion)
and pull (attraction) forces in different agents at the individual agent level. They
may combine both forces, for example, when the households value the neighbor qual-
ity because of the level and quality of services and labor opportunities (a push force)
but may assess the high density of these types of locations negatively. These microin-
teractions at the agent level give rise to one of the most relevant structures at the city
level: the spatial segregation of the population, differentiating areas according to socio-
economic, ethnic, religious, and other such factors, and the spatial allocation of eco-
nomic activity. These interactions explain the majority of the urban structures
shown in Fig. 5.1.

Location externalities and agglomeration economies are represented in the
willingness-to-pay function by the agents’ evaluations of the LU pattern. The push
and pull attributes are included in vector zi. The important feature for equilibrium anal-
ysis is that these attributes evolve with the allocation of agents as endogenous attri-
butes denoted as zi ¼ gðH$ivÞ, where H$iv ¼ ðHhi;ch˛C; i˛ivÞ is the vector of the
allocation of activities (residential and nonresidential), with iv denoting the set of lo-
cations or zones defining the neighbor of location i. The most common attributes
mentioned in the literature are the population and buildings density in the neighbor-
hood, where the definition of neighbors in applied studies is usually the administrative
zoning.

These endogenous attributes define the interactions among all the residents’ deci-
sions, induce the agents’ location decisions and LU change, and are modeled by
bid-auction probabilities, with Hhi ¼ SiQh=iðHhivÞ and H$iv ¼ g

�
Q$=v

�
. Thus, these

externalities induce another fixed-point problem in the location model.
In the case of the multinomial logit (MNL) bid-auction model, the location fixed

point is

Hh=i ¼ Si
ebwhiðH$iv ÞP

g˛C
ebwgiðH$iv Þ;ch˛C; i˛VI (5.20)

In the case of the multinomial frechit bid-auction model, the fixed point is

Hh=i ¼
whiðH$ivÞbP

g˛C
wgiðH$ivÞb

;ch˛C; i˛VI (5.21)

The mathematical properties of logit and frechit multinomial models with external-
ities guarantee that a unique solution exists and that the succession converges to the
solution. However, as proved in Technical Note 5.2, this conclusion holds only if
the shape parameter b is below a maximum, i.e., for a minimum variance in the
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stochastic bids. This result means that the variability in the location choice process
softens the reaction of agents after a relocation of neighboring agents, thus reducing
the strength of the cascade changes induced by location externalities.

This result deserves special attention because it is very powerful to calculate the
location equilibrium in the complex context with push and pull externalities. Indeed,
this is exceptional because most other models yield multiple equilibria and conver-
gence is not guaranteed. This valuable property of logit and frechit models is usually
not emphasized sufficiently, although it provides a tool for studying complex urban
systems with heterogeneous agents and microinteractions on a detailed spatial scale.
Moreover, this property applies to a wide variety of problems in the social sciences
that can be characterized as complex interactions among individuals.

Thus, the long-term equilibrium with externalities is

X
�
x;4LT� ¼ ��u�h	 ¼ Fu;

�
p�i
	 ¼ Fp;

�
S�i
	 ¼ Fs;VI�;Q ¼ FQ� (5.22)

with FQ the fixed point Eqs (5.20) and (5.21). The number of equations defining this
equilibrium increases significantly to jCj þ 2jVIj þ (jCj,jVIj) compared with the
same case without externalities. The basic ideas of the long-term equilibrium
Xðx;fLTÞ of Eq. (5.22) with several fixed-point problems were first formulated for the
logit model in Martínez and Henríquez (2007) and called the random bidding and
supply model (RB&SM).

Location externalities generate nontrivial city structures. For example, as popula-
tion and city size increase, higher transportation costs are mitigated by the emergence
of subcenters, which are created because the firms profits increase by reducing the la-
bor travel cost. This also makes jobs and services more accessible from outer residen-
tial locations (a pull force), leading to urban sprawl. These dynamics of the location
patterns of firms and residences are fueled by the evolution of demographics and con-
sumers income (i.e., by economics). Another classic example of location externalities
is the emergence of segregated cities based on socioeconomic, ethnic, religious, and
other differences. In this case, as the majority group moves to areas where peers
live (pull force among peers) or where land is rural, the prices of these areas increase
because of the increased demand, shown by higher willingness to pay, making this area
less affordable for the poor or less attractive for nonpeers (a push force), which leads to
patterns of sociospatial segregation.

5.5 Maximization of Total Surplus

We have obtained the LU equilibrium solution by solving the following set of
constraints:

X
i˛VI

Hhi ¼ Hh;ch˛C (5.23)

X
h˛C

Hhi ¼ Si;ci˛VI (5.24)
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where Si is exogenous in the short-term model and endogenous in the long-term model.
If we assume the logit bid-auction probability, such that:

Hhi ¼ SiQh=i ¼ SiHhe
bðzhi�u�h�p�i Þ;ch˛C; i˛VI (5.25)

with zhi ¼ yh þ fhðziÞ
lh

, the solution yields Eqs (5.7) and (5.8):

u�h ¼
1
b
ln

 X
i˛VI

Sie
bðzhi�p�i Þ

!
;ch˛C (5.26)

p�i ¼
1
b
ln

0
@X

g˛C
Hge

bðzgi�u�gÞ
1
A;ci˛VI (5.27)

To analyze the socioeconomic impact of the logit LU equilibrium allocation, it is
convenient to consider the following equivalent optimization problem (Bravo et al.,
2010):

ðPÞmax
Hhi

JðfHhigÞ ¼
X
h˛C
i˛VI

Hhizhi � 1
b

X
h˛C
i˛VI

Hhi½lnðHhiÞ � 1� (5.28)

subject to:

X
i˛I

Hhi ¼ Hh ð1Þ

X
h˛C

Hhi ¼ Si ð2Þ

which represents the doubly constrained entropy model of the LU problem. The long-
term model can be represented by the elastic supply Si ¼ S(pi).

The primal entropy problem (P) reproduces the auction LU short-term logit equilib-
rium discussed in the previous chapter. In this formulation, the optimization function
J({Hhi}) is interpreted directly as themaximization of total benefit obtained from loca-
tion accessibility and other attributes (zhi), given by the sum of elementary benefits
Hhi zhi. The maximization occurs in the stochastic process modeled by the entropy
term, given by the second term.

The standard solution of problem (P) is

Hhi ¼ SiHhe
bðzhi�u�h�p�i Þ;ch˛C; i˛VI (5.29)
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with u�h and p
�
i known as balancing factors in entropy literature. These factors replicate

Eqs (5.7) and (5.8). The solution is unique and can be obtained using the bipropor-
tional matrix method of Macgill (1977).

Additionally, the entropy optimization problem (P) provides a standard interpreta-
tion of the Lagrange multipliers. These factors represent the marginal increment of the
objective function, i.e., the marginal increment in benefits. Then, in Eq. (5.28)
constraint (1) yields the optimal utilities, u�, representing the consumers’ marginal
benefit, and (2) yields the optimal prices, p*, representing the marginal suppliers’
profit.

The total benefit at equilibrium is calculated by evaluatingJ({Hhi}) at the solution
H�
hi ¼ SiHhe

bðzhi�u�h�p�i Þ, which yields

J
��

H�
hi

	� ¼ X
h˛C

Hh

�
u�h �

1
b
lnðHhÞ

�
þ
X
i˛VI

Si

�
p�i �

1
b
lnðSiÞ

�
þ H

b
(5.30)

For details, see Technical Note 5.3.
The primal LU optimization problem (P) yields a socioeconomic surplus (Eq. 5.30)

equal to the sum of the consumers’ utilities and suppliers’ profits, with both reduced by
the logarithm of the respective constraints, plus a positive system constant b�1H. This
last constant term is a social benefit that increases with the population size of the city,
which emerges from the entropy model. (This result is shown, for example, in the trip
distribution model in Martínez and Araya, 2000.) We therefore further conclude that
the MNL model of the LU equilibrium problem can be formulated as the entropy
doubly constrained model, which is in line with Anas’ (1983) conclusions on the
entropy-logit equivalency.

This formulation provides the interpretation that the solution of the LUT model
maximizes total social economic surplus, also called the utilitarian or Benthamite
(in honor to Jeremy Bentham) welfare function (W), i.e., social welfare is measured

as the sum of individuals’ utilities: W ¼ PN
n¼1

wi, with N the population of the society

considered (e.g., the nation). However, other measures for social welfare are associated
with different views and measurement techniques; for example, for a concern about
living in an equalitarian society, John Rawls proposed the minimum utility
W ¼ max

�
minn¼1;.;Nwi

�
, which emphasizes the social value of the poorest, and

Amartya Sen proposed W ¼ 1
N

� PN
n¼1

wi

�
ð1 � GÞ, with G the Gini index; for these

other social objectives, the market equilibrium is not optimum in the general case.

5.6 Modeling Constrained Choices

The behavior of consumers and suppliers in the LU system is subject to numerous con-
straints that should be modeled to properly represent the agents’ reactions to such con-
straints. Constraints induce a highly influential nonlinear utility with high impact in the
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choice process; in fact, in many cases, constraints may be dominant in the choice pro-
cess. Although implementing constraints makes the model much more realistic, they
also make the calculation of equilibrium in the model more complex.

This complexity is such that the majority of applied models avoid the explicit rep-
resentation of constraints. For example, a MNL model may not represent income con-
straints in the utility function explicitly; i.e., the price of a choice may increase above
the income level, but the corresponding bid-auction probability is not null, which is to
say the agents cannot afford a location that the model still assigns a nonnull probability
of being the best bidder. Another example is a supply probability model that develops
profitable locations although land is constrained by planning regulations.

The origin of all these problems is the misspecification of behavior rules, which
consider unbounded utilities and profits that theoretically can be circumvented if indi-
rect utilities and profits properly represent these constraints. However, implementing
bounded behavioral rules requires complex nonlinear utility and profit functions,
which are usually noncontinuous, thereby leading to unstable models and making
the equilibrium calculation highly demanding with regard to computer power and
requiring sophisticated algorithms.

Therefore, in this section we address methods to represent constraints in the logit
and frechit models that are able to reduce the computational and algorithmic burden
in calculating equilibrium, and perhaps more importantly, preserve the mathematical
properties of the equilibrium. These methods address two cases: first, when agents’
behavior is constrained by thresholds affecting utility or profit functions, such as con-
sumers’ income constraints, and second, when the choice set is constrained by external
conditions that eliminate certain alternatives, as was discussed for the long-term
equilibrium.

Mathematically, consider the behavioral rule maxshðziÞ, with the vector of K attri-
butes zi ¼ {zki, k ¼ 1,., K; i ˛ I} and sh an unbounded rule that represents a utility or
a profit function. The problem is

maxi˛IshðziÞ
subject to : sh � Gh

zki � Zk

i˛I�h3I

(5.31)

with the constraints here assumed as upper bounds (lower bounds are similarly
modeled), representing the different cases: agents’ bounds on utilities or profits (Gh),
on attributes (Zk), and on the feasible choice set for agent h, I�h . Thus, this problem
generalizes the constrained choice processes of any consumer or supplier agent.

We now consider a method that introduces explicit constraints in a choice process
modeled by MNL or MNF models. Specifically, this method can be applied for the bid
auction (Qh/i(w)), consumers’ choice (Pi/h(w � p)) and supplier’ choice

�
PS
i ðpÞ

�
prob-

abilities, with s-functions representing bids w, surplus w � p, and profit p respectively.
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Research on the constrained choice problems in random utility modeling offers
several methods. Manski’s (1977) work models the choice set generation explicitly,
reducing the options to the feasible set. This approach faces the difficulty of a combi-
natorial search problem; for each subset of alternatives, the method calculates the
choice probability multiplied by the probability of being a feasible set, for example,
in the case of spatial sets and the combinatory of subsets of locations that would be
analyzed with this method. Regarding this approach, see also Swait and Ben-Akiva
(1987) and Ben-Akiva and Boccara (1995).

An alternative approach assumes that all potential alternatives are feasible but pe-
nalizes those that are not available with a negative factor in the behavior rule. The pen-
alties, instead of eliminating infeasible alternatives, strongly repel their choice,
drastically reducing the choice probability to very low values. This approach was
implemented by Cascetta and Papola (2001), Swait (2001), and Martínez et al.
(2009) with different implementation techniques. To explain this approach, we
consider the first two sets of constraints in Eq. (5.31) and write them more simply
as xk � xk � 0, with k the index for the set of constraints, and xk the upper constraint
for xk. Then, the constrained choice problem is modeled as the following unconstrained
problem: maxi˛Ishðzi; hðxÞÞ, with h(x) the penalty factor. The third constraint simply
defines the set of alternatives available in the market.

The Constrained Choice Models

The constrained multinomial logit model (CMNL) proposed by Martínez et al. (2009)
assumes that x is a random variable and defines the binomial probability of these vari-
ables as belonging to the feasible set, denoted by f(x) and called the cutoff factor.
Then, the CMNL choice probability of problem in Eq. (5.31) is

Pi ¼ fðxiÞemsðxiÞP
j˛VI

fðxjÞemsðxjÞ
(5.32)

where xi is the vector of attributes of the i
th alternative and m is a shape parameter of the

choice model. In the general case, f may represent several constraints, not a single
constraint, associated with each alternative in the choice set. In this case, we can define
a vector of cutoffs {f(xki), k ˛ K} and the joint cutoff fðxiÞ ¼ Q

k˛K
fðxkiÞ, which

defines the joint probability of the alternative of belonging to the feasible space defined
by the set of independent constraints.

The logit binomial cutoff is

fUðxkiÞ ¼ 1

1þ ehðxki�xkþrkÞ;f
LðxkiÞ ¼ 1

1þ ehðxk�xkiþrkÞ (5.33)

where fU(xki) models an upper bound and fL(xki) a lower bound of xki. Fig. 5.3
depicts the binomial lower and upper cutoff functions. Notice that at the boundary 4 is
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not null, with the position parameter rk defining the choice probability at the boundary,
i.e., fðxkÞ ¼ 1

1þehrk . We interpret this probability as the model tolerance of violating
the constraint. Defining the constraint tolerance parameter rk such that the tolerance is
as low as desired, is recommended. Hence, in the CMNL model, there is a nonnull
probability that a choice violating the constraint is considered as feasible and as being
chosen.

The shape parameter h of the binomial logit defines the steepness of the probability
function in the neighbor of the constraints, that is, where xki � xk z 0. As shown in
Fig. 5.4, if h increases, the implicit variance of the cutoff decreases, and the cutoff
has a faster effect as xki/xk .

Figure 5.3 The upper and lower binomial cutoffs.

Figure 5.4 The steepness of the binomial cutoff.
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The method can be extended to consider a frechit binomial cutoff, such that:

Pi ¼ fðxiÞsðxiÞmP
j˛VI

fðxjÞsðxjÞm (5.34)

with

fUðxkiÞ ¼ 1

1�
�
xki þ r

xk þ r

�h

fLðxkiÞ ¼ 1

1�
�
xk þ r

xki þ r

�h

(5.35)

The parameter h is proportional to the inverse of the binomial probability model and
controls the tolerance in violating the constraint, i.e., it controls the probability of
violating each constraint. When h > 0 increases (variance decreases), the probability
is reduced up to the limit h /Nwhere the violation tends to zero. Thus, in the con-
strained choice model, bounds are made to comply with a probability.

To interpret the cutoff as a penalty, it is useful to rewrite Eqs (5.32) and (5.34),
embedding the cutoff factor in the behavior rule by adding 1

=m lnðfÞ in the logitmodel

and by multiplying the behavior rule by f
1
=m in the frechit case. In this formulation,

these terms are interpreted as the respective penalty factors of the behavior rule, adjust-
ing utilities and profits to minimum values when a constraint is violated, thus reducing
the choice probability, not to zero, but to a minimum. In other words, these penalties
are innocuous in the interior of the feasible set but activate a push back effect once the
alternative violates any constraint.

The CMNL and the extension to the frechit constrained choice models represent a
heuristic approach because they only approximate Manski’s (1977) original model.
Nevertheless, they have the merit of a minimum computational additional cost in
calculating equilibrium compared with the corresponding choice model without con-
straints. The simplicity can be seen in Eqs (5.32) and (5.34) because the model remains
as with logit and frechit probability functions and the corresponding properties prevail.

In the LU equilibrium, the application of cutoffs for modeling the optimal real estate
set, where the bid-auction probabilities are modified with cutoffs, is interpreted as the
following joint choice model: the choice of a specific real estate alternative in the uni-
verse of real estate alternatives (VI) depends on that alternative being feasible, i.e.,
belonging to VI*. In the case of supply subject to regulations, the supply probability
is conditional on the real estate unit(s) fulfilling the regulation conditions.

We interpret the CMNL model as accepting a controlled degree of tolerance (exter-
nally defined by parameters r and h), which is justified conceptually by considering
that the constraint is perceived by the agent, but there is a degree of uncertainty in
the perception. Thus, for example, income is a constraint, but how much this constraint
is violated in the neighborhood of the agent’s income is difficult to assess with high
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precision given the large and variable set of goods on which the total income is spent.
Then, in this context, the perception of a constraint being violated is evaluated with
errors.

The Constrained Entropy

An alternative approach to incorporating constraints in a random choice process is pro-
posed in Martínez and Henríquez (2007). This approach was inspired by the entropy
model (see Technical Notes in Chapter 2) and has proven to be useful in contexts
where aggregated choices are bounded to external totals, such as when total popula-
tion, supply, or costs are known. Therefore, predicted choices must comply with
them. For example, consider the following entropy problem:

xhi ¼ maxi˛VIðshðziÞ � bðlnðsÞ � 1ÞÞ
subject to :

P
i˛VI

xki � Xk ck˛KðakÞP
i˛VI

bkxki � Bk ck˛KðgkÞ
(5.36)

where ak and gk are the Lagrangian multipliers of the respective constraints. This
optimization problem leads to an unconstrained optimization problem whose solu-
tion is equivalent to the logit model with penalizing factors ak’s and gk’s. These
multipliers may be calculated in the equilibrium model using the well-known method
explained in Technical Note 2.1 for balancing factors, which yields a fixed-point
problem of a coercive function that converges very efficiently to the solution.
The difference between this approach and the binomial cutoffs is that in this case, the
penalizing factors are not probabilities but rather positive multipliers such that
ak > 0 if

P
i˛VI

xki � Xk � 0 and ak ¼ 0 otherwise; similarly with gk’s. This implies

that if the choice is not feasible, it is not chosen at all.
A difficulty with this approach, however, is that it requires solving the fixed-point

problem. In addition, the model is discontinuous at ak ¼ 0 and gk ¼ 0. This is
addressed in Martínez and Henríquez (2007) with a heuristic algorithm. Additionally,
it is not useful to model constraints on the agent’s behavior rule (e.g., income
constraint) because it only applies to bounds on the aggregates of model outputs or
choices. However, one advantage is that bounds are modeled as hard constraints,
i.e., constraints are deterministically complied, not only up to a probability.

Thus, bounds can be represented in the LU equilibrium model in two ways: as soft
cutoff constraints by a binomial choice formulation or as hard constraints by classic
balancing (entropy) factors. Because both methods represent a Lagrange method, these
penalizing factors have an economic interpretation: they represent the shadow price of
the constraint, i.e., they are interpreted as the increase of the objective function under a
marginal relaxation of the constraint. For example, a penalizing factor in the SM asso-
ciated with a planning regulation represents the expected extra profit that the supplier
can obtain if the regulation is relaxed marginally. Another example is if the constraint
is the household’s income, these factors represent the impact on the consumers’ wel-
fare (or utility) caused by a marginal increase in the households’ income. These factors
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provide valuable information regarding the impact on the system induced by the city
conditions, called the scenario. Therefore, the planner can design policies oriented by
this information. For more details, see Martínez et al. (2009) and Castro et al. (2013).

The Impact on Land-Use Equilibrium

The relevance of constraints on the LU model can be assessed by analyzing their
impact on the market equilibrium. There are two cases: constraints on consumers
and constraints on real estate supply.

In the first case, the penalizing factor, either CMNL, CMNF or entropy factor, mod-
ifies the consumers’ willingness to pay, directly affecting equilibrium utilities (Eqs 5.7
and 5.10), which affects real estate prices (Eqs 5.8 and 5.11) and adjustments of prices
(Eqs 5.9 and 5.12). A simple way to understand the impact of these penalizing factors
is to consider them as nonlinear attributes in the willingness-to-pay function. For
example, the income constraint imposes upper bounds on bids, prices and utilities.
In the case of constraints representing the thresholds of attributes, such as maximum
density, they introduce an endogenous variable if the threshold depends on the location
pattern (e.g., densities). Mathematically, neither the parameters nor the endogenous
penalties affect the uniqueness of an equilibrium solution or the solution algorithm
because they represent either constants in the equilibrium fixed-point problems in
Eqs (5.7) and (5.10) or an externality in Eqs (5.20) and (5.21).

Economically, constraints on agents’ behavior alter the equilibrium solution. For
example, consider a reduction in certain household clusters’ incomes to observe that
the model predicts an equilibrium where bids are reduced, inducing lower prices
and higher densities everywhere and a smaller city.

In the case of constraints on real estate supply, the most common constraints are
planning regulations, usually defined by a zoning system. The associated penalizing
factors affect the suppliers’ profit in the equilibrium, which can be analyzed by inter-
preting them as supply costs, represented as parameters or endogenous variables.
Endogenous penalties are mathematically equivalent to the case of scale economies
represented in Eq. (5.17). Thus, the properties of a unique solution and the conver-
gence of the solution algorithm prevail for exogenous and endogenous penalizing
factors.

Economically, constraints in the supply of real estate have an impact on real estate
development costs differentiated by real building types, inducing a specific profile of
development and densities in the city. For example, a regulation on maximum densities
differentiated by zones is represented by zone-specific penalizing factors or costs,
affecting profits and urban development. Furthermore, the impact on supply percolates
into equilibrium utilities to satisfy equilibrium conditions and then into real estate
prices.

In summary, constraints are modeled in the LU model by altering the behavior of
consumers and producers, such that their decisions comply with the agent and the sys-
tem constraints. A relevant and practical conclusion for modelers is that the modified
behavior can be applied in the modeling equilibrium equations without altering the
mathematical properties of equilibrium while capturing the economic impacts.

124 Microeconomic Modeling in Urban Science



5.7 Remarks and Comments

In this chapter, the logit and frechit partial LU equilibrium models were analyzed for
different scenarios with incremental complexity, from the most simple and restricted
short-term to the more complex long-term scenario with externalities.

The short-term LU equilibrium, denoted by Xðx;4ST Þ ¼ ��u�h	 ¼ Fu
�
, imposes

the consumer equilibrium condition with the scenario defined by
4ST ¼ ({Hh},{Si}, Z(T), RA, E). The long-term LU equilibrium considers supply vector
{Si} endogenous, introducing two fixed points on prices Fp and on supply scale
economies FS, denoted by Xðx;4LTÞ ¼ ��u�h	 ¼ Fu;

�
p�i
	 ¼ Fp;

�
S�i
	 ¼ Fs;VI�

�
,

with 4LT ¼ ({Hh}, Z(T), RA, E). The third level of complexity considers the equilib-
rium with externalities, denoted by Xðx;4LT Þ ¼ ��u�h	 ¼ Fu;

�
p�i
	 ¼ Fp;

�
S�i
	 ¼

Fs;VI�;Q ¼ FQ
�
.

The logit model of short-term equilibrium is formalized as an equivalent optimiza-
tion model, with primal and dual problems (not available for the frechit model), that
characterize the solution economically and mathematically. The primal yields an eco-
nomic interpretation for the bid-auction market equilibrium. It yields the maximum so-
cial benefit, aggregating consumer and supplier surpluses plus a system entropy
constant benefit depending on the city’s population. The dual has the mathematical
properties that guarantee the uniqueness of the solution and the convergence of the
succession to the solution.

Furthermore, applying fixed-point analysis in the case with externalities, we
extended the mathematical properties to be applied for the logit and frechit LU models
if, and only if, H ¼ S and if utilities and prices are adjusted to absolute levels, e.g., us-
ing the agricultural rent at the city’s border k(RA). In this case, these mathematical
properties hold for a minimum variance characterized by upper bounds in the shape
parameters of the bid auction and the supply probabilities.

The long-term case motivated the introduction of techniques for modeling con-
straints on the agents’ choices, thus improving the model’s flexibility to represent com-
plex nonlinear processes. These are handy techniques in the SM because the feasible
set of real estate types is bounded by numerous planning regulations. Additionally,
constrained choices are naturally useful to assist in modeling the nonlinear inflections
of agents’ bids and profit functions when the choice process reaches the feasible set’s
bounds, e.g., income or attribute thresholds.

Notably, the existence and uniqueness of the LU equilibrium is not a property in the
classical urban economic model; in fact, these properties only hold in the discrete
model under the assumption of stochastic equilibrium. Indeed, in a similar context,
but under the deterministic behavior of the agents, multiple equilibrium solutions
are expected because there are different combinations of attributes that compensate
accessibility and amenities, which generate a set of equilibria that yields the same
maximum utilities and profit levels. The merit of the stochastic model formulated
wit extreme value distributions, is that it yields a unique solution representing the ex-
pected equilibrium under the stochastic behavior of agents.

Land-Use Stochastic Equilibrium 125



Technically, the stochastic model maps the discrete and deterministic set of all or
nothing location alternatives into a continuous set of choice probabilities, which causes
our discrete choice to be represented in a continuous probabilistic model. In this
continuous space, our model uses the extreme value distributionsdthe logit and frechit
modelsdto represent stochastic behavior, which discriminates larger values of
behavior rules positively, e.g., utilities and profits, against lower values. This leads
us to interpret this biased process in a continuous setting as a “selection” of the equi-
librium that yields the maximum expected utilities and profits among the feasible equi-
libria sets. This interpretation is reinforced in the next chapter, where the stochastic LU
equilibrium is presented with an equivalent optimization problem.

Finally, the LU model is defined as a partial equilibrium because it models a LU
market embedded in a larger urban system characterized by the long-term scenario
4LT ¼ ({Hh}, Z(T ), RA, E). In the following chapters, we will extend the LU equilib-
rium model to the larger context of the urban system equilibrium, where the exogenous
scenario is eventually reduced to 4 ¼ ({Hh},RA), with endogenous transportation-
related attributes Z(T ) and production/labor markets E.

Technical Note 5.1: Uniqueness of Equilibrium Utilities

In this note we prove that the short-run equilibrium without externalities given by Eq.
(5.1) has a unique utilities solution for the logit and frechit LU models.

The Logit Model

Here, we prove the existence and uniqueness of utilities u�h ¼ u�h
lh
;ch˛C, for the con-

sumer equilibrium condition Eq. (5.3):

X
i˛VI

SiQh=iðu�Þ ¼
X
i˛VI

Si
Hhe

bwhiðu�hÞP
g˛C

Hge
bwgiðu�gÞ ¼ Hh;ch˛C (T5.1)

with whi ¼ yh þ 1
lh
fhðziÞ � uh.

The proof of existence and uniqueness, presented in Bravo et al. (2010), uses the
following convex optimization problem, whose solution yields the equilibrium equa-
tion (T5.1)1:

min
u

4ðuÞ ¼
X
h˛C

Hhuh þ 1
b

X
i˛VI

Si ln

2
4X
g˛C

Hge
bwgiðugÞ

3
5 (T5.2)

1 Eqs (T5.1) and (T5.2) are slightly different from Bravo et al.’s original formula because here the expo-
nentials are multiplied by Hh to be consistent with aggregate bid-auction probabilities.
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This problem yields multiple solutions because utilities are relative magnitudes,
then 4ðuÞ ¼ 4ðu þ cÞ. For any normalizing constant c˛ℝ (for convenience we
consider setting uh¼1 ¼ 0), we now prove that the problem is strictly convex and co-
ercive, recovering a unique solution.

To prove convexity, it is enough that function f ðuÞ ¼ 1
b
ln P

g˛C
ebugþlnðHgÞ

!
¼ 1

b
ln

0
B@ P

g˛C
gs 1

ebugþlnðHgÞ þ 1

1
CA is strictly convex. Define

xg ¼ ebugþlnðHgÞ with x˛ℝjCj�1 and vs 0˛ℝjCj�1. Then, vf ðuÞ
vuh

¼ xhP
g˛C
gs 1

xgþ1
and

vtH f v ¼

 P
h˛C

xhv2h

! P
h˛C

xh þ 1

!
�
 P

h˛C
xhvh

!2

 P
h˛C

xh þ 1

!2

>

 P
h˛C

xhv2h

! P
h
xh

!
�
 P

h˛C
xhvh

!2

 P
h˛C

xh þ 1

!2 � 0 (T5.3)

where the last inequality is the CauchyeSchwartz inequality with vectors
�
vh

ffiffiffiffiffi
xh

p �
h

and
� ffiffiffiffiffi

xh
p �

h.
To prove the coercivity of 4ðuÞ, we write the associated recession function. Noting

that the recession function of 1
b
ln

 P
g˛C

Hgebwgi

!
and of gðuhÞ ¼ 1

b
ln

 P
g˛C

Hge�bug

!

are the same, and yg þ 1
lg
fgðziÞ ¼ zgi is constant in this problem, we write:

gN
�
ug
� ¼ liml/N

1
lb

ln

0
@X

g˛C
Hge

�lbug

1
A ¼ �minhuh ¼ �umin (T5.4)

with umin � 0 because uh¼1 ¼ 0. Then,

4NðuÞ ¼
X
h˛C

Hhuh � umin
X
i˛VI

Si � 0 (T5.5)

where 4NðuÞ ¼ 0 if, and only if, umin ¼ uh ¼ 0;ch˛C.
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The Frechit Model

The consumer’s equilibrium condition is

X
i˛VI

SiQh=iðu�Þ ¼
X
i˛VI

Si
Hhwhi

�
u�h
�b

P
g˛C

Hgwgi

�
u�g
�b ¼ Hh;ch˛C (T5.6)

Consider the solution of the following optimization problem:

min u4ðuÞ ¼
X
g˛C

Hgug þ 1
b

X
i˛VI

Si ln

2
4X
g˛C

Hgwgi
�
ug
�b35 (T5.7)

which has no direct economic interpretation. We first prove that this problem yields the
equilibrium LU conditions. The Lagrange optimal conditions yield:

v4

vuh
¼ 00Hh ¼

X
i˛VI

Si
HhwhiðuhÞbP

g˛C
Hgwgi

�
ug
�b ¼

X
i˛VI

SiQh=i

with Qh/i the frechit bid-auction probability. Therefore, we conclude that the optimi-
zation problem in Eq. (T5.7) is equivalent to the frechit LU equilibrium problem.

We assume that uh¼1 ¼ 0 and recall that whi ¼ yhel
�1
h ð�uhþfhðziÞÞ. We define

wgi
�
ug
� ¼ eðzgi�ugÞ, where zgi ¼ ln yg þ l�1

g fgðziÞ. Then, we write

minu4ðuÞ ¼
X
h˛C

Hhuh þ 1
b

X
i˛VI

Si ln

2
4X
g˛C

Hge
bðzgi�ugÞ

3
5 (T5.8)

Observe that Eqs (T5.2) and (T5.8) are mathematically identical; thus, the proofs of
convexity and coercivity are the same as those in the logit model.

Technical Note 5.2: Fixed-Point Externalities

In this note we follow Bravo et al.’s (2010) approach to prove the contractiveness of
the fixed-point externalities problems in the logit and frechitmodels, valid for location
externalities, agglomeration economies, and supply economies of scale.
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The Logit Model

The MNL bid-auction fixed-point problem is

fh ¼ f
�
Qh=i

�
¼ HhebwhiðQ$iÞP

g˛C
HgebwgiðQ$iÞ (T5.9)

We shall prove the existence of a unique solution under certain conditions of b.
Consider the Lagrange conditions:

vfh
vQk=i

¼ bQh=i

0
@vwhiðQ$iÞ

vQk=i
�
X
g˛C

Qg=i
vwgiðQ$iÞ
vQk=i

1
A;ch˛C (T5.10)

and

kJkN ¼ max
h

X
k˛C

����� vfh
vQk=i

�����
¼ maxh

X
k˛C

������bQh=i

0
@
0
@vwhiðQ$iÞ

vQk=i
�
X
g˛C

Qg=i
vwgiðQ$iÞ
vQk=i

1
A
1
A
������

¼ maxh
X
k˛C

����������
bQh=i

�
1� Qh=i

�
0
BBBB@
vwhiðQ$iÞ
vQk=i

�
X
g˛C

gs h

Qg=i�
1� Qh=i

� vwgiðQ$iÞ
vQk=i

1
CCCCA

����������
(T5.11)

Because b > 0, Qh/i > 0, 1 � Qh/i > 0, then bQh/i(1 � Qh/i) > 0, we can write:

kJkN ¼bQh=i

�
1� Qh=i

�
maxh˛C

0
@X

k˛C

0
@
�����vwhiðQ$iÞ

vQk=i

�����

þ
X
g˛C

gs h

������
Qg=i�

1� Qh=i

� vwgiðQ$iÞ
vQk=i

������
1
CA
1
CA

(T5.12)
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Then, define a uniform bound M �
���vwhiðQ$iÞ

vQk=i

���;ch; k˛C, and note thatP
gs h

Qg=i

ð1�Qh=iÞ ¼ 1 and
P
h
Qh=i ¼ 1 to obtain:

kJkN � bQh=i

�
1� Qh=i

�
max h˛C

0
BB@X

k˛C
M

0
BB@1þ

X
g˛C
gsh

Qg=i�
1� Qh=i

�
1
CCA
1
CCA

kJkN � 2MbQh=i

�
1� Qh=i

�
(T5.13)

Because maxx˛½0;1�xð1 � xÞ ¼ 1=4, then we conclude that kJkN � 1
2 bM.

It follows the condition kJkN � 1
2 bM < 1 and holds for b < 2/M.

This result states that if the shape parameter complies with the upper bound, i.e., the
variance of the stochastic bids is high enough, then the fixed point is contractive, the
solution is unique, and the succession converges.

The Frechit Model

The MNL bid-auction fixed-point problem is

fh ¼ f
�
Qh=i

�
¼ HhwhiðQ$iÞbP

g˛C
HgwgiðQ$iÞb

(T5.14)

with whiðQ$iÞ ¼ yhel
�1
h ð�uhþfhðziðQÞÞÞ; we shall prove the existence of a unique solution

under certain conditions of b.
Observe that because:

vfh
vQk=i

¼ bQh=i

0
@vwhiðQ$iÞ

v
�
Qk=i

� �
X
g˛C

Qg=i
vwgiðQ$iÞ
v
�
Qk=i

�
1
A;ch; k˛C (T5.15)

is identical to the logit case, the proof is the same and b < 2/M.

Technical Note 5.3: The Social Benefit of the Land-Use
Market

To obtain the social benefit at equilibrium LU, we evaluate the objective of the primal
problem (P) in Eq. (5.28) at the solution, as:

J
��

H�
hi

	� ¼ X
i˛VI
h˛C

H�
hizhi �

1
b

X
i˛VI
h˛C

H�
hi


ln
�
H�
hi

�� 1
�

(T5.16)
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Consider the solution H�
hi ¼ SiHhe

bðzhi�u�h�p�i Þ;ch˛C; i˛VI and replace it in
J
��

H�
hi

	�
to obtain the following:

J
��

H�
hi

	� ¼ X
i˛VI
h˛C

H�
hizhi �

1
b

X
i˛VI
h˛C

H�
hi ln

�
H�
hi

�þ H

b
(T5.17)

Let us analyze the term

J
��

H�
hi

	� ¼ X
i˛VI
h˛C

H�
hizhi �

1
b

X
i˛VI
h˛C

H�
hi ln

�
H�
hi

�

¼
X
i˛VI
h˛C

H�
hizhi �

1
b

X
i˛VI
h˛C

H�
hi ln

�
SiHhe

bðzhi�u�h�p�i Þ
� (T5.18)

Where we use cancel the terms
P
i˛I
h˛C

H�
hizhi to write:

H�
hi ¼ SiHhe

bðzhi�u�h�p�i Þ ¼ SiQh=i ¼ HhPi=h

J
��

H�
hi

	� ¼ X
i˛VI
h˛C

HhPi=hu
�
h þ

X
i˛VI
h˛C

SiQh=ip
�
i �

1
b

X
i˛VI
h˛C

HhPi=h lnðHhÞ þ
X
i˛VI
h˛C

SiQh=i lnðSiÞ

¼
X
h˛C

Hhu
�
h

X
i˛VI

Pi=h þ
X
i˛VI

Hhp
�
i

X
h˛C

Qh=i �
1
b

X
h˛C

Hh lnðHhÞ
X
i˛VI

Pi=h þ
X
i˛VI

Si lnðSiÞ
X
h˛C

Qh=i

(T5.19)

Because
P
i˛VI

Pi=h ¼ P
h˛C

Qh=i ¼ 1, rearranging the terms, we obtain the result:

J
��

H�
hi

	� ¼ X
h˛C

H�
hi

�
u�h �

1
b
ln Hh

�
þ
X
i˛VI
h˛C

H�
hi

�
p�i �

1
b
ln Si

�
(T5.20)

References

Alonso, W., 1964. Location and Land-Use. Harvard University Press, Cambridge, MA.
Anas, A., 1983. Discrete choice theory, information theory and the multinomial logit and gravity

models. Transportation Research Part B 17, 13e23.

Land-Use Stochastic Equilibrium 131



Ben-Akiva, M.E., Boccara, B., 1995. Discrete choice models with latent choice sets. Interna-
tional Journal of Research in Marketing 12 (1), 9e24.

Bravo, M., Brice~no, L., Cominetti, R., Cortés, C., Martínez, F., 2010. An integrated behavioral
model of the land-use and transportation systems with network congestion and location
externalities. Transportation Research Part B 44, 584e596.

Cascetta, E., Papola, A., 2001. Random utility models with implicit availability/perception of
choice alternatives for the simulation of travel demand. Transportation Research Part C 9
(4), 249e263.

Castro, M., Martínez, F., Munizaga, M., 2013. Estimation of a constrained multinomial logit
model. Transportation 40, 563e581.

Hurtubia, R., Martínez, F., Fl€otter€od, G., Bierlaire, M., 2010. Comparative analysis of hedonic
rents and maximum bids in a land-use simulation context. In: Proceedings Swiss Transport
Research Conference.

Lancaster, K., 1966. A new approach to consumer theory. Journal of Political Economy 74 (2),
132e157.

Macgill, S.M., 1977. Theoretical properties of biproportional matrix adjustments. Environment
and Planning A 9, 687e701.

Manski, C.F., 1977. The structure of random utility models. Theory and Decision 8, 229e254.
Martínez, F.J., Aguila, F., Hurtubia, R., 2009. The constrained multinomial logit: a semie

compensatory choice model. Transportation Research Part B 43, 365e377.
Martínez, F.J., Araya, C., 2000. A note on trip benefits in spatial interaction models. Journal of

Regional Science 40 (4), 789e796.
Martínez, F.J., Henríquez, R., 2007. A random bidding and supply land-use equilibrium model.

Transportation Research Part B 41, 632e651.
Rosen, S., 1974. Hedonic pricing and implicit markets: product differentiation in pure compe-

tition. Journal of Political Economy 82 (1), 34e55.
Shelling, T.C., 1978. Micromotives and Macrobehavior. W.W. Norton & Co., New York, NY.
Swait, J.D., 2001. A non-compensatory choice model incorporating attribute cutoffs. Trans-

portation Research Part B 35 (7), 903e928.
Swait, J.D., Ben-Akiva, M.E., 1987. Incorporating random constraints in discrete models of

choice set generation. Transportation Research Part B 21 (2), 91e102.

132 Microeconomic Modeling in Urban Science



The Land-Use and Transportation
System 6
6.1 Introduction

This chapter studies the interaction between land use and transportation, where we
extend the land-use (LU) partial equilibrium discussed previously to an equilibrium
model of the integrated land-use and transportation (LUT) system. The following
chapters discuss the extensions to the production and labor markets (LUTE) and the
system of cities.

First, let us very briefly overview the history of LUT modeling. It is a story of com-
plementary and converging approaches. Computable models of the integrated LUT
system were first proposed by Lowry (1964), with very limited data and lack of a
sound theory. At the same time, Alonso’s (1964) foundation theory of urban eco-
nomics was published (although his doctoral thesis had been available since 1961).

Inspired by Lowry’s work, a branch of LUT models of metropolitan areas following
different paths were developed over time, initially loosely related to urban economic
theories, but flexible enough to represent spatial interaction and increasing degrees
of heterogeneity of consumers. However, after some time, all the models developed
introduced economic concepts while allowing for heterogeneity and computability.

Lowry’s first model is a type of gravity spatial interaction model, with population
and jobs following a simple gravity spatial distribution. An interesting feature of this
model is that it is initiated by an exogenous seed location of “basic activities,” defined
as those production activities that are independent of local demand, i.e., those for in-
dustrial exports. This seed allocation initiates a double process of residential allocation
regarding job locations and services, (nonbasic) activities generated in proportion to
population and its allocated according to the access of residents. Transportation costs
are exogenous in this model. Lowry-type models were subsequently developed and
applied.

An important innovation came with Wilson (1970, 1971), who reinterpreted and
extended the gravity model as an entropy maximization approach. He generated the
spatial interaction model, well supported by nonlinear optimization and statistical
theories, and applied it to a wide spectrum of location problems with computable
solutions. An example is the DRAM-EMPAL model (Putman, 1983), including inno-
vations on the entities modeled (e.g., household and firm types) and on the specifica-
tion of attraction factors, but these models did not have any economic support.

At the same time, Herbert and Stevens (1960) used linear programming to imple-
ment an economically consistent and solvable partial equilibrium model. They applied
Alonso’s bid rent theory in a discrete spatial (with zones) context with deterministic
behavior of agents. Wilson bridged the entropy and linear programming model by
showing that Herbert and Stevens’ model can be formulated as a limited case of the
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entropy model, i.e., the case in which the stochasticity is null and the entropy model
becomes deterministic (see Wilson and Bennett, 1985, p. 264). Using this connection,
the entropy model can be interpreted as an economic stochastic equilibrium model.
Mills (1972) and followers, e.g., Hartwick and Hartwick (1974) and Kim (1979),
used a general equilibrium model of urban structure along with linear programming
with a fixed coefficient technology, extending the model to traffic congestion and
endogenous capacity.

The difficulties of linear programming in representing heterogeneity and the lack of
microeconomic interpretation were subsequently overcome by discrete choice
modeling (Anas, 1982). This technology allows economic representation of consistent
behavior of heterogeneous agents in a discrete and heterogeneous spatial context. This
approach, called the stochastic user equilibrium, was also widely applied in transpor-
tation modeling, eventually emerging as an increasingly unified framework for
modeling LUT under a discrete choice random utility framework. Eventually, the pop-
ular multinomial logit model was proven to be equivalent to the entropy model under
some conditions (Anas, 1983), thus merging the two then most popular techniques
applicable to spatial contexts.

Most of the advanced applied models use discrete choice modeling combining
different modeling techniques (see Pagliara et al., 2010). For example, UrbanSim
(Waddell, 2002) and DELTA (Simmonds, 1999) avoid complex equilibrium calcula-
tions by simulating the urban system as an interaction process of agents over time. This
approach, however, lacks relevant mathematical properties, and its predictions are
likely to be unstable, i.e., the model predicts different solutions of the LUT system
at every run.

Closer to urban economics principles, RELU-TRANS (Anas and Liu, 2007),
MUSSA (Martínez, 1999), and Elliasson and Mattsson’s (2000) models solve the
LU market for equilibrium, interacting with a transportation equilibrium model to
attain convergence.

6.2 The Integrated Land-Use and Transportation
Equilibrium

The LU partial equilibrium model described in Chapter 5 assumes that the transporta-
tion system interacts with the LU system. We emphasize the word interaction between
LU and T, where the two subsystems attain equilibrium independently, followed by an
iterative process, i.e., a heuristic that transfers the solution of one to the other, for
example, as accessibility measures.

This interaction, however, does not lead to the integrated equilibrium on the urban
system, understood as a state where LUT feedbacks stabilize. That is, a state where
LUT choices induce impacts on the systemdsuch as densities, congestion, and land
pricesdthat feed back into choices leading to a steady-state equilibrium where such
feedbacks stabilize. This state is called the LUT equilibrium. In some specific cases,
the interaction heuristic can converge to the integrated equilibrium, but this depends
on the specific formulation of the model and the solution algorithms.
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Integrating the transportation and the LU system to a unified equilibrium is the sub-
ject of this chapter. This involves extending the LU demand side to a larger number of
choices in the transportation system and modeling not only the static spatial location
but also the complex movement of agents and vehicles in the transportation network.

The transportation model has been developed in recent decades with significant
advances on both the supply and demand sides and on the resulting equilibrium. All
these methods assume that the land-use system is exogenous, i.e., in our notation
the matrix {Hhi} is exogenous in the transportation model. The transportation model
then calculates trips, travel times, and costs at equilibrium, which provide accessibility
measures. The interaction occurs when these accessibility indices are used in the LU
model as location attributes, representing the feedback between LU and transportation
in a simple variable.

The Classical Four-Step Transportation Model

The classical urban transportation model was designed for passenger transportation as
a sequence of four-step submodels: trip generation, trip destination, transportation
mode choice, and route assignment models, as shown in Fig. 6.1. This model is
described in Ort�uzar and Willumsen (1994). First used in the 1950s for the Detroit
Metropolitan Area Traffic Study and the Chicago Area Transportation Study
(CATS), this conceptual model was influential in independently developing the
submodels. In particular, the trip destination model was largely developed using the
entropy model pioneered by A. Wilson in the 1960s and 1970s (1967, 1970, 1971;

Figure 6.1 The land-use and transportation system.
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see also Chapter 2). The transportation mode choice model was developed later using
mainly the random utility theory following D. McFadden’s approach (described in
Ben-Akiva and Lerman, 1985).

Whereas the entropy model emerges from population statistical arguments and is
interpreted by modeling aggregate trips, the random utility approach emerges from
microbehavior of individuals. Despite this theoretical difference, both models share
a stochastic setting and have been widely used in transportation demand models
(Williams, 1976, 1977; Williams and Senior, 1978). Their equivalence was eventually
rigorously established under specific conditions, particularly for the multinomial
model (Anas, 1983).

Transportation assignment models predict the route that a traveler will take based
on equilibrium conditions. The pioneering fundamental equilibrium conditions were
formulated by Wardrop (1952) in a deterministic setting. The essential idea is that
at the transportation user equilibrium, travelers cannot change routes and improve
their decision rule; usually this rule is minimizing travel time, or a travel composite
cost, or more generally, maximizing a utility measure. In the presence of a congested
network, the travel time of a network link increases with its traffic, and the level of this
traffic, or link flows of vehicles, depends on the route choices. Thus, travel time de-
pends on demand for routes, and routes times depend on traffic on the links and routes;
this interaction thus defines an equilibrium problem. The original equilibrium condi-
tions were then formulated as Beckmann’s equivalent optimization transportation
model (Beckmann et al., 1956), which allowed the use of efficient optimization
algorithms. Assuming the variability of travel times in the network, Dial (1971) and
Daganzo and Sheffi (1977) used logit choice models to formulate the stochastic
user equilibrium.

Although originally designed as a group of four interdependent submodels, the
four-step model evolved to an integrated formulation of the transportation equilibrium,
in which travel demand and assignment submodels simultaneously reach a steady
state (De Cea and Fern�andez, 1993). For a review of transportation models, see
Boyce (2007).

The Integrated Land-Use and Transportation Model

The idea of combining LUT modeling in a unified framework has been long pursued
by LUT modelers (e.g., Boyce, 1986; Mattsson, 1987). The first attempts lacked a
common framework, but the entropy model provided such a common approach for
LUT demand. Later, logit models, integrated with the stochastic user equilibrium, pro-
vided a common and economically sound framework for the LUT model (Boyce and
Mattsson, 1999; Elliasson and Mattsson, 2000).

The LUT model integrates the LU complex equilibrium discussed earlier with a
network equilibrium. The solution of this double equilibrium problem can be charac-
terized as complex and computationally demanding. However, under a common multi-
nomial logit model for each choice problem in LUT systems, the integrated problem
has been successfully solved, thereby establishing fundamental properties of the
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integrated equilibrium. Essentially, the logit model provides closed-form probabilities
and computable equilibrium variables defined by the known logsum formula.

In Brice~no et al. (2008) the existence of a unique equilibrium of the LUT model was
proved, considering congestion but without location externalities. The approach
followed by this work can be explained as an extension of Beckmann’s equivalent
transportation optimization model, which expands the network with fictitious location
nodes to model the LU system, in what was called a hypernetwork. The merit of this
approach is that the solution of this LUT optimization problem replicates simulta-
neously the stochastic transportation user equilibrium and the LU equilibrium, (i.e.,
the short- or long-term equilibrium, depending on the specification). The useful impli-
cation is that it allows us to use optimization theory and techniques to solve the LUT
model; for example, to prove the existence and uniqueness of the LUT equilibrium
without externalities. Conversely, in the case of equilibrium with externalities, e.g.,
location externalities and agglomeration economies, there does not exist an equivalent
optimization problem for LUT. In this case, the problem was reformulated as a fixed-
point problem to prove uniqueness on the integrated LUT equilibrium solution in
Bravo et al. (2010).

The interpretation of the integrated LUT system as an extended hypernetwork is
useful to explain the problem. In Fig. 6.2, an exogenous number of Hh consumer
agents emerge in the LUT system (depicted as nodes h and g in the figure for the
respective clusters), at the fictitious nodes away from the transportation network plane,
one for each agent’s cluster. These agents face net benefits, e.g., consumers’ surplus
(whi � pi), to cross the fictitious arcs from node h to a real node at location i. This
benefit is attained if the agent chooses the real estate unit, i, which can be compared
to benefits derived from other nodes and is measured as the difference between the
willingness to pay, whi, and the location price, pi.

Figure 6.2 The integrated land-use and transportation system.
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The benefit, whi, depends on the activities that the agent will perform at the resi-
dence location and at all other destinations. To “collect” benefits from the interaction
with distant activities, the agent travels where the benefit, or utility, of performing the
activity, net of travel costs, is maximal. The aggregate of interaction benefits represents
the accessibility of the residential location. Thus, willingness to pay depends on the
travel times in the network, whi(t). After assessing the consumer surplus at every alter-
native location, the agent chooses the optimal location depending on the travel times.

Starting from a residential location at real node, i, the agent makes trips intending to
engage in different activities (i.e., trips with some purpose) at different destination
nodes, denoted by d ˛ D, traveling through the network of arcs (A) and nodes (N)
described by the graph (A,N). Each trip between nodes (i,d) implies a travel time (or
time plus monetary cost called composite cost), which is the accumulated travel
time on arcs on the less costly route (i,d). At the destination, the agents traverse a final
fictitious arc (d,p), which is a representation of the activity performed at that location.
This final arc ends at the fictitious node, P, where all trips with the same purpose, P,
conclude. The amount of benefit for traversing the final link arc (d,p) depends on the
activities located at the destination, d, denoted by the matrix, ({Hd}), and on the activ-
ity duration time and its monetary cost, which together yield a net benefit, bphdðfHdgÞ.
Summing up the benefits and costs of all trip purposes and destinations generates an
accessibility index for h at every potential residential location, allowing the agent to
calculate the bid for each location.

The Transportation Equilibrium Problem

Let us first summarize the formulation of the transportation equilibrium problem as an
equivalent optimization problem (Beckmann et al., 1956) using the following addi-
tional notation describing the transportation system. Consider the set of graphs
(A,N) with a ˛ A denoting arcs and i ˛ N denoting nodes. Vectors
t ¼ ðtaÞ; x ¼ ðxaÞ; and v ¼ �vdha � denote, respectively, travel times on each arc ta,
total flow on arcs xa, and the flow of trips on arcs by agents of socioeconomic cluster
h with destination node d given arc a, vdha . The trips’ originedestination matrix be-

tween nodes i and d is g ¼ �gdhi �, and O ¼ (Ohi) stands for the number of trips gener-
ated by agents of cluster h located at location node i. Additionally, the LU system is
described by vector {Hhi} with the number of agents by cluster located at each node.

The LUT model is built by embedding the Markovian traffic equilibrium (MTE)
model (Baillon and Cominetti, 2006) in a logit choice setting and a private transpor-
tation network. The stochastic Markovian equilibrium defines a recursive process
assuming that the traveler reaches any node i ˛ N in the graph and makes an elemental
decision as to which exit arc takes the minimum time to the destination, that is, what is
the best route between nodes (i,d). To make this choice, the traveler considers the
travel times for the (i,d) pair on all alternative routes, as shown in Fig. 6.3. The travel
time for a given route is the travel time along the exit arc from node i, denoted by ta,
plus the expected travel time from the next node, ja (the arc exit node), to the destina-
tion node d, denoted by sdhja . Then, the agent selects the exit arc with the minimum
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travel time, sdhi , between (i,d). After this choice is made, travel times, t ¼ (ta), are
updated in all the arcs of the network.

Repeating this elemental choice and travel time update generates a recursive
Markovian process. This process is highly intuitive because it assumes that minimum
information is required to make the choice at each intermediate node, i, on the route to
a destination, d, because the traveler simply concentrates on choosing the optimal exit
arc at each node. Applying this choice process recursively, conditional on the set of
travel times

�
tna
�
at each iteration, n, the equilibrium travel times on each arc can be

obtained as was proved by Baillon and Cominetti (2006).
The travel time equilibrium is the solution of the following problem:

min
t
FðtÞ ¼

X
a˛A

Z ta

t0a

s�1
a ðzÞdz�

X
h˛C

X
d˛D
ds i

gdhi sdhi ðtÞ (6.1)

where ta ¼ sa(xa) is the flow-dependent travel time in arc a ˛ A as a function of the arc
flow xa. The expected travel time from node i to d for a type h user is

sdhi ðtÞ ¼ 4dh
i

�
ta þ sdhja ðtÞ; a˛Aþ

i

�
, which calculates the expected value; Aþ

i denotes

the set of arcs whose tail (entry) is node i, and ja denotes the head (exit) node of arc a.
Assuming that travel time is independent and identically distributed Gumbel variates,

then 4dh
i is the known logsum function defined as: 4dh

i ðxÞ ¼ �1
m
ln

� P
a˛Aþ

i

e�mxa
�
.

Baillon and Cominetti (2006) included the following conditions for the congestion
function sa(xa):

1. sa($) strictly increasing, unbound from above, and continuous;
2. sað0Þ ¼ t0a � 0, the free flow travel time is positive; and
3. 4dh

i

�
t0
�
> 0; cis d, the initial travel time is strictly positive.

Figure 6.3 The Markovian traffic equilibrium process.
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This is to prove that Eq. (6.1) is convex and coercive and that the optimal conditions
yield the transportation equilibrium conditions s�1

a ðtaÞ ¼ P
d˛D
h˛C

vdha ¼ xa, with

vdha ¼ P
i˛VI

gdhi
vsdhi
vta

.

Eq. (6.1) is the transportation equivalent optimization problem with elastic demand
on travel times if gdhi ¼ gh

�
sdhi
�
. The first term represents the Beckmann equivalent

optimization problem whose solution reproduces Wardrop’s traffic equilibrium. The
second double sum term on the right-hand side represents the total expected travel
time spent on the network to perform the trips defined by the originedestination
matrices, gdhi .

Fig. 6.4 aids in the understanding of this problem. It depicts the following cases:
Fig. 6.4A and B consider inelastic demand; Fig. 6.4C and D consider an elastic
demand, g(t); and travel time is represented by a linear congestion function, s(x).

Figure 6.4 Beckmann’s equivalent optimization problem.
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They are drawn in two ways: in Fig. 6.4A and C, labeled Graph x(t), the demand de-
creases with travel time, and in Fig. 6.4B and D, labeled Graph t(x), the axes are
inverted, showing increasing travel times with the traffic flow.

To analyze these figures, consider the point (x*,t*) where travel demand intercepts
travel time, which defines the areas labeled A and B. The first term of Eq. (6.1) is rep-
resented by area A, and the second term is represented by the square g(t*)$
t* ¼ (A þ B) (in the inelastic case, g(t*) ¼ g0). The graphical representation thus
shows that F(t*) ¼ A � (A þ B) ¼ �B. Hence, the optimum is mintFðt�Þ ¼ maxtB.
To represent the optimum graphically, Fig. 6.4A shows the incremental areas C and
D when travel time increases from t* to t0, such that F(t0) ¼
A þ C þ D � (B þ A þ D) ¼ C � B ¼ F(t*) þ C, which is suboptimal. Similarly,
in Fig. 6.4C we obtain F(t*) ¼ A � (A þ B þ E) ¼ �B � E and F(t0) ¼
A þ C þ D � (A þ B þ E þ D) ¼ C � B � E ¼ F(t*) þ C, which is also
suboptimal.

We can analyze optimization problem Eq. (6.1) from an economic perspective. It is
well known that Wardrop’s first principle states that the individual’s equilibrium does
not yield a social optimum due to congestion externalities; i.e., the individual’s equi-
librium yields a suboptimal use of the network, which means that there is another dis-
tribution of flows in the network that minimizes total travelers time. Furthermore,
Wardrop’s second principle states that if users consider the marginal travel instead
of the average cost, the equilibrium attains a social optimum.

To explain the difference between the individual’s equilibrium and social optimum,
consider the following definition of marginal travel time (tmga) as the change in total
travel time in the arc with a marginal increment of the arc flow (x):

tmgaðxÞ ¼ vðtaxaÞ
vx

¼ saðxÞ þ xa
vsaðxÞ
vx

(6.2)

which states that while travelers perceive a travel time, ta, they engender additional
travel time, s0ðxÞ ¼ vsaðxÞ

vx , for all the other travelers in the arc due to incremental
congestion. This incremental travel time is an externality not considered by the traveler
who chooses the arc. Fig. 6.5 compares the individual’s equilibrium depicted as (x*,t*)
and the social optimum, (x**,t**), with the shaded area showing the social loss at
equilibrium.

In Fig. 6.5 we observe a similarity between the equilibrium and the optimal points.
This similarity can be established mathematically if we consider the following Beck-
mann’s optimization problem, which formulates the equivalent optimization problem,
instead of the inverse function s�1

a in terms of the travel times sa. Then, the equilibrium
traffic under inelastic demand is the following solution:

min
t
F1ðxÞ ¼

X
a˛A

Z xa

0
saðzÞdz (6.3)
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and the optimal traffic is the following solution:

min
t
F2ðxÞ ¼

X
a˛A

taxa ¼
X
a˛A

Z xa

0
tmgaðzÞdz (6.4)

Thus, the social optimum is obtained by replacing the individual’s perception of the
travel time, sa(xa), by the respective social cost given by tmga(xa). We can conclude
that, to attain a social optimum traffic, travelers must consider the marginal travel
time instead of the average travel time. This statement motivates road pricing schemes
aimed at making the traveler consider a travel time plus a road price that in total is
equivalent to the marginal time.

The economic analysis concludes that the individual’s equilibrium derived from the
optimization problem in Eq. (6.3) does not yield a social optimum, unless congestion is

null, i.e., vsaðxÞ
vx ¼ 0, which implies that tmga(x) ¼ sa(x) so that both the individual and

the social optimization problems coincide.

The LUT Short-term Optimization Problem

The Logit Model

The transportation equilibrium model can be generalized to formulate the short-term
LUT equivalent logit optimization problem (Brice~no et al., 2008). Consider bids given
by whiðu; tÞ ¼ yh � uh þ zhi �

P
d˛D

Nd
h s

hd
i ðtÞ, with zhi denoting constant attributes of

the location and
P
d˛D

Nd
h s

hd
i ðtÞ denoting the accessibility index, with the trip matrix Nd

h

giving the number of trips per destination, d, for type h users, which is assumed to be
exogenous.

Figure 6.5 The individual versus optimal traffic.
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The LUT equivalent optimization problem is as follows:

ðDÞ min
t;u;p

Fðt; u; pÞ ¼
X
a˛A

Z ta

t0a

s�1
a ðzÞdzþ

X
h˛C

Hhuh þ
X
i˛VI

Sipi

þ 1
b

2
6664
X
h˛C
i˛VI

SiHhe
bðwhiðu;tÞ�piÞ

3
7775 (6.5)

where Si’s are exogenous.
1

Note that Eq. (6.5) extends the LU optimization problem discussed in Chapter 5; in
fact, both problems are identical for constant travel times (t). Moreover, the last three
terms represent the dual optimization problem (D) of the doubly constrained entropy
problem shown in Chapter 5, which yields the maximum social benefit in the LU
model as discussed in that chapter. Because the transportation component (first
term) does not yield social optima, it follows that Eq. (6.5) does not yield the optimum
LUT system.

In Technical Note 6.1 we prove that the problem in Eq. (6.5) yields the LUT
equilibrium simultaneously for the aggregate bid-auction LU model and the MTE of
the transportation systems (Baillon and Cominetti, 2006). Thus, the dual unconstrained
optimization problem (D) combines the transportation network problem, represented
by the first term and depending on travel times2 (t), with the LU problem represented
by the following two terms, depending on utilities (u) and location prices (p). The last
term combines both problems through the bids, which depend on location attributes
and travel times.

The solution of the optimization problem yields (see Technical Note 6.1):

Hhi ¼ SiHhe½bðwhiðu�;t�Þ�p�i Þ� ¼ SiQh=iðu�; t�Þ ¼ HhPi=hðu�; p�; t�Þ (6.6)

with Qh/i and Pi/h representing the bid-auction and choice probabilities, and defining
zhiðt�Þ ¼ zhi �

P
d˛D

Nd
h s

hd
i ðt�Þ we get:

u�h ¼
1
b
ln

"X
i˛VI

Sie
bðzhiðt�Þ�p�i Þ

#
; ch˛C (6.7)

p�i ¼
1
b
ln

 X
h˛C

Hhe
bwhiðu�h;t�Þ

!
(6.8)

1 The original formula of Brice~no et al. (2008) has been modified in Eq. (6.2) to reproduce aggregate LUT
models.

2 To include time and fares, the transportation problem can be specified in travel costs instead of travel times.
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s�1
a

�
t�a
� ¼ X

d˛D
i˛I

gdi $
vsdi
vta

ðt�Þ ¼
X
d˛D

vda ¼ xa (6.9)

which reproduce the LUT equilibrium conditions.
The importance of the equivalent optimization problem of Eq. (6.5) is thatFðt; u; pÞ

is convex and coercive under the assumptions made for the transportation equilibrium
problem, provided that the three following conditions hold: there are no location ex-
ternalities (i.e., zhi are constant), the trip matrix Nd

h is exogenous, andP
i˛VI

Si ¼
P
h˛C

Hh (i.e., total real estate supply equals total demand). Additionally, as dis-

cussed in the LU equilibrium model, the solution is unique if utilities are normalized
by a constant, k˛ℝ, such that u� ¼ u þ k; with this condition Fðt; u; pÞ is strictly
convex.

The optimal solution of Eq. (6.5) reproduces both the transportation equilibrium
conditions with trip demands, gdhi ¼ Nd

hHhi, and the LU equilibrium,
P
i˛VI

Hhi ¼ Hh,

with Hhi ¼ SiQh/i and Qh/i standing for the aggregate bid-auction location probability
that maximized random bids at the auctions. Therefore, the LUT problem admits an
optimization formulation that extends Beckmann’s problem for the transportation sys-
tem under the conditions established: no externalities and exogenous trip matrix Nd

h ,
plus the classical conditions for the transportation and LU equilibrium.

The Frechit Model

It is worth mentioning that an equivalent optimization problem for the frechit model,
analogous to Eq. (6.5), has not yet been defined. Therefore, the properties of existence
and uniqueness for the solution for the integrated frechit LUT equilibrium model
cannot be analyzed using this method. However, the uniqueness of the solution in
this model is studied below as an equilibrium fixed point (see the succeeding section
on the long-term LUT model with externalities).

The Long-term LUT Optimization Problem (Without Externalities)

The LUT equilibrium problem of Eq. (6.5) is further extended to consider a long-term
equilibrium with endogenous supply. Brice~no et al. (2008) consider heterogeneous
producers, indexed by k ˛ K, and the following problem:

min
t;u;p

FðtÞ ¼
X
a˛A

Z ta

t0a

s�1
a ðzÞdzþ

X
h˛C

Hhuh þ
X
k˛K

SkxkðpÞ

þ 1
b

"X
h˛C
i˛VI

SiHhe½bðwhiðu;tÞ�pi�
#

(6.10)
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where xkðpÞ ¼ 1
qk
ln

�P
i˛VI

Sieqkðpi�cikÞ
�
represents the expected profit yielded by real

estate k. In this formulation, suppliers are differentiated by their real estate costs {cik}
and variances {qk}.

This problem is strictly convex and coercive under the same conditions as the prob-
lem in Eq. (6.5) and that

P
k˛K

Sk ¼ P
h˛C

Hh, which guarantees unique global equilibrium

with the supply defined endogenously. The solution again reproduces the transporta-
tion and LU equilibrium conditions and yields the logit supply probability:

Ps
ki ¼

Sieqkðpi�cikÞP
j˛VI

Sjeqkðpj�cjkÞ (6.11)

Thus, the optimization problem in Eq. (6.5) yields the long-term LUT equilibrium.
Notice that the case of homogeneous suppliers is obtained directly by replacingP

k˛K
SkxkðpiÞ by Sx(pi), where xðpiÞ ¼ 1

q
ln

�P
i˛VI

Sieqðpi�ciÞ
�
, which represents a single

supplier and yields a solution that replicates the urban LU market equilibrium
discussed in Chapter 5.

The LUT Equilibrium With Externalities

Externalities introduce a significant difficulty into the analysis of the LUT equilib-
rium problem because, with them, it is no longer possible to formulate the model as
an optimization problem. It is worth recalling that externalities enter the LUT model
when the agents’ choices are mutually interdependent. In previous chapters, we
have demonstrated that this interaction appears in the LU model, where they are
called location externalities and agglomeration economies, leading to fixed-point
problems. However, there is yet another externality linking LUT subsystems
because the location of activities, i.e., densities, depends on the profile of accessi-
bilities, and, vice versa, accessibilities depend on activitiesddensities available at
trip destinations. This also defines a fixed-point problem. Mathematically, the dif-
ficulty arises when the willingness-to-pay attributes, zhi, are not exogenous in the
equilibrium problem because they are dependent on the allocation of agents, e.g.,
zhi({Hhi}).

The Logit Model

In Bravo et al. (2010) this equilibrium problem is formulated as a fixed-point problem
on the location matrix, MH ¼ ðfHhig; ch˛C; i˛IÞ, i.e., MH ¼ FLUT(MH), for the
short-term equilibrium with externalities, i.e., exogenous supply, and
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P
h˛C

Hh ¼P
i˛I

Si ¼ H, the LUT equilibrium. The fixed-point problem is defined by the

following set of equations:

1. The short-term logit LU equilibrium:

Hhi ¼ Si
ebwhiðHÞP

g˛C
ebwgiðHÞ; ci˛VI (6.12)

X
i˛VI

Hhi ¼ Hh; ch˛C (6.13)

whi ¼ zhiðH;O;a; tÞ � uh; ch˛C; i˛VI (6.14)

with O the vector of trips generated and a the accessibility vector, both by cluster and
location.

2. The transportation subproblem:

OhiðHÞ ¼ NhiHhi þ dhi; ch˛C; i˛VI (6.15)

calculates the number of trips generated at each location as a function of the fixed number of
trips generated by an agent Nhi, with dhi > 0 (a constant ensuring that Ohi is strictly positive).

To simultaneously solve the joint trip destination and network assignment problems,
Bravo et al. (2010) used the following optimization subproblem for the transportation system:

min
a;t

jða; tÞ ¼
X
a˛A

Z ta

t0a

s�1
a ðzÞdzþ

X
h˛C

Ohiahi þ
X
h˛C

1
mh

"X
i˛VI

X
d˛D

e½mhðahi�cdhi ðt;HÞÞ�
#

(6.16)

where �cdhi ðt;HÞ ¼ gdhðHÞ � sdhi is the transportation benefit defined as the benefit asso-
ciated with the interaction of activities at the destination, gdh(H), minus the travel times, sdhi .

The optimality conditions, vj
vta
, yield the following MTE conditions (Baillon and Cominetti,

2006):
a. The traffic flow per arc by destination and cluster is

vdha ðH; tÞ ¼
X
i˛VI

gdhi
vsdhi
vta

; c a˛A; d˛D; h˛C (6.17)

b. The total traffic at each arc is

xaðH; tÞ ¼
X
d˛D
h˛C

vdha ; ca˛A (6.18)

c. The travel time on each arc is

taðHÞ ¼ saðxaÞ; ca˛A (6.19)
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Additionally, the destination trip matrix is the logit model:

gdhi ðH; tÞ ¼ Ohi
emhðgdhðHÞ�sdhi ÞP

j˛D
emhðgjhðHÞ�sjhi Þ (6.20)

which depends on the attraction or net benefit for agent, h, defined as the benefit obtained
from interacting with the activities located at the destination, d, gdh(H), minus the travel time

from the trip origin, i, to destination, d: sdhi ¼ 4dh
i

�
ta þ sdhja : a˛Aþ

i

�
. This submodel yields

the expected maximum benefit per trip:

ahi ¼ 1
mh

ln

"
1
Oi

X
j˛D

emhðgjhðHÞ�sjhi Þ
#

(6.21)

representing an accessibility measure for agent h resident at i who integrates the expected

benefits among all the alternative destinations considering the minimum travel times
�
sjhi

�
for the set of available routes to each destination.

In summary, the problem in Eq. (6.16) integrates the logit transportation demand and the
MTE model and yields accessibility measures given by the map, assigning the optimal solu-
tion for the transportation subproblem, i.e., (a,t) ¼ 4(MH,O) to each couple (MH,O).

Thus, the LUT fixed-point equilibrium problem is

M�
H ¼ FLUT�fHhg;O

�
M�

H

�
;4
�
M�

H ;O
��

(6.22)

Bravo et al. (2010) proved that a solution to this fixed-point problem exists and, if
the bids (Eq. 6.12) have enough dispersion, i.e., b are sufficiently small, FLUT is a
contraction, and the solution is unique. The proof proceeds as shown in Fig. 6.6,
connecting three steps sequentially starting with identifying an initial matrix
MH ¼ ({Hhi}, h ˛ C, i ˛ I), MH ˛ K. Then, trip generation is computed by direct eval-
uation of O(MH); second, with (MH,O) the vector of accessibility variables (a,t) is
calculated through the accessibility map 4(MH,O), which implies solving the MTE.
Finally, the triple (MH,O, (a,t)) determines unique optimal utilities and prices,�
u�; p�i

�
, through the equilibrium fixed point, Fu, having had uniqueness proven

Figure 6.6 The LUT fixed-point iteration.
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with and without externalities in Technical Notes 5. This sequential process gives a
mapping of the solution matrix M�

H from an initial matrix MH. The integrated LUT
equilibrium is defined as the solution of the fixed-point FLUT:MH / FLUT(MH).

The proof of existence and uniqueness follows because K is a nonempty compact
polytope and the map FLUT($) is continuous (because it is composed by continuous
maps), and by Banach’s fixed-point theorem. Bravo et al. (2010) show the existence
and uniqueness of a solution to the LUT equilibrium problem as follows: the map is
of class C1 and because K is compact, it is Lipschitz so there is at least one LUT equi-
librium. In Technical Note 6.2 we prove that for b ˛ (0,bc) in Eq. (6.12), the map
4(MH,O) is a contraction and that the upper bound bc is computable. In this case,
we conclude that the LUT equilibrium problem has a unique solution.

It is worth commenting that the condition for uniqueness, b ˛ (0,bc), implies that
the willingness-to-pay variates must have a minimum variance, i.e., the agents have
a minimum idiosyncratic heterogeneity in the aggregate model or each agent’s
behavior has a minimum variance (nondeterministic) in the disaggregate model.
Conversely, if the behavior is sufficiently deterministic, this result implies that the
equilibrium is not unique.

The Frechit Model

We now analyze the integrated LUT system modeled by a frechit LU model, replacing
Eqs. (6.12) and (6.14) by the corresponding frechit equations:

Hhi ¼ Si
whiðHÞbP

g˛C
wgiðHÞb

; ci˛VI (6.23)

whi ¼ zhðH;O;a; tÞe�uh ; ch˛C; i˛VI (6.24)

and consider the same logit transportation demand and network assignment problem in
Eq. (6.11) that yields the equilibria in Eqs. (6.12)e(6.15).

Let us analyze whether the property of existence of a unique solution holds in the
frechit LU model. The existence of a unique solution follows directly from the logit
model, where the mapping is as follows:

MH ¼ FLUTðfHhg;OðMHÞ;4ðMH ;OÞÞ (6.25)

with an identical sequence of logit models: O(MH), 4(MH,O). The difference is in the
LU fixed-point problem, Fu, which has the same mathematical form but different
parameters. Thus, this problem yields equilibrium utilities and prices (u*,p*) derived
from the triple (MH,O,a,t) through the frechit version of the equilibrium fixed point.
Because Fu is identical in the logit and frechit models, uniqueness is also proved with
and without externalities in Technical Note 5. Because the map is also of class C1 and
K is compact, it is Lipschitz. Again, if the shape parameter b in Eq. (6.23) is suffi-
ciently small, the map 4(MH,O) is a contraction, with the upper bound bc calculated in
Technical Note 6.2.
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Remarks and Comments

The mathematical properties of the integrated LUT equilibrium proven in this chapter,
i.e., the existence of a unique solution and the convergence of the iteration algorithm,
are powerful tools for modelers. These results hold for the aggregate LU conditionP
i˛VI

Si ¼
P
h˛C

Hh ¼ H.

To summarize, these properties guarantee that if the modeler formulates a LUT
system with logit models for the transportation MTE, and with logit or frechit models
for the bid-auction LU equilibrium, then the iteration process described in Fig. 6.6 con-
verges to the unique equilibrium. This statement holds for the case with and without
externalities.

However, it is worth bearing in mind that these properties do not necessarily hold if
the agents’ bids are close to being deterministic (low variance) or if the location prob-
abilities are subject to constraints that are not included in our analysis, which may also
reduce the behavior variability of the agents. The extension of the mathematical prop-
erties to these cases depends on the specific formulation of the penalizations used to
represent constraints.

The LUT models analyzed here consider the classical four-step trip-based transpor-
tation equilibrium model. Other approaches, such as activity-based models and tour-
based models, simulate a more complex decision process that considers trip chains.

It is also important to note that the transportation system modeled is limited to the
private transportation mode because the MTE model does not consider public trans-
portation. Moreover, the extension to public transportation is not trivial because it
involves a multiple service choice process with the delays caused by stops and conges-
tion of vehicles. This yields a public transportation equilibrium problem that is
different from the private transportation case.

6.3 Summary

In this chapter, we have analyzed the LUT model, which integrates LU and T equilib-
rium submodels. This approach has the merit of providing very important properties
for the modeler because despite the complexity of the LUT system, it yields unique
equilibria under certain plausible conditions. Indeed, the minimum heterogeneity
required for the equilibrium to be unique is likely to be reached in applied models
because of the heterogeneity of consumers’ idiosyncratic behavior and the variety of
real estate options, which induce a variety of stochastic sources in the location process.

From a different perspective, the likelihood of the existence of a unique equilibrium
gives rise to interesting thoughts if we assume that the model represents the city
reasonably well. Indeed, it tells us that cities have a natural attractor. If we think about
a sequence of the city’s unique equilibria as population grows, it defines a unique path
for the city’s dynamics, which implies that cities are pulled toward an attractor. If that
were the case, one should try to identify the drivers of this attractor. In the following
chapters, we shall further explore the notion of natural attractors, but it is worth stress-
ing here that the LUT equilibrium model provides a strong basic argument for this
notion. Of special relevance is the fact that the LUT equilibrium attractor includes
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not only agents’ location externalities, i.e., interactions between neighboring house-
holds and firms, but also interactions with distant activities, which involve travel.
Then, the attractor defines a unique solution imposed on the complex LUT system un-
der the common law of rational behavior.

Technical Note 6.1: The LUT Equivalent Optimization
Problem

The Short-term Logit Model (Without Location Externalities)

Let us reproduce the result of Brice~no et al. (2008) that proved that for the short-term
case without externalities, the LUT logit equilibrium has the following equivalent opti-
mization problem (Eq. 6.5):

min
t;u;p

Fðu; p; tÞ ¼
X
a˛A

Z ta

t0a

s�1
a ðzÞdzþ

X
h˛C

Hhuh þ
X
i˛VI

Sipi

þ 1
b

2
6664
X
h˛C
i˛VI

SiHhe½bðwhiðu;tÞ�pi�

3
7775 (T6.1)

with whiðu; tÞ ¼ zhiðtÞ � uh; zhiðtÞ ¼ yh þ fhðziðtÞÞ
lh

; and fh(zi(t)) the utility yield by

location attributes including the transportation accessibility index zi(t).
Denoting ðu�; p�; t�Þ, we obtain the following solution of the problem in Eq. (T6.1):

vFðu; p; tÞ
vuh

¼ 00Hh ¼
X
i˛VI

SiHhe½bðwhiðu�;tÞ�p�i Þ� (T6.2)

Defining Hhi :¼ SiHhe½bðwhiðu�;t�Þ�p�i Þ�, we observe that the consumers’ equilibrium
condition, Hh ¼ P

i˛VI
Hhi, holds. Solving Eq. (T6.2) for u� reproduces the equilibrium

utilities obtained in Chapter 5:

u�h ¼
1
b
ln

"X
i˛VI

Sie
bðzhiðtÞ�p�i Þ

#
; ch˛C (T6.3)

Additionally,

vFðu; p; tÞ
vpi

¼ 00Si ¼
X
h˛C

SiHhe½bðwhiðu�;tÞ�p�i Þ� (T6.4)
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which reproduces the supply constraints, and solving for p�i yields the equilibrium
prices:

p�i ¼
1
b
ln

 X
h˛C

Hhe
bwhiðu�h;tÞ

!
; ci ˛VI (T6.5)

Substituting optimal utilities into the location definition,

Hhi : ¼ SiHhe½bðwhiðu�;t�Þ�p�i Þ�, yields the aggregate location choice model:

Hhi :¼ Hh
Sie½bðzhiðtÞ�p�i Þ�P

j˛VI
Sje
�
b
�
zhjðtÞ�p�j

�	 ¼ Hh
Sie½bðwhiðu�h;tÞ�p�i Þ�P

j˛VI
Sje
�
b
�
whjðu�h;tÞ�p�j

�	 ¼ HhPi=hðu�; p�; tÞ

(T6.6)

where we have multiplied both the numerator and denominator by e�bu�h . Replacing
optimal prices in the same definition yields the aggregate bid-auction model:

Hhi :¼ SiHhe
bðwhiðu�h;tÞ�p�i Þ ¼ Si

Hhe
bwhiðu�h;tÞP

g˛C
Hge

bwgiðu�g;tÞ ¼ SiQh=iðu�; tÞ (T6.7)

These results show that the solution of the optimization problem, Eq. (T6.1), rep-
licates simultaneously the bid-auction and the choice models defined in Chapter 4.
Note that the optimization problem in Eq. (T6.1) is also consistent with the problem
analyzed in Chapter 5, denoted by 4ðuÞ in Technical Note 5.1, because the latter is
a subproblem that can be obtained by replacing the equilibrium price of Eq. (T6.5)
in Eq. (T6.1), assuming that travel times are constants

�
t ¼et�; then:

4ðuÞ ¼ F
�
u; p�;et�.

Finally, the optimum travel times are given by:

vFðu; p; tÞ
vta

¼ 00s�1
a ðtaÞ ¼ �

2
64
X
h˛B
i˛VI

SiHhe½bðwhiðu;t�Þ�pi�vzhiðt�Þ
vta

3
75

¼ �

2
6664
X
h˛B
i˛VI

Hhi
vzhiðt�Þ
vta

3
7775 (T6.8)
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The solution of this equation depends on the specific transportation demand model,
but we know that congestion increases travel times and reduces accessibility; that is,
vzhiðt�Þ
vta

< 0. Consider, for example: vzhiðt�Þ
vta

¼ �P
d˛D

Ndh
i $

vsdi
vta

ðtÞ, with Ndh
i the number

of trips between nodes i to d by agent h, and sdhi ¼ 4dh
i

�
ta þ sdhja ; a˛Aþ

i

�
the corre-

sponding expected travel time. Define gdi :¼ P
h˛C

HhiNdh
i , with Ndh

i the total trips

generated by household type between locations (zones) i and d, to write

s�1
a ðtaÞ ¼ P

d˛D
i˛I

gdi $
vsdi
vta

ðtÞ. Then,

s�1
a

�
t�a
� ¼ X

d˛D
i˛VI

gdi $
vsdi
vta

ðt�Þ ¼
X
d˛D

vda ¼ xa (T6.9)

which reproduces the MTE (Baillon and Cominetti, 2006), i.e., t�a ¼ sa
�
x�a
�
and x�a the

total flow on link a at equilibrium.
Thus, we conclude that the optimization problem in Eq. (T6.1) yields a solution that

replicates the logit model equilibrium of the integrated LUT system.

The Long-Term Logit Model (Without Location Externalities)

These conclusions can be extended for the long-term LUT optimization problem
in Eq. (6.10):

min
t;u;p

FðtÞ ¼
X
a˛A

Z ta

t0a

s�1
a ðzÞdzþ

X
h˛C

Hhuh þ
X
k˛K

SkxkðpÞ

þ 1
b

2
6664
X
h˛C
i˛VI

SiHhe½bðwhiðu;tÞ�pi�

3
7775

with xkðpÞ ¼ 1
qk
ln

�P
i˛VI

Sieqkðpi�cikÞ
�
the expected maximum profit. Sk is the market

share of firm k and cik stands for the firm’s costs; both are exogenous.
We need only to prove that vFðu;p;tÞ

vpi
¼ 0 yields the equilibrium condition because

the other conditions hold as in the short-run case. Then,

0 ¼
X
k˛K

Sk
vxkðp�Þ
vpi

�
"X
h˛C

SiHhe½bðwhiðu;tÞ�p�i Þ�
#

(T6.10)
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where vxkðpÞ
vpi

¼ Sie
qkðpi�cikÞP

j˛I
Sje

qkðpj�cjkÞ
¼ Ps

kiðpÞ is the aggregate logit supply probability that

supplier k offers for a real estate unit i. Then,
P
k˛K

Sk
vxkðp�Þ
vpi

¼ P
k˛K

SkPS
ki, and

Hhi :¼ SiHhe½bðwhiðu;tÞ�p�i �. Therefore,
X
k˛K

SkP
s
kiðp�Þ ¼

X
h˛C

Hhi ¼ Si (T6.11)

which proves that the equivalent optimization problem also yields the equilibrium
conditions. This conclusion also holds for homogeneous suppliers, which is seen by

replacing
P
k˛K

SkxkðpÞ by S$x(p) in Eq. (6.10), with xðpÞ ¼ 1
q
ln

�P
i˛VI

Sieqðpi�ciÞ
�
repre-

senting the expected maximum suppliers’ profit in the city and S ¼ P
i˛VI

Si.

Technical Note 6.2: Bounds for the Model With
Externalities

Here, we summarize the result of Bravo et al. (2010) for b ˛ (0,bc) in Eq. (6.12): when
b is sufficiently small, the location with externalities map
MH ¼ FLUT({Hh},O(MH),4(MH,O)) is a contraction.

Consider the bid-auction probability in Eq. (6.12):

Qhi ¼ SiQh=i ¼ Si
ebwhiðHÞP

g˛C
ebwgiðHÞ (T6.12)

and compute the derivatives:

vQhi

vHkj
¼ bSiQh=i

2
4vwhi

vHkj
�
X
g˛C

Qg=i
vwgi

vHkj

3
5

¼ bSiQh=i

�
1� Qh=i

�"vwhi

vHkj
�
X
g˛C
gs h

Qg=i

1� Qh=i

vwgi

vHkj

#
(T6.13)

Take a uniform bound jvwgi

vHkj
j � B and observe that

P
g˛C
gs h

Qg=i

1�Qh=i
¼ 1 and

vwhi
vHkj

� P
g˛C
gs h

Qg=i

1�Qh=i

vwgi

vHkj
� Bþ B

P
g˛C
gs h

Qg=i

1�Qh=i
� 2B to write:
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vQhi

vHkj






 � 2BbSiQh=i

�
1� Qh=i

�
(T6.14)

Finally, using max
x˛ð0;1Þ

xð1 � xÞ ¼ 1
4, we obtain the upper bound:






vQhi

vHkj






 � 1
2
BbSi (T6.15)

Therefore, because the contraction holds for jvQhi
vHkj

j < 1, then bc <
2
BSi

defines the
upper bound if B > 0.

Let us now consider the frechit model:

Qhi ¼ SiQh=i ¼ Si
whiðHÞbP

g˛C
wgiðHÞb

(T6.16)

with vQhi
vHkj

¼ bSiQh=i

2
4 1
whi

vwhi
vHkj

� P
g˛C

Qg=i
1
wgi

vwgi

vHkj

3
5. Define xhi ¼ 1

whi

vwhi
vHkj

and write:

vQhi

vHkj
¼ bSiQh=i

�
1� Qh=i

�"
xhi �

X
g˛C
gs h

Qg=i

1� Qh=i
xgi

#
(T6.17)

Take a uniform bound jxhij � B0, assume that jwhij � ε; ch˛C; i˛VI to avoid
dividing by zero, and follow the same analysis as above to get the upper bound for
the frechit model:






vQhi

vHkj






 � 1
2
B0bSi (T6.18)
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The General Urban System 7
7.1 Introduction

A general equilibrium of the system is studied in this chapter, extending the land-use
and transportation integrated model (LUT) discussed in Chapter 6 to include the gen-
eral economy (LUTE), that is, by including the production and labor markets. Fig. 7.1
illustrates this model, in which the production submodel simulates the equilibrium of
the goods, leisure, and labor production markets, whose interaction leads to an inte-
grated equilibrium.

In the LUTE model, each goods market is modeled with a specific technology for
production, and supply and demand are matched at every location by a set of equilib-
rium prices differentiated by location. Consumers buy goods and enjoy leisure activ-
ities at the most attractive locations, whereas producers optimize production profit by
buying inputs from least-cost producers.

There are very few examples of a LUTE equilibrium model. The first LUTE model
to be widely applied and successfully implemented was MEPLAN (Eche~nique, 1994),
which has been used in various cities since the 1980s. It was followed by two sister
models, TRANUS (De la Barra, 1989) and PECAS (Abraham and Hunt, 1997). These
models, embedded with the LUT systems, interact with an inputeoutput approach (IO)
used in regional economics. They thus integrate all the production sectors of the urban
and regional economy. Later, with the RELU-TRANS model, Anas and Liu (2007)
developed a general equilibrium model for a CobbeDouglas technology with constant
returns to scale.

Land Use

Production
EconomyTransportation

LUTE MODEL

Figure 7.1 The land-use, transportation, and production model.
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As we shall see in this chapter, these models have advanced in integrating all mar-
kets of the urban system in a consistent LUTE model, which is a highly demanding
task. Moreover, these models have been applied to various large cities, proving their
successful implementation with available data. To make this task feasible, the models
share a common simplification: they ignore location externalities, agglomeration econ-
omies, and economies of scale. When these issues were included, they simplified the
phenomena, assuming constant attractors incapable of incorporating the important
dynamics of a nonlinear system. Although these constants help in fitting the model
to observed data, they are only useful for a short-term analysis.

Incorporating externalities does, indeed, change the mathematical structure of the
model, switching it from a linear to a complex nonlinear system. Urban economists
have highlighted the importance of incorporating this phenomenon in urban studies
(Krugman, 1991; Fujita and Thisse, 2002), but no applied model has yet been formu-
lated with this nonlinear process. However, because the mathematical difficulty has
been ameliorated with the increased capacity of computing, we explore a formulation
of such a complex LUTE system in this chapter.

7.2 The Integrated LUTE Model

The extension of the LUT model to simulate the equilibrium of goods and labor
markets, i.e., all production and services markets, is here called the land-use, transpor-
tation, and productive economy (LUTE) model. The LUTE model seeks to solve the
spatialized equilibrium of the production and consumption of goods in conjunction
with the allocation of activities in the urban area and the transportation of cargo and
passengers.

The integration of the production economy into the LUTE model is a major task
because the number of market equilibrium conditions expands with the number of
goods and jobs. To illustrate this problem, we consider a set of goods, or sectors of
goods, or industries, K, indexed by k ¼ ð1; 2;.; jKjÞ, as well as a set, F, of job types
characterized by skill requirements and indexed by f ¼ ð1; 2;.; jFjÞ. Then, consid-
ering that production and consumption are spatially distributed in jIj zones, our task
is to model ðjKj þ jFjÞ$jIj related markets to obtain the corresponding equilibrium
prices of goods p ¼ {pkj} and salaries u ¼ {ufj},ck ˛ K, f ˛ F, j ˛ I.

Modeling approaches can be differentiated by their different technical aspects,
e.g., the aggregation level of goods, the agents and the space, and by the way the
interactions occur among land-use (LU) transportation (T) and markets for goods
(E), if they are formulated. They can also be differentiated by their economic
complexity, which fundamentally defines the outcome of predictions. Models whose
variables are physical objects subject to market totals, e.g., goods, land, and trips,
which in their simplest version are multisector IO models with fixed coefficients,
can be grouped into a class. Their output reflects a linear distribution with exogenous
parameters of the flow of goods. The second class includes price signals that equate
supply and demand at equilibrium, leading to a multimarket and spatialized application
of the well-known Walras equilibrium. A third class leads to Nash’s equilibrium
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because the behavior rules of agents are sensitive to nonlinear dependencies: LU
externalities, production agglomeration economies, and production economies of scale
and scope. Nash’s LUTE model describes a complex nonlinear system.

7.3 The InputeOutput Model

IO technology (Leontief, 1986) is an accounting method that considers not only all
sectors of the economy (k ˛ K), including manufacturing and services, but also resi-
dential land and real estate. As shown in Fig. 7.2, these sectors are row entries in
this table of the total supply of all goods and services. They are also entries in columns,
representing the “intermediate demand” of resources used for production. The table
also shows the final demand for investment, consumption, government expenditure,
and exports. The basic idea of the table is that the totals in each row, k, Xk, are distrib-
uted into intermediate production and final consumption.

Intermediate transactions, representing inputs from sector k for the production pro-
cess of sectors k0, denoted xkk0 , are calculated as xkk0 ¼ akk0Xk0 , i.e., the amount of
input, k, required by sector output, k0, with A ¼ ðfakk0 g; k; k0 ˛K � KÞ, called the
matrix of technical coefficients. This model represents production with a linear tech-
nology that ignores the economies of scale and of agglomeration.

The equilibrium condition is that the total supply by sector equals the total demand,
i.e., Xi ¼

P
k˛K

xik þ Y and Y ¼ xiI þ xiC þ xiG þ xiE, thus clearing all sectors’ markets.

The equilibrium is calculated as the production amounts that comply with:
X ¼ (I � A)�1Y, with I being the unit matrix. This is a linear problem that requires
inverting the matrix I � A.

The IO model, originally conceived for a single location market, evolved to more
sophisticated models accounting for the spatial locations of consumers and producers
from each sector, which defines the Spatial IO Table. De la Barra (1989) explains an
implementation of this extension by expanding the production sectors from Xk to
originedestination flows by commodity sectors, defining the matrix of commodity
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flows of products, k, produced at zone i and shipped to zone j, {Xkij}, k, i, j ˛ K � I � I.
The matrix expansion is modeled as a spatial distribution model: Xkij ¼ XkPij/k( p,c),
where the distribution probability, Pij/k( p,c), is usually based on an entropy or a logit
model, with spatial distribution rules that include differentials in the prices of goods,
p ¼ {pki}, and transport costs, c ¼ {ckij}. The land market is modeled as an immobile
commodity sector in which exogenous land is demanded by the real estate sector to pro-
duce floor space, which is a final product demanded by consumers. The equilibrium

conditions are extended to all spatialized markets, generating jKj$jIj2 equilibrium equa-
tions with the same number of unknown flows, Xkij.

The model can be formulated by considering price elastic demands, i.e., the tech-
nical coefficients matrix is dependent on prices, A ¼ A(p). In this case, the model
yields a Walras equilibrium, with prices adjusting to clear all markets simultaneously.
Moreover, if transport costs are endogenous, the model leads to a LUTE equilibrium,
where transport costs are also adjusted for congestion in the transportation mode.

The implementation of a spatialized IO method requires the estimation of many
parameters, which is a difficult task even if good data are available, but it also over-
parameterizes the model. It assumes linear production technology, ignoring nonlinear
relationships in the system, such as externalities or economies of scale and scope,
which would lead to a Nash equilibrium. This simplicity permits simple calculations
of amounts and prices of goods produced and consumed at every location and the
spatial distribution of cargo and passengers, but it can also oversimplify the nonlinear
dynamics of the system.

The IO approach has generated various implementations in applied software that
interact with transport models that provide the travel costs for (k, i, j) tuples and acces-
sibility indices, e.g., MEPLAN (Eche~nique, 1994), TRANUS (De la Barra, 1989), and
PECAS (Abraham and Hunt, 1997). These models have been applied in several cities
and for different purposes, mostly for transport policy analysis. Implementations may
differ in the number of sectors that are price elastic, reducing the number of parameters
to estimate and saving on computing resources.

7.4 The Mixed Discrete-Continuous Model

In contrast to the IO approach based on aggregate flows, this approach is based on
microeconomics principles, focused on the interaction between agents at a microscopic
level. Here, agents can be characterized by behavioral rules that lead to a Walras
equilibrium if externalities are excluded or, otherwise, to a Nash equilibrium.

Fig. 7.3 illustrates the interactions between agents and the markets involved (except
with the transportation market). On the left-hand side, households demand real estate
units at different locations in the LU market; then job locations in the labor market,
depending on the locations of their residences; and, finally, goods and leisure at
different spatialized markets of products. In the process of product supply, shown
on the left-hand side, total supply is allocated to zones in the LU market, which
then offers jobs because labor is an input of production and demands other
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intermediate products from suppliers. The markets clear the demand and supply by
defining land rents, salaries, and product prices at each location, represented by the
middle column.

In this section, we discuss and then modify the demand model developed by Anas
and Liu (2007), hereafter denoted A-L. In this model, prices are obtained from the
Walras price equilibriumdwithout externalitiesdapproach, implemented in the
RELU-TRANS model.

The A-L Demand Model

Consumers are divided into clusters characterized by working skills (here indexed by
h ˛ C), each one with an exogenous number of consumers. The behavior of an agent is
modeled in the A-L model using a mix of random-discrete choice and deterministic-
continuous frameworks. In this mixed approach, the discrete entities are locations, rep-
resented by zones, transportation modes and routes. Discrete choices are residencesd
real estate typesdincluding their locations and relation to job locations (v, i, j). The
continuous choices are consumption of a bundle of retail goods at each location
x ¼ {xk, k ˛ K}, with jKj ¼ jIj, and residential floor space b ¼ {bhi,h ˛ C, i ˛ VI}.

A brief description of this model follows. Household utilities are described by a
CobbeDouglas utility function between housing and consumption and by a constant
elasticity of substitution (CES) subutility function with the DixiteStiglitz form for
consumption, which in our notation reads:

Uijv=h ¼ ah ln

 X
k˛K

bk=hijx
qh
k

! 1
qh

þ gh lnðbÞ þ rijv=h þ eijv=h (7.1)
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Figure 7.3 The land use, transportation, and economic system.

The General Urban System 161



where the utility of each household, h, conditional on discrete residence and job
location choices (i, j, v) depends on the following continuous variables: the aggregated
consumption bundle of retail goods, x, and the floor space, b, in the chosen dwelling
type, v ˛ V. The authors also add an idiosyncratic constant, rvij/h, and the random
variables, evij/h. bk/hij are constants representing an inherent attractiveness to retail at
location k in the (h, i, j) case. The exogenous parameters are ah,gh > 0 with
ah þ gh ¼ 1, which impose constant returns to scale, and 0 < qh < 1 with 1

1�qh

defining the constant elasticity of substitution between retail locations. Thus, the

subutility of retail

�P
k˛K

bk=hijx
qh
k

�
has a DixiteStiglitz form, which is embeded in a

CobbeDouglas utility.
The consumer is constrained by time and monetary budgets, which have the

endogenous working hours in common. These constraints are combined to obtain a
single monetary constraint, which after simplifying for some factors for our exposition,
including taxes, reads:

X
k˛K

ðpk þ cikÞdkxk þ b rvi þ dcij ¼ uhj

 
T � dtij �

X
k˛K

tikdkxk

!
(7.2)

with T � dtij �
P
k˛K

tikdkxk > 0.

This budget constraint equals the household’s total expenditure (left term) with the
income (right term) over the period (e.g., 1 year). The exogenous parameters are
the following: the total time endowment, T; the number of commutes to work, d;
the number of trips per unit of goods bundle, dk; and all units of time. The endogenous
variables are the following: consumption of goods and floor space, (x, b); the unit price
of retail goods at zone k, pk; the land rent per unit of floor space type v at location i, rvi;
and travel times and expected monetary costs, including all transport modes and
purposes, (tij, cij) in the pair (i, j); uhj, which is the hourly wage at zone j for household
type h (with type h defined by the workers’ skills).

The authors obtain the Marshallian demands for the continuous variables analyti-
cally by maximizing the utility in Eq. (7.1) subject to the constraint of Eq. (7.2), which
yields:

bvi=hj ¼ gh
jhij

rvi
; xk=hij ¼ bk=hij

pk=hij
rvi

(7.3)

with jhij the net income given by the right-hand side of Eq. (7.2) and
pk/hij ¼ pk þ cik þ uhjtik the delivered price of retail goods from the production loca-
tion, k, to consumer h residing at i and working at j (i.e., with income uhj).

The demand model follows two steps: the set of continuous choices (x, b) is price
elastic and is calculated analytically conditional on discrete choices, i.e., resident type,
its location and job location (v, i, j). These are then used to derive indirect utilities for
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the discrete choices. In the second step, a random indirect utility yields choice
probabilities using a logit model. The model solves the market-clearing Walrasian
price equilibrium on the prices of goods, land rents, and labor salaries (p, r, u),
yielding the consumption of retail goods and land (x, b). The solution attains a LU
and economic production equilibrium conditional on transport costs and times, which
is called the RELU model. This model iterates with the transport model, TRANS, in a
heuristic process.

It is worth commenting on the A-L’s approach to explain potential improvements.
The authors do not explain the logic of defining the subutility of continuous choicesd
retail shopping and residential landdas deterministic, while the utility of discretee
location choices is assumed to be random. This asymmetric assumption is intriguing
theoretically because random utilities in discrete choices are justified as representing
an “idiosyncratic utility” capturing “the horizontal taste differentiation among con-
sumers.” But this argument is also valid for continuous choices, i.e., the continuous
or discontinuous characteristic of consumption is dependent only on the variability
of tastes across the population in a cluster. This issue has a practical implication
because the assumption of continuous and deterministic consumption of floor space
requires that real estate supply is also continuous in floor space, which implicitly
ignores the use and redevelopment of old stock in the real estate market. This assump-
tion is valid for modeling a city that emerges from empty land, ignoring the fact that
real estate units are durables.

The second comment is that the consumers’ behavior regarding the interaction with
working and shopping activities is merely economic, i.e., it is based on minimizing
prices, transportation costs, and time. This assumption ignores that shopping is not
solely utilitarian but that it also combines entertainment, socializing, and gathering
information about varieties of goods. Modeling this more complex behavior requires
that the interaction between consumers and suppliers is extended from the prices of
goods to include a quality attribute of both goods and the environment. However,
quality is an attribute that is not only difficult to describe but that also introduces
mathematical complexity if it is dependent on the concentration of opportunities and
the size of shops, i.e., density attributes. This is because the equilibrium problem is
no longer a Walrasian price equilibrium problem but a nonlinear Nash equilibrium
caused by location externalities and economies of scale.

Third, the model recognizes differentiated attraction factors, rvij/h, for options
(v, i, j), but it assumes that they are exogenous, thus avoiding modeling location exter-
nalities that appear if attractiveness is assumed to depend on location choices. This
assumption also avoids formulating a nonlinear Nash equilibrium.

Finally, the model assumes a simultaneous choice of residence and job location
(v, i, j), thus conveniently avoiding defining any sequence between them. Whether
residenceejob choice is a simultaneous or sequential process and, if it is sequential,
which choice is based on the other, is debatable.

Despite these issues, the A-L model is consistent with microeconomic and urban
economic theories, making it theoretically sound, comparable with microeconomic
models of other markets and computable. In the following, we will formulate a model
that offers innovations regarding the comments mentioned above.
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7.5 The Random Discrete-Continuous Goods Demand
Model

The discrete-continuous model can be reformulated as a fully random choice model in
all consumption variables. In this section, we formulate such a model, applying the
extreme value distribution for consumption of goods variables, which yields the
multiple discrete-continuous extreme value (MDCEV) model proposed by Bhat
(2008), and then use it to define the equilibrium conditions.

The subproblem we address here is how consumers decide where and how much to
consume retail goods, based on retail and job locations. The MDCEV model uses a
CES random subutility function, defined as:

UðxÞ ¼
X
k˛K

gk

ak

�
ed

0zkþεk

���xk
gk

þ 1

�ak

� 1

�
(7.4)

where U(x) is quasiconcave, increasing, and has a continuously differentiable function
on the goods vector x ¼ ðfxkg; xk ˛ℝþ; k˛KÞ; gk and ak are parameters associated
with each of the goods; vector zk describes the set of attributes that differentiates goods
by their locations; d is the vector of taste parameters of attributes, where
d0zk ¼P

m
dmzkm; and εk’s are the random terms.

As in the A-L model, we assume that the subutility in Eq. (7.4) is conditional on the
consumers’ residential and job locations (h, i, j), and we interpret Bhat’s variety of
goods, indexed by k ˛ K, as the variety of locations. Thus, we simplify behavior
assuming that the consumer purchases the same bundle of retail goods despite the loca-
tion, although this simplification is for the benefit of the exposition rather than a
modeling recommendation. To consider different sets of goods consumed at each loca-
tion, the modeler can expand the set of goods, adding an index, such that goods are
indexed by (k, l) ˛ K � L, with l ˛ L being the index for the varieties of goods. For
simplicity in this chapter, we shall consider a common bundle consumption set
here, i.e., jKj ¼ jIj.

We define a good’s composite price, or cost, pk=hij ¼ pk þ cik þ uhjtik. This con-
siders the full delivery cost of consuming at location k and residing at location i,
including the price of the goods, pk, the transport cost, cik, and the travel time cost,
uhjtik. The perceived travel time disutility of purchasing retail goods at zone k based
on residence location i, tik, should also be included in the attributes vector, zk, if
time is considered a variable in the direct utility function.

It is important to represent the quality of goods in the set of attributes, zk. These at-
tributes are difficult to identify and select because the set of quality aspects of goods
may be very large. However, some of these attraction factors are associated with aggre-
gate market structures of the retail and services sectors, such as the density of commer-
cial and service activities. The quality factor is modeled here by defining zk(rk), with rk
the density of retail and services activities at location k. We can anticipate that rk
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emerges from the location choice of firms, i.e., rk(H), affecting the equilibrium of the
LU model with the phenomenon of location externalities.

The MDCEV model, summarized in Technical Note 7.1, assumes an extreme value
distribution for the random terms εk, ck ˛ K, with εk being independent of zk and εk’s
being independently distributed across alternative zones with shape parameter s. The
disposable income budget, Ehij, is a constraint, with

P
k˛K

ek=hij ¼ Ehij, where

ek=hij ¼ pk=hijxk is the expenditure at each location. Bhat obtains indirect utilities
from the KuhneTucker conditions of the maximum utility problem based on con-
sumers’ budgets. He then estimates the consumption probability for M4I goods
options, which we interpret as consumption at M alternative locations where a com-
mon bundle of retail goods can be purchased, differentiated by a set of attributes, or
qualities, zk. This probability is denoted as P

�
x�1;.; x�M ; 0;.0

	
, which we use to

calculate the expected household demand for the retail goods at all locations, i.e.,
M ¼ I, as:

xk=hij ¼

8><
>:
2
64Z Ek=pk

xk¼0
Phijðx1;.; xk�1; y; xkþ1;.; xIÞydy

3
75
9>=
>;

hij

ck˛K (7.5)

where we consider the consumption of an item of outside goods with the unit to be an
exogenous price defined as the numeraire price. The analysis in Technical Note 7.1
yields the following result for Eq. (7.5):

xk=hijðp;EkÞ ¼ CðpÞ
 
ak
E2
k

pk
þ bkðp� kÞ

  
Ek

pk
� gkln

�
Ek

pk
þ gk

�
þ ck

!!!

(7.6)

with ak=hijðxms kÞ; bk=hijðxms k; pms kÞ˛ℝþ, ck=hijðVðzÞÞ˛ℝ p are defined in
Technical Note 7.1.

The optimal consumption of Eq. (7.6) represents a system of equations at each loca-
tion, one for each tuple (h, i, j), and it defines a fixed-point problem on demands:
x ¼ FC(x; p, t, c, z). The solution distributes demand optimally subject to the con-
sumers’ budgets (Ehij), which depends on the job market, which in turn defines sal-
aries. Then, we write:

x�k=hij ¼ FC
h

�
xms k=hij; pm; tim; cim; zm; Ehij

�
; m˛K; ck˛K (7.7)

which yields the optimal consumption depending on market prices and residential and
job locations. The demand for goods model is continuous with the amounts of the
consumption of goods. It is discrete for each of the locations for consumption alter-
natives, and, in contrast with A-L’s model, it is stochastic in both variables.
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From Eq. (7.7), the total demand at each location is xk ¼P
hij
Phijx�k=hij;ck˛K,

with Phij the residential and job location probability discussed below. From Eq. (7.6),

we deduce that
vxk=hij
vpk

< 0 and xk/hij ˛ (0, Ehij/pk), with Ehij being consumer h’s expected

income depending on the residential and job choice model. This monotonic behavior is
sufficient for a nonnull solution in the demandesupply equilibrium if the following
holds: the supply of goods functions is increasing in prices and is positive for prices
where demand is nonnull, i.e., 0 < pk < max

hij
Ehij:

Obtaining market prices requires solving the equilibrium of goods and leisure
markets, conditional on the households’ and firms’ location problem, i.e., conditional
on the LUT equilibrium. We discuss this equilibrium below.

7.6 The Household Stochastic Demand Model for
Location and Consumption

In this section, we propose an advanced demand model for the LUTE system built on
the contributions presented above. We assume a time-hierarchical decision process in
which consumer behavior combines consumption of goods and leisure as a short-term
process (days to weeks) and residence and job location as a long-term process (years).
Then, the hierarchy is ordered on the period chosen, or how long the decision will last.
This criterion is justified in that long-term choices are few and involve large amounts
of resources, whereas short-term choices are many and involve fewer resources. Here,
the resources considered are money and time. Moreover, all choices are based on a
stochastic utility maximization context in which goods and leisure are continuous
quantities that are consumed by the consumer in the space in different quantities, while
residence and job locations are discrete choices.

Fig. 7.4 describes the hierarchical choice process for two locations, i.e., jIj ¼ 2. In
a long-term period, the household chooses a residential location, i ˛ I, and then,
depending on the residence location, a job location j ˛ I. Residence implies rents
and job income, which yields a limited money surplus for expenditure on goods and
leisure. The goods and leisure consumption choices are defined with two dimensions,
the good type and its location, K � I. However, for the exposition of the model, we
consider a bundle of goods and leisure, with the consumer deciding where to consume
them, i.e., index k ˛ K is the location of the representative good.

Additionally, we assume that residential and job location choices are made sequen-
tially, and we deliberately define floor space and land consumption as a discrete
variable, in contrast to the simultaneous residence and job choice and the continuous
floor space and land consumption considered by the A-L model.

We start defining the consumer’s problem in the LUTE model context as:

max
i



max
j=i



max
x=ij

Uij=h ¼ Uh

�
zri ; z

u
j ; Thi; xijðzgÞ

���
(7.8)
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where U($) is a stochastic utility and zri ; zuj ; zgj are the residence, work, and goods/
leisure attraction attribute vectors. If these attractors are then defined as dependent on
densities, they represent location externalities affecting the equilibrium, i.e.,
zmk ¼ z

�
rmk
	
, with rmk the density of activities relevant for the type m ¼ (r, u, g)

interactions at location k. Thi is the total leisure time, including time at home and
elsewhere; and xij is the goods/leisure consumption. We define the consumption of
leisure as a bundle of events that include social and entertainment activities.

The optimization problem of Eq. (7.8) is divided into subproblems that represent
different time windows realistically: the long-term residence and job choices last
from years to decades, and the short-term goods/leisure choices last from weeks to
months. The long-term subproblem combines residence and job choices, assumed to
be sequential in a hierarchical process. Which location choice is higher in this
hierarchydresidence or jobdhas been debated for a long time. We may consider
the following criteria: if residence involves several members of the household,
potentially with several workers, then jobs are likely to be dependent on the entire
household’s agreement on the residence location and the coordination of its members’
activities, thus making jobs location conditional on the residence location. This does
not apply for single-person households where the residence and job choices may be
simultaneous.

Additionally, if social factors are strong enough to cause the choice of residential
location to be dominated by social ties, then the residence is also higher in the choice
hierarchy. We shall present the long-term model as job location choice depending on
the residential choice. Ultimately, however, the construction of the actual hierarchy
may be left to empirical evidence obtained from estimating location models.

In this context, we define the income budget constraint as:

X
k˛K

ðpk þ dkcikÞxk þ ri þ dcij ¼ uhjtj (7.9)
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Figure 7.4 The time-hierarchical demand process.
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where we use the notation of the A-L model (see above). The time budget is:

T ¼ ti þ tj þ dtij þ
X
k˛K

ðtk þ dktikÞxk (7.10)

where the exogenous time endowment (per period), T, is fully spent on activities: at
home ti, at work tj, commuting dtij, and consuming goods and leisure

P
k˛K

ðtk þ dktikÞxk .

From Eq. (7.10), we obtain tj ¼ T �
�
ti þ dtij þ

P
k˛K

ðtk þ dktikÞxk
�
, which can be

replaced in Eq. (7.9), unifying the limited resources of time into a single constraint:

X
k˛K

pk þ dkcikÞxk þ ri þ dcij ¼ uhj

 
T � ti � dtij �

X
k˛K

ðtk þ dktikÞxk
!

(7.11)

Therefore, consumer demand in the LUTE model is studied further in three
submodels: the consumption of goods/leisure, job choice, and residential location.

The Goods/Leisure Consumption Model

We use the MDCEV model to solve the most internal maximization problem on
consumption x variables in Eq. (7.8) conditional on location choices (i, j), assuming,
for example, the CES utility in Eq. (7.4), which yields the optimal shopping distribu-
tion, xgk=hij, and leisure consumption, xlk=hij. For this purpose, leisure is seen as an

activity similar to the consumption of goods: both require travel time and costs,
duration time, and have prices or costs. However, leisure has a nontrivial quantity defi-
nition. Thus, we define the quantity of leisure xl ¼ ��xlk; k˛K

	
, where xlk is the

time spent in leisure activity at location k, and pl is the cost per unit of leisure time.
Thus, the optimal consumption of goods and leisure at each location can be

modeled with the MDCEV model by redefining the goods vector as
x�k ¼ ��xg�k ; xl�k


; k˛K

	
, with xg�k and xl�k denoting the optimal quantities of goods

and leisure bundles consumed at each location. As mentioned above, these vectors
can be modeled by disaggregating xk by types of goods and leisure activities. For
simplicity in the exposition, we consider here bundles of goods and leisure, and we
apply the MDCEV model for two types of goods, i.e., xk ¼ ��xgk ; xlk; k˛K

	
.

We proceed by calculating the expected optimal consumption for each consumer,
denoted by x�hij ¼

P
k˛K

x�k=hij, as the solution of Eq. (7.7) conditional on location

choices (h, i, j). Then, the expected price of the optimal goods/leisure bundle is defined

as p�hij ¼
P
k˛K

p�k x
�
k=hijP

k˛K
x�
k=hij

and the optimal expenditure as e�hij ¼
P
k˛K

p�kx
�
k=hij ¼ p�hijx

�
hij, both

conditional on (h, i, j). Finally, the expected maximum utility of goods consumption
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is calculated as Vg�
hij ¼

P
k˛I

Pg�
k=hijU

�
xg�k=hij

�
and that of leisure consumption as

Vl�
hij ¼

P
k˛K

Pl�
k=hijU

�
xl�k=hij

�
, with U($) given in Eq. (7.4), and the consumption proba-

bilities Pg�
k=hij and Pl�

k=hij follow from Technical Note 7.1.

Observe that Vg�
hij and Vl�

hij represent accessibility measures for the consumption of

goods and leisure. They are calculated as the expected optimal, or rational, interaction
of an individual, given (h, i, j), with the large set of goods/leisure consumption activ-
ities available in the city.

The Job Location Choice Model

The job choice is assumed to affect the individual’s transportation time and cost, while
the job itself is differentiated by the salary, uhj, and its quality at each location, denoted
by zuj .

We define ephij :¼ �x�hij��1 P
k˛K

ðpk þ dkcikÞx�k=hij and ethij ¼ �x�hij��1

P
k˛K

ðtk þ dktikÞx�k=hij, the expected monetary and time expenditures in goods/leisure

consumption activities, including travel costs and time. Then, the job location problem
in Eq. (7.8) is

max
j=i

Uhij ¼ Uh

�
zri ; z

u
j ; Thi; x

�
hijðzgÞ

�

subject to : x�hijephij þ ri þ dcij ¼ uhj

�
T � ti � dtij � x�hijethij� ¼ Ehij

(7.12)

where tuj=hi ¼
�
T � ti � dtij � x�hijethij� is the working time. Then, the optimization is

conditional on the residential location and yj=hi ¼ uhjtuj=hi is the corresponding income

from the salary.
We replace x�hijðzgÞ in the utility of the optimal yield by the constraint, which can be

rewritten as: x�hij
�ephij þ uhjethij� ¼ uhjðT � ti � dtijÞ � ri � dcij. Then, solving for

x�hij and replacing it in the utility in Eq. (7.12) yields the following job location

problem:

max
j
Vj=hi ¼ U

 
zuj ;

uhjðT � ti � dtijÞ � ri � dcij
~phij þ uhj~thij

; zri ; ri; Ti; ti

!
(7.13)

whereVj=hi ¼ Vhij

��
zu;uh:; ti$; ci$;ephi$;ethi$j˛I� is the indirect utility conditional on

the residential location. In this problem, zuj is the set of job attraction factors at zone j,
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e.g., natural and constructed environmental amenities, and job opportunities, which
define location externalities on the job demand function associated with the densities,
i.e., zuj jfHhjgj; fHhjg; ch˛C; j˛I.

We assume Vj/hi, a random variate, such that Vj/hi ¼ vj/hi þ εhj. Here, εhj is assumed
identical and independent Gumbel, with shape parameter qh. Therefore, considering
one worker per household, the demand for jobs is xuhj ¼

P
i˛I

HhPj=hi, with Hh the pop-

ulation in cluster h and Pj/hi the logit probability. Then:

xuj=hi ¼ Hh
Lhjeqhvj=hiP

m˛I
Lhmeqhvm=hi

; cj˛I (7.14)

is the number of jobs demanded from the type h household at location j. Lhj is the total
employment at zone j for individuals of cluster h, which is exogenous for the con-
sumers and is calculated from the production model for market equilibrium salaries
(see below). The total demand for jobs of a specific skill, f, at zone j is
xufj ¼P

hi
xuj=hi4hf , with 4hf the proportion of workers with type f skills per unit type h

household.
The expected maximum benefit from goods and leisure consumption and from job

choice, conditional on the residential choice, is V�
hi ¼ 1

qh
ln
P
j˛I

eqhvj=hi , which measures

accessibility to jobs and consumption opportunities from location i for consumer h.

The Residential Location Model

For the residential location, we consider the bid-auction location model. The con-
sumer’s problem is

max
i˛VI

Uhi ¼ Uh
�
zri ; Thi; x

�
hiðzgÞ

	
subject to : ri ¼ ghi

(7.15)

The expected disposable income for a residential location is defined as:

ghi :¼
X
j˛I

Pj=hi

h
uhj

�
T � ti � dtij � x�hijetpij�� �x�hijephij þ dcij

�i

¼
X
j˛I

Pj=hi ½uhjðT � ti � dtijÞ � dcij� �
X
j˛I

Pj=hi

h
x�hij
�epij þ uhjetij�i.

The expected consumer income net cost of commuting is defined as
yhi ¼

P
j˛I

Pj=hi ½uhjðT � ti � dtijÞ � dcij� and the expected expenditure in goods/leisure

consumption and transportation is e�hi ¼
P
j˛I

Pj=hi

h
x�hij
�ephij þ uhjethij	i ¼ ep�hix�hi, with
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x�hi ¼
P
j˛I

Pj=hix
�
hij and ep�hi :¼ �x�hi	�1

 P
j˛I

Pj=hi

h
x�hij
�ephij þ uhjethij	i

!
. Then, we write

x�hi ¼ ðyh�riÞ
p
w �

hi

. Additionally, the expected leisure time is Thi ¼ ti þ xl�hi, with

xl�hi ¼
P
j˛I

Pj=hix
l�
hi

�
zlj

�
the time expenditure on leisure; vector zljðfHhigÞ the set of leisure

attraction attributes that define a location externality; and ti the exogenous amount of
leisure time spent at home.

Replacing x�hi ¼ ðyh�riÞ
p
w �

hi

and Thi in Eq. (7.15) yields the following indirect utility for
residential location:

Vhi ¼ Uh

�
zri ; ti þ xl�hi;

yh � ri
~p�hi

�
; ch˛C; i˛I (7.16)

To obtain the willingness-to-pay function for a residential option, we invert Vhi on ri
for a given utility reservation, uh, i.e. common to all locations, yielding:

whi ¼ yhi � ep�hiV�1
h

�
zri ; ti þ xl�hi; uh

�
; ch˛C; i˛I (7.17)

where zri , ep�hi�xg�hi ðzgÞ; zu	, and xl�hi
�n

zlj

o
; cj˛I

�
are assumed to be dependent on

densities. Then, we denote z ¼ ({zm}, m ¼ {r,g,u,l}) with zm({Hhi}, ch,m) to group
all attributes inducing location externalities.

It is worth recalling that ep�hi ¼ fð9Þ, with 9 ¼
��

pj

; fuhjg;

n
zgj

o
;
n
zuj

o
;

fcijg; ftijg; ch˛C; i; j˛I
�
. This represents the marginal utility of income, which

depends on goods, labor choice, market prices, transportation choices, and costs. Then,
we write: whi ¼ wh(y,z

r,9,u).
Finally, using the bid-auction model and assuming the willingness to pay to be a

random variable with an extreme value that is independent and has an identical
distribution with shape parameter b, we can define the location auction probability
Qh/i(whi,b) and the location choice probability Pi/h(whi � ri,b), defined as a logit or
frechit model (see Chapter 4). Therefore, the total consumer demand for a piece of
real estate indexed by (v,i) ˛ VI is Dvi ¼

P
h˛C

HhPi=hðy; zr; 9; uÞ, the demand for urban

land is Di ¼
P
v˛V

qvDviðy; zr; 9; uÞ, and the allocation of agents is Hhi ¼
P
h˛C

Hh

Pi=hðy; zr; 9; uÞ, conditional on the reservation utilities u.
In this model, accessibility measures consumption of goods and leisure time,

and jobs are implicit in the consumer’s willingness to pay whi. We can also calculate
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the consumer’s expected utility conditional on location rents V�
h ¼ P

i˛I
Qi=h

Uh

�
zi; ti þ xl�hi;

yh�ri
~p
�
hi

�
.

7.7 The Production Model

The following model of production calculates the amount of production of goods and
leisure activities supplied at each location in the city, assuming that producers are
rational agents facing deterministic profits.

The Production of Goods and Leisure Activities

As discussed in Chapter 3, a firm’s behavior emerges from the economic opportunities
the city offers to entrepreneurs. From the perspective of the firm’s decision makers, the
deterministic behavior assumed in the A-L model in the production process may be
considered a better representation of their behavior than in the case of consumers.
This is because, compared with households, the decisions of firms regarding produc-
tion are more strictly quantitative and economic, i.e., profit-based. Moreover, firms
have better information about the input and output markets because of their higher
specialization with some goods and leisure activities. Here, we shall assume determin-
istic profits in production, although an alternative stochastic model, similar to the con-
sumers’ demand model, can be formulated using the MDCEV approach.

Furthermore, A-L assumptions of a CobbeDouglas technology underlying markets
of competitive goods, e.g., zero profit, are standard in microeconomics for calculating
the optimal mixture of capital, labor, and land inputs. By including delivery transport
costs, the model yields different equilibrium prices for the same goods and different
salaries at each location, which recognizes the production advantages associated
with delivery transport costs.

However, delivery transport cost differentials, although relevant, are not a sufficient
explanation for the behavior of firms in their location strategies, particularly in the
urban context where such differences are limited. A second important factor is econ-
omies of scale in production because they define the degree of concentration of the
city’s production in one or more firms and in one, few, or many zones. A third source
of location differential on profits is the location of immobile inputs that induce agglom-
eration economies.

Indeed, immobile inputs are recognized as highly important push and pull factors
for knowledge-based industries, such as technology research and finance, because
they cause the emergence of city structures, such as subcenters, as was discussed in
Chapter 3. Moreover, they are concentrated in large or in highly specialized cities,
as has been highlighted by economic geography (Krugman, 1991). Immobile inputs
can be classified into two main groups for our purpose: permanently immobile, such
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as natural resources, and long-term immobile, such as city structures. While the former
are relevant inputs for the emergence of towns and cities, the latter are dominant factors
in city dynamics.

In the following, we extend the A-L producer’s model, introducing nonconstant
returns to scale, and immobile attraction factors, the latter a source of agglomeration
economies. Additionally, the A-L model assumes floor space as a continuous variable,
which we consider to be more plausible than in the case of households, because in
many cases, firms demand very specific buildings and land lots. However, most of
the floor space supply in the urban context is recycled from old stock real estate, which
is provided in a discrete form. In the following, we also assume that firms demand
specific discrete real estate units in some industries, e.g., large retail and manufacturing
companies or a very specific type of building, but in other industries they integrate with
the residential supply, e.g., offices.

The Firm Location Model

To formulate the production model, we consider the CobbeDouglas production
function. Define j, m ˛ I as the location zones for jobs and inputs, respectively, and
r, k ˛ K the production sectors (of the input and output products, respectively),
including goods, services, and leisure. We consider that firms in each industry are
homogenous and are described by the following CobbeDouglas production function
regarding inputs, with DixiteStiglitz differentiation of varieties of an input (as in the
A-L model). The production function, by industry at each zone, is

Xr=vj ¼ ArK
yr qmr

v Zqr
rj

 X
f εF

L
edr
f

!dr

~drY
kεK

 XjIj
m¼0

Yegkr
km

!gkr

~gkr

; cr˛K; v; j˛VI (7.18)

where Xr/vj
1 is the production of industry r (measured in physical units per unit of time)

conditional on real estate v and location j. Observe that this formulation defines the
different behaviors of firms in the same industry depending not only on their location
but also on their real estate choice. This intraindustry differentiation in production will
be carried out on input demands and production costs.

The production inputs are as follows: K is capital; qv is the floor space or land size of
real estate type v; Zrj is an immobile attraction factor specific to industry r; Lf are labor
inputs by variety of skill type f; and Ykm are the intermediate inputs of products from
different industries, k ˛ K (excluding their own industry, r, as input for their own pro-
duction) brought from a variety of zones (m ˛ I, withm ¼ 0 denoting foreign regions).
The input constant elasticities are yr,mr,qr,dr,

P
k˛K

gkr, and their sum is the degree of
returns to scale, denoted by h.2

1 Notation: capital X denotes product supply, and lower case x denotes product demand.
2 Eq. (7.18) may also include linear parameters for each input, as in the A-L model, which are useful for
ruling out some inputs exogenously by setting the corresponding parameters to zero. We have ignored such
parameters to simplify the model and to avoid the risk of overparameterization.
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Labor is differentiated by skill types f ˛ F, which are mapped to household socio-
economic clusters, h ˛ C. Labor and intermediate inputs transported from different
zones are assumed to be perfectly substitutable, i.e., the constant elasticity of substitu-

tion among labor skills is 1
1�~dr

> 1edr and among inputs is 1
1�~gkr

> 1; ck˛K. Finally,

Ar is a Hicksian neutral scaling factor per sector.3

A fundamental issue in the urban context is that economies of scale and agglom-
eration economies interact, affecting the classical solution of the production prob-
lem. To illustrate this interaction, observe that the production function in Eq. (7.18)
has the form X(Z, f(Y)), combining agglomeration economies represented by the
location of immobile attractors (Z) with the subproduction function on inputs,
f(Y), representing economies of scale. Then, while f(Y) is a common production
technology, X(Z, f(Y)) is differentiated by location, i.e., firms have different
technologies at each location, denoted above as Xrj(Zj, f(Y)), which we can call
the urban production technology. In this context, the production model can be
interpreted in terms of the standard economics as a system where goods are differ-
entiated by location. A direct implication of this observation is that the production
function is different at each location; therefore, standard conclusions are not
necessarily valid.

We describe the behavior of producers in two steps: first, in the short-term, they
produce choosing inputs to maximize profit, conditional on the building location
choice (v, i), and second, in the long-term, they optimize the location in the LU
market. We assume that these steps are sequential because of the different
timescales.

The complete problem is expressed by:

max
v;j˛VI

h
maxprj ¼ prjXr=vj � Crj

�
Xr=vj

�i
(7.19)

with prj the business profit, given by the income minus the production cost.
The optimization problem is solved in the steps described by:

max
v;j˛VI



prjXr=vj � rvj �min

j
Crvj

�
jXrvj

��
(7.20)

with jXrj ¼ (K, {Lf/rvj}, {Ykr/rvj}) the set of input factors, prj the output equilibrium
price, and rvj the real estate rental price. The problem is defined per period, e.g., 1 year,
and then immobile assets are represented by their rental price per period instead of by
their selling prices.

3 We note that the A-L model considers exogenous Hicksian neutral “scaling factors,” i.e., it does not affect
the balance between factors. Because they are different for each zone, these factors might be interpreted as
representing immobile inputs, but they are exogenous in their model.
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The first step is the following cost minimizing problem, conditional on the output,
Xr/vj:

min
j

CrvjðjÞ ¼ rKrvj þ
X
f ˛F

ufjLf =rvj þ
X
k˛K

X
m

ðpkm þ ckmjÞYkm=rvj (7.21)

where r is the exogenous capital cost or interest rate of capital; ufj is the labor salary
for a worker with a type f skill at the firm’s location, j; pkm is the price of input factor, k,
at location m; and ckmj is the transportation cost of a unit of input, k, from the origin, m,
to destination j, which yields a total input cost at the output location,bpkmj ¼ pkm þ cmj.

4 Observe that prices are differentiated by location due to inter-
mediate input transportation costs.

The analysis of producers’ behavior, i.e., how much to produce, in how many firms,
and how much of each input, crucially depends on the degree of returns to scale (h). It is
well known that if h � 1, the maximization of the firm’s profit is concave; then, there is
an optimum production size. Conversely, if h > 1, the profit function is convex and there
is no optimal solution for this problem; then, industry produces to serve all demand in
one firm. Despite this important difference, the mathematical analysis is similar. To avoid
duplication, therefore, we shall study the more general case h > 1 and consider the case
h � 1 as special. For details of the mathematical analysis, see Technical Note 7.2.

The Case of Nonincreasing Returns to Scale

In this case, the firms’ behavior is to produce following the rule of maximizing profit,
which yields the condition that ui ¼ p vX

vyi
, with ui representing the cost of input yi and

p the output price. The solution for optimal input demand functions, conditional on the
output locations, are

K�
rvj ¼ prjXr=vjyrr

�1 (7.22)

L�f =rvj ¼ prjXr=vjdru

�1

1�~dr
fj u�1

rj ; with urj :¼
X
g˛F

u

�~dr

1�~dr
gj (7.23)

Y�
km=rvj ¼ prjXr=vjgkrbp

�1

1�~gkr
kmj p

�1
krj ; with pkrj :¼

X
n˛K

bp
�~gkr

1�~gkr
knj (7.24)

We observe that in this case, optimal input factors under the CobbeDouglas/Dixite
Stiglitz technology are linearly dependent on output, Xr/vj, and on its price, prj.

4 The total cost bpkmj ¼ pkm þ cmj at the output location is called the CIF (cost, insurance, and freight) cost.

The General Urban System 175



Therefore, dividing optimal intermediate inputs by Xr/vj yields the physical interin-
dustry input/output coefficients:

bakm=rvj ¼ Y�
km=rvj

Xr=vj
¼ bp �1

1�~gkr
kmj p

1
krj;gkrprj (7.25)

and the corresponding value-based coefficients are

akm=rvj ¼
pkrjY

�
km=rvj

prjXr=vj
¼ bp �1

1�~gkr
kmj gkr < 1 (7.26)

In contrast with Leontief’s IO model, the akm/rvj constant coefficients here (as noted
by Anas and Liu (2007)) are endogenous factors based on CobbeDouglas technology
that depend on the vector of market prices. An important merit of defining endogenous
coefficients rather than IO fixed coefficients is that the latter requires the estimation of
a larger number of parameters, which overparameterize the model and remain fixed
when the model makes predictions.

A special case of this model is the assumption of constant returns to scale,5 which
implies: h ¼ yr þ mr þ qr þ dr þ P

k˛K
gkr ¼ 1. In this case, a larger production in

Eq. (7.18) renders the same average profit per unit. This implies that each industry
in a competitive market, and each firm in this sector, makes zero profit independent
of the output level, Xrvj, and that prices equal marginal costs. Thus, the output price
can be calculated depending on the firm’s location by:

p�rjðp;uÞ ¼
�

r

yr

�yr

s�1
r u

d

ˇ

r
rj

Y
k˛K

pg

ˇ

r
krj; cr˛K; j˛I (7.27)

where we have denoted bdr :¼ drð~dr�1Þ
~dr

, bgr :¼ grð~gr�1Þ
~gr

, and sr :¼ 1
Ard

dr
r

P
k˛K

g
gkr
kr

.

The constant returns assumption guarantees that prices given by Eq. (7.27) are
equilibrium prices, independent of the output level. Computing these prices using
Eq. (7.27) requires solving a linear system of equations, one for each industry and
location, with a dimension, jKj$jIj. This dimension is usually large in real cities
because jIj lies within the range of hundreds to thousand zones, and therefore, the
fact that constant returns yield a linear problem is important in terms of making this
model easily computable.

5 Constant returns to scale holds if the production technology is homogeneous at degree one, i.e., X(lY) ¼
lX(Y) for any scalar l > 0. For example, if the CobbeDouglas technology is XðY1; Y2Þ ¼ Ya

1 Y
b
2 , then

XðlY1; lY2Þ ¼ laþbYa
1 Y

b
2 ¼ laþbXðY1; Y2Þ. Thus, a þ b ¼ 1 corresponds to constant returns to scale,

a þ b < 1 corresponds to decreasing returns to scale, and a þ b > 1 corresponds to increasing returns to
scale (Mas-Colell et al., 1995, pp. 133, 142).
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Despite its convenience of computation, from here on we consider the general case
with returns to scale, with constant returns used only for specific industries for which
the evidence supports that assumption.

The optimal production, depending on location choice, is obtained by replacing
optimal input demands (Eqs (7.22)e(7.27)) in Eq. (7.18) to obtain the optimal produc-
tion level, Xrj:

Xr=vj ¼ Arq
mr
v Zqr

rj

�
prjXr=vjr

�1yr

�yr�
prjXr=vjdr

�dr
0
BBBB@
X
f ˛F

0
B@u

1

d
w

r�1

fj

urj

1
CA

d
w

r

1
CCCCA

dr

d
w

r

Y
kεK

�
prjXr=vjgkr

�gkr

0
BBB@
XjIjþ1

m¼0

0
B@bp

1

g
w

kr�1

kmj

pkrj

1
CA

g
w

kr

1
CCCA

gkr

g
w

kr

cr˛K; v; j˛VI

(7.28)

To simplify the notation, we denote yr þ dr þ
P
k˛K

gkr ¼ hr � 1 and define:

Arvj :¼ Arq
mr
v Zqr

rj ðyrÞyrðdrÞdr
Y
k˛K

ðgkrÞgkr

and

FrjðsÞ :¼ r�yru

dr

�
1�~dr

~dr

�
rj

Y
k˛K

p
gkr

�
1�~gkr

~gkr

�
krj > 0;

where s :¼ �r; fug; fbpg	 is the set of input prices; and urj :¼
P
f ˛F

u

� d
w

r

1� d
w

r
fj > 0 and

pkrj :¼
P
n˛K

bp � g
w

kr

1� g
w

kr
knj > 0 are functions of the set of prices, salaries, and input elasticity

parameters.6

Then,

Xr=vjðq; Z; p;uÞ ¼
�
Xr=vjprj

�hr

ArvjFrj; cr˛K; v; j˛VI (7.29)

6 See Eq. (T7.19) in Technical Note 7.2, where A represents Arvj.
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Observe that u
dr

�
1�~dr

~dr

�
rj has the dimension of u�dr and p

gkr

�
1�~gkr

~gkr

�
krj of bp�gkr . Then, F has

the dimension of p�h, and therefore, phF�1(s) is dimensionless.
We rule out the use of inputs Yrj/rj to produce the same product Xr/vj, then, prj is not

included in bp, which is highlighted denoting bp�rj. Then, solving for Xr/vj yields:

Xr=vjðq; Z; p;uÞ ¼
h
phrjArvjFrj

i 1
1�hr cr˛K; v; j˛VI (7.30)

which defines the optimal production size, i.e., the optimal firm size, at each location
for hr < 1. If hr ¼ 1, the optimal firm size is undefined, i.e., all sizes yield equal profit,
which in a competitive market is zero.

Additionally, replacing optimal inputs in the cost function, i.e., Crj ¼ rK� þ
P
f ˛F

ufjL�f þ P
k˛K

P
m
bpkmjY�

km, yields the minimum production cost:

Crvj

�
s;Xr=vj

�
¼ hrprjXr=vj (7.31)

Then, the average production costs are constant. Using the optimal firm size, X�
r=vjof

Eq. (7.30), we obtain the firms’ minimum cost:

C�
rvjðsÞ ¼ hr

�
prjArvjFrj

� 1
1�hr (7.32)

It is worth noting that the minimum C�
rvj represents the accessibility of type r indus-

trial production to inputs from all the other industries, which in the CobbeDouglas
technology is linear in both the output quantity and its value.

The firm location problem is the second step of the optimization problem in
Eq. (7.20). In this step, the firm optimizes the location in the city considering the
minimum production cost for a given output level, Xr/vj, the real estate price, and
the size and agglomeration economies.

This problem is rewritten as:

max
v;j˛VI

pr=vjðp;XÞ ¼ prjXr=vj � C�
rvj

�
p;u;Xr=vj

�
� rvj ¼ prjXr=vj½1� h� � rvj

(7.33)

For the optimum firm size given in Eq. (7.30), the problem is

max
v;j˛VI

pr=vjðp;uÞ ¼
�
prjArvjFrj

� 1
1�hrð1� hÞ � rvj (7.34)
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In the case of constant returns to scale, i.e., hr ¼ 1, the exponent in Eq. (7.32) is
undefined because there is no optimum production, or no level of production yields
a profit independent of the location.

The profit in Eq. (7.33) defines the break-even condition for each firm at vj: prjXr/vj

(1 � h) � rvj. Then, the minimum production size should be: Xmin
r=vj ¼

rvj
prjð1�hÞ. Other-

wise, the business is not economically feasible, i.e., some locations and some types of
real estate might not support feasible production.

Finally, if:

• hr ¼ 1, the optimal firm size is undefined, or any size is optimum;
• hr < 1, then Xmin

r=vj defines the minimum firm size, and the number of firms, denoted as Frvj, is

defined at equilibrium by dividing total demand at each location by the firms’ optimal size,
subject to Frvj � 1.

In Eq. (7.34), the profit function is conditional on the location choice represented by
the location attributes in Arvj(qv, Zj) and on the set of prices in F(s) and rents rvj. Addi-
tionally, recall that Zrj is the vector of the immobile attractors that may include natural
and LU attributes, which represent agglomeration economies in the industry, r,
described by Zrj({Hkj}),ck ˛ K, j ˛ I.

Let us now analyze the firms’ willingness to pay. We define the reservation profit,
pr=vj ¼ pr � 0; cvj˛VI, as equal for all firms in industry r, which makes firms indif-
ferent to the location zone and the type of real estate. Inverting the profit Eq. (7.34) on
land rents defines the following firms’ willingness-to-pay functions:

wrvjðh < 1; pÞ ¼ prj
�
prjArvjFrj

� 1
1�hrð1� hÞ � pr; cr˛K; v; j˛VI (7.35)

which is defined for firms with the optimal production, X�
r=vj.

These results yield a firm’s willingness to pay for each real estate alternative (v,j)
under the CobbeDouglas technology with nonincreasing scale economies in a
competitive market (i.e., we assume that there are many firms that are price takers;
no single firm is able to influence prices). Observe that Zj ¼ Zj({Hkj}), ck ˛ K,
j ˛ I, in Arvj, defines agglomeration economies associated with immobile attractors
in the production sector, which is mathematically equivalent to the location external-
ities in the residence location problem, and therefore, the results of uniqueness of the
solution and the convergence of the succession prevail.

The Case of Increasing Returns to Scale

We now analyze the case in which the industry has the same CobbeDouglas/Dixite
Stiglitz technology, but unlike the previous case, it has increasing returns to scale,
i.e., hr > 1. In this case, the classical model concludes that it is not possible to compute
an optimum firm size. The technical reason is that the profit function is concave and
yields an unbounded optimum size. That is, in a closed market, the standard solution
concentrates total production on only one firm, leading to imperfect competition, and
the production model becomes more difficult to analyze.
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In the urban context, increasing returns to scale is extremely important for the sys-
tem analysis because it concentrates some industries in a few locations (or even one),
which in turn induces highly relevant agglomeration effectsdpush and pull forcesd
on other agents’ location choices, which impact the city’s dynamics fundamentally.
Consider, for example, the financial industry, where we observe several firms (banks),
but they are highly concentrated in only a few zones, normally in the central business
district. Because they can centralize operations, they can serve a large number of
clients with high economies of scale on labor, infrastructure, and technology, espe-
cially when such operations are increasingly automated. The urban impact of this
example is that there is, on the one hand, the classical monopolistic power of the
firm in that industry, but on the other hand, there is the impact of their location in
creating subcenters, e.g., financial subcenters. Another good example is the high-
technology industry, whose economies of scale and (temporal) monopoly of innova-
tion yield concentration of the industry at a global scale, such as Silicon Valley, in
the United States.

In this context, and recalling that goods are differentiated by location, we expect
that the standard conclusion of the concentration of production in only one firm is
restated as follows: in each zone, there is only one firm. Additionally, the number
of zones with production, which is equal to the number of firms, depends on the
balance between the degree of economies of scale and the density profile in the city.
An interesting case to observe is the small city where agglomeration economies are
weak, leading us to expect that economies of scale dominate and production is concen-
trated in one firm. This dominance is expected to be diluted as cities increase in size
and agglomeration economies have increasing relevance. Another case is an industry
whose scale economies dominate agglomeration economies, inducing the unique loca-
tion of only one firm in the city.

In the context of urban production technology, it is also plausible that despite
increasing returns to scale, the firms behave as price takers. This conclusion follows
from the product differentiation and the expectation of multiple firms in the city.
Therefore, it is relevant to discuss a model of the industry with increasing returns to
scale in production in a competitive market, i.e., behaving as a price taker, where
the firm can neither define the price, as in the pure monopolistic case, nor influence
the price, as in the oligopolistic case.

The urban production technology model in Eq. (7.18) allows us to simulate the
double effect because economies of scale are represented by parameters, hr > 1, and
agglomeration by immobile factors, Z (including push and pull forces). These two
different sources of endogeneity in the location problem lead to a complex dynamic
problem and, in general, to multiple equilibria.

Let us analyze the optimal production problem. The firms’ behavior is assumed to
be described by the minimization of the production cost subject to the production size,
which yields the optimum input levels of capital, K*(r, X); labor, L*(u, X); and
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intermediate goods, Y*(p,X). Using the production function in Eq. (7.18), the
minimum cost optimization problem yields (see Technical Note 7.2):

K�
rvjðs;XÞ ¼ X

1
hr
rvjðArvjFrjÞ

�1
hr yrr

�1 (7.36)

L�f =rvjðs;XÞ ¼ X
1
hr
rvjðArvjFrjÞ

�1
hr $dru

�1
rj u

�1

1�~dr
fj (7.37)

Y�
km=rvjðs;XÞ ¼ X

1
hr
rvjðArvjFrjÞ

�1
hr $gkrp

�1
k bp �1

1�~gkr
km (7.38)

Then, the minimum cost function is

C�
rvjðs;XÞ ¼ hrX

1
hr
rvjðArvjFrjÞ

�1
hr (7.39)

with an average cost function (see Eq. T7.26 in Technical Note 7.2):

C
�
rvjðs;XÞ ¼ hrX

1�hr
hr
rvj ðArvjFrjÞ

�1
hr (7.40)

which decreases with the production’s size, as expected. In Technical Note 7.2, we
prove that this result is consistent with the case of nonincreasing returns to scale.

The firm’s willingness to pay in now derived from its profit:

pr=vjðp;XÞ ¼ prjXr=vj � C�
rvj

�
s;Xr=vj

�
� rvj ¼ prjXr=vj � hrX

1
hr
rvjðArvjFrjÞ

�1
hr � rvj

(7.41)

Then, the industry’s profit increases with the firm size, inducing concentration
(caused by the exponent 1

hr
< 1), although the differentiation by agglomeration econ-

omies, captured in Arvj, and by prices in Frj, may yield production in several locations.
Therefore, the industry with increasing returns to scale will have production in one or
more locations and, at most, one firm at each location at the most profitable real estate
option v�j ¼ argmaxprvj; this location is not necessarily the lowest real estate price
because Arvj(qv) values several real estate amenities. Additionally, some zones will
have no firm if the profit is nonpositive. Figure 7.5 shows the polynomial profit func-
tion of Eq. (7.41), which is positive if:

X > Xmin
rvj ¼

�
prj
hr

� hr
1�hrðArvjFrjÞ

1
1�hr þ rvj

prj
(7.42)

where the first term of the right-hand side makes profit null if the rent is null, and the
second term covers the real estate cost. The figure shows that the minimum production
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�
Xmin
rvj

�
increases with the economies of scale, inducing a higher concentration of

production in fewer firms.
Then, if h is small, i.e., has weak scale economies, the zones that satisfy the con-

dition prj � 0, so that Frj ¼ 1, will be those that exhibit large enough agglomeration
economies, which permits some dispersion. Conversely, if h [ 1, i.e., has strong
scale economies, they will be concentrated in one or very few locations in the city.
If transportation costs are not large enough, economies of scale will induce lower costs
and prices in zones with larger production. These zones attract more demand, inducing
a concentration cycle that stops once agglomeration and scale economies equal trans-
portation costs, i.e., once profits are equal across zones.

Let us now introduce the firms’ willingness to pay, with a reservation profit
pr/vj ¼ pr � 0, cv, j ˛ VI that makes firms of an industry indifferent regarding site
location. Inverting the profit in Eq. (7.41) on land rents defines the following firm’s
willingness to pay:

wrvjðh; pÞ ¼ prjXr=vi � hrX
1
hr
rvjðArvjFrjÞ

�1
hr � pr (7.43)

where wrvj ¼ wrvj(hr, p, X, A(Z); pr), X is the demand at equilibrium, and
Zj ¼ Zj({Xkj}, k ˛ K) defines the agglomeration economies defined in terms of total
production at each location rather than the number of firms.

This result yields the firm’s willingness to pay for each real estate alternative (v, j)
under the CobbeDouglas technology with increasing returns to scale economies in a
competitive market. Our model implies that despite the increasing returns to scale
and in contrast to the classical solution for this case, production is not necessarily

Figure 7.5 The profit function for increasing returns to scale.7

7 Fig. 7.5 depicts the profit for hr ¼ 1.1 and 1.3, with prj ¼ 1, ðArvjFrjÞ
�1
hr ¼ 1 and rrj ¼ 1.
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concentrated in one firm or one location. Moreover, in contrast to the previous
case with nonincreasing returns to scale, the willingness to pay of firms with
increasing returns to scale (h > 1) depends on the production at each location,
which induces the following potential hyperconcentration: the stronger the scale
economies, the higher the concentration of production in one location and on one
firm, and the higher the willingness to pay for the location with the highest
agglomeration economies. Thus, the likelihood of outbidding other agents at
that location is also high.

We can conclude that a firm’s willingness to pay for a location is differentiated
by the scale economies of the industry’s technology. Within the industry, the space
is differentiated by agglomeration economies and the real estate by the land input;
these differences are dependent on the transportation system. Thus, synthetically,
we can write: w(Z({Hhi}, {Xri}), h; T), with {Hhi}, {Xri} the allocation location
profile of households and firms, h the scale economies, and T the transportation
system.

In this book, we skip the classical case reported in the literature: the industry in a
market with imperfect competition, where producers have enough monopoly power
to influence prices. This case requires in-depth analysis of the producers’ behavior
on setting prices, which depends on the number of firms in the oligopoly, and the anal-
ysis of optimal strategies, which leads to different and interesting types of spatial Nash
equilibria.

7.8 The LUTE System Equilibrium

We now formulate the general system equilibrium (LUTE), which implies the simul-
taneous equilibrium in LU, transportation (T), and the production economy
(E) markets.

The LU equilibrium implies finding the set of household utilities, u� ¼ ��u�h;
h˛C

	
, and set of profits, p� ¼ ��p�

r


; r˛K

	
, that allocate all the households and

production in the city, considering the following externalities: agglomeration econo-
mies, Zj({Xkj}), in the industries’ bid functions, and residential location attractors,
Zi{Hhi}, in the households’ bid functions. The equilibrium in the transportation market

implies finding travel times, t�i ¼
�n

t�ij
o�

, and costs, c�i ¼ ðfcijgÞ, that comply with

Beckman’s equilibrium, as was discussed in Chapter 6. The equilibrium in the produc-

tion economy implies finding a price vector, p� ¼
�n

p�rj
o
; r˛K; j˛I

�
, that clears all

goods and leisure markets, and a set of salaries, u� ¼
�n

u�
hj

o
; h˛C; j˛I

�
, that

clear the labor market.
The following market-clearing conditions must hold simultaneously at the LUTE

equilibrium.
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The Goods/Leisure Equilibrium Prices

The equilibrium condition for each industry is to clear the market for each good and
location, which recognizes that goods are differentiated by locations:

Xrj
�
p�
	 ¼ xrj

�
p�
	þX

km

Yrj=km
�
p�
	þ E

�
p
	

(7.44)

i.e., equilibrium prices, p*, are such that supply at each location equals total demand,
composed of consumption,

�
xrj
�
p�
		
, and intermediate demand,

�
Yrj=km

�
p�
		
, plus the

external demand E
�
p
	
from other cities and international regions.

The product demand includes final consumption and demand for production inputs.
The consumers’ expected demand is xrjðpÞ ¼ P

hvim
HhQvi=hPm=hvixrj=hvimðpÞ, with Hh

the number of households in cluster h; Qvi/h consumer h’s bid-auction probability of
being located at zone i; Pm/hi the probability of consumer h at location vi of having
a job at zone m; and xrj/hvim the household’s demand for goods/leisure at destination
zone j.8

The expected production of product r at each zone j is Xrj ¼
P
v˛V

Qr=vjXr=vj

ðp�ÞdrvjðFrvjÞ, with Qr/vj the bid-auction probability of the industry, r, of being allo-
cated at the real estate unit, vj. In the case of nonincreasing returns to scale (h � 1),
the optimal production is given by Eq. (7.30), and we define drvj(Frvj) :¼ 1 if Xr/vj

(p*) is feasible, i.e., Frvj � 1 and drvj(Frvj) :¼ 0, otherwise.
In the case of increasing returns to scale (h > 1), there is no optimal production size,

and the producer’s decision is to maximize production and use optimal inputs. This
means that if the demand at a given location, calculated using Eq. (7.44), fulfills the
minimum size condition X

�
p�
	
> Xmin given in Eq. (7.42), then drvj(Frvj) ¼ 1 and

Frvj ¼ 1; otherwise, drvj(Frvj) ¼ 0.

The equilibrium problem in Eq. (7.44) is solved by: p� ¼
�n

p�rj
o
; k˛K; j˛I

�
,

which defines a fixed-point problem denoted as p* ¼ Fp. In the simpler case of
constant returns to scale, the solution of this problem is given directly by
Eq. (7.27), which defines a linear equations system conditional on the demand profile
that defines the production size at each location. The solution allows calculating the
production at each location. In Technical Note 7.3, we prove that Eq. (7.44) has an
equilibrium price under two conditions: the parameter g in Eq. (7.17) complies with
its upper bound and, in some cases, elasticities comply with the condition defined in
the Note.

8 Notation xrj/him in Eq. (7.6) and thereafter is written here as xrj/hvim, expanding i to vi.
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The Labor Market Equilibrium

Labor equilibrium salaries,u� ¼
�n

u�
fj

o
; cf ˛F; j˛I

�
, are obtained by solving the

equilibrium that clears the labor market for job demand, given by xfj ¼
P
h˛C

xuhjðuÞ4hj,

where 4hf is the exogenous ratio of the average number of workers per household in
cluster h and per type f skills. The demand by cluster is xuhj ¼

P
i˛I

HhPj=hi. The expected

salary per household is uhj ¼
P
f ˛F

ufj4hf .
9 The total supply of jobs for workers with

type f skills at zone j is Lfj ¼
P
r˛K

Lf =rj
�
Xr=vj; p; uj

�
. Thus, the labor market equilib-

rium condition is

X
r˛K

Lf =rj
�
u�
fj

�
¼
X
hi

HhPj=hi

�
u�
fj

�
4hf (7.45)

which defines the fixed-point problem of salaries denoted by u�
j ¼ Fu. We note

that the solution in salaries induces full employment becauseP
fj

P
r˛K

Lf =rj
�
u�
fj

�
¼ L ¼P

fj

P
hi
HhPj=hi

�
u�
fj

�
4hf ¼ H. See Technical Note 7.3 for the

existence of equilibrium salaries in Eq. (7.45).

The Land-Use Clearing Condition

The LU model yields the equilibrium utilities, u*, and profits, p*, by solving the loca-
tion bid-auction problem for the case with externalities. Indeed, Eqs (7.17), (7.35), and
(7.43) represent the bid functions of households and firms, respectively, both with
location externalities Zi({Hhi},{Xri}).

Recall that households’ bids in Eq. (7.17) are whi ¼ wh({pri},{uhi},Zi,{cij},{tij}; u),
with Zi ¼

��
zri

;
�
zgi

;
�
zui
	

the location externalities on residence, shopping, and
job locations, respectively. Firms’ bids in Eqs (7.35) and (7.41) are
wrvi(pri,ui,qv,Zi,{cij},{tij}; hr,pr), with Zi the agglomeration attractors. Hence, because
the bids of households and firms are functions of the same set of variables, we can
consider them as agents with different random bids and solve the LU equilibrium
for all agents, conditional on the following vectors: {prj},{uhi},{cij},{tij}.

We now analyze how to implement the LU location model assuming wrvj to be an
extreme value variate. To apply the LU model for the spatial allocation of production
industries, we need to realize that the bid-auction model distributes an exogenous num-
ber of agents, which in the residential model, for example, is the exogenous number of
households by cluster {Hh}. In the case of production, we must assign production of
industries to locations {Xri}, depending on a feasible number of firms at each location,

9 As in the A-L model, a simplified model would define the household cluster by the worker’s skills type
and one worker per household, i.e. h¼f.
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(Frvj � 1). To implement these feasibility conditions, we can apply a constrained
probability, as was discussed in Chapter 5, where the cutoff is f($) ˛ (0, 1), with
frvj(Frvj)/ 0 if Frvj < 1. This cutoff concentration production eliminates infeasible
small production and concentrates the production in fewer firms, which is particularly
effective in industries with increasing returns to scale.

With the constrained bid-action model for production allocation, the fixed-
point problem for the LU equilibrium in the integrated LUT model (called FLUT in
Chapter 6) can be specified explicitly for households and firms, denoted by
MLUT

HF ¼ ðfHhvi; Xrvig; ch; r; v; iÞ, which solves the simultaneous LU equilib-
rium. This extension requires a transportation model that simulates cargo transport
and passenger transportation simultaneously to obtain travel times and costs on con-
gested urban roads. The solution yields the number of households (by cluster) and pro-
duction (by industry) in each location zone and the equilibrium utilities, u*, and
profits, p*, which allows the calculation of real estate prices, r*, and densities,
r� ¼ ��r�i 	, at equilibrium.

7.9 Summary of the LUTE System Equilibrium

The LUTE system equilibrium integrates the LU, transportation, and production
markets. The set of equilibrium variables is x ¼ ({uhi}{pri},{pri},{ufi},{cij},{tij}).
The solution to this problem is given by the set of fixed-point problems:

XcðxÞ ¼ ððu�;p�Þ ¼ MHP; p
� ¼ Fp;u ¼ Fu; S� ¼ Fs;VI�Þ (7.46)

with the allocation of households and production to real estate units; the development
and redevelopment of real estate; the city limits; real estate rents; population and floor
space densities; production quantities, prices, and salaries by zone; travel times, costs
to consumers for goods and leisure trip purposes and by travel destination; delivery
times; and costs of products. Technical Note 7.3 shows that a solution of the fixed-
point problems Fp and Fu exists and is unique under certain conditions.

The model allows the evaluation of the effects of location externalities and agglom-
eration economies on location and building patterns; the impact on the population and
the economy with regard to LU zoning plans; pricing and subsidies in LUT subsys-
tems; and infrastructure development programs.

The main characteristics of the LUTE model are the following:

1. It depends on the exogenous scenario defining the household population by cluster
({Hh},h ˛ C), the transport infrastructure, T, and agricultural rents, RA.

2. The set of parameters are those of the agents’ behavior: the utility function of consumers and
the production function of producers, including real estate developers.

3. The equilibrium approach is static.
4. The city is assumed to be isolated from other cities, although an external zone, m, represents

the aggregated external world.

These topics are analyzed in the succeeding chapters of this book.
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Technical Note 7.1: The Discrete-Continuous Extreme
Value Demand Model

This model was presented by Bhat (2008) to estimate the demand for multiple alterna-
tive goods that are imperfect substitutes. We use it here to derive the demand for retail
goods at each location, assuming a stochastic subutility for the consumption of goods.

This model uses the CES random utility function, defined as:

UðxÞ ¼
X
k˛K

gk

ak

�
ed

0zkþεk

���xk
gk

þ 1

�ak

� 1

�
(T7.1)

where U(x) is a quasiconcave, increasing, and continuously differentiable function on
the goods vector x˛ℝþ; and gk and ak are parameters associated with each product.
For this function to be a valid utility function, it is required that 0 < ak � 1 and gk > 0
for all k. Vector zk describes the set of attributes that differentiates each product by
location, d is the vector of taste parameters of attributes, ε0ks are the random terms, and
d0zk ¼P

m
dmzkm. For more details on this function, see Bhat (2008) and its references.

The model assumes extreme value distribution for the random terms, εk, ck ˛ K,
which are independent of zk and are independently distributed across alternative zones
with shape parameter s. It is convenient to assume an external zone for retail purchases
with a unit price equal to one, denoted by k ¼ 1, with strictly positive consumption,
which is used as the numeraire to normalize prices. We define the expenditure budget
as
P
k˛K

ek=hij ¼ Ehij, where ek=hij ¼ pk=hijxk is the expenditure at each location, with

pk=hij ¼ pk þ cik þ uhjtik the composite price, including the price of goods, and the
transportation cost and time. Here time represents the opportunity cost of time valued
at the wage rate.

Applying KuhneTucker’s conditions, Bhat (see Bhat, 2008, Eq. 34) obtains the
following three optional indirect utilities for k � 2:

Vk=hijðakÞ ¼ d0zk � ðak � 1Þln
 
e�k=hij
pk=hij

� 1

!
� ln

�
pk=hij

�
;

Vk=hijðgkÞ ¼ d0zk þ ln

 
e�k=hij

gkpk=hij
� 1

!
� ln

�
pk=hij

�
;

Vk=hijðgk;akÞ ¼ d0zk � ðak � 1Þln
 

e�k=hij
gkpk=hij

� 1

!
� ln

�
pk=hij

�
;

(T7.2)

and V1 ¼ ða � 1Þln�x�1	, where a is a constant.
These are three alternative indirect utilities because both ak and gk represent the

same satiation of consumption in Eq. (T7.1), and only one of them can be identified.
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Therefore, Bhat proposes these alternative utility functions as optional specifications
with identifiable parameters.

In this case, the probability that an individual allocates expenditure to the firstM of
the jKj zones is the following closed expression in which we omit the conditional
indices (hij):

P
�
e�1;.; e�M ; 0;.0

	 ¼ ðM � 1Þ!
sM�1

 YM
m¼1

cm

! XM
m¼1

c�1
m

!266664
YM
m¼1

e
Vm
s� PM

n¼1
e
Vn
s

�M

3
77775
(T7.3)

and the corresponding probability of consumption is

P
�
x�1;.; x�M ; 0;.0

	 ¼ ðM � 1Þ!
sM�1

 YM
m¼1

fm

! XM
m¼1

pm
fm

!266664
YM
n¼1

e
Vm
s� PM

n¼1
e
Vn
s

�M

3
77775
(T7.4)

where cm :¼
�

1�am
e�mþgmpm

�
>0 and fm :¼

�
1�am
x�mþgm

�
¼ pmcm > 0; fm; cm ˛ℝþ.

Let us examine these probabilities. Note that:
YM
m¼1

e
Vm
s� PM

n¼1
e
Vn
s

�M ¼
YM
m¼1

PM
m , with P

M
m

the multinomial logit probability of choosing to purchase in zone k if purchases are
performed in M locations. If we replace d0zk by d0 lnðzkÞ in Eq. (T7.2), we obtain

the frechit probabilities PM
m ¼ vsmPM

n¼1

vsn

in Eq. (T7.4).

We note that these consumption probabilities allow the estimation of retail pur-
chases across the alternative locations, including zones with null consumption (corner
solutions), with the consumption subutility in Eq. (T7.1) assumed to be a random
variable.

Now, we use the MDCEV model to calculate the household demand for the bundle
of goods at each location, k, conditional on residential and job locations (i,j,k), denoted
xk/hij. We consider the instance in which consumers purchase at all locations,
i.e., M ¼ I. Then:

xk=hij ¼

8><
>:
2
64Z Ek=pk

xk¼0
Phijðx1;.; xk�1; y; xkþ1;.; xIÞy dy

3
75
9>=
>;

hij

; ck˛K

(T7.5)
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where Ek ¼
P
l˛K
ls k

plxl is the disposable income, and the maximum that can be spent in

zone k, which is conditional on hij. To calculate the integral in Eq. (T7.5), we
recognize that only fk depends on xk, and we define the following constants for

the integral: Ak :¼ P
I

ms k
fmðxmÞ; Bk :¼

PI
ms k

pm
fmðxmÞ ; CðyÞ ¼ ðI�1Þ!

sI�1

2
664Y

I

m¼1

e
Vm
s� PI

n¼1
e
Vn
s

�I

3
775

ðI � 1Þ, with A; B; C˛ℝþ, to write:

yk=hij ¼
8<
:
Z Ek

pk

yk¼0



ðAkfyÞ$

�
Bk þ pk

fy

�
$C

�
y dy

9=
;

hij

¼
8<
:


1
2
AkCpkðxkÞ2

�Ek
pk

0
þ ðAkBkCÞð1� akÞ

"Z Ek
pk

xk¼0

�
y

yþ gk

�
dy

#9=
;

hij

Considering that y=y þ gk ¼ d=dyðy � gk ln ðy þ gkÞÞ, then we obtain:

xk=hij ¼

8>><
>>:


1
2
AkC pkðykÞ2

�Ek
pk

0
þ ðAkBkCÞð1� akÞ½yk � gk lnðyk þ gkÞ�

Ek
pk
0

9>>=
>>;

hij

¼
�

1
2pk

AkC E2
k þ ðAkBkCÞð1� akÞ

�
Ek

pk
� gkln

�
Ek

pk
þ gk

�
þ gklnðgkÞ

��
hij

(T7.6)

To make the conditionality on hij explicit, we recall that:

Ak ¼ A({xm/hij}, m s k), with xm/hij the consumption in zone m;

Bk ¼ B
�n

xm=hij; pm=hij
o
; ms k˛I

�
, with pm=hij ¼ pm þ cim þ uhjtim; and

C ¼ C({Vm/hij}, m ˛ I), with Vm=hij ¼ Vm

�
zmhij; pm=hij

�
, with C ¼ 4

" YI
m¼1

Pm

#
>0 and Pm the

logit choice probability of good m. Note that zmhij may include shopping travel time tim
to model the disutility of travel, as has been proposed in the value of time literature
(Jara-Díaz, 2007).

It is important to analyze this demand function with respect to prices and to the
expenditure constraint; we first analyze the demand on its own price xk=hijðpk;EkÞ.
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For this purpose, observe that Ak is constant on all prices and Bk is constant on price pk .

Additionally, CðpÞ ¼ 4
Q
m
PmðpÞ > 0, with 4 :¼ ðI�1Þ!

sI�1 > 0 and P the logit probability

function: PmðpÞ ¼ e
VkðpmÞ

sPI

n¼1
e
VnðpnÞ

s

. Then:

C0 ¼ dC
dpj

¼ 4
P
k

" Q
ms k

Pm

!
ðPkðdkj � PjÞÞ

#
vVj

vpj
¼ 4

�Q
m
Pm

�
V 0P

k
½ðdkj � PjÞ� ¼

CV 0ð1 � jKjPjÞ. Then, C0 < 0 if dkj ¼ 1 because from Eqs (T7.2) we get vVj

vpj
< 0;cj.

Then, rewrite Eq. (T7.6) as:

xk=hijðp;EkÞ ¼ CðpÞ
 
ak
E2
k

pk
þ bkðp�kÞ

��
Ek

pk
� gkln

�
Ek

pk
þ gk

�
þ ck

��!

(T7.7)

where, denoting x�k ¼ fxms kg and p�k ¼ �pms k


, we define: ak ¼ akðx�kÞ :¼

1
2Ak; bk ¼ bk

�
x�k; p�k

	
:¼ ðAkBkÞð1� akÞ and ck :¼ gk lnðgkÞ; with ak; bk ˛ℝþ and

ck ˛ℝ.
Figure T7.1a depicts the demand function conditional in partial budgets Ek ,

showing that demand is strictly positive and monotonically decreasing on its own
price ðx0k < 0Þ. As expected, it also increases with the budget, Ek ¼ E � pkxk ,
which changes as: E0

k ¼ �xk � pkx'k , i.e., if the own-price elasticity is
epk ¼ x�1pkx

0
k > �1, then E0

k decreases; for this case, as price increases, the partial
budget decreases and the demand curve shifts to the left in Fig. T7.1a. Regarding the
factor CðpÞ, it also shifts the curve to the left as price increases. Therefore, we conclude
that vxk

vpk
< 0 if the own-price elasticity is epk > �1. Figure T7.1.b depicts increasing

demand function regarding prices of other goods
�
pjs k

�
, showing that it is linear

for a constant budget and increases with this budget; this linear relationship in
Eq. (T7.7) comes from bk

�
pjs k

	 ¼ P
ms k;j

pm
fm

þ pj
fj
.

Then, the consumer demand function in Eq. (T7.7) represents a system of equations
that defines an optimal consumption fixed-point problem, x ¼ FC(x,p,t,c).

xk=hij ¼ FC
h

�
xms k=hij; pm; tim; cim

�
; m˛I; ck˛K: (T7.8)

Technical Note 7.2: Optimal Production

The theoretical model of production, spatially distributed and for different technologies,
is discussed in this Note. Let us start revising the concept of returns to scale. A function
is defined as homogeneous regarding degree h if X(ly) ¼ lhX(y), l > 0, that is, if all
inputs are equally scaled by a positive scalar, l, and the production scales by lh.
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Figure T7.1 The Demand Function (Eq. T7.7) for Parameters a, b and c.
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In the case of a CobbeDouglas/DixiteStiglitz production function, given by:

X ¼ K
Y
k˛K

 X
i˛I

yak

ki

!bk
ak

the following property holds:

XðlyÞ ¼ K
Y
k˛K

 X
i˛I

ðlykiÞak

!bk
ak

¼ K
Y
k˛K

 X
i˛I

ðlykiÞak

!bk
ak

¼ lSkbk$K
Y
k˛K

 X
i˛I

yakki

!bk
ak

¼ lhX

with h ¼ P
k˛K

bk the degree of returns to scale: h < 1 decreasing returns, h ¼ 1 con-

stant returns, and h > 1 increasing returns.
To derive the optimum production, we proceed by finding the set of inputs that

minimize the production cost, given the output level. The production function is:

XðyÞ ¼ Kyy0
Y
k˛K

 X
i˛I

yak
ki

!bk
ak

(T7.9)

The cost optimization problem is:

min
y
CðyÞ ¼ ry0 þ

X
ki˛K�I

ukiyki;

s.t. X ¼ XðyÞ
(T7.10)

where r is the per unit cost of a non-spatial input y0, e.g. capital, and u is the vector of
input prices. The Lagrange function is:

L ¼ ry0 þ
X

ki˛K�I

ukiyki þ lðX � XðyÞÞ (T7.11)

where l˛ℝ. It is important to mention that the optimal condition, vL
vyki

¼ 0, yields

uki ¼ l
vXðyÞ
vyki

. Consider the profit p ¼ pX � CðyÞ ¼ pX �
 
ry0 þ

P
ki˛K�I

ukiyki

!
to

observe that the maximum profit condition can be applied only if the profit function is

concave, which holds for h � 1; in this case, we obtain uki ¼ p vXðyÞ
vyki

. Therefore, the

solution of the problem in Eq. (T7.10) is equivalent to the solution of the profit
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maximization for h � 1, taking l ¼ p. We now consider the solution for the general
problem of Eq. (T7.10).

The optimal input is obtained from:

vL
vyki

¼ 00uki ¼ l
vXðyÞ
vyki

¼ lbkKY
bk
ak
�1

k yak�1
ki

Y
g˛K
gs k

 X
i˛I

y
ag

gi

!bg
ag

¼ lbkXY
�1
k yak�1

ki

(T7.12)

where Yk ¼ P
i˛I

yak
ki . Then, we can write:

yki ¼ lXbku
�1
ki Y

�1
k yak

ki (T7.13)

Calculating Y�1
k yak

ki :

yki
ykj

¼ ukjy
ak
ki

ukiy
ak

kj
0yak

ki ¼ yak

kj

�
ukj

uki

� ak
1�ak

(T7.14)

and

Y ¼
X
i˛I

yak

ki ¼ yak

kj u

ak
1�ak

kj

X
i˛I

u

�ak
1�ak

ki (T7.15)

Defining uk :¼
P
i˛I

ðukiÞ
�ak
1�ak yields:

Y�1
k yak

kj ¼ u

�ak
1�ak
kj u�1

k (T7.16)

Then, we obtain input as:

ykiðl;X;uÞ ¼ lbkXu
�1

1�ak
ki u�1

k (T7.17)

Similarly, we obtain the optimal y0 from vL
vy0

¼ 0, obtaining

y0ðl;X; rÞ ¼ lXyr�1 (T7.18)

where we recall that for the case h � 1, ykiðp;X;uÞ ¼ pbkXu
�1

1�ak
ki u�1

k and
y0(p, X, r) ¼ pXyr�1.
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Now, we calculate l from vL
vl

¼ 0, which replicates the constraint X ¼ X(y), where
Eq. (T7.9) is used:

XðX; l; r;uÞ ¼ Kyy0
Y
k˛K

�X
i˛I

yak
ki

�bk
ak

¼ K
�
lXyr�1	yY

k˛K

 X
i˛I



lbkXu

�1
1�ak
ki u�1

k

�ak
!bk

ak

¼ KlhXh
�
yr�1	yY

k˛K
b
bk
k u

�bk
k

 X
i˛I



u

�1
1�ak
ki

�ak
!bk

ak

¼ KlhXh
�
np�1	nY

k˛K
b
bk
k u

bk
k

�
1� ak

ak

�
¼ AlhXhFðr;uÞ

(T7.19)

with Fðr;uÞ ¼ r�y
Q
k˛K

u
bk

�
1�ak
ak

	
k , A ¼ Kyy

Q
k˛K

b
bk
k and h ¼ y þ P

k˛K
bk . Again, we

recall that for the case h � 1, we obtain X(p) ¼ AphXhF.
For the case h > 1, we solve Eq. (T7.19) for l:

lðX;u; rÞ ¼ X
1�h

h ðAFÞ�1
h (T7.20)

and replace this result in Eqs (T7.17) and (T7.18) to obtain the optimum inputs:

ykiðX;u; rÞ ¼ X
1
hðAFÞ�1

h $bku
�1

1�ak
ki u�1

k

y0ðX;u; rÞ ¼ X
1
hðAFÞ�1

h yr�1

(T7.21)

We can now calculate the minimum cost functions. In the case of h � 1, we have:

Cðp;XÞ ¼ ry0 þ
X

ki˛K�I

ukiyki

¼ pXyþ pX
X
k˛K

 
bk u

�1
k

X
i˛I

ukiu
�1

1�ak

ki

!

¼ pXyþ pX
X
k˛K

 
bku

�1
k

X
i˛I

u

�ak
1�ak
ki

!

¼ pX

 
yþ

X
k˛K

bk

!
¼ hpX

(T7.22)
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and the average cost is C ¼ C
X ¼ hp. Then, the profit is

pðp;XÞ ¼ pX � hpX ¼ pXð1� hÞ (T7.23)

which implies that for h ¼ 1, the profit is null, and if h < 1, the profit is positive.
In the case of h > 1, we use Eq. (T7.21) to write:

CðX;u; rÞ ¼ ry0 þ
X

ki˛K�I

ukiyki

¼ yX
1
hðAFÞ�1

h þ
X

ki˛K�I

ukiX
1
hðAFÞ�1

h $bk u
�1

1�ak
ki u�1

k

¼ X
1
hðAFÞ�1

h

 
yþ

X
k˛K

bku
�1
k

X
i˛I

u

�ak
1�ak
ki

!

¼ X
1
hðAFÞ�1

h

 
yþ

X
k˛K

bk

!
¼ hX

1
hðAFÞ�1

h

(T7.24)

Observe that this result implies that the average cost is:

CðX;u; rÞ ¼ C

X
¼ hX

1�h

h ðAFÞ�1
h (T7.25)

and

vCðX;u; rÞ
vX

¼ ð1� hÞX1�2h
h ðAFÞ�1

h (T7.26)

In this case, the average production cost decreases with the production size because
(1-h)<1. It follows that for h > 1, it is convenient to increase production size up to the
feasible maximum, then it is expected that production is concentrated in only one firm.

Let us now prove that Eq. (T7.24) is valid for h � 1. The profit maximization
criterion implies that:

p ¼ vCðX;u; rÞ
vX

¼ X
1�h

h ðAFÞ�1
h (T7.27)

and solving for the optimum production yields:

Xðp; r;uÞ ¼ ðphAFÞ 1
1�h (T7.28)
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Now, replacing X(p,u,r) in the cost function Eq. (T7.24), we can calculate the cost
conditional on the price:

CðX; pÞ ¼ hðAFÞ�1
h ðphAFÞ 1

ð1�hÞh ¼ hðpAFÞ 1
1�h ¼ hpX (T7.29)

Technical Note 7.3: Analysis of the LUTE Equilibrium

To analyze the properties of the equilibrium in LUTE, we study the derivatives of
demand and production functions with respect to prices and salaries.

Analysis of demand

Let us first analyze the demand model, following the decisions by steps.

1. The goodseleisure demand model is given in Eqs (7.5) and (T7.7) as:

xk=hijðp;EkÞ ¼ CðpÞ
 
ak
E2
k

pk
þ bkðp�kÞ

��
Ek

pk
� gkln

�
Ek

pk
þ gk

�
þ ck

��!

(T7.30)

where we drop conditional indices for (h,i,j). Then, recalling that ak ¼ akðx�kÞ :¼ 1
2Ak;

bk ¼ bk
�
x�k; p�k

	
:¼ ðAkBkÞð1 � akÞ; ck :¼ gk lnðgkÞ; Ak ¼

YI
ms k

fmðxmÞ > 0;

Bk ¼ PI
ms k

pm
fmðxmÞ > 0; Ek ¼ P

l˛K
ls k

plxl ¼ E � pkxk > 0; C ¼ q


 YI
m¼1

PmðpÞ
#
>0; we

differentiate the demand function with respect to any price pj ˛p:

x0kj ¼
vxk
vpj

¼ CðpÞ
"
a0kjE

2
k

pk
edkj

akE
2
k

p2k
þ 2akE

0
kj

pk

þ ð1� dkjÞb0kj
��

Ek

pk
� gk ln

�
Ek

pk
þ gk

�
þ ck

��

þ dkjbk
�
p�1
k E0

kk � Ekp
�2
k

	�
1� gk

�
pk

Ek þ pkgk

���

þ C0ðpÞ
 
ak
E2
k

pk
þ bk

��
Ek

pk
� gk ln

�
Ek

pk
þ gk

�
þ ck

�� !

(T7.31)
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with dkj ¼ 0 if js k and dkj ¼ 1 if j ¼ k. Note that: ak > 0; bk > 0; a0kj ¼ 0; b0kj ¼ 1
fj
> 0;

Ek � 0; E0
kk ¼ �xk < 0; E0

kjs k ¼ xj > 0; C > 0; C0 ¼ CV 0ð1� jKjPjÞ, with jKj the number of

locations.
Then the own-price derivative is

x0kk ¼CðpÞ
"
edkj

akE2
k

p2k
� 2akxk

pk
þ dkjbk

�� p�1
k xk � Ekp

�2
k

	�
1� gk

�
pk

Ek þ pkgk

��#

þ C0ðpÞ
 
ak
E2
k

pk
þ bk

��
Ek

pk
� gk ln

�
Ek

pk
þ gk

�
þ ck

�� !

(T7.32)

Note that 1 > gk

�
pk

Ekþpkgk

�
; Ek
pk
> gk ln

�
Ek
pk
þ gk

�
for Ek

pk
large enough for the gk or

gk < 1; C0 > 0 if Pj <
1
jKj. These are sufficient conditions x

0
kk < 0 to hold. Neverthe-

less, simulations in Technical Note T7.1 show that conditional x0kk < 0 holds, indi-
cating that the negative term in square brackets is larger than the last term.

The cross-price derivatives are

x0kjs k ¼ CðpÞ
"
2akxj
pk

þ 1
fj

�
Ek

pk
� gk ln

�
Ek

pk
þ gk

�
þ ck

� #

þ C0ðpÞ
 
ak
E2
k

pk
þ bk

�
Ek

pk
� gk ln

�
Ek

pk
þ gk

�
þ ck

� ! (T7.33)

In this case, the tem in squared bracket is positive under the previous condition for
gk, then the sign of x0kjs k depends on the sign C0ðpÞ, unless the first term is always

larger than the second one, as indicted by simulations in Technical Note T7.1.
Therefore, we conclude that the mathematical analysis is not conclusive, but with

the support of simulation, the result is that x0kk < 0 and x0kjs k > 0.

2. The jobs demand model is given in Eq. (7.13) as:

xuj=hi ¼ HhPj=hi ¼ Hh
Lhj eqvj=hiP
mεILhm eqvm=hi

; cj˛I (T7.34)

with vj=hi ¼ U

0
B@zuj ;

uhjðT�ti�dtijÞ�ri�dcij
~phijþuhj~thij

1
CA and ephij ¼

P
k˛K

ðpkþdcikÞx�hijP
k˛K

x�hij
, which implies that

vxuj=hi
vpk

¼ Hh
vPu

j=hi

v~phij

v~phij
vpk

< 0 because
vPu

j=hi

v~phij
< 0.
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Additionally, the derivative on salaries is
vxuj=hi
vuhk

¼ Hh
vPu

j=hi

vuhk
. Let us first analyze the

derivative on the own salary:

vPu
j=hi

vuhj
¼

vPu
j=hi

vvj=hi

vvj=hi
vuhj

¼ qPu
j=hi

�
1� Pu

j=hi

� vvj=hi
vuhj

> 0 if
vvj=hi
vuhj

> 0:

To verify this condition, recall that: x�hijethij :¼ P
k˛K

ðtk þ dktikÞx�k=hij; from Eq. (7.9):

tj ¼ T � ti � dtij � x�hijethij; from Eq. (7.11): x�hij
�ephij þ uhjethij� ¼

uhjðT � ti � dtijÞ � ri � dcij. Define shij :¼
�ephij þ uhjethij�>uhj and

sij :¼ ðT � ti � dtijÞ to obtain:

vvj=hi
vuhj

¼ sij
shij

� uhjsij � ri � dcij
shij2

ethij ¼ 1
shij

�
sij � x�hijethij� ¼ tj

shij
� 0

with tj
shij

¼ 0 only if the working time tj ¼ 0:

For the cross-derivative:

vPu
j=hi

vuhm
¼

vPu
j=hi

vvm=hi

vvm=hi
vuhm

¼ Pu
j=hi

0
@X

j0 ˛I
Pu
j0=hi

vvj0=hi
vuhm

1
A ¼ �qPu

j=hiP
u
m=hi

vvm=hi
vuhm

< 0 because
vvm=hi
vuhm

> 0:

Therefore,
vxuj=hi
vuhk

> 0 if k ¼ j and
vxuj=hi
vuhk

< 0 if ks j.

3. The residential location model is represented by the bid-auction probabilities Qh=iðw$i; bÞ
and the willingness to pay given by Eq. (7.16):

whi ¼ yhi � ep�hi V�1
h

�
zri ; ti þ xl�hi; uh

�
; ch˛C; i˛I (T7.35)

with yhi ¼
P
j˛I

Pj=hi ½uhjðT � ti � dtijÞ � dcij�.

In this model, we prove that
vQh=i

vpk
< 0. We have that

vQh=i

vpk
¼ vQh=i

vwhi

vwhi

v~phi

v~phi
v~phij

v~phij
vpk

, where
vQh=i

vwhi
¼ bQh=i > 0 if Qh=i is logit and

vQh=i

vwhi
¼ b

whi
Qh=i > 0 if Qh=i is frechit, with b the

scale parameter of Qh=i;
vwhi

v~phi
< 0 from Eq. (7.17) because ep�hiV�1

h ð$Þ > 0 is consump-

tion; v~phi
v~phij

> 0 because ep�hi :¼ �x�hi	�1

 P
j˛I

Pj=hi

"
x�hij

 
ephij þ uhjethij

!#!
; and

v~phij
vpk

> 0

because ephij :¼ �x�hij��1 P
k˛K

ðpk þ dkcikÞx�k=hij.
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Additionally, we prove that vQh=i

vuhj
> 0. This is vQh=i

vuhj
¼ vQh=i

vwhi

�
vwhi
vuhj

þ vwhi

v~phi

v~phi
v~phij

v~phij
vuhj

�
>0

because vwhi
vuhj

;
v~phij
vuhj

> 0.

Thus, from the analysis of the demand model, we conclude that, as expected:

•
vxuj=hi
vpj

< 0 if k ¼ j and
vxuj=hi
vpj

> 0 if ks j subject to the upper bound on g parameters;

•
vxuj=hi
vuhk

> 0 if k ¼ j and
vxuj=hi
vuhk

< 0 if ks j; and

•
vQh=i

vpk
< 0; and vQh=i

vuhj
> 0 ck; j:
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Systems of Cities 8
8.1 Introduction

Any observer will first describe a city by its macroscale features and describe a country
by its cities. In previous chapters, we have developed a bottom-up learning process that
spans from individual activities to land-use (LU), transportation, and production
markets. In this chapter, we complete this bottom-up study by analyzing a city’s
macroscale featuresdfocusing on its dynamicdand the development of a system of
cities in a country.

We use the LUTEmodel of the city discussed in Chapter 7, which is illustrated at an
agent level in Fig. 8.1, depicting the agents’ complex behavior as a rational beings. The
model assumes a partition of the land into a set of zones I, a partition of the population
into a set of clusters C, and a partition of goods, leisure, and other industries into a set
K. LUTE is formulated as a hierarchical choice process that is described by the
stochastic models presented in Chapters 4, 5, 6, and 7. In this structure, each choice
is made conditional on the previous one (i.e., the higher level in the figure).

In the case of households, the agent’s choices, from top to bottom, are as follows:
residential location in the city (i ˛ I), job location ( j ˛ I), set of goods and leisure
consumed (k ˛ K), and locations for performing these activities (m ˛ I). A similar
structure represents firms’ behaviors, with location choice (i ˛ I); a combination of

h

i

j

k

m

r

i

k

m

Figure 8.1 The agent’s choice process in land use, transportation, and economic (LUTE) model.

Microeconomic Modeling in Urban Science. https://doi.org/10.1016/B978-0-12-815296-6.00008-1
Copyright © 2018 Elsevier Inc. All rights reserved.



inputs for production, including labor (k ˛ K); and the choice of locations from which
to obtain inputs (m ˛ I).

Note that this hierarchical structure is not arbitrary but rather follows the order of
resource consumption and considers a limited cognitive capacity. At the upper level,
we find long-term decisions, which involve a larger amount of household resources
(i.e., residential and job locations), followed by short-term choices, such as consump-
tion, leisure, and social interactions. The main resources are income and time, which
constrain the feasible set of choices and make them interdependent. Therefore, the
hierarchical order follows a time-resource structure, wherein longer-term choices con-
dition the resources available for shorter-term activities. The hierarchy also represents
cognitive constraints because agents are assumed to think in a hierarchical structure
when facing a choice-making process with a large set of alternatives, such as the set
of all possible locations in a city or country. To reduce the cognitive burden, the agent
assigns time and income to the search process for each set of alternatives proportion-
ally to the amount of resources associated with the hierarchy; this strategy also spreads
decisions and cognitive costs over time. Finally, the spatial search is also hierarchical,
such that a macrozone is represented by a set of macroattributes that describe the zone,
and the agent chooses a city, or an area within a city, based on these macroattributes.

The LUTE model yields the following joint probabilities:

Phijkm ¼ Qh=iPj=hiPk=hijPm=hijk; ch˛C; i; j;m˛I; k˛K (8.1)

which measure the odds that household h has a location and activity profile ijkm, which
includes, respectively, residential and job locations and the consumption of goods and
leisure at different locations. This model estimates demand for goods/leisure and labor

at each location by household cluster and residence
�
xhikj; xuhij

�
, Eqs (7.5) and (7.6). It

also yields the travel profile for work and shopping/leisure activities, which identifies
the traveler’s originedestination profile and the use of the road network. Using
standard transportation modeling techniques, travel demand can be described by time
of day.

Similarly, for firms, production is allocated regarding inputs locations:

Xri ¼ FrðYÞ; cr˛K; i˛I (8.2)

which yields the production of industry r allocated at i and demanding good inputs (Y).
The LUTE model yields the number of agents and total production of each industry by
location (Fri,Xri) according to the industry’s technologydscale economies (h). It also
yields the jobs profile (Lri), shipments of cargo between industries and zones of the city
(Ykj/ri), and exports of goods from each industry and zone.

The LUTE model imposes a multiple market-clearing equilibrium condition:
households’ demand and firms’ supply clear the good/leisure markets at each location,
which yields prices in all markets and locations (pri). Additionally, the labor market
yields salaries by household and residence location and by skill type (uhi,ufi). Individ-
uals traveling for shopping, leisure, and other activities and cargo trip profiles are
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equilibrated in the network, yielding travel times and costs (tij, cij), which allows us to
compute households’ and firms’ activity profiles.

In the LU market, suppliers provide a variety of real estate units that clear the LU
market at equilibrium rents (ri). Households and firmsdi.e., agentsddefine their will-
ingness to pay for the variety of real estate units (whi, wri), and an absentee auctioneer
assigns locations to households and firms such that only one agent is allocated to each
location and all agents are allocated. At the location equilibrium, each household
obtains a utility level and each industry obtains a profit (uhi, pri).

The LUTE model yields a static equilibrium solution that is conditional on the city
population of households (H) broken down into socioeconomic clusters ({Hh}); the
transportation infrastructure (T); and agricultural land rents (RA). In Chapter 5, we
show an important property of the LU market equilibrium model, namely, it is socially
optimal if the social objective is defined by the known utilitarian or Benthamite social
welfare function: W ¼ P

h˛C
uh þP

i˛I
ri. However, we observe that this property does

not necessarily apply to other social welfare objectives, such as those seeking social
equity.

In this chapter, we extend the modeling approach for a city (i.e., the LUTE model)
to a system of cities to develop a model of the country’s urban system. This model is
called CLUTE, for country land-use, transportation, and economic equilibrium. This
country (or regional) model seeks to simulate how cities interact in the wider market
for goods production and LU on a national scale. The regional model introduces the
interdependence between cities, which defines cities’ demographic and firmographic
profiles.

We shall discuss the idea that cities in a region, or country, share a common macro-
scale order and growth dynamics, i.e., common laws of dynamics, called the scaling
laws of cities. This order can be empirically observed by plotting macroscale variables
of the city (e.g., the number of gas stations, the length of the city network, city size,
etc.) against its population. This is also the case for aggregated economic variables,
such as rents and production. We argue that this common regularity allows us to
confidently think in terms of the emergence of an urban science, as proposed by Batty
(2013a), based on microeconomics.

We shall analyze whether the LUTE model is consistent with this observed order,
thereby providing a microeconomic explanation (i.e., a bottom-up process) of the
emergence of scaling laws and, conversely, the contribution of scaling laws to the
consistency of LU, production, and transportation submodels with this macroscale
order.

8.2 The Equilibrium of a System of Cities

Introduction

The structure of cities in a country and the distribution of activities in a city must be
consistent in an economic sense, i.e., they should follow socioeconomic forces for the
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allocation and growth of activities under the common economic system defined at the
country level. We postulat that the driving forces for such allocation are the following:

• Migration,
• Transportation costs,
• Agglomeration externalities, and
• Immobile attractors.

Immobile attractors in a system of cities may explain why cities emerged in specific
locations (for example, the location of natural resources and amenities, such as min-
erals, water, mountains, etc.). These resources might later have been complemented
by a constructed environment (i.e., transportation networks, including crossings)
that agglomerated activities and induced the emergence of new towns. Thus, the
original location of ancient towns and cities may have resulted largely from the rational
behavior of individuals who responded to these driving forces in the past with a given
spatial distribution of immobile basic resources, high transportation costs, and negli-
gible agglomeration, which was followed by a human-built environment that added
new towns and cities, increasing the attraction through agglomeration.

Migration is a balancing process that tends to eliminate spatial differentials in agent
benefits, both between cities and between zones in a city. Thus, our underlying argu-
ment is that the same rational agent criteria is applicable to cities at any developmental
stage and thus can describe their dynamics.

Basic Assumptions

We consider an exogenous total population of a given nation to analyze how the pop-
ulation is distributed across multiple existing cities, i.e., we focus on the dynamics of a
system of cities and towns already established and ignore the problem of the emer-
gence of new cities.

Then consider an exogenous taxonomy for the system, including the partition of
households into a set C of socioeconomic clusters, the partition of production into a
set K of industries with common technology, and the partition of geography into
sets of microzones Ii ˛ IC and macrozones IC. Note that in this partition, the definition
of a city border becomes highly relevant when we analyze a system of cities and towns
because it is not always evident whether a nearby town belongs to the city or is an
independent urban unit. In our model, cities’ borders are defined by the land compe-
tition between urban and rural activities, i.e., they are endogenous. In practical
modeling, it is essential that the partition of space provides a microscale zoning that
is fine enough to model the city’s internal differentials in density and transportation
costs and a macroscale aggregation that provides the location of cities and their respec-
tive transportation costs.

For each household socioeconomic group, the LUTE model of a city yields the
internal microutility. We also consider a city macroutility. The macrolevel utility is
constant within the city and represents the city’s economic footprint. Thus, macroutil-
ity differentiates cities in terms of accessibility to the rest of the system and to the

204 Microeconomic Modeling in Urban Science



world (e.g., international trade and tourism), to other immobile amenities provided by
the natural environment and to agglomeration economies.

The equilibrium of a system of cities comprises three subproblems. First, there is a
demographic problem, i.e., how the population is distributed across the country by
socioeconomic cluster. People are assumed to be born in a city and in a socioeconomic
cluster, i.e., to be born with a geographical and social identity, and then decide whether
to stay or to move to another city and/or to transfer to another cluster, both of which
entail transition costs. Our fundamental assumption is that agents move freely between
cities and clusters to maximize utility; however, there are system capacities defined by
labor vacancies in each city and the total population in the country is exogenous.

The second problem is firmography, i.e., how production and firms enter and exit
the system. In contrast to the demographic model, production emerges endogenously
in each city and is calculated with the city’s LUTE model. However, in CLUTE, we
recognize that industry profits are not independent in each city and that certain indus-
tries concentrate in a few cities or even a single city in the country. Therefore, the
CLUTE model yields an endogenous production in each city that is consistent with
a country-wide equilibrium criterion for profits.

The third problem refers to the consistency of utilities and prices across the country.
Because the LUTE model yields relative equilibrium utilities and prices, which are
then normalized to agriculture land rents at the city border, the problem is ensuring
a consistent set of agricultural rents across cities, i.e., these rents must represent equi-
librium values in the country, meaning that all prices and rents are consistent across the
country.

The Demography Model

This model estimates population distribution in the city system based on its distribu-
tion in a previous period by cluster and city. The model describes three processes:
population growth, mobility between socioeconomic clusters, and migration between
cities. We assume that household and job profiles at any point in time for each zone are
described by the tuple ({Hhi},{Lhi},ch ˛ C, i ˛ IC), with IC denoting the set of cities
in the country. For the model specification, we assume that job profiles are as endog-
enously estimated by the LUTE model.

Population growth models usually assume a constant per capita growth rate,
denoted by q, whereby the population follows a geometric process, i.e., Ht ¼ qHt�1.
This model was used by Gibrat (1930) for the growth of firms assuming an additive
random growth rate (q þ ε)Ht�1. This model approximates to a log-normal growth
assuming ε [ q (Batty, 2013a) or to a power law with a heavy or fat tail if the growth
rate is bounded from below, i.e., cities cannot become too small (Gabaix, 1999). We
note that the formulation of the growth model has a relevant effect on the dynamics of
the city and the city system, i.e., on the emergence of scaling laws, as discussed later.

In contrast to previous models, we consider growth rates that are differentiated by
household cluster. Moreover, we recognize that people are born with a sociospatial
identity, i.e., with a specific city and cluster identification (h,i), and may later move,
both socially (to another socioeconomic cluster) and spatially (to another city). To
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model this process, we assume that population growth is a geometric process with a
random rate at the microscale, i.e., a microgrowth model:

Hhi ¼ ðqh þ εÞH0
hi (8.3)

where H0
hi is the demography at the initiation of the modeling period and ε is a random

term that is assumed to be common to all agents and cities (i.e., it is a noise caused by
purely random incidents) and is limited to ε � qh. We assume an independent and
identical normal distribution with parameter (0,s); thus, the expected value is
Hhi ¼ qhH0

hi.
The model considers socioeconomic mobility and spatial migration. Such a model

of spatial migration was proposed by Barthelemy (2016), following Bouchaud and
Mézard (2000), as a diffusion noise model that offered an alternative to the regulari-
zation method of Gabaix (1999) for Gibrat’s model and avoided the minimum popu-
lation size assumption. In our model, we add the socioeconomic dimension of
migration, which assumes that agents are born and die with differentiated rates and
move between clusters; this social dimension of growth and mobility is seldom consid-
ered in the urban modeling literature. Our model also considers international migra-
tion, including entry and exit, by defining a macrozone in the set IC that represents
the rest of the world; in this case, growth rates are assumed to be defined exogenously
by immigration policies and the international economic environment.

The model is complemented by equilibrium conditions that apply to the system. At
any time, the equilibrium criterion is that the final distribution of workers matches the
distribution of employment in each city. Therefore, the problem is distributing an
initial population profile H0

hi into a final profile {Hhi}, matching the labor vacancies
{Lhi} by allowing for sociospatial mobility. If labor vacancies are estimated by the
LUTE model, then adding the demography model to the LUTE model makes popula-
tion distribution endogenous in the CLUTE model of city systems.

The social mobility submodel calculates the probability Pg/h of a household born in
cluster h transitioning to cluster g, which is assumed to be independent of the city of
birth. The spatial migration submodel calculates the probability of migrating between
cities i/j, ci, j ˛IC, conditional on the cluster, denoted Pj/hi. Assuming that these
decisions are independent, the joint probability is Phi,gj ¼ Pg/h$Pij/h. These models
follow the microeconomic rational rule, i.e., agents move socially and spatially to
maximize utility. We consider transition costs and the risks of changing one’s identity.
The social migration costs, denoted as chg, represent the monetary, time, and social
disutility of transitioning between clusters, which can describe an aspirational
mobility structure. That is to say, chg > 0 if h < g and chg ¼ 0 if h � g, with h < g
meaning that cluster g is richer or more skilled than h, i.e., there are costs associated
with the acquisition of skills (for the sake of convenience, a higher index h represents
higher skills, income, and salary). Spatial migration costs, denoted as cij, represent
distance-related difficulties, including networking and family ties, which are assumed
here to be independent of the cluster.
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Consider the following stochastic transition utilities from cluster h to g:

Vg=h ¼ yg=h þ εh ¼ yg � yh � chg þ εh (8.4)

and between cities i and j:

Vij=h ¼ Uij=h þ εi ¼ Uhj þ uhj � Uhi � uhi � cij þ εhi (8.5)

with chh ¼ 0, cii ¼ 0, and cij ¼ cji; these costs are measured in utility units. Recall that
uhi is the internal equilibrium utility of cluster h in city i, which is calculated by LUTE
and is exogenous in the demographic model; Uhj are city equilibrium utilities.

We assume the stochastic terms εh and εhi are i.i.d. Gumbel variables, with
shape parameters mh and dh, respectively, which yields the following choice
probabilities:

Pg=h ¼
emhðyg�chgÞP

g0 ˛C
emðyg0�chg0 Þ ¼ e

mh

�
yg�chg�y

ˇ

h

�
(8.6)

where the utility at the initial cluster (yh) cancels out and

Pij=h ¼
edhðUhjþuhj�cijÞP

j0 ˛I
edhðUhj0þuhj0�cij0 Þ ¼ e

dh

�
Uhj�cij�U

ˇ

hi

�
(8.7)

where the utilities at the origin city (Uhi þ uhi) also cancel out.
The population distribution after mobility and migrations is as follows:

Hhi ¼
X
g˛C
j˛I

qgH
0
gjPg=hPji=h ¼

X
g˛C
j˛I

qgH
0
gje

mg

�
yg�cgh�y

ˇ

g

�
e
dh

�
Uhiþuhi�cji�U

ˇ

hj

�
(8.8)

The equilibrium condition for this distribution is that the number of workers and
jobs match at each location and cluster, i.e., Hhi ¼ shLhi, with sh denoting the exoge-
nous number of workers per household. This implies that:

shLhi ¼
X
g˛C
j˛I

qgH
0
gje

mg

�
yg�cgh�y

ˇ

g

�
e
dh

�
Uhiþuhi�cji�U

ˇ

hj

�
(8.9)
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Then, solving for Uhi yields utility levels that comply with and compensate for job
constraints:

Uhi ¼ �uhi � 1
dh

2
4ln 1

ðshLhiÞ
X
g˛C
j˛I

qgH
0
gje

mg

�
yg�cgh�y

ˇ

g

�
e
dh

�
�cji�U

ˇ

hj

�3
5 (8.10)

where bUhjðUhiÞ, which implies that Eq. (8.10) is a fixed-point problem in Uhi, whose
solution U� ¼ ��U�

hi

�
; ci˛Ic

�
is unique. The interpretation of the solution U* is the

compensating utility in each city that makes households in each cluster indifferent
across cities, which accounts for employment differentials between cities. These
compensation factors emerge as willingness-to-pay differentials across cities for the
same cluster (ceteris paribus), and because they are constant for a city, they affect the
average rent of the city and rents in every microzone of the city. In other words, if rents
do not include these utility differentials, there are incentives for further migration.
Thus, these utilities represent constant reservation utilities in the bid-auction process
that consumers are willing to pay for a job in the city.

Observe that the CLUTE model defines a system equilibrium because, as we
showed in Chapter 7, the LUTE model yields job vacancies that comply with full
employment at internal equilibrium (i.e., at internal utilities uhi) and the demographic
equilibrium model yields population profiles that match with jobs for system
equilibrium utilities Uhi. Therefore, denoting the population profile yielded by
CLUTE as Mi ¼ ({Hhi}, ch ˛ C); M ¼ ({Mi}, ci ˛ I c) and the jobs profile as
Li ¼ ({Lhi}, ch ˛ C), with L ¼ ({Li}, ci ˛ I c), we conclude that the pair (M, L)
should attain equilibrium for the set of utilities U þ u in every city’s LUTE model,
which implies solving a system fixed-point problem FC.

The Firmography Model

This model calculates the production and number of firms per industry in each city,
such that the city system attains a general equilibrium at the country level. Recall
that in the LUTE model, the emergence of production and firms in cities is endoge-
nously generated, resulting from the population’s and producers’ demands for interme-
diate goods and exports. However, at the country level, concentration of production in
one city or a few cities is an issue not considered by the LUTE model, which is
independent for each city.

Nonetheless, observe that pull (centripetal) and push (centrifugal) forces that
operate within the city and define the internal concentration of production among
the city’s microzones also affect the distribution of production at the country level.
We refer to pull forces that induce concentration (e.g., economies of scale, high fixed
costs, and agglomeration economies) and push forces that induce the dispersion of pro-
duction among several cities (e.g., transportation costs and immobile inputs such as
natural resources).
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The model of the city system, CLUTE, considers an equilibrium condition for each
industry in the country, i.e., industry profits are equal in all cities where production is
nonzero. This condition implies that small cities may not have enough demand to
satisfy certain industries’ equilibrium profit levels, which means that the industry
does not emerge and the demand for its product is transferred to larger cities. This
mechanism generates hierarchies of cities and industries, wherein certain products
are produced in every city, e.g., food retail products, for which returns to scale are
constant, whereas other products, e.g., those with production economies of scale,
concentrate in a few cities or even in only one city.

Denote by pri the internal equilibrium profit of industry r ˛ K attained by producers
in city i ˛ I c, with K representing the set of industries, which is calculated by the city’s
LUTE model. Additionally, the industry benefits from the city-specific attributes,
denoted by vector Zi, which include, for example, immobile factors, agglomeration
economies, and transportation advantages for imports and exports. Then, the total
profit in the city isPri ¼ pri þPr(Zi) and the equilibrium profit for the city system is:

Pr ¼ pri þPrðZiÞ; ci˛Ic; cr˛K (8.11)

This profit equilibrium is imposed in each city’s LUTE model, such that production
and labor emerges only in cities with enough demand to yield this profit level. Because
pri is calculated by the LUTE model and Pr is calculated by the CLUTE model,
Eq. (8.11) implies that the set of profits by the industry attain equilibrium in the
fixed-point problem denoted by FP.

Agricultural Land Rents Equilibrium

Let us analyze the equilibrium condition for agricultural land rents in the country. The
issue is that the profile of agricultural land rents in the country, which is denoted as
R ¼ ({RAi}, ci ˛ Ic), is assumed to be exogenous in each LUTE model but should
emerge from a market process such that all prices, utilities, and profits are economi-
cally consistent and comparable across the country, which eliminates fictitious
incentives for population and goods mobility between cities caused by the lack of
normalized economic variables.

The equilibrium criteria in the agricultural land market are that rural activities attain
the same profit per land unit at all locations in the country, particularly at city borders.
Then,

pA ¼ pAi; ci˛Ic: (8.12)

Define the rural land profit as pAi ¼ si � ci � RAi, where s measures the value of
rural production per land unit at macrozone i and ci is the transportation cost of prod-
ucts and inputs. Note that Eq. (8.12) considers a representative rural industry, but this
rural industry may be disaggregated into a set of rural industries indexed by k ˛ KR. In
this case, pAi(si, ci) represents the maximum profit at each macrozone location
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considering all types of rural production. Maximum profit is defined by the rural land
auction market, which may also be modeled as a stochastic bid-auction process.

Then, the equilibrium condition yields

R�
Ai ¼ si � ci � pA; ci˛Ic (8.13)

which defines equilibrium rents for rural land everywhere in the country, particularly at
city borders. It follows that the use of equilibrium rural land, R�

Ai, in each city’s LUTE
model yields consistent absolute values for utilities and profits, land, and product
prices in urban and rural areas across the country; all of these values depend on the
profits from the international trade of products.

Therefore, the common rural profit pA is a country parameter assumed to be exog-
enous and defined by the international trade of rural products, i.e., it represents the
country’s price numeraire that normalizes economic values with the global economy.
Note that this parameter is the unique numeraire value for all prices in the country
because the price of goods in each city is dependent on each industry’s internal profit,
which is normalized to the country profit per industry in Eq. (8.11). Additionally, the
industry profit depends on consumers’ demand for goods, which depends on their
income and land rents; in turn, income depends on production salaries, i.e., on profits,
and rents depend on agriculture land rents. Therefore, this chain of dependencies is
ultimately contingent on agriculture rent values, which according to Eq. (8.13) depend
on the country’s numeraire parameter pA. Thus, this parameter closes the CLUTE
model. Moreover, observe that migration equilibrium yields households’ utility differ-
entials between cities, Uhi, which are dependent on the city border agricultural rent;
therefore, such differential are endogenous and adjust at the CLUTE equilibrium.

System Equilibrium

We define the city system’s equilibrium XCLUTE as a set of fixed-point problems:

XCLUTEðx;4Þ ¼ �u�i ¼ Fui ; p�
i ¼ Fp; S�i ¼ FSi ;VI�i ; ðQi; riÞ ¼ FQi ;M�

¼ FC; ðX; LÞ� ¼ FP
�

(8.14)

The LUTE model defines for each city i ˛ Ic the tuple
�
u�i ; p

�
i ; p

�
i

�
, i.e., each city’s

profile of the relative values of utilities by cluster and profits by industry. It also yields
real estate development (Si), location profiles (Qi), and rents (ri). These values yield a
complete location profile for each city that is conditional on the city’s population
profile (Mi). Then, CLUTE defines the equilibrium population profile (M*) and
production and employment profiles (L)* in the system of cities, and the equilibrium
for agricultural land rents defines absolutes values for utilities and prices across the
country.

Thus, the system’s equilibrium is conditional on the following set of exogenous
parameters 4 ¼ (H, h, pA, T ): the country’s population (H), the set of production
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technologies (h), international trade (pA), and transport infrastructure (T ). It also
depends on immobile natural resources and amenities.

The spatial dimensions of the microzones of each city jVIij totalize at the country
level jVIcj ¼P

i
jVIij. Because the partition of the population into cities and clusters

has a dimension size jCj$jICj, the CLUTE model has a dimension size jCj$jIcj$jVIcj.

8.3 Cities’ Scaling Laws

In recent years, better access to city data has allowed scientists to study the hypothesis
of macroscale regularities across a system of cities, i.e., a country. The general hypoth-
esis asserts that city populations explain most of the macroscale features of cities,
regardless of their geographical location, culture and history, or their economic steer-
ing policies. The main feature of such regularity is that cities follow universal scaling
laws; this feature affects how our societies are organized and prompts fundamental
questions about what generates the common structure of socioeconomic systems.
For a motivating reading with detail explanations see West (2017).

Evidence of Scaling Laws

The existence of universal laws has been recognized for a long time. We know that
cities follow Zipf’s rank-size law (Zipf, 1949), which is common across many human
and natural objects, e.g., it is observed in the frequency of the appearance of words in
texts and in eroded rocks. This law is named after George Kingsley Zipf (1902e50),
who found that the nth most frequent word in any text appears r�a times, with a being
close to one; hence, if words are ranked from most to least frequent, r ¼ 1,2,3., then,
the second most frequent word appears one-half of the number of times that the first
most frequent word appears, and the third most frequent word appears 1/3 of the num-
ber of times, and so on. The usual example of the most frequent word in the English
language is the word “the.”

To explain this law in cities, we rank cities (r) in decreasing order based on popu-
lation; i.e., the ranking of the largest city is r ¼ 1. Then, we plot the logarithm of the
cities’ ranks against their populations (N(r)) to obtain a linear plot, which appears to fit
for all countries and for global data on cities, with a slope very close to one. This result
seems to be highly robust and invariant to the microdynamics associated with the evo-
lution of the urban system.

Zipf’s law has the form of a power law between rank and population:

NðrÞ ¼ Nð1Þ
ry

(8.15)

where N(1) is the population of the largest city. This law follows Pareto-type distri-
bution for the number of cities (r) that are larger than NðrÞ : r ¼ A

NðrÞa , with a ¼ 1
r as
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the Pareto distribution parameter1. According to Pumain (2004), the fit of data to the
Pareto distribution is “rather good,” but one to eight of the largest cities per state
exceed the expected values, i.e., N(1)/N(2) is usually larger than the value predicted by
the model.

This law is equivalent to saying that the population is distributed according to the
power law (Barthelemy, 2016):

rðNÞ ¼ 1
N1þm

(8.16)

with m ¼ 1
y
close to one. The number of cities in country (n) is proportional to its

population (N):

nwNz (8.17)

with z also very close to one. The number of cities with populations larger than P is

nðPÞx n

Pm
(8.18)

There are several models that attempt to provide a theoretical explanation for Zipf’s
law for cities, including those of Gibrat (1930) and Gabaix (1999), which assume that
population growth is proportionate to population and has a random growth rate. None-
theless, there is no clear explanation for this problem yet (Barthelemy, 2016).

Several studies have presented global empirical evidence that the relationship
between the macromagnitudes of a city (y) and its population (N) follows a power law:

y ¼ y0N
g (8.19)

where g is the scale parameter and y0 is a constant. Empirical evidence has been
obtained from cross-sectional data regarding American, European, and Chinese cities
(Bettencourt et al., 2007, 2008). The main conclusions are as follows: the scale
parameter is statistically constant for the set of cities; for attributes of material infra-
structure, g < 1, i.e., it is sublinear, indicating economies of scale based on city size;
for economic quantities, g > 1, i.e., it is superlinear, indicating returns to scale.
Therefore, we can say that cities are very efficient factories of welfare with economies
of scale on input factors (decreasing per capita costs) and returns to scale on outputs
(increasing per capita output); together, these conclusions imply a per capita output/
cost ratio that increases with city size. This finding can explain why humans build
cities: because the agglomeration of population makes cities an efficient factory in the
production of wealth, using sublinear inputs to get superlinear socioeconomic benefits.

1 The Pareto distribution, which is named after Vilfredo Pareto, is defined as a continuous function; its
discrete equivalent is normally called the zeta distribution or Zipf’s law, although the term Zipf’s law
usually refers to a Pareto distribution with an exponent equal to one.
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However, scaled outputs are not limited to positive impacts on society, e.g., income
and intellectual production; crime also scales superlinearly.

The power law is observed in biology, where the enigmatic scale parameter of
organisms is empirically determined as a multiple of 1/4 in nearly all forms of life
West (1999), defining metabolic rate (energy consumption), timescales (life span
and heart rate), and size (aorta lengths and tree heights). West et al. (1999, 2001) offer
a theoretical explanation for this regularity based on fractal geometry, and the fact that
on a microscale, different fractal structures exhibit a common dimension: the size of
the organism’s cells; however, Banavar et al. (2010) demonstrate that the fractal
may not be needed to explain metabolic scaling. We observe that cities also have com-
mon discrete dimensions of space and time: the minimal space for human life or the
minimum residence size; the daily schedule, e.g., the commuting cycle; and the min-
imum intellectually productive unit: the human. Thus, the metaphor of cities as human
or social organisms is appealing (Samaniego and Moses, 2008).

The scale relationship defines cities as fractal objects (Batty, 2005). To explain this
notion, we deem the frequency of city attribute y and its size N to be related by y w Ng.

The rate of change vy
vN ¼ g

y
N yields the following elasticity: vy

vN
N
y ¼ g. Then, the power

law reflects constant elasticity to population, i.e., if the population changes from N to
N0 ¼ cN, then the scaled attribute is y0 ¼ (cN)g ¼ cgy. This attribute-size relation
defines a fractal city, i.e., the city is an object that scales with respect to its attributes
and thus exhibits self-similar patterns at different scales. A good example is the trans-
portation system, which tends to evolve from macroscale highways to microscale
roads, providing accessibility at different scales. Batty (2005) provides examples of
the fractal geometries of cities in time and space dimensions and remarks that the
various models suggesting fractal geometry employ a physical rather than economic
approach.

One theory that explains the emergence of cities’ power law was proposed by
Bettencourt (2013). This theory is based on the following four fundamental
assumptions:

1. A mixing population: the city can be explored fully with urbanite resources, i.e., the mini-
mum resources accessible to an urbanite match the cost of reaching any location in the
city. This restrains the growth of city area (A) and output (Y).

2. Incremental network growth: the network develops as the population grows or the average
distance between individuals equals the average infrastructure network length per capita.

3. Human effort is bounded: the level of social interactions is independent of city size.
4. Socioeconomic outputs are proportional to local social interactions.

Based on these assumptions, the author predicts scale parameter g in Eq. (8.19) for
a variety of social and infrastructure indicators. The model combines the physics
notion that citizens fully explore the city with economic concepts, such as the mini-
mum resources required and bounded human effort. The incremental network is
aligned with transportation infrastructure, responding to congestion in a hierarchical
or fractal structure; this notion is supported by empirical evidence in the United States.
Moreover, the proportionality between socioeconomic outputs and social interactions
is based on empirical evidence from telecommunications data (Schl€apfer et al., 2014).
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Batty (2013b) extends Bettencourt’s model for a city system by analyzing accessibility
measures. For a simplified physical model linking population, roads, and socioeco-
nomic interactions, see Li et al. (2017).

These modeling efforts are an important contribution to our understanding of the
microscopic interactions that explain scaling phenomena, albeit the assumptions are
substantial. Although physics provides several models that explain the empirical
evidence of cities’ power laws, these models offer no explanation for why humans fol-
lows the rules observed by physicists in nature. For example, the links between poten-
tial interactions and economic processes and the scaling of the socioeconomic indices
of cities are missing. As suggested by Batty (2013a), to obtain a more convincing
explanation, we must integrate urban economists’ models, particularly those that
analyze urban complexity, e.g., the model of Fujita et al. (1999) that measures agglom-
eration economies in cities, which is the subject of this section.

A known difficulty in the analysis of cities is defining the city or, more precisely,
defining the city’s borders. This question is relevant because all city statistics depend
on and vary significantly with city definition. This issue can be illustrated as follows: if
the border is defined as a minimum density threshold, then cities’ areas increase
inversely with this threshold and city statistics are increasingly affected by semirural
areas that diminish the effect of high density on aggregated city variables. Based on
this difficulty, Arcaute et al. (2014) question the existence of a scaling phenomenon
in cities because they obtained ambiguous results using UK data, although they also
relied on a particular definition of city borders (a minimum of 14 persons per hectare
and 30% of daily commuting). Another criticism relates to the influence of heterosce-
dastic data and modeling errors on the reported evidence of scaling laws in cities.
Specifically, according to Leit~ao et al. (2016), these factors call into question the
evidence on nonlinear scaling in cities. Depersin and Barthelemy (2017) analyze lon-
gitudinal data (1982e2014) of 101 US cities on annual congestion delays, observing
that the power law of delays with population has different exponents for each city, and
in some cases one city shows two regimes with different exponents. For these cities,
they observe superlinear increase of delays with population (with high exponents)
followed by a linear regime; remarkably, these data show that the change of regime
occurs in all cities around the same number of 200,000 commuters (a proxy of the pop-
ulation) and at a congestion delay of approximately 40 h per year and per commuter.
They conclude that congestion delays and potentially other magnitudes of the city
depend not only on the population but also on time, i.e., the city’s evolution is path
dependent and the cross-section analysis is inappropriate.

The critical views have the scientific value of calling for better methodologies and
understanding of the scaling phenomena, although they do no reject the existence of
scaling laws in cities. Indeed, the ambiguity on the city definition (Arcaute et al.,
2014) implies that we need to have a consensus on the geographical definition of cities
because the lower the density threshold considered, the larger the rural area involved,
and the less clear the scaling model is; nevertheless, the scaling effect remains
observed above some threshold that it is a matter of further study. The observation
of Depersin and Barthelemy (2017) that congestion delays follow two regimes is
unexpected if we assume the monocentric city, but it is less surprising in a multicentric
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city, as proposed by Samaniego andMoses (2008). The critical values of 200,000 com-
muters and 40 h may signal the average magnitudes where multicentricity appears in
US cities. Overall, the critics do not reject evidence of the scaling phenomena but high-
light important topics worth a more in-depth study.

Physics models provide an attractive theoretical corpus for analyzing the macro-
scopic performance of cities but fall short in explaining why and how interactions
actually occur and what interactions do not contribute to the scaling phenomena. In
these models, the underlying dynamic that explains the existence of cities is a gravi-
tational force that represents people’s tendency to interact. Homogenous individuals,
who are undifferentiated from particles, blindly respond to this force, i.e., each particle
interacts with the entire city. This approach is clearly useful for extracting certain
essential macroscale characteristics from the urban system and is very enlightening
in this regard. Difficulties arise when we want to establish verifiable relationships
and not merely conceptual links between the macroscale features of cities and the
microbehavior of real individuals and markets, e.g., the links between scaling param-
eters and individuals’ utilities, firms’ profits, and prices.

To study the system in more detail, Batty makes a controversial assertion (see Batty,
2005, p. 457) that is likely shared by many scholars: “It is unlikely.that there can
ever be an all-embracing theory, for cities are composed of a multiplicity of actors
who perceive the world in many different ways.” However, this statement motivates
the following argument: humans are characterized as rational beings, which essentially
implies a common behavioral rule, i.e., there is a fundamental and universal driver in
social organizations, such as cities. This argument, combined with the evidence
regarding cities’ power laws, gives rise to the following hypothesis: there are common
and fundamental forces that dominate human behavior everywhere, which explains
why social organizations tend follow a universal scaling law. This is our research
hypothesis in this chapter, which we develop using economics instead of physics.

The CLUTE model attempts to embrace such complexity using microeconomic
principles, i.e., it follows human behavior theory and the human institution of the mar-
ket. Thus, we can use this model of cities and city systems to analyze the emergence of
a scaling law from microeconomics. Therefore, the aim of this chapter is to assess
whether the city scaling law emerges as the natural consequence of the most basic
rule common to all humans, namely, that they are rational beings. In other words,
we shall analyze whether economists’ view of human behavior is sufficient to generate
common attractors of a complex city system and whether these attractors follow a
scaling law.

Scaling Rents

The scaling of total rents was proved in Martínez (2016), who considered the frechit
bid-auction approach of the LU model presented in Chapter 5. To reproduce this
result, recall that rents are obtained from auctions in which agents’ willingness
to pay is assumed to be i.i.d. Fréchet variates, which are derived as the inverse
of the agents’ utility. Then, within the city, the willingness-to-pay variate is
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qhi ¼ whi$xhi ¼ yhel
�1
h ð�uhþfhðziÞÞ$eðl�1

h εhiÞ;ch˛C; i˛Ii, where lh is the marginal
utility of income, εhi is the utility i.i.d. Gumbel variates (0, mh), and

xhi ¼ eðl�1
h εhiÞ is the agent’s bid i.i.d. Fréchet variates (1,bh). The variance of utilities

and bids are thus related by bh ¼ lhmh (see Technical Note 8.1).
Rents are stochastic variates defined as the maximum of agents’ willingness to pay

for location i, which is denoted by qi ¼ rixi, where xi is also an i.i.d. Fréchet variate
with parameters (1, b), assuming b ¼ bh, ch ˛ C. The maximum expected value of
rent yielded by i.i.d. Fréchet willingness-to-pay variates is defined for b > 1 as:

ri ¼ K 0
"X
h˛C

Hhw
b
hi

#1
b

(8.20)

where C is the set of agents in the city, including households and firms, and

K 0 ¼ G

�
1� 1

b

	
> 1 is a constant.2 We define wb

i ¼ K 0
H

P
h˛C

Hhw
b
hi, an instrumental

variable without a simple economic interpretation, to represent the average of wb
hi’s

values and write:

ri ¼ wiH
1
b (8.21)

where H ¼ P
h˛C

Hh ¼ Cj j is the number of agents in the city. Note that Eq. (8.21)

shows that real estate and land rents scale with population at the spatial level of a
microzone. This result is depicted in Fig. 8.2 as a logelog graph, with log(r/w) versus
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Figure 8.2 The scaling law of microzone rents.

2 The G distribution has a domain ℝþþand is defined as: GðxÞ ¼ RN0 tx�1e�tdt > 0. Note that 0 < 1� 1
b <

1 and G decreases in this range; for example, G(b ¼ 1) ¼N, Gðb ¼ 2Þ ¼ ffiffiffi
p

p
z 1:77 and G(b ¼N) ¼ 1.

Then, K0 > 1 and vK 0
vb

< 0.
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log(H). The graph shows a superlinear scaling of the rents with population dependent
on the shape parameter of the distribution, i.e., the larger the variance (the smaller the
b), the closer to linear the relationship is.

Let us analyze the rent scaling law in Eq. (8.21). If hypothetically all agents where
homogeneous in their preferences and income, then wi would represent their uniform
willingness to pay in the microzone i ˛ I. If this hypothetical population lives in a city
of size H ¼ 1, then ri ¼ wi. However, if there are two clone bidders, then rents increase
to ri ¼ wi$2

1
b, which implies an amplification of rents by a factor of 1.88 if b ¼ 1.1 and

by 1.6 if b ¼ 1.4. The explanation for this phenomenon is as follows: in the model, the
agent’s willingness to pay is assumed to be an extreme value stochastic variate. In this
case, the auction selects the highest values of the stochastic terms, inducing a system-
atic selection toward winning bids higher than the average, i.e., a selection bias toward
maximum values.

The scaling of rents at the microzone is reflected at the city level as the total land
rent value of the city. Consider an average number of people per agent in the city,
denoted by a, such that the population is N ¼ aH, with a � 1. Then, the total land
rent of the city is

R ¼ �a�1N
�1
b

XjVIcj
i¼1

wi (8.22)

Denote by w ¼ 1
jVIcj

PjVIcj
i¼1

wi the average of wi and notice that the number of locations

matches the number of agents at equilibrium. Then, jVIcj ¼ H ¼ a�1N to obtain:

R ¼ AwNg (8.23)

where g ¼ 1þ 1
b
and A ¼ a�g. This result verifies that the total land value in a city

scales with population. Additionally, because b > 1 in the Fréchet distribution, it
follows that the scale parameter g ¼ 1 þ 1

b
˛ð1; 2Þ, i.e., the rentsepopulation law is

superlinear. This result is consistent with empirical studies and theoretical work that
explain the scaling phenomena using physical models.

Analysis of the Rents Power Law

• The speed of growth. Let us analyze how fast rents change with a city’s population. The

average rent per capita increases with the population as r ¼ R
N ¼ wN

1
b. If N0 ¼ rN, then r0 ¼

r
1
br yields the amplifying factor (r) shown in Table 8.1. This result illustrates that if the
population doubles, i.e., (N0/N)¼2, then average rents amplify in the range of 60%
(b ¼ 1.4) to nearly double (90% for b ¼ 1.1).

• Attraction to larger size. The marginal increment on rents induced by a new citizen is
vR
vN ¼ 1þb

b
AwN

1
b, which increases with N, indicating that the potential additional wealth

created by an extra citizen is larger in larger cities. That is, if a foreigner migrates to
a particular country, the expected impact on average rents depends on the city in which
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the foreigner resides. This argument, however, must be consistent with the condition that
population must match employment in each city; otherwise, there is unemployment and
the results do not hold.

• Equity. The scaling rule means that society concentrates wealth in larger cities in amounts per
capita that favor inhabitants in those cities. Larger cities also concentrate crime, pollution,
and congestion. These potential benefits and costs are compensated by scaling rents, which
yield egalitarian utilities for all citizens in the same socioeconomic cluster in all cities.

It is important to note the origin of the scaling result in rents. The power law for
rents emerges from the Fréchet distribution of agents’ willingness to pay in an auction
market. Because the variance is proportional to 1/b, a larger variance strengthens the
superlinear law. Looking farther down in the LU choice structure, the variance of bids
emerges from Gumbel utilities of performing activities because b ¼ ml, i.e., the
scaling exponent emerges from the microinteractions between agents. Thus, the
scaling phenomena described for rents is an expression not only of the accumulation
of diversity of human interactions in the hierarchical choice process of the complex
urban system but also of the selection process biased by the human rational behavior
rule: utility maximization. One can describe this process as agents searching in the
space of urban opportunities and squeezing the urban “juice of opportunities” to distill
the opportunities with the best value. It is worth recalling that this process of biased
selection is precisely what is represented by the extreme value models, i.e., the logit
and frechit models.

However, the model might exaggerate the scaling effect because the assumptions
regarding independent and identical utilities and willingness-to-pay variates are some-
how more extreme than in a real city, i.e., they exaggerate diversity by ignoring the
correlated behavior. Indeed, the logit and frechit models of probability and expected
values of economic variates (utilities, profits, prices, and rents) are asymptotic, i.e.,
they apply to an extremely large number of draws on random terms. Under these
conditions, the selection bias induced by the i.i.d. extreme value distribution may
exaggerate the rate of rent increases with population that is represented by
Eq. (8.23), which may be understood as an upper limit.

An observation regarding the choice of modeling approach follows. Following
similar calculations, the reader may find that if we assume a logit bid-auction model
in the LU model instead of the frechit model, then total rents also scale superlinear
with population. However, instead of a power law, it yields an entropy law,
i.e., R ¼ bNln N. It is thus worth asking which law is more realistic, and the evidence

Table 8.1 Amplifying Factor of Rents

Population Change Scale Parameter Beta

N0/N 1.1 1.2 1.3 1.4

2 1.9 1.8 1.7 1.6

5 4.3 3.8 3.4 3.2

10 8.1 6.8 5.9 5.2
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is not conclusive. The numerical comparison between these optional models is shown
in Fig. 8.3 for b ¼ 1.2, which illustrates that the entropy and power models are very
similar in the range of current cities, i.e., N z 3 � 107 for Tokyo and Shanghai; hence,
this analysis is inconclusive. The argument in favor of the power law is theoretical,
i.e., the assumption that willingness to pay is a frechit variate with the support of
nonnegative values is more realistic than the logit assumption of nonbounded bids.

Scaling in Production

Let us now analyze whether the scaling phenomenon is replicated for other economic
variables. From the LUTE in Chapter 7, we can aggregate the expected profit of indus-
try r to obtain the total profit level in each city m, and we use the equilibrium criteria
that profits are equal for an industry across cities.

Recall that at equilibrium, the internal profit is constant in the mth city, i.e.,
pr/i ˛Im ¼ prm, and from the migration model, the industry profit is constant in the
country, i.e., Pr ¼ Prm(Zm) + prm, where Prm(Zm) is the additional profit yielded
by agglomeration economies of immobile factors Zm. To simplify the analysis, we
assume agglomeration economies proportional to production and to its value, i.e.,
Prm(Zm) ¼ sprXrm.

1. In the case of nonincreasing returns to scale (h � 1), consider the aggregate profit in the city
using Eq. (7.32), where the optimal production is prXrm ¼ P

vj˛Im
prj Xr=vj½1� h � to write:

Prm ¼ prXrm½1 � hþ s� � Rm ¼ Pr; cm, with Rm ¼ P
vj˛Im

rvj. Recall Eq. (7.28) where

pX f X1/h and using Eq. (8.23) we obtain:

XrfNgh; cr˛K (8.24)

Figure 8.3 Comparison between entropy and power laws.
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This result shows that the production of a city scales with population with parameter
gh > 0, which can be superlinear if h > g�1.

2. In the case of increasing returns to scale (h > 1), the profit in Eq. (7.41) is pr=viðh; p;XÞ ¼
sprXrm þ prjXr=vi � hrX

1
hr
rvjðArvjFrjÞ

�1
hr � rvj and the null profit condition defines 4ðX; hÞ ¼

prjXr=vjð1 þ sÞ � hrX
1
hr
rvjðArvjFrjÞ

�1
hr ¼ rvj.

To analyze 4(X,h), consider the following lower bound function of 4 in the relevant

domain: jðX; hÞ ¼ ðh � 1ÞXhh�1
, which has the feature that 4(X,h) > j(X,h) for scale

economies h ˛ [1.0,1.2] and for large values of production (larger than 1018) as shown in
Fig. 8.4 (for larger values of h, the approximation is valid for lower values of production).
Using j(X,h) as a lower bound approximation of 4(X,h), we obtain that for the

aggregate profit to be constant across cities, the following holds: 4ðX; hÞ ¼ prXrm½1þ s� �
hX

1
hðArvjFrjÞ

�1
hr � ðh � 1ÞXhh�1

fRm. Then, solving for production and using Eq. (8.23), we
obtain:

XrfN
g

hh�1 (8.25)

where the exponent g/hh�1 is close but lower that g: 1/hh�1 is 0.9905 for h ¼ 1.1; 0.9642 for
h ¼ 1.2; 0.9243 if h ¼ 1.3. Hence, it is plausible to conclude that approximately Xr f Ng.

3. The case of the labor market deserves special analysis because it defines migration con-
straints, city sizes, and wages. From Chapter 7, we consider the input demand for the two

Figure 8.4 The Break-Even Function if and the lower bound for h ¼ 1.2.
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technologies for each labor type f. Recall the labor CobbeDouglas parameter for labor input

0 < edr < 1 and consider p an average price for total city production (X).
For h � 1, consider Eq. (7.22) to write:

Lf ¼
X
rvj

L�f =rvj ¼
X
rvj

u

1

d
w

r�1

fj u�1
rj drprjXr=vjfprXrfNg; (8.26)

because u

1

d
w

r�1

fj u�1
rj has dimension of u�1

f . Using pXf X1/h in Eq. (8.26) we obtain

u�1
f prXrfu�1

f X
1
h; using Eq. (8.24) we obtain Lffu�1

f X
1
hfu�1

f ðNghÞ1h. Because Lf is

the proportion of the population with skills type f, then we conclude that: u�1
f NgfN or that

ufNg�1. In this case, total wages Uf Ng scale superlinearly with population following a
power law with the same exponent of rents.

For h > 1, consider Eq. (7.36) to write:

Lf ¼
X
rvj

L�f =rvj ¼
X
rvj

X
1
hr
rvjA

�1
hr
vrj$ dru

1

d
w

r�1

fj u�1
rj fu�1

f X
1
h

r ; (8.27)

With this result and using Eq. (8.25) approximated by Xf Ng, yields:

Lffu�1
f X

1
h

rfu�1
f ðN gÞ1h. Because labor is proportional to population, then Nfu�1

f N
g

h;

thus, we conclude that uffN
g

h
�1 and total labor scales with population as UfN

g

h.

Consumer Surplus

Let us analyze if consumers’ surplus scale with population. Recall that in Chapter 5,
we defined consumer surplus at the LU equilibrium as:

uh ¼ 1
b
ln

 X
i˛VI

Si

�
K 0zhi

ri

�b!
(8.28)

with zhi ¼ yhel
�1
h fhðziÞ. Replace ri by Eq. (8.21),

uh ¼ 1
b
ln

 X
i˛VI

Si

"
zhi

wiH
1
b

#b!
¼ 1

b
ln

 
H�1

X
i˛VI

Si

�
zhi
wi

�b!
(8.29)

Table 8.2 Scale Parameters for Production, Prices, and Labor

Production
Variable

Nonincreasing Returns to Scale
0 < h £ 1

Increasing Returns to Scale
h > 1

Scale
Parameter

Super-
linear if

Scale
Parameter

Super-
linear if

Total production Xf Ngh if h > 1
g

XfN
g

hh�1 zNg Always

Wages ufNg�1 Always ufN
g

h
�1

h < g
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and define wb ¼ 1
H

P
i˛VI

Si
zhi
wi

�b
to obtain:

uh ¼ 1
b
ln
�
wb
�

(8.30)

The main conclusion is that utilities are constant per cluster and are independent of
the city’s population because rents in the denominator of Eq. (8.28) cancel the scaling
effect of the number of bidders, i.e., rents extract the increase in wealth from bidders,
which is transferred to land owners as capital gains. This result is consistent with the
invariance of utilities across cities in the mobility model for the population in each
cluster. It can also be interpreted as the economic explanation for the bounded human
effort assumption proposed by Bettencourt (2013) because, despite the large differ-
ences in interaction opportunities between cities, there are no differences in expected
utilities across intracity microzones or across cities.

The importance of the scaling results in production and wages, is that they complete
our understanding of the process that generates super-linear socioeconomic outputs in
cities, i.e., the link between the main causes: economies of scale and agglomeration,
with their impact on the capitalization of profits into super-linear rents. In this process
super-linear wages transfer resources from production to residents’ income, which in
turn transfer income into real estate and land rents.

8.4 City Dynamics

An important assumption thus far is that the model is static, which implies that con-
sumers’ income and firms’ profits are spent in the present and resources are not saved
for the future, i.e., there is no capital investment. This assumption has been helpful in
setting a static model but is unrealistic in the analysis of urban dynamics. We should
reinterpret rents as societal wealth or available resources, i.e., the sum of land rents
plus capital savings. In this case, it is reasonable to presume that land rents do not scale
at the speed of the theoretical exponent g and that production variables do not scale
according to the exponents shown in Table 8.1. In this section, we consider that
resources are invested in the country for future development to see in a dynamic pro-
cess how cities evolve on time.

The power law of rents or resources described was used to analyze cities’ growth by
Bettencourt et al. (2007, 2008). They consider a simple dynamic process for the use of
resources: certain resources are used to maintain the current population, and the
remaining resources are invested to support the population increase. Let E0 denote
the per capita cost of population maintenance, E denote the per capita investment
for population growth, and N(t) denote the population of the city in time t. Then, total
resources are split into maintenance and investment by:

RðtÞ ¼ E0NðtÞr þ E
vN

vt
(8.31)
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where r allows for nonlinear maintenance costs with the population. The evidence
shows that 0 < r � 1 and most likely that r ˛ [0.8,1.0] for a variety of items necessary
in modern life (see Bettencourt et al., 2007, 2008; Ribeiro et al., 2017).

Considering the interpretation that Eq. (8.31) represents wealth or resources
produced by the city inhabited by population N at time t, then resources are given

by RðtÞ ¼ KwNðtÞ1þ1
b ¼ ANðtÞg, withg ¼ 1þ 1

b
> 1 because b > 1. Then, solving

for vN
vt yields the urban system dynamic equation:

vN

vt
¼ A

E
NðtÞg � E0

E
NðtÞr (8.32)

This equation is illustrated in Fig. 8.5, which shows the speed of increase of vN
vt for

different g and r parameters. It shows that the speed increases with g and decreases
with r (observe the constant g ¼ 1.1 with variable r ¼ (0.7,0.9)). In our model, these
parameters have the following characteristics: g scales the city’s resource yield
(outputs) and r scales the city’s expenditures (inputs). These exponents are related
to the socioeconomic and infrastructure exponents of the physics model (Li et al.,
2017; Ribeiro et al., 2017), which link the three basic components of cities’ growth:
population, socioeconomic interactions, and infrastructure.

The solution for the differential Eq. (8.32) depends on its parameters. We consider
r ¼ 1 as an upper bound for the maintenance cost dynamic with population. This
assumption is supported by evidence that infrastructure and services scale either

Figure 8.5 Graph depicting the urban system dynamic, Eq. (8.32).
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linearly or sublinearly with population, i.e., city inputs for human life are nonin-
creasing; thus, constant returns to scale represent an upper bound on maintenance
costs.

Bettencourt et al. (2007) analyzed the dynamic model of this case (r¼1) as follows.
It has a unique solution given by:

NðtÞ ¼
�
A

E0
þ
�
N1�g
0 � A

E0

	
e�

E0
E ð1�gÞt

� 1
1�g

(8.33)

where N0 ¼ N(t ¼ 0) is interpreted below. The authors studied this equation for three
interesting values of the scale parameter g:<1, ¼1,>1. The case of g ¼ 1 simplifies to

an exponential growth, NðtÞ ¼ N0e
ðA�E0Þt

E , and the case of g < 1 leads to a sigmoidal

curve with an upper population limit in the very long run, NN ¼ � AE0

� 1
1�g

, which is the

characteristic dynamic of biological systems.
According to our model, however, a more realistic case is b > 1

andg ¼ 1 þ 1
b
> 1. For this parameter, the city dynamic changes dramatically, lead-

ing the authors to an interesting interpretation of the evolution of cities. Specifically,
they interpreted the case of g > 1 as representing a society where growth is driven
by innovation and wealth creation. In our model, it represents the natural emergence
of wealth from a simple universal rule, namely, utility maximization under stochastic
choice processes.

If g > 1 and N0 <
�
A
E0

� 1
1�g

, then Eq. (8.33) describes unbounded growth, with

population increasing faster than exponentially and reaching a mathematical singular-
ity where population becomes infinite (NN) in a finite time window tc, as shown in
Fig. 8.6 for different values of g. The authors derived the expression for this critical
time window as:

tc ¼ � E

ðg� 1ÞE0
ln

�
1� E0

A
N1�g
0

�
z

E

ðg� 1ÞE0

1

Ng�1
0

(8.34)

This growth limit is theoretical because resources eventually become insufficient
and the singularity is never reached because the system becomes unsustainable, i.e.,
the system cannot produce at the speed required to sustain the extremely rapidly
growing population. At this point, the system enters a transition phase that leads to
a collapse, as represented by the mathematical solution after this limit, where popula-
tion decreases steadily.3

The existence of a critical time window implies that cities have a predictable fatal
destiny: the collapse occurring at time tc. However, history reports very few instances

3 In Fig. 8.6, the collapsing phase after time window tc is only shown for g ¼ 1.5 because the exponent
1

1�g
¼ �2 is an integer for which N(t) can be calculated.
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of the collapse of cities; when collapse has occurred, it was in cities with populations
far smaller than our current megacities. Nevertheless, there is evidence of temporal
decline in the rate of population growth, e.g., Bettencourt et al. (2008) cited the
example of New York City in the 1970s. They estimated tc for g ¼ 1.1 as

tcz 50
�
T
n0:1
�
years, where T is a number of the order of unity and N0 ¼ n(106) is the

population measured in millions of inhabitants. This equation implies that compared
with a city of 1 million inhabitants, a city with 10 million inhabitants has a 20% shorter
window and a city of 100 million inhabitants has a 36% shorter window. For example,
Shanghai, China (24 million), has a time window 12% shorter than Santiago, Chile
(7 million). This feature is an important and highly surprising characteristic of the
critical time window: it shrinks over time, i.e., the next cycle will be shorter than
the current cycle.

To understand this apparent paradox between the mathematical prediction of
collapse and the historical evidence, we observe that Eqs (8.33) and (8.34) are depen-
dent on a clock initialized by N0, which is only required to be strictly positive (N0 > 0).
What does this mean for the population? Bettencourt et al. (2008) explained that “ma-
jor adaptations must take place to initiate a new cycle of innovations, in the process of
which growth is reset at a new population level N0.” This idea is represented in
Fig. 8.7, which shows new cycles of development after an innovation shock takes
place, which resets the initial population clock, ends a critic time window, and opens
a new and shorter time window.

This process implies that resetting the system requires a major innovation. Howev-
er, blindly hit a system shock is not really necessary; rather, it may be a smooth process
of adaptation. Indeed, the urban system is a complex interaction of many subsystems,
e.g., social, economic, legal, political, technological, educational, etc., each of which
has some population capacity available before it becomes critical. At a certain

Figure 8.6 System dynamics with g > 1 and r ¼ 1.

Systems of Cities 225



population level, the capacity of one or more subsystems of the city approaches zero
and the entire resource production system becomes less efficient. A timely innovation
in these critical subsystems will expand the growth potential of the urban system,
allowing it to recover its development track; however, such timely innovation requires
the political wisdom to anticipate which subsystem is running out of capacity.

In the long run, the critical time window becomes too short for humans to innovate,
and the collapse of a very large city is unavoidable. This collapse is “fatal” for the city
but not necessarily for the inhabitants, who can migrate to smaller cities with available
system capacities. In smaller cities, innovation and adaptation processes are more
likely to be smooth because lessons are learned from larger cities that previously con-
fronted innovation demands and because innovation is usually exportable. Conse-
quently, the largest cities may stop growing or shrink, whereas smaller cities
continue to grow, such that the country’s population continues to grow. Therefore,
the fatal time is perhaps less dramatic for inhabitants than it may first appear to be,
despite its impact on the city.

Nonetheless, the shrinkage of time windows over time seems less avoidable. This
phenomenon means that urban systems accelerate over time as populations increase
and that all subsystems may deliver their services at a faster pace. We can all perceive
that life moves faster in larger cities than it does in smaller cities in the same country, a
phenomenon that is observed in biological systems with similar scaling rules.

8.5 Comments on Urban Scaling

This chapter completes the bottom-up presentation of a model, from the microzone to the
city and then to the system of cities, through the integration of its macroscale features.

The macroscale model CLUTE is not a trivial spatial extension of the isolated urban
equilibrium model LUTE. The integration of several cities in a system of cities is based

tc1 tc2 tc3

N03

N02

N01

Figure 8.7 The cyclical evolution.
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on individuals’ or households’ choice of residence city in the migration model. How-
ever, their choices are interdependent because they cannot overcrowd cities; rather,
they can only migrate to areas where there are job vacancies. Hence, population
distribution is driven by birth/death rates and migration processes, both of which are
proportional to city size, i.e., larger cities become larger, creating more jobs, which
attract migrants.

This condition introduces a country-wide equilibrium for migration flows between
birth city and final residence. This criterion is not used for firms, which emerge and
disappear according to the demand for products and are located in cities where they
can optimize production. This optimization behavior is differentiated by technology
according to their respective economies of scale. The economically based distribution
of population and firms in the country links all cities in a way that maximizes the coun-
try’s welfare (in the sense of Benthamite’s social welfare).

Thus, we analyzed a macroscale economic feature of cities, namely, the scaling law
of rents to population and the correlated scaling of production and labor markets. Our
model provides a microeconomic explanation of global evidence of a universal law
regarding macroscale indices of cities that provides a different and more microscopic
interpretation of the scaling phenomenon compared with previous models based on
physics and geography. The microeconomic justification is based on a single and
clearly universal law of agents’ behavior: humans are rational beings. This law is
represented in microeconomics as a utility-maximizing behavior. It is important to
note that the model does not specify what is meant by utility, its components, or
how they interact. Therefore, it can be considered a very plausible and universal
assumption: humans choose what they think is best for them.

In addition, we assumed that human behavior is stochastic because humans make
choices with uncertain information, i.e., the consumer’s stochastic approach. This
assumption fundamentally differs from that used in demand modeling, where the
stochastic choice is justified by the lack of information on the part of the modeler,
i.e., the modelers’ stochastic approach. This is a critical assumption in the emergence
of scaling phenomena because if it is a modeling error, then the scaling effect would
emerge as an accumulated error. By contrast, in our model, the scaling rule emerges
from the random behavior of each individual in the entire system of cities interacting
in a complex system.

A lesson of our model worthy of further exploration is that the macroscaling param-
eter is unique for the system of cities. As noted previously, this uniqueness implies that
the behavioral parameters of all agents, including households and firms in a particular
country, are mutually dependent. Therefore, the lesson is that methods of estimating
behavioral parameters should introduce such a dependency. Furthermore, because
international evidence shows that the macroscaling parameters are similar across
countries and cultures (given some normalization), there is theoretical and empirical
support for research on internationally consistent methods of estimating human
behavior. In forecasting the future of existing cities, universal scaling parameters pro-
vide a scientific methodology for predicting the expected evolution of macroscale
indices of cities, whereas our theory allows modelers to estimate evolution at the
microscale level.
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Utilities identify individuals’ preferences, which are subject to context-specific fac-
tors, such as cultural and socioeconomic characteristics, and thus reflect peoples’
freedom to choose their fate. However, the universal scaling law tells us that at the
scale of the social organization, our system follows a common order and evolutionary
track; this proposition is supported by evidence and explained by theory. These two
concepts seem to present a paradox: freedom of choice leads to very similar outcomes.
Our model explains this paradox as follows: humans follow a common universal rule,
i.e., rational behavior, which implies that we have a selection bias that maximizes
utility in spite of our preferences. This behavior leads societies to follow a common
rule even if preferences differ between cultures. Nevertheless, freedom of choice
remains, because the utility maximization paradigm is subject to individuals’ prefer-
ences, which remains free in the model. Then, the clarification of the apparent paradox
is as follows: while humans enjoy free will leading to differentiated preferences, their
choices are constrained by technology available and governed by their rational
behavior in the market, leading to equilibrium outcomes that fall in universal attrac-
tor, the power law.

The biologic organism metaphor remains attractive after the analysis performed in
this chapter. We are similar in that we minimize production costs, leading to econo-
mies of scale, but we are different in that our intellectual capacity allows humans to
innovate, avoid collapse, and create wealth in superlinear evolution. In both systems,
we observe fractal geometry, which is a feature of complex systems.

All of these factors lead us to consider the idea of an emerging urban science, where
universal rules describe our social systems.

8.6 Toward a Unified Theory of Organic Systems

Research on the evidence of the universal scaling of urban systems’ indicators show
sublinear scaling for inputs and superlinear scaling for outputs. Moreover, West
(2017) summarizes these findings, concluding that the universal observed trend is
15% in inputs economies of scale; i.e., the power law has a parameter
g ¼ 1� 0:15 and þ15% in outputs returns to scale (g ¼ 1 þ 0:15Þ. More striking,
West postulates a unified theory for all organic systems. In this chapter, we have
explained theoretically the origin of the positive returns to scale based on the micro-
economic interactions of human activities in the city. In this section, we aim at
contributing to the study of West’s arguments in favor of a universal macroscale
order in all organic systems.

West explains such economies by three physical properties common to complex
systems: space filling, invariance of terminal units, and optimization in the system
processes. These properties have a clear expression in cities because accessibility
to products and services covers the whole city area by thedspace fillingd
transportation network that reaches every spatial location of real estate and agentsd
invariant unit terminalsdwho interact as rational optimizers. These properties allow
us to conceive a unified explanation for all organic complex systems including hu-
man organizations. However, the case of human systems is exceptional in producing
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socioeconomic superlinear outputs, arguably associated with the innovation capacity
allowed by higher intelligence, unlike other organisms who apply simple optimizing
rules on energy production and consumption without further creativity, i.e., the
alleged human superiority in evolution.

Nevertheless, the highly inspiring unified theory of scaling systems in nature
falls short in explaining the surprising number of 	15%; i.e., why this number is
the same for inputs and outputs and what explains this value? This apparent coin-
cidence calls for a scientific explanation. The cost reductions or economies of scale
in -15% can be explained by a physical property: the increasing density of cities
with population implies that each point in supply networks (water, petrol, elec-
tricity, transportation, services, etc.) provides services to a larger population; there-
fore, larger cities require less per capita infrastructure but remains to be explained
why the figure is 15%.

Regarding the more surprising superlinear outputs, let us look back in our model
for a potential explanation using the economic analysis. Recall that the outputs’
returns to scale emerge from two sources: economies of scale in production, which
includes transportation savings, and locationdagglomerations economies (i.e., in-
crease in interaction opportunities). It is straightforward to see in our microeconomic
model that production economies of scale embed the per capita lower costs associ-
ated with sublinear scaling in inputs. Therefore, the physical property that explains
the -15% in infrastructure costs is captured in our microeconomic model as econo-
mies of scale that explains superlinear socioeconomic outputs. The second source,
namely agglomeration economies, is much more difficult to analyze because it has
no direct expression on physical terms and considers the concentration of industries
with higher economies of scales in larger cities. In the model, household and firm
agents value these economies in their willingness to pay and on final rents. This im-
plies that higher rents must be feasible and consistent with market equilibrium prin-
ciples; i.e., they must be generated from production profits and wages. This means
that locationdagglomerationsdyield opportunities that must have an economic
expression on productions; i.e., such opportunities must be captured as additional
production, either as scale economies on current production or on new industries.
In Chapter 7, we showed that our model explains why industries with positive returns
to scale concentrate in space, particularly in larger cities. This argument is supported
by evidence in West (2017), which shows that in the United States diversity of pro-
duction scales increases with city size or that larger cities have higher diversity of
business. Therefore, we argue that household’s location and firms’dagglomeration
economiesdmust have an economic result in the production function of business,
which transforms location advantages into production and economic values; other-
wise, they remain as potential benefits which have no expression in the outputs’
superlinear scaling.

This analysis led us to conclude that the microeconomic model yields an explana-
tion for the 	15% scaling parameters: the �15% on inputs is the economic mirror
expression of the physical property, and the þ15% must be the mirror expression of
the same phenomenon. This explains the enigmatic coincidence of the same amount
in the scaling on costs savings and on socioeconomic production. Still, it remains to
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explain why the figure is around 15%; i.e., how we explain that the 3/4 (or 25%)
parameter in energy savings observed in other organic systems and explained by
fractal network principles by West, which naturally follows the persistent multiple
of the 1/4 fraction associated with a four-dimensions system, is converted by the ur-
ban economy in a much smaller parameter close to 5/6 or 6/7, not a multiple of the 1/4
fraction and approximately 2/3 of the physical potential. We can make the conjecture
that the 15% economic transformation of 3/4 potential must be explained, at least
partially, as the resulting parameter from two factors: i) the economic translation
into actual production of the 25% of physical savings in all cities, that is, the baseline
for savings under small economies of scale in production and ii) the hierarchy of in-
dustries that emerges with different population sizes where industries with larger
economies of scale concentrate only in the largest cities; this means that the baseline
economic transformation of physical potential savings yields an output scaling less
that 15%, which, combined by agglomeration of industries with higher economies
of scale in larger cities, increases the economic output up to the 15% figure. More-
over, the economic transformation of the physical potential should consider carefully
the urban analogue of the “space filling” principle, or how we humans explore the
large amount of city opportunities, in contrast with the space filling process in the
distribution of basic goods. Because, unlike particles in physics, human behavior
faces additional constraints, introduced in the model in previous chapters, on the
following resources: daily time cycle (or commuting costs), income (money for
exploration), and cognitive capacity, which are arguably constant across city sizes.
That is, the urban space filling principle must be less efficient than its analogue in
physics.

Technical Note 8.1: The Link Between Bids and Utility
Parameters4

Consider the random variates u and z. u ¼ v þ ε, with ε i.i.d. Gumbel (0,m), i.e., its

FεðxÞ ¼ e�e�mx
. z ¼ y þ x, with x i.i.d. Fréchet (1, b), i.e., its FxðxÞ ¼ e�

�
1
x

�b
. If

x ¼ e
ε

l, then we prove that b ¼ lm.
Thus

FxðxÞ ¼ e�
�
1
x

�b
¼ Prðx � xÞ ¼ Pr

�
e
ε

l � x
� ¼ Pr

�
ε

l
� lnðxÞ

�

¼ Prðε � l lnðxÞÞ ¼ e�e�lm lnðxÞ ¼ e�
�
1
x

�lm
proves that b ¼ lm.

4 Thanks to L-G. Mattsson for his contribution to this proof.
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Model Application and Planning 9
9.1 Introduction

Here, the theoretical model presented in previous chapters is considered as an applica-
tion tool for modelers. The experience applying an operational land-use (LU) model
ebased on the bid-auction theorye in cities around the world, is used to analyze
two topics. We first discuss implementation topics and the methodology used to
estimate the model parameters. Then, the next section is dedicated to a discussion
of planning issues, i.e., what is understood by an optimal city, how to formulate and
solve this question mathematically as an optimization problem, and how to implement
the optimal city using policy instruments, e.g., subsidies and regulations.

The set of submodels discussed in previous chapters, the LU model, with endoge-
nous transportation (LUT) and the economy (LUTE), and a system of cities (CLUTE),
are increasingly difficult to implement. The application of these submodels as “stand-
alone programs” assumes that other subsystems are exogenous and they are externally
predicted or remain static, which limits the scope of the predictions and results. Despite
this strong assumption, they are commonly used in the absence of more complex
integrated models or are used with other models instead of integrated with them; a
common example is the interaction of LUT models using accessibility measures.

In this chapter, we focus on a simplified approach. We consider the application of
the LU model, assuming the internal growth and migration of the city’s population as
exogenously represented in the modeling scenario. The transportation system is simu-
lated using a model that interacts with the LU model by adjusting accessibility to the
changing LU, as shown in Fig. 9.1. The goods and services economy is represented in
the LU model by the allocation of firms, whereas market prices, production, and the
number of firms are exogenous.

Figure 9.1 The model structure.
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9.2 Implementation of the Land-Use Model

The bid-auction model was implemented as software1 and has been applied in several
cities worldwide; this software is described here as an example of the implementation
of the theory.

The model has the feature of solving the MNL logit equilibrium in the short and
long terms, i.e., with exogenous or endogenous supply of real estate units. The equi-
librium considers households’ location externalities that describe neighbors’ qualities
and firms’ agglomeration economies. The experience shows that for this basic setting
and with different pull and push forces between agents, the model converges to a
unique solution, empirically proving the theory in Chapters 4 and 5.

The Input Scenario

The usual taxonomy of models considers space, agents, and real estate supply dimen-
sions, which define the dimensions of the model. The city is spatially partitioned into
zones, typically 500 to 1000, defined by administrative and traffic zoning; this is
usually determined by available data because the software and hardware can handle
larger sizes. In current applications, the city border is exogenously defined by the
set of zones.

The population is divided into socioeconomic clusters whose members are
assumed to be homogeneous, i.e., they are represented by a common bid function.
Clusters are usually defined by the household’s income range, ethnic group, and
life cycle. Firms are clustered by industry, including commercial and social institu-
tions, and by their dependency on the access to consumers and input suppliers and
on the type of building and land lot they need, e.g., services, manufacturing, offices,
education, or government. The number of agents, i.e., number of households and
firms, per cluster is exogenously defined in the imputed scenario and denoted by
Hh, ch ˛ C. The exogenous growth estimates the change of each cluster size in
the forecasting period.

Real estate units are usually clustered by housing and land lot type, e.g., detached,
semidetached, back-to-back houses, or differentiated by building height. In a short-
term application, real estate units are exogenously defined as a portfolio of projects,
which must expand the total supply to match the total population for an equilibrium
to exist; this condition is verified by the model. In the case of modeling the long-
term application, the real estate supply is endogenously calculated by the model.

Planning regulations are defined in the forecasting scenario, which constrains the
set of feasible supply units in each zone or the allocation of some types of agents.
These regulations may represent existing conditions or a set of planned regulations

1 The original software was called MUSSA, after the Spanish name for Santiago-Chile’s land-use model,
was developed by the team at the University of Chile for the Chilean government, then it was renamed as
Land and integrated to the commercial package CUBE.

234 Microeconomic Modeling in Urban Science



that the policy maker desires to assess. The forecasting scenario also includes the set of
projects that the policy maker desires to evaluate, which usually includes housing
affordability programs, changes in LU policy and new transportation plans, or combi-
nations of these.

The model calculates the LU market equilibrium in the forecasting year and for the
input scenario. The output yields the expected allocation of households and firms by
cluster and zone, the consumers’ benefits, and real estate rents. These outputs data
allow the calculation of the profiles of several indices, which allows for the modeler
to assess the city’s performance for different scenarios, e.g., density profiles, sociospa-
tial segregation (Gini), the gap between regulations and LU, or emergence of subcen-
ters, spatial equity, etc. However, this model is positive (instead of normative), i.e., it
simulates the expected changes after a policy or a set of projects but does not provide
information about the “best city,” a normative topic called optimal planning that is
discussed later.

The Bid Function

Households and firms are modeled by cluster and a generic bid function for cluster h
for real estate type v in zone i:

Whvi ¼ ah þ bhviðzviÞ þ cvi þ d; h ˛ C; v ˛ V ; i ˛ I (9.1)

Compared with the theoretical bids functions, these functions are amplified by the
Gumbel shape parameter b, which remains implicit in the model, i.e., Whvi ¼ bwhvi;
thus, all terms in Eq. (9.1) are amplified by b. Note that because the shape parameter
is implicit, then it is also implicit that this parameter is the same for all clusters, i.e.,
bids are i.i.d. Gumbel.

The term ah ¼ b
�
yh � l�1

h uh
�
represents the bid component that is independent of

the location so it is specific to the cluster only; bhvi ¼ bl�1
h f ðzviÞ is the value of the

location defined by the specific set of attributes zvi ¼ ({zkvi}, k ˛ K), where K is the
set of real estate and zone attributes. In most applications, bhvi(zvi) is linear or polyno-
mial in parameters. The term cvi is constant for all agents and is specific to each loca-
tion; it is intended to represent those variables with very similar values for all agents,
which do not affect their relative preferences among consumers but do affect rents. d is
constant across the LU market, adjusting all economic values (rents, utilities, and
profits) to an absolute level; this value is adjusted ex post after the equilibrium is
attained to match an exogenous rural land value.

The market equilibrium calculates the set
��

a�h
�
; h ˛ C

�
that clears the market,

i.e., all consumer agents are allocated, and provides estimates of the relative utilities
attained by each cluster. To obtain a unique solution, the modeler must set one
term, e.g., a�h¼1 ¼ 0. The equilibrium also solves the location externalities represented
in the term bhvi, attaining a stable solution for zvi ¼ ({zkvi}, k ˛ K ). In the long-term
application, the model also yields the real estate supply. Estimates of the economic
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impact of consumers’ constraints and regulations are also estimated in the model out-
puts (see below).

Attributes

The set of attributes zvi can be composed by exogenous and endogenous attributes. The
definition of these attributes is contingent to the definition of the zoning system
because larger zones define larger neighborhoods. However, this condition may be
relaxed if required when zones are too small by defining neighborhoods as an aggre-
gate of zones.

Exogenous attributes are independent of the allocation performed by the software,
such as indices of access to the transportation system (distance to public transportation
and to highways, availability of parking spaces, etc.), or to natural amenities (parks,
rivers, coast front). For this subset of exogenous attributes, the term bhvi(zvi) is constant
in the equilibrium algorithm.

Endogenous attributes are those that change at every iteration of the equilibrium
algorithm because the agents’ allocation change, such as average residents’ income
and density of specific firms in the neighborhood, which describe the set of pull and
push forces that generate the cities dynamics. These forces are crucial in determining
city structures as spatial segregation of socioeconomic clusters, hot spots or subcen-
ters, and spatial clusters of specific industries. The functional form of bhvi(zvi) and
the set of attributes zvi is defined by the modeler, and they are specific for each cluster.
These functions should be continuous and differentiable for the equilibrium to
converge. This restriction permits specifying dummy variables in bid functions, which
are frequently used in behavior models, if they are specific for clusters and real estate
types, i.e., they are constants in the equilibrium algorithm, but they exclude conditions
that generate step functions on endogenous variables, i.e., the bid value discontinu-
ously jumps between two different values at threshold value of the attribute.

The transportation accessibility variables are exogenous attributes in this LUmodel,
and the modeler can update these variables after the equilibrium using an external
transportation model (T ), inputting the predicted allocation of activities yielded by
the LU model into T. Once the T model recalculates the number of trips and travel
times on the network and updates the accessibility and attractiveness measures, these
updated attributes are input in the LU model and the equilibrium is recalculated. This
LU-T interactive procedure occurs through an automated transference of data files
between models. The theory discussed in Chapter 6, particularly the results in Bravo
et al. (2010), and experience with this iterative procedure shows that, if both models
are based on MNL logit-choice functions, the sequence converges to a good approx-
imation of steady-state equilibrium in few iterations and can be implemented using
standard personal computers; this is not necessarily the case if other models are
used in T, e.g., if the traffic assignment model is deterministic.
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The Location Submodel

Bid-auction allocations are calculated using the logit model as:

Hhvi ¼ Hh
eWhviP

g ˛ Bvi

Hge
Wgvi

¼ Hh
eahþbhviðzviÞP

g ˛ Bvi

Hge
agþbgviðzviÞ; h ˛ C; v ˛ V ; i ˛ I

(9.2)

where Bvi is the set of agents that can be allocated in the real estate vi; this set is
exogenously defined but can also be modeled as shown below. This set is defined by
the modeler to exclude unfeasible allocations, e.g., manufacturing industry in small
spaces or regulations that prohibit the location of some agents in specific areas.
Note that Eq. (9.2) is invariant to the terms c and d of the bid function (Eq. 9.1), they
cancel out. The matrix of spatial distribution of agents is defined as
M ¼ ({Hhvi}, ch ˛ C, v ˛ V, i ˛ I). Note that endogenous attributes are functions
of the bid-auction allocation, i.e., these attributes are expressed as
zvi ¼ f({Hhvi}, ch ˛ C), so the model performs an iterative algorithm to solve the
fixed-point problem M ¼ f(M) defined by Eq. (9.2).

The market equilibrium calculates the set of equilibrium values for parameters ah,
denoted by

��
a�h
�
; h ˛ C

�
, that clears the market, i.e., all consumer agents are

allocated, and provides the estimates of the relative utilities attained by each cluster.
To obtain a unique solution, the modeler must set one term, e.g., a�h¼1 ¼ 0, which
defines the reference for all relative bids and rents. The equilibrium also solves the
location externalities represented in the term bhvi attaining a stable solution for
zvi ¼ ({zkvi}, k ˛ K). In the long-term application, the model also yields the real estate
supply. Estimates of the economic impact of consumers’ constraints and regulations
are also estimated in the model outputs (see below).

The condition established in Chapter 6 states that the shape parameter b must
comply with the sufficient condition of being small enough for the model’s equilibrium
algorithm to converge to the unique solution (Bravo et al., 2010). This in not controlled
ex ante by the user of the software because this parameter is embedded in the set of
bids parameters estimated econometrically and imputed in the LU software. Therefore,
the software’s algorithm tests this condition to avoid lack of convergence. However,
the experience shows that in real cities this condition holds, i.e., there is enough vari-
ance in agents’ choices.

Consumers’ decisions can be constrained by their exogenous incomes, denoted by
yh. The software applies the constrained multinomial logit (CMNL) technique
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(Martínez et al., 2009; Castro et al., 2013) by introducing a cutoff factor or penalizing
factor. In this case, the location model is modified as follows:

Hhvi ¼ HhfhviðyhÞeWhviP
g ˛ Bvi

Hgfgvi

�
yg
�
eWgvi

¼ Hhe
Whviþln fhviðyhÞP

g ˛ Bvi

Hge
Wgviþln fgviðygÞ; h ˛ C; v ˛ V ; i ˛ I

(9.3)

where the cutoff factor f(y) penalizes the violation of constraints although it does not
fully avoid choosing unfeasible choices; i.e., constraints are “softly complied” (see
Chapter 4). Such a cutoff techniquemay be applied to implement other constraints on the
consumer’s behavior, such as imposing thresholds on attributes. Moreover, the modeler
may define a set of constraints that are combined in a joint cutoff. An advantage of using
the multinomial logit (MNL) cutoff, where f(y) is a binomial logit function, is that Eq.
(9.3) performs “appropriately” in the equilibrium; i.e., the equilibrium properties of
existence, uniqueness, and convergence prevail in this formulation.

Rents

The profile of rents is calculated using the following logsum function of bids:

rvi ¼ 1
b
ln

0
@ 1
Svi

X
h ˛ Bvi

Hh e
ðWhviþln fhviðyhÞÞ

1
A

¼ 1
b
ln

0
@ 1
Svi

X
h ˛ Bvi

Hhe
ahþbhviðzviÞþln fhviðyhÞ

1
Aþ 1

b
ðcvi þ dÞ; v ˛ V ; i ˛ I

(9.4)

This equation uses estimates of the shape parameter b and the terms c and d of the bid
functions, as discussed below.

Note that at equilibrium, the sum ah þ bhvi(zvi) is calculated for each modeled
scenario, which has relevant impacts on predicted rents. This makes the rents consis-
tent with the allocation of agents at equilibrium, including the effects of location
externalities and agglomeration economies.

The set of income and other constraints and regulation affects rents. The former
affects them directly by defining their upper bound values according to the profile
of the population income and other thresholds; the latter affects them indirectly
through the allocation and real estate development processes. Thus, rent adjustments
incorporate the solution of the complex equilibrium of the city. This process makes

238 Microeconomic Modeling in Urban Science



the aggregate of rents in the city to scale with parameter b. Because this model is logit,
the total rent follows the entropy scaling law: R ¼ bln N, which can be verified from
the model’s outputs.

Real Estate Supply Submodel

While in the short-run application of the LU software, the modeled scenario is defined
by policy options, demography, and real estate developments, in the long-run, the
latter is calculated endogenously using the logit model:

Svi ¼ H
empviP

v0i0˛VIi
empv0 i0

¼ H
emðrvi�CviÞP

v0i0˛VIi
emðrv0 i0�Cv0 i0 Þ; v˛V ; i˛I (9.5)

where rent values are calculated using Eq. (9.4), and H is the population of agents in
the modeled scenario, which assures that total supply equals total population.

The cost of a real estate indexed by vi, denoted by cvi, is econometrically estimated
exogenously as a function of the building characteristics and the input land value.
Economies of scale may be considered in this model by embedding in this function
the production size, i.e., Cvi ¼ C(Svi). Thus, the equilibrium algorithm includes
Eq. (9.5) because it depends on endogenous rents and real estate development.

Regulations

This is an important matter in LU modeling because cities are usually subject to many
regulations that limit the development of buildings and their use. In the model, regu-
lations can be easily represented by cutoff factors in the supply Eq. (9.5), as follows:

SviðRiÞ ¼ H
fðRviÞempviP

v0i0˛VIi
fðRv0i0 Þempv0 i0

¼ H
emðrvi�CviÞþln fðRviÞP

v0i0˛VIi
emðrv0 i0�Cv0 i0 Þþln fðRv0 i0 Þ

(9.6)

where Rvi represents the constraint or bound imposed by the regulation on real estate vi.
Many of the usual regulations can be represented with this method but not all of

them. As an example of those that can be feasibly represented, consider the most
frequent regulation that constrains densities, which can be mathematically written as
the following linear constraint:

X
v ˛ V

qvrvi � ri (9.7)
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where qv is a set of exogenous weighting factors of the density variable rvi and ri is the
upper bound of the density. Because rvi is a function of the supply, i.e., rvi ¼ r(Svi), the
cutoff is endogenous and the fixed-point Eq. (9.6) is solved by the software. An
example of regulations that are not feasibly modeled are architectural regulations
regarding building shapes.

The modeler may compose a set of cutoffs into a composite cutoff given by
4ðRiÞ ¼ Q

n ˛ Ri

4
�
Rn
i

�
, representing the set Ri ¼

��
Rn
i

��
of regulations in each zone

i. Composing elemental cutoffs allows for the modeler to represent constraints on
different subsets of agents and real estate types. For example, in some applications
of the software, the cutoff technique has been used to implement multiple constraints
on the development of building type, such as all or nothing dummies, and partial con-
straints such as a percentage of the land used by some building types.

Note that the CMNL’s cutoffs make modeled supply comply only softly with the set
of regulations at each zone; i.e., Eq. (9.6) does not guarantee that the regulation is fully
complied with; it only induces the behavior of producers by adding the equivalent of
an extra cost (or penalty) that increases as the regulation is violated.

The modeler may prefer to use an alternative method to impose hard compliance of
regulations, such as capacity. In this case, the recommended algorithm is the entropy
specification of the supply model given by:

SviðRiÞ ¼ S
emðrvi�CviÞ�giðRiÞP

v0i0 ˛ VIi

emðrv0 i0�Cv0 i0 Þ�gi0 ðRi0 Þ (9.8)

where the gi(Ri) � 0 parameters are the entropy balancing factors calculated following
the method of Martínez and Henríquez (2007). Although this approach has the merit of
imposing hard constraints, in contrast to the cutoff method, its impact on the LU
equilibrium algorithm has only been studied empirically, without theoretical support
for the uniqueness of the solution and convergence of the algorithm; this caveat may be
problematic in more complex systems such as LUTE. However, the investigation with
this heuristic showed that convergence to a stable solution is attained.

It is important to realize the role of regulations in the economic performance of the
city. As discussed in Martínez et al. (2009), the value of the penalty (either a cutoff or a
balancing factor) at equilibrium represents a measure of the economic value of the
regulation. This implies that the modeler can simulate several scenarios describing
different sets of planning regulations, including current regulations, to evaluate
them against the economic and social impacts on the city. Because we proved that
the unregulated system maximizes the utilitarian or Benthamite social welfare
function, which adds agents’ benefits W ¼ P

h˛C
uh þP

i˛I
ri, then regulations can only

reduce such welfare measures. Therefore, it is important to evaluate if the economic
loss yield due to a regulation is compensated by other benefits that are not well repre-
sented by individual agents’ behavior.
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9.3 Parameter Estimation

The estimation of parameters in MNL models is well known in the econometric liter-
ature; recommended reading is Ben-Akiva and Lerman (1985) and Train (2009). In
Chapters 4 and 5, we discussed the theoretical background of the bid-choice LU
model, and in this section, we discuss the following specifics of the estimation of
this model:

1. In contrast to most cases in the literature in which the MNL model is estimated to represent
the demand under exogenous prices, in the LU model, prices or rents are endogenous and
defined by the same set of willingness-to-pay functions estimated for the demand model.
This implies that prices are endogenous in the utility and consumers’ surplus functions,
which requires specific methods for estimation of the choice models.

2. The set of real estate units, i.e., the set of goods demanded, is very large because it includes
the spatial locations and real estate types, i.e., jVIj, which theoretically represent differenti-
ated goods. This implies that goods attributes and the prices sets are both large. In addition to
the difficulties in computation, data collection, and preparation, the econometric side is com-
plex because the differentiation between real estates is relative, which implies correlation
between attributes and prices, i.e., among locations in the same or neighbor zones. This topic
has been termed Spatial Econometrics (Anselin, 2013).

3. The trade system is the auction. In Chapters 4 and 5, we discussed the equivalence between
the choice and the bid-auction models, which provides two sets of equations to estimate
willingness-to-pay parameters; in addition, the rent equation also depends on bids. Based
on the theoretical equivalence, the modeler can use this set of equations to estimate the
common set of willingness to pay such that the richness of the data is better captured by
the estimated parameters.

The Set of Land-Use Equations

The bid-auction model described in Chapters 4 and 5 yields the following set of
equations, in which we consider cutoff factors:

1. The choice model maximizes the consumer surplus, defined as the willingness to pay minus
rent; its MNL model is:

Hhvi ¼ Svie
ahþbhviðzviÞþcviþdþln fhviðyhÞ�ehrviP

v0i0˛VI
Sv0 i0e

ahþbhv0 i0 ðzv0 i0 Þþcv0 i0 þdþln fhviðyhÞ�ehrv0 i0

¼ Svie
bhviðzviÞþcvi�ehrviP

v0i0˛VI
Sv0 i0e

bhv0 i0 ðzv0 i0 Þþcv0 i0 �ehrv0 i0
; h ˛ C; v ˛ V ; i ˛I

(9.9)

where eh is a parameter. In this equation, the agent’s specific terms and constants, ah, d, and
ln f(y), cancel out and cannot be identified using this model. As mentioned previously, in this
model the correlation problem between rents rvi and the bid function terms bhvi(zvi) and cvi is
expected, which may cause biased estimated parameters.
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The observed data used to estimate this model are (M, S, z, r): the agents’ allocation data
M ¼ ({Hhvi}, c ˛ C,cvi ˛ VI); the supply pattern S ¼ ({Svi}, cvi ˛ VI ); the set of
attributes z ¼ ({zvi}, cvi ˛ VI); and the set of rents r ¼ ({rvi}, cvi ˛ VI ). The maximum
likelihood (ML) method is the standard to estimate the set of parameters of bhvi(zvi) and cvi
functions.

Notably, the choice model is particularly suitable to estimate parameters of variables that
differentiate bids by location such as accessibility or densities because the denominator in
Eq. (9.9) is defined for the space of locations; hence, its variability helps identify better
estimates of these parameters.

The economic interpretation of this model is ambiguous. The terms in the exponents may
represent utilities’ or consumers’ surplus, with different economic interpretations of its
parameters. If they are interpreted as a utility function, then eh ¼ blh, with lh the marginal
utility of income, whereas if they are interpreted as a consumers’ surplus, then eh ¼ b because
willingness-to-pay functions have no parameter for prices or rents. The ambiguity prevails
unless b or lh is estimated independently of Eq. (9.9). This ambiguity does not affect the
model calculations or parameter estimates but complicates the interpretation of parameters
accompanying the rents.

Finally, we note that Eq. (9.9) assumes that rents are exogenous to the consumer, i.e., they
behave as price takers, and considered deterministic; their value can be estimated by the
expected value of rents. This assumption is necessary for the theoretical consistency of
considering the consumers’ surplus to be i.i.d. Gumbel and the choice mode to be MNL
(see Chapter 4).

2. The bid-auction model maximizes bids and its MNL model is:

Hhvi ¼ Hhdhvie
ahþbhviðzviÞþcviþdþln fhviðyhÞP

g˛Bvi

Hgdgvie
agþbgviðzviÞþcviþdþln fgviðygÞ

¼ Hhdhvie
ahþbhviðzviÞþln fhviðyhÞP

g˛C
Hgdgvie

agþbgviðzviÞþln fgviðygÞ; h ˛ C; v ˛ V ; i ˛ I

(9.10)

where the location-specific term cvi and the constant d cancel out and cannot be identified in
this model. This model allows estimation of the parameters of terms ah and bhvi(zvi) and the
cutoff factor ln f(y). The input data in this model are the same as in the choice model,
although rents play no role in this model. In addition, the modeler defines the set of feasible
locations for each cluster dhvi.

The standard method to estimate this model is the ML, which is particularly applicable
here because the absence of rent variables eliminates the correlation problem in the choice
model. Notably, the estimated parameters are affected by the cutoffs. This helps to avoid
biased estimates caused by the problem of excluded variables, which occurs when Hhvi is
very low or zero because in the absence of cutoffs, the ML model would wrongly attach
the explanation of this observation to the attributes in b(zvi) instead to the binding constraint
fgvi.

3. The rents model in Eq. (9.4) allows estimation of all the parameters of bid functions. It is the
only equation that allows for identifying the shape parameter b and constant d. Again, bind-
ing constraints aid in estimating unbiased parameters.
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An advanced estimation methodology should consider the scaling law of rents and other
indices. This additional information about the city performance at the aggregate level
provides an estimate of the scale parameter by regressing R ¼ f (N ), with R ¼ bln N if the
model is logit. In terms of the contributions to the estimation, rents and population add no
additional independent data, but this equation provides a very powerful condition for the es-
timate of the b-parameter, which is the same parameter for rents at the micro and macro
spatial scales.

We conclude that the complete set of bid functions parameters of bid functions
and the Gumbel shape parameter can be estimated using the set of equations
(Eqs (9.4), (9.9), and (9.10)) and the scaling law. Lerman and Kern (1983) recog-
nized this fact and developed an estimation method that combines the bid-auction
model (Eq. 9.10) and rents (Eq. 9.4), defining the likelihood of the combined event: the
agent’s cluster and location and rents are both observed for each resident and firm.

They defined the joint probability: Phvi ¼ Prob

�
whvi þ εhvi < wgvi þ εgvi and rvi ¼

max
h ˛ Bvi

ðwhvi þ εviÞ
�

and applied this probability in the ML method. The use of the

whole set of equations has not been reported, and its application eliminates
the abovementioned ambiguity in the choice model regarding the interpretation of
the rent parameter because b is also identified by the rent equations.

Experience Insights

Our experience applying the LU model in several cities, interacting with different
transportation models, is worth being summarized.

The ready available data on cities are usually sufficient to estimate a simple model,
but rent values may not be available or its quality may be questionable; in these cases,
the modeler should judge the quality of data and apply an ad hoc estimation method.
For example, if the quality of rent data is doubtful, a recommended methodology is to
proceed in two steps: first, estimate the parameter using the ML method with bid-
choice probabilities; second, use the estimated parameters to calculate ah, bhvi(zvi),
and the cutoff ln f(yh); finally, use rents to estimate the remaining parameters. This
two steps method is deliberately biased to reproduce the most trustful data, in this
case the observed allocation of agents.

The available data may comprise a large variety of variables, which can allow for
the modeler to capture agents’ perceptions of real estate and location attributes. A
diversity of parameters provides rich and direct estimates of the consumers’ value
of each attribute. However, many of these variables are highly correlated, and their
independent contributions to explaining the location distribution and rents data may
be negligible. In this common case, the modeler must choose the set of attributes
that is most significant for the model application to reduce or eliminate biased esti-
mates of parameters.
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Finally, a list of some useful tips gathered from experience in estimating the model
is as follows:

• The estimation samples should be statistically representative. They must provide a spatially
undistorted distribution of location, rents, and supply in the study area.

• The real estate clusters and agent types must be properly observed with enough observations
in the sample to allow the estimation of the bids parameters.

• Disaggregated samples usually are preferable than aggregated ones because their larger vari-
ability improves statistical significance of parameters and detection of wrong data is more
evident.

• It is preferably to observe data where rent and location are simultaneously collected, which
makes the theoretical relationship valid for the sample. If this is feasible, it is preferable to
estimate location and rent models simultaneously (Lerman and Kern, 1983); if not, which
is usually the case when location and rent are independent sources of data, then the modeler
may consider a separate estimation procedure.

• Considering multiple access measures, regarding index definition and spatial scope, may
improve the location model, e.g., time to access public transport and distance to the closest
highway for the short distance accessibility, and opportunities within a distance and transport
user’s benefit measures for long distance.

• Large samples to have enough variability are important given the large number of parameters
needing estimation.

9.4 Optimal Planning and Subsidies

Planning cities is an old, complex task that has critical impacts on human lives. The
planning field is rich in interesting and diverse topics, such as crime, transportation
quality, housing, public amenities, agglomeration economies, built environment, and
accessibility, which reveal the diversity of matters in urbanites’ lives and the
complexity of city management for planners. However, there is a lack of scientific
support of methodologies for planners to assist them in their work. In most cities,
planning is performed by expert judgment and consists of setting many planning
regulations, typically called zoning regulations because they are applied to regulate
zones. Less common is the use of alternative methods of setting subsidies or taxes
as economic incentives for agents to adjust their preferences in favor of a social goal.

Megacities (larger than 10 million inhabitants) face chronic problems such as
congestion, social segregation, urban sprawl, high land values, crime, and environ-
mental impacts. These are typically noted as problems of big cities, with a consequence
of population reaction that claims to limit the size of cities. As we discussed in Chapter
8, cities are efficient factories of wealth and innovation, which justifies their existence
and explains why bucolic towns eventually become megacities. Citizens may be
uncomfortable with the costs of a city but certainly benefit from its opportunities.

In this section, we focus on how the LU model can contribute to urban planning by
analyzing the data and informing planners about specific policy measures. LU and
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transport models have been used as tools to predict the impacts of planning policies by
analyzing different planning scenarios (Hunt et al., 2005; Pagliara et al., 2010; Tim-
mermans and Zhang, 2009; Wegener, 1994, 1998). These tools have contributed to
the planners’ work, providing a platform of scientific methods to analyze data and pre-
dict the expected impacts of planning scenarios. However, these tools assist in but do
not solve the more complex problems of planners, leaving them unarmed to define
optimal scenarios and identify good policy measures to implement them. These two
tasks are called scenario definition, which is highly complex because of the large num-
ber of alternative scenarios and the difficulty of identification of optimal policies. To
avoid defining and simulating scenarios, optimization models have been proposed for
the utilitarian or Benthamite’s social objective: maximize the aggregate of agents’
benefits, which essentially internalizes traffic congestion such that the resulting
equilibrium is optimum (Ma and Lo, 2012; Ying, 2015). Additionally, with the recent
increasing availability of large urban databases, more sophisticated technology is
required to exploit its richness in planning cities.

Building a more advanced mathematical tool to assist in planning cities in a wider
set of social objectives implies tackling three basic problems: developing a methodol-
ogy to define the optimal city plan in terms of the optimal allocation of residents and
businesses in the city; identifying a methodology to define policy instruments to imple-
ment the plan, i.e., the set of regulations and incentives that lead the city to the
optimum; and implementing these policies in an urban system model, such as LU,
LUT, LUTE, or CLUTE, to simulate the system reaction to a set of policy instruments.
Given that the last topic was discussed in previous chapters, we concentrate on the first
two here, considering that the LU model is a bid-auction logit model. In this context,
we follow the method of Brice~no-Arias and Martínez (2018), which considers the
following two problems: the planning problem, or the problem of identifying the
optimal allocation, and the problem of calculating optimal subsidies.

The Planning Problem

The first problem we face is the definition of an “optimal city.” From the residents’
perspective, the city is full of difficulties and there are countless improvements to
make; it is full of opportunities for developers, who desire relaxing of regulations
and freeing of the market; for planners, there are many potential improvements, but
resources are limited, and every plan is likely to yield winners and losers. Finding a
consensus of what is the “optimal city” is a major difficulty. The scientific community
has limited answers to this problem. For example, the standard answer for economists
is to identify the city that maximizes welfare. This relies on a definition of welfare,
which is usually assumed to be the utilitarian or Benthamite social welfare function
because it simply adds the utilities and profits of all agents. In the LU system, this
rule is attractive because, as discussed in Chapters 6 and 8, the utilitarian optimum
is attained by the free auction market, although congestion externalities must be prop-
erly charged to transportation users. Thus, the market itself delivers the optimal city
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under the utilitarian goal. This social objective can be criticized by sociologists, as the
utilitarian city disregards social effects such as inequality in the distribution of
opportunities, and by ecologists, as it disregards environmental effects such as energy
consumption and pollution. Although these effects may be considered externalities of
the market and assessed in a more holistic welfare function, in this case, the market
does not deliver the optimum city and policy measures must be implemented.

Some cities define the desired or optimum city using a participation process in
which stakeholders share their views of an improved or optimal city, disregarding
normative views. With that information, optimal city scenarios can be simulated
with LU-T models to obtain several indices that participants can use to make informed
choices. This approach has been welcomed when the community is concerned about
ecological impacts.

The mathematical approach for the planning problem, proposed by Brice~no-Arias
and Martínez (2018), is useful to design optimal planning tools if the social
objective can be described by a mathematical function j(z,$), where
z ¼ ({zhi}, ch ˛ C, i ˛ VI) is the agents’ value of location and real estate attributes.
Although the existence of such a function is not guaranteed for every social objective,
it is realistic in many cases and can be approximated in many others, providing inter-
esting conceptual insights to the planning problem.

Consider a general class of objective functions whose optimal allocation, denoted
by x*, can be obtained by the algorithm provided in the cited paper. Denoted by C,
this class is defined as j : ℝ� ½0; þNÞ/ ð �N;þNÞ such that:

ðcz ˛ℝÞ
8<
:

jðz; $Þis stricly convex

lim
x/þN

jðz; xÞ ¼ þN
(9.11)

where x ¼ ({Hhi},ch ˛ C, i ˛ VI) denotes the allocation pattern.
The primal problem is to

minimize
x ˛ X

X
h ˛ C

i ˛ VI

jhiðzhi;HhiÞ (9.12)

where X denotes the equilibrium set discussed in Chapter 4, where:

X ¼

8>><
>>:

Hhi ˛ ℝjCj�jVIj; ðci ˛ VIÞ;
X
h ˛ C

Hhi

Si; ðch ˛ CÞ
X
i ˛ VI

Hhi ¼ Hh

9>>=
>>; (9.13)

and the objective function belongs to class C, i.e., it is strictly convex and coercive.
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The unconstrained dual problem is

minimize
ðuh;rÞ˛ℝjCj�jVIj

Fðu; rÞ : ¼
X
h ˛ C

Hhuh þ
X
i ˛ VI

Siri þ
X
h ˛ C

i ˛ VI

4hiðzhi;�uh � riÞ (9.14)

where the function 4hi is known as the Fenchel conjugate of jhi and is also convex.
2 In

Eq. (9.14), ðu; rÞ are the dual optimization variables, which can be interpreted as the
utility and land rents in the bid-auction model. Note that it is invariant to the additive
constant, i.e., Fðu; rÞ ¼ Fðu þ a; r � aÞ. For the solution to be unique, the problem
must be normalized, e.g., set uh¼1 ¼ 0; the same normalization was considered in the
implementation of the abovementioned model.

For the variety of objective functions in class C, the authors provide a general
solution algorithm whose convergence is proven. The utilitarian or Benthamite social
objective is a good example to analyze because it can be represented as a specific case
of a function in class C, defined by: jhi(z, x) ¼ �xz þ x(ln x � 1)/b, for some
b ε (0,þN). Hence,

minimize
x ˛ X

X
h ˛ C

i ˛ VI

� Hhizhi þ 1
b
Hhiðln Hhi � 1Þ (9.15)

which is the well-known entropy maximization problem that reproduces the
bid-auction equilibrium problem in the logit model. The dual problem in this case is
obtained by taking 4hiðzhi; yÞ1jhiðzhi; $Þ � ðyÞ :¼ ebðzþyÞ, which yields:

minimize
ðuh;rÞ˛ℝjCj�jVIj

X
h ˛ C

Hhuh þ
X
i ˛ VI

Siri þ
X
h ˛ C

i ˛ VI

ebðzhi�uh�riÞ (9.16)

The first-order optimality conditions of this problem yield the following equilib-
rium conditions, previously formulated in Chapter 4, for the logit model:

X
i ˛ VI

Hhi ¼
X
i ˛ VI

ebðzhi�uh�riÞ ¼ Hh

X
h ˛ C

Hhi ¼
X
h ˛ C

ebðzhi�uh�riÞ ¼ Si
(9.17)

where Hhi ¼ ebðzhi�uh�riÞ and uh and ri are the unique solutions of the Lagrange
multipliers of the equilibrium conditions in Eq. (9.13) and represent the willingness to

2 See the proof in the appendix of Brice~no-Arias and Martínez (2018).

Model Application and Planning 247



pay and real estate price or rents of the bid-auction model, respectively, and are
calculated from Eq. (9.17) as:

uhðzÞ ¼ 1
b
ln

 
1
Hh

X
i˛VI

ebðzhi�riÞ
!

riðzÞ ¼ 1
b
ln

 
1
Si

X
h˛C

ebðzhi�uhÞ
! (9.18)

where b represents the shape parameters of the Gumbel distribution of bids and
explains the scaling law of rents. The reader may check that this are the same equations
of the LUT equilibrium model.

Hence, this mathematical approach provides a methodology to calculate the optimal
allocation of agents in the city, x� ¼ ��H�

hi

�
; ch˛C; i˛VI

�
, for a large class of

social objectives that can be expressed as a function of the location and real estate
attributes. This social objective may be constructed from a combination of specific
goals, allowing optimization of a multipurpose objective function.

Note that Eq. (9.17) assumes that transportation attributes are constant in the market
equilibrium problem, i.e., the transportation system (T) is assumed to be exogenous,
implying that congestion externalities are relevant in the planning problem. I the
case that externalities are considered, e.g., in a total transportation cost minimization
objective, then the methodology needs to be extended.

Optimal Subsidies

This problem seeks to identify a set of subsidies that leads to the optimal allocation
defined in the planning problem, i.e., policy instruments that, once introduced, affect
agents’ location choices, inducing the optimal allocation through the market. Here,
subsidies generically refer to positive or negative (taxes) transfers from the govern-
ment to the agent or viseversa. We analyze two sets of subsidies: the feasible sets
include all sets of subsidies that yield the optimal allocation and the optimal set is a
feasible set that complies with an additional criterion defined by the planner to select
from the feasible set.

A feasible subsidy set, denoted by s ¼ ({shi}, h ˛ C, i ˛ VI ), is a positive or nega-
tive money quantity given to the agents such that the market equilibrium is attained at
the optimal allocation. That is, subsidies allow for the planner to decentralize the
optimal allocation of agents.

The following result asserts that for any desired optimal allocation of agents in the
city, (x*), and for a ¼ ({ah}, h ˛ C), with ah¼1 ¼ 0 and r ¼ ({ri}, i ˛ VI) as arbitrary
vectors, the set of feasible subsidies complies with:

shiðah; riÞ ¼
1
b
ln H�

hi þ ah þ ri � zhi (9.19)
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Moreover, the unique solution of the market equilibrium with subsidies, with
uh¼1 ¼ 0, is: uhðzþ sða; rÞÞ ¼ bh and ri(z þ s(a, r)) ¼ ri. This result implies the
following:

1. Every desired allocation can be obtained through market auctions by implementing a feasible
set of subsidies that comply with Eq. (9.19);

2. Because a and r are arbitrary vectors, the set of feasible subsidies is large, which leaves the
planner with the task of selecting the most convenient policy;

3. At the market equilibrium with subsidies, utilities and rents depend on the subsidy policy,
which means that each policy yields a different distribution of benefits across the agents
and, by choosing the policy, the planner can define who gains and who loses as a result of
the policy.

The subsidized market equilibrium can be interpreted as the standard solution of the
bid-auction equilibrium, in which agents’ perceptions of attributes are modified by the
planner to z0 ¼ z þ s(a,r) such that the agents modify their bids to attain the desired
optimal allocation.

Notably, optimal allocation is attained by feasible subsidies both with and without
location externalities and agglomeration economies; i.e., it is attained when
z0 ¼ z(x*) þ s(a, r). Despite the complexity of the externalities in the equilibrium
problem, this statement is straightforward because the feasible subsidies are calculated
in Eq. (9.19) for an optimal allocation x*, which is exogenous to the equilibrium prob-
lem, i.e., z(x*) is constant when setting the optimal subsidies. Therefore, the problem
of defining the set of feasible subsidies, whose solution is given in Eq. (9.19), is valid
in the more complex case of location externalities and agglomeration economies.

The large set of feasible subsidies leaves the planner with the task of selecting a
criterion to choose which vector of subsidies is optimal to implement as the policy
instrument. Because this choice has relevant impacts on equity issues, i.e., it defines
who is subsidized and who is taxed, this criterion is critical. It is also realistic to
consider that the planner’s flexibility is limited by external political constraints on
the implementation of subsidy policies. Brice~no-Arias and Martínez (2018) analyze
this topic by studying and simulating the following policy criteria:

1. Zero impact. Set subsidies such that utilities and rents remain unchanged compared with the
unsubsidized equilibrium, i.e., no winners and no losers. The optimal subsidies in this case are:

shiðah; riÞ ¼
1
b
ln H�

hi þ uhðzÞ þ riðzÞ � zhi (9.20)

with overlined u as in the equation: with uh(z) utilities and ri(z) rents at equilibrium,
respectively, ex ante the subsidies.

2. Minimize transfers. Set subsidies that minimize the total subsidies plus taxes by solving the
following optimization problem:

minimize
a;r

X
h ˛ C

i ˛ VI

s2hiðah; riÞ

s:t: SDðah; riÞ � ε

(9.21)
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where SDðah; riÞ ¼
P

h ˛ C
ðah � uhÞ2 þ

P
i ˛ VI

ðri � riÞ2 measures the social disturbance

induced by the subsidy policy, which is constrained by an upper political tolerance ε. Note
that this problem is feasible because there is a pair of vectors (a,r) such that shi(ah,ri) ¼
0, ch ˛ C, i ˛ VI, which complies with the tolerance. The solution of this problem yields�
a�h; r

�
i

�
, which allows computing optimal subsidies as:

shiðah; riÞ ¼
1
b
ln H�

hi þ a�h þ r�i � zhi (9.22)

3. Minimum disturbance with budget constraints. Set subsidies by solving:

minimize
a;r

SDðah; riÞ

s:t:
X
i ˛ VI

shiðah; riÞ � Bh; ch ˛ C

X
h ˛ C

i ˛ VI

shiðah; riÞ � B
(9.23)

where Bh is the budget for each agent cluster, i.e., the cluster cannot be overtaxed, and B is the
planners’ budget; this problem is also feasible.

4. Constrained subsidies. The following cases are studied, where the planner applies policies that
comply with exogenous political or other constraints (here the condition ah¼1 ¼ 0 is relaxed):
a. One cluster should not be affected. Define this cluster as h ¼ 1, and the policy is formu-

lated defining its utility as a1 ¼ uhðzÞ and subsidies at s1i(a1,ri) ¼ 0, ci ˛ VI, yields:

ri ¼ z1i � 1
m
ln H�

1i � uhðzÞ; ci ˛ VI (9.24)

The planner retains the flexibility to choose the subvector {ah}hs 1.

b. One zone should not be affected. Define this zone as i ¼ 1, and the policy is formulated
defining its rents at r1 ¼ ri(z) and subsidies sh1(ah, r1) ¼ 0, ch ˛ C, which yields:

ah ¼ zh1 � 1
m
ln H�

h1 � riðzÞ; ch ˛ C (9.25)

The planner retains the flexibility to choose the subvector {ri}is 1.

c. Self-funded policy by cluster, or zero clusters’ cross-subsidies. i.e., total subsidies equal
total taxes in each cluster. This condition is attained if:

P
i ˛ VI

shiðah; riÞ ¼ 0; ch ˛ C,

which holds by setting ({ri},ci ˛ VI ) such that 1
jVIj

P
i ˛ VI

ri ¼ q and:

ah ¼ 1
jVIj

X
i ˛ VI

�
zhi � 1

m
ln H�

hi

�
� q; ch ˛ C (9.26)

The planner has the flexibility to choose a reference level of utilities by setting q˛ℝ.
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d. Self-funded policy by zone, or zero spatial cross-subsidies, i.e., total subsidies equal total
taxes in each zone. This condition is attained if:

P
h ˛ C

shiðah; riÞ ¼ 0; ci ˛ VI, which

holds setting ({ah}, ch ˛ C) such that 1
jCj
P

h ˛ C
ah ¼ q and:

ri ¼
1
jCj

X
h ˛ C

�
zhi � 1

m
ln H�

hi

�
� q; ci ˛ VI (9.27)

The planner has the flexibility to choose a reference level of rents by setting q ˛ ℝ.

Planning to Reduce Social Exclusion

Reducing social exclusion (SE), or maximizing inclusion, is a common objective of
planners, particularly in less developed countries, and is one of the most difficult to
address in urban planning. The difficulty arises because the real estate market
mechanism naturally spatially segregates clusters because it is the natural outcome
of individuals’ preferences to reside among peers, a pull force for peers and push force
for unequals, particularly in contexts with significant socioeconomic differences. The
effect of this behavior is an increase in land rents in wealthy areas, which makes it
unaffordable for the poor; this phenomenon occurs without the intervention of
anybody, it is the natural outcome of economic forces in the spatial context. The social
goal of reducing exclusion can be pursued by implementing optimal subsidies, which
provides a good example of a case of the optimal planning problem.

Let us define an index of SE as:

SE ¼
X
i ˛ VI

 
1
Si

X
h ˛ C

HhiIh � I

!2

(9.28)

which is null if the average socioeconomic index at each zone, defined by 1
Si

P
h ˛ C

HhiIh,

is homogenous and equal to the average income in the city, given by 
I ¼ 1

jCj
P

h ˛ C
HhIh

!
. The planner can select any socioeconomic index, Ih, for

example, the cluster’s income.
Note that SE increases with income segregation but it is not separable, i.e., it cannot

be written as the separable and convex function in Eq. (9.12). To manage this technical
issue, the authors define an auxiliary index, called the segregation level by zone SLi(x)
and for the city SL(x), defined as:

SLiðxÞ ¼
X
h ˛ C

Ih

�
Hhi

Si
� Hh

jCj
�2

and SLðxÞ ¼
X
i ˛ VI

SLiðxÞ (9.29)

Model Application and Planning 251



which is a useful property because the unique minimizer of SL is also a minimizer
of SE.

The social objective is defined as twofold, combining the social goal of minimizing
SE with the agents’ objective of maximizing utility. Because these objectives may be
in conflict, it is necessary to define a parameter that weights the relative social value of
these objectives, denoted as h. Then, the social objective function is defined as:

minimize
x ˛ X

�
X
h ˛ C

i˛VI

Hhizhi þ 1
h

X
h ˛ C

i˛VI

Ih

�
Hhi

Si
� Hh

jCj
�2

(9.30)

where X is the set of market-clearing conditions. Note that the problem in Eq. (9.30)
is a case of the planning problem (Eqs 9.11 and 9.12) where

jðxÞ ¼ �xzhi þ Ih

�
x
Si
� Hh

jCj

�2

, where the function j(x) is in class C. Therefore, it

follows that the problem in Eq. (9.30) has a unique solution x�h called the inclusion

optimum and a unique pair of utilities and rents
�
a�h; r�h

	
, under the additional con-

dition that a�1; h ¼ 0.

Because the segregation level at the optimum is expected to increase with h, the
authors analyze this relationship and conclude that the increase of segregation with
h is quadratic.

This is a good example of how the planning problem may be intuitively straightfor-
ward, as it is minimizing SE, but technically difficult to implement, as in cases in
which it is necessary to formulate an auxiliary optimization problem.

Regulations

An alternative policy instrument to attain social goals in cities is to regulate the market,
forcing the solution to comply with rules associated with the objective. The typical
example is limiting the building density in a zone, i.e., a maximum floor space per
land unit. In practice, the implementation of this policy is ad hoc, i.e., a specific
regulation is implemented for each purpose based on expert judgment. Although
this simple approach is easy to understand, its consequences are very difficult to assess
and evaluation typically ignored.

Because the city is a complex system, any single regulation affects the area regu-
lated by it and also has an impact in the rest of the city because it changes the equilib-
rium conditions. For example, consider a regulation that limits the building density in
the city center. The direct effect is that the area tends to be developed up to the regu-
lated density, leading to higher rents on the old and new real estate units as a conse-
quence of scarce supply relative to its demand. This impact has further indirect and
unintended consequences in the rest of the city, where demand increases compared
with the unregulated situation inducing higher densities and rents. There are also
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impacts on traffic because the population resides further from the city center, and on
the relocation of businesses, i.e., there is a new equilibrium in the LUTE systems
that is complex to assess. This difficulty does not mean that regulations should not
be recommended. Although they are easy to understand and politically simple to
implement (mainly because they are common practice), their full impacts are very
difficult to predict.

Theoretically, we can analyze regulation policies as equivalent to subsidies,
although less flexible. The equivalence can be explained by recalling the regulation
topic in Section 9.2 in this chapter. Regulations are represented in the LU equilibrium
by introducing penalizing factors in bid functions when they regulate consumers’
choices and in profit functions when the regulation constrains real estate develop-
ments. Thus, we conclude that every regulation can be fulfilled by an adequate set
of subsidies and taxes. Regulations differ from subsidies in that administrative rules
are less flexible in their definition: subsidies can easily be defined for each tuple
(h,v,i), whereas regulations are more aggregate policies. The amount of subsidies
can be easily adjusted over time, whereas regulations are more stable policies.
Subsidies can be accommodated to accomplish equity goals, whereas regulations
are difficult to differentiate among clusters.

Every regulation has an equivalent set of penalizing factors, which represents the
economic value for agents of the regulation at equilibrium. For example, in
Eq. (9.8), gi(Ri) is the balancing factor representing the Lagrange multiplier of regu-
lation Ri, and its value at equilibrium represents the shadow price of this regulation;
i.e., it measures the impact on social welfare caused by the regulation; the same conclu-
sion applies when regulations are represented by cutoffs using the CMNL, as proposed
by Martínez et al. (2009).

We conclude that zoning regulations can be modeled in the LU model to estimate
their impact on the agents’ allocation profile to evaluate their contribution to specific
social goals and to assess the market economic value of each regulation. If regulations
have been defined without the proper analysis of their economic impact, as is typical, it
is plausible that some of them may be imposing nonintended costs to society that have
been ignored. Optimal regulations can be designed using the same methodology
described for optimal subsidies.

Planning Policies and the Scale Law

Because regulations and subsidies imply welfare losses if measured using the standard
utilitarian definition, i.e., the Benthamite measure, it raises the question about the
impact of these policies on the scaling of rents and other socioeconomic indices.

Notably, this is an important advanced topic for research. It is straightforward to
analyze the direct impact of these policies on rents using equation (Eq. 9.4):

rvi ¼ 1
b
ln

0
@ 1
SviðRiÞ

X
h ˛ Bvi

Hh e
ahþbhviðzviÞþln fhviðsÞþcviþd

1
A; v ˛ V ; i ˛ I (9.31)
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where Ri are supply regulations and s represents the set of constraints affecting
consumers’ behavior and ln fhvi(s) is the associated composite penalty. Consider
vrvi
vRi

¼ vrvi
vSvi

vSvi
vRi

� 0, because vrvi
vSvi

< 0 and vSvi
vRi

� 0, where vRi implies making the

regulation more constraining; then, we conclude that binding development regula-

tions induce an increase in prices. Additionally, taking v4
vs < 0, i.e., the penalty

increases as the consumer’s constraint is binding, then vrvi
vs ¼ vrvi

vf
vf
vs < 0 because

vrvi
vf

> 0; i.e., LU regulations induce a reduction on demand and thus on prices.

However, in this last case, reduced demand on some regulated locations implies
relocation of demand to locations with spare capacity where prices increase; thus, the
aggregate effect is ambiguous and may not be in the direction of reducing aggregate
rents.

At the microlevel, the impact of planning policies is difficult to access without
simulating the urban equilibrium. At the aggregate city level, the scaling law of rents
with population prevails, although its parameters may be affected by the optimizing
policy; i.e., the speed of the development is a matter of further analysis comparing
the impacts of different policies.

Remarks

The planning problem can be defined as an open problem in the sense that there is no
consensus on the social objective that societies should pursue. The utilitarian approach
is typically followed by economists and has the merit of easy implementation by
allowing for the free market to operate, but the planner must implement policies to
internalize congestion externalities in travelers’ choices, i.e., implement optimal trans-
portation charges.

However, the utilitarian solution falls short of a shared perception of the best city,
which is obvious from the number of regulations that operate in cities. However, if
regulations are not properly assessed using an economically sound model of the LU
market, the benefits of regulations cannot be taken for granted.

The complexity of the urban system makes planning difficult. This chapter
describes a methodology to solve this problem for a set of social objectives that can
be formulated as a function that belongs to a defined class, which is applicable for a
variety of social objectives. For any feasible optimal allocation, there is a set of optimal
subsidies that leads the market to attain the optimal allocation solution, i.e., there are
policy instruments to implement the optimal planned city.

However, these tools face implementation constraints. The optimal city may
require redeveloping a large part of the city, which implies a high investment and cul-
tural and political costs that must be balanced by the benefits of the plan and should
be financially feasible. To avoid excessive costs, the planning problem may be
designed to optimize future developments or set limited impacts on the current allo-
cation of agents, i.e., the optimal plan is conditional on the state of development of
the city.
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FAQs and Policy Analysis 10
10.1 Introduction

The complexity of urban systems described in previous chapters has generated many
persistent questions regarding cities from several disciplines, such as geography, econ-
omy, sociology, urbanism, transportation, and, more recently, physics.

In this chapter, we provide direct and simple answers to a selection of these
frequently asked questions to demonstrate how to employ the model described in
this book as a conceptual, rather than mathematical, model. They are limited to the
scope and validity of the CLUTE model, which is subject to further testing and
research to expand its analysis potential.

10.2 How Cities Grow?

The objective of this book is answering this intriguing question. The answer can be
obtained from the model, although it is dispersed across the chapters so it is worthy
to explain here the growth mechanics of cities.

The first essential driver of cities’ growth is demography, a permanent natural
process that generates new humans so population increases; this is the essential energy
of cities’ growth. This process is multiplicative, although its rule is a simple rate of
births and deaths, which implies that larger cities tend to grow faster. The rest of
the mechanism explains how population generates cities of different sizes.

This mechanism is migration, which distributes population in a way that leads to
highly uneven city sizes, a phenomenon difficult to understand with linear thinking
because it is in fact a manifestation of complexity; I recommend reading West’s
book (2017). The migration mechanism is simple: agents migrate to the city that
provides them the highest socioeconomic benefits to attain the following equilibrium
condition: households of the same socioeconomic level perceive the same utility any-
where in the country; firms of the same industrydsame technologydobtain the same
profit in all cities where production exists. In other words, benefit differentials between
cities induce migration until they disappear.

However, migration must match with job opportunities. The creation of jobs depends
on production growth, the spatial distribution of natural resources, and technology inno-
vation. Whereas production increases nonlinearly with population and industries that
exhibit economies of scale concentrate in larger cities; such industries are not attracted
to small cities where production of low or no economies of scale industries emerges,
usually services to consumers and the exploitation of some natural resources. Addition-
ally, socioeconomic location externalities and business agglomeration economies make
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that richer households and larger firms benefit from a larger population. Then, there is
circular mechanism: production and high-wage jobs increase faster in larger cities,
inducing a higher migration, making larger cities grow faster.

Nevertheless, in large cities, there are also deterrent forces or costs, such as crime,
diseases, congestion, and environmental impacts, that also increase superlinearly with
population. Then, it is essential to understand that differential net benefits for urbanites
across the country are captured in differential land rents if migration is free. That is, land
rents and real estate prices increase superlinearly with population, such that households’
net benefits (utilities) tend to be equalized across the country; business profits net of land
rents are also equalized spatially, but in this case, some industries only develop in larger
cities, defining a hierarchical or fractal structure of production in the space.

10.3 Why Cities Do not Collapse into a Single City or a
City into a Single Building?

This question follows naturally from the scaling productivity and welfare with city
size, which implies that higher densities are more efficient factories. A partial answer
is because deterrent forces balance out superlinear production and creativity. In the
case of a system of cities, there is also a second factor because natural resources
and amenities are distributed unevenly across the country, which generates agricultural
and other jobs in rural areas, attracting some population everywhere. This low-density
rural population is served by small towns distributed in the country to minimize trans-
portation costs of rural population, with production of consumers’ services with no or
very low economies of scale, which offer no significant agglomeration economies;
these towns are served in turn by medium-size cities where industries with larger econ-
omies of scale and agglomeration economies emerge; finally, there is always a large
city that concentrates production with higher economies of scale and offers larger
agglomeration economies and salaries. These factors explain why total population
does not collapse into one single city.

In the case of the city, we may naively think that one or very few giant buildings
would maximize superlinear productivity by reducing transportation costs and
increasing human interaction. However, high-density residence induces a higher con-
centration of waste and pollution, crowding and congestion on stairs and elevators, and
the per capita perception of crime. Indeed, consider a system with two cities with the
same population size but different in area and densities such that the push and pull
forces are different and the system would not attain equilibrium.

In sum, coupling economies of scale and agglomeration economies makes the
pushecentripetalesuperlinear force that creates large cities, whereas the superlinear
negative factors, the dispersion of natural resources, and amenities coupled with trans-
port cost build the pushecentrifugal forces. Combined, they create a hierarchy of cities
in size and limit their densities. These microeconomic forces explain the universality
of fractal urban systems and their scaling power laws.
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10.4 Are Universal Scaling Laws Paradoxical?

Although this question was briefly discussed in the previous chapter, it is of such
importance that it is worth commenting further here.

We have shown that the dynamics of cities’ macroscale indicators can be described
by the power laws, but what is surprising is that the power law exponent is superlinear
and its value belongs to a very narrow range. This universal law has increasing empir-
ical and theoretical support. Such behavior of cities emerges naturally from human
rational behavior, which we have shown is enough to demonstrate the socioeconomic
origin of this law. We have remarked that this elemental rational force is universal
because it defines humans, therefore it is coherent with a universal macroscale
performance.

This statement seems to be somehow controversial regarding the commonly
assumed condition that humans enjoy freedom of choice because one may expect
that such freedom would naturally induce a plethora of different dynamics of humans’
basic organization, the city. Then, apparently, freedom of choice and universal
dynamics are paradoxical statements.

However, our microeconomic model embeds what seems to be a plausible coherent
explanation: free choices are encapsulated in a market process that yields a universal
dynamic; i.e. we are free to choose among a finite set of feasible choices. The word free
in our model means that preferences and utilities are different and specific to each
individual, i.e., without many constraints, whereas feasible is the key word for the
explanation of the emergent universal law and it represents the word market in our
economic model. Despite the freedom of choice, the feasible choice set is defined
by the alternatives that the technology provides in the market, subject to the con-
sumer’s economic affordability, which is defined by equilibrium prices of goods
and services and salaries. Then, the market imposes a homogenizing condition: agents’
rational behavior leads to maximum utilities and profits, which are equal across alter-
native locations, both within the city and across cities. In Chapter 9 we proved that this
market equilibrium condition explains why land rents and real estate prices, produc-
tion, and wages must follow a superlinear power law. Because this explanation is valid
independently of the specific preferences of residents and firms, the universal dynamic
depends exclusively on the agents’ rationality, i.e., the maximization of individuals’
welfare and firms’ profits, in a common and interdependent spatial system, despite
the significant and rich diversity of the underpinning preferences in the populations
and across cultures.

Individuals’ preferences and culture, and their realization as free choice making,
prevail at the microscale of cities. This is easy to observe in the diversity of building
shapes and mixture of activities at a local level within a city, as well as in the diversity
of cities’ historical buildings. Think, for example, of New York, San Francisco, and
Los Angeles; or London, Paris, and Rome; or Brasilia, Rio de Janeiro, and Sao Paulo;
or Beijing, Seoul, and Tokyo. They are so very different that tourists enjoy visiting
them, but they all follow the same scaling law.
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Hence, the initially paradoxical statements have a rational explanation: individuals’
differences are expressed as local differences, but their common rational interaction on
the land market leads to a universal attractor on urban systems: the well-known power
law in organic complex systems.

10.5 Are Megacities Too Large?

This question is usually rhetorical, implying the answer: yes, megacities are exces-
sively large. This answer is usually intuitive or based on partial statistics of few
indicators such as crime, congestion, and psychological stress. However, to provide
a more scientific answer we first need to define what is an optimal city and analyze
the impacts of city size on the system complexity; otherwise, the answer is dangerously
biased. In Chapter 9, the discussion of this topic reveals that there is no unique defi-
nition of an optimal city, which implies that the answer to our question is contingent
on the definition of the optimal city.

In Chapter 8, we conclude that cities are “magnificent factories” that can produce
superlinear benefits to the society but also negative impacts such as crime. A large
city is much more productive per capita than a small city, a universally valid conclu-
sion. This is equivalent to a gravitational social force that explains and justifies why
households freely decide to live in megacities instead of moving to less dense towns or
rural areas, in spite of their negative impacts.

The metaphor of a gravitational social force is useful to understand why humans
agglomerate in cities and we can also use it to analyze planning policies. For example,
if the planners’ objective were to develop only medium-sized cities with similar
services and production, it would be equivalent to deciding that the planets and stars
should be equally spaced in the universe, which requires spending a formidable
amount of energy to neutralize the gravitational force. Beyond the validity of this met-
aphor, the relevant argument is that society would need to spend resources to fight
against the social gravity force. Despite different regulatory regimes and economic
setups, large and megacities develop in every country in the world.

The argument of a gravitational social force should be discussed before taking it for
granted. First, it is derived from the acceptance of scaling laws, which are currently
subject to the scrutiny of scholars; see Chapter 8. Second, even if the existence of a
scaling law is agreed on, the following philosophical question arises: is the gravita-
tional law the consequence of our social or economic rules? More specifically, would
another economic system yield a similar result? This question is beyond the scope of
this book; notably, the gravitational social force appears to operate within the current
socioeconomic system and we have no evidence of other system to give a scientific
answer. However, the theory of this book let us speculate that any economic system
that respects rational behavior is likely to yield a similar universal law, although its
parameters may be different.

Within this philosophical context, the planner must make decisions with awareness
of the gravitational social force to avoid excessive costs. The recommendation is to
generate a social process that provides answers regarding the optimal city and apply

260 Microeconomic Modeling in Urban Science



policy measures that lead to that goal. However, the planner should make this process
politically sustainable and economically informed so that the costs and benefits are
permanently monitored. Political sustainability is a matter for sociology experts, and
the economic information should provide the population and decision-makers
the best possible prediction of the positive impacts and associated costs of each
definition of an optimal city, which can be obtained using analytical models such as
CLUTE.

10.6 Is Urban Sprawl a Tragedy?

The general answer is similar to the previous answer: it depends on the definition of the
best or optimal city. However, it is useful to examine this classical question in more
detail.

The undesired impacts of urban sprawl are primarily the land taken from rural
activities and the increased transport costs for citizens. In purely economic terms,
the answer in both cases is straightforward: if land is freely traded, households and
firms optimize their location, inducing an utilitarian or Benthamite’s social optimum;
this ignores some externalities, which can be exceptionally be made endogenous, as for
traffic congestion if optimal road pricing policies are introduced, but other regulation
policies are required to handle environmental impacts. If agricultural land is converted
into urban land, there are economic justifications regarding the highest value of the
land use (LU), but other ecological impacts are relevant to consider, such as the con-
centration of pollutants and lack of percolation of water into the land due to concrete
coverage in cities.

The evidence regarding the alleged transportation costs is not clear. First, if trans-
portation costs increase, they must be overcome by other benefits yielded by the city,
otherwise migration begins to reduce the population and transportation costs; second,
those residing in the periphery who pay larger transportation costs are compensated by
lower rents and other amenities such as lower densities. Third, the cumulative impact
of urban sprawl on social welfare is rarely studied in a comprehensive manner. For
example, using a LUTE-type model, Anas and Xu (1999) found that the effect of urban
sprawl is relatively small when considering the relocation of jobs as the city increases;
i.e., there is a misconception of the potential transportation impacts of urban sprawl,
which is associated with assuming cities as monocentric, where all workers and
shoppers commute to the city center; these views may be different if a polycentric
city is considered.

The economic analysis is only consistent for those that can choose between cities
and locations in the city, which excludes the very poor. The economic model discussed
in this book assumes that all consumers select their optimal choice, so the conclusions
exclude those who cannot make independent choices. The decision-maker should
consider this when implementing policies including the equity issues and to properly
assess the impacts of the city sprawl.

Thus, the standard economic view is insufficient to analyze urban sprawl because it
does not account for all impacts. The simple answer that the free market yields the
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optimal city size ignores the externalities that the market does not internalize into
consumers’ choices, e.g., pollution, accidents, crime, etc. The recommendation is to
use the market wisely to implement optimal policies associated with a desired optimal
city.

10.7 How to Handle Socioeconomic Exclusion?

In Chapter 9, we recognized that this is a difficult problem to manage because social
exclusion is not a result of inappropriate policies, it is the outcome of the land market,
which is caused by the underpinning force of individuals’ preferences; i.e., it comes
with the gravitational social force. This phenomenon occurs in all cities, although it
is more evident and politically relevant in less-developed societies in which income
inequalities become evident in the form of socially excluded groups. There are other
forms of spatial segregation, such as racial and religion segregation, which may or
may not imply a form of social exclusion depending on whether the residents have
affordable location alternatives to move to.

The objective of improving integration levels is difficult because, to control the
market effects, the planner needs to fight against the gravitational social force; this
is a permanent fight until the inequality is reduced to a level at which other attributes
of the locations are more relevant and the mixture generates a naturally integrated
society.

The recommendation to attain this goal is to implement market-oriented policies
such as optimal subsidies. Subsidies are preferred over regulations because the former
is more flexibly adjusted over the urban space and time and regulations are more rigid
policies with impacts that are more difficult to assess. The flexibility of subsidies is
important because cities are complex systems, and a limited initial force inducing
integration may be enough to reorganize the allocation profile to create sufficiently
attractive neighborhoods to allow the market to continue with the integrating force.
This bottom-up process has the advantage of producing more integrated cities with
diversity, valuable attributes for equity, and creativity.

The advantage of a parsimonious process in which the policy is permanently
adjusted to the changing conditions is that it is consistent with the complex nature
of urban systems. Its complexity is high enough to be cautious with possible predic-
tions, particularly when policies induce long-lasting infrastructure developments.

10.8 Does Accessibility Generate Development?

This is a classic chicken-and-egg type of dilemma in transportation: does transporta-
tion investment generate accessibility that induces economic development or it is
the inverse? There are arguments for both causalities and policy makers use them
conveniently and convincingly because there are good examples that appear to support
either view. The model of the complex city discussed in this book provides a clear
answer for this dilemma: it is inappropriate to attempt to identify causes and effects
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in complex systems, as they are unidentifiable in most cases because there is a circular
causality.

Our model provides a clear analytical answer. Development will occur in places
that agents are attracted to, and the attraction depends on several attributes: transpor-
tation costs, accessibility, business agglomeration economies, and residential
location externalities, in addition to natural amenities and connections to other
production systems. Hence, it is a multifactor attraction that circularly results in
changes.

However, planners may use the theoretical discussion in this book to seek signals
regarding where accessibility is restricting additional potential development, leading
to effective improvement in the transportation system. This is difficult task even for
experts; hence, the system should be analyzed using a well-defined and estimated
model of the city, and optimization procedures should be performed to identify the
best opportunities for development. This is the approach followed by Ma and Lo
(2012), Ng and Lo (2015), and Yin (2015) who built integrated LUT-type models
and developed optimizing methods to search for best policies in transportation and
LU to maximize utilitarian social welfare; a different approach was followed by
Brice~no-Arias and Martínez (2018), whose method allows for a variety of social
goals.

10.9 Who Captures the Benefits of Transportation
Investments?

This is a typical question of policy makers who invest large amounts of public re-
sources on transportation systems. For example, they wonder if investments in public
transportation technology such as subways and buses benefit transportation users or
landowners.

Considering our model, the theoretical answer is that every infrastructure invest-
ment in the city, either private or public, affects the attributes of the location where
it is placed and is perceived by consumers who convert it to willingness to pay and,
through the auction mechanism, percolate it into rents. Thus, in a frictionless system
such as that described in urban economics, the answer is as follows: the final benefi-
ciaries are the land and real estate owners. This is called the capitalization of benefits
into land values, which explains why urban land is perceived as a lucrative investment
asset.

Our stochastic behavioral model provides a slightly different answer because, in
this model, the impact of a public investment is expected to be distributed probabilis-
tically across agents in the market, including land users and owners, and across trans-
port users and operators; nevertheless, our model concentrates much of the benefits in
land values, where benefits tend to percolate in.

However, there is an upper limit for the capitalization phenomena: the consumers’
income. For example, in very poor areas, residents’ utilities cannot be converted into
differential rents due to their income constraints, and in this case, the capitalization
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process is reduced or broken for the benefit of the residents who enjoy better access
without equivalent rent increases. Hence, income constraints help control the capital-
ization of public policies into land rents.

10.10 How to Measure Transportation Project Benefits?

This question can be reformulated as follows. Because transport projects induce a new
equilibrium in the transport system and a relocation of activities associated with the
changes in the city’s accessibility profile, how should the benefits be measured? For
example, if transportation times are reduced with a project and land values increase,
i.e., what we can deduct from the LUT model discussed in Chapter 6. We may extend
the question to include the potential impacts on the economic system: prices and pro-
duction in the goods and services markets and wages in the labor market, i.e., the
LUTE model in Chapter 7.

This issue has been discussed in the field of transportation economics, where the
focus has been to support the argument that transportation users’ benefits measured
in the transportation system properly capture the benefits of the transportation
project, i.e., by assessing the benefits from the transportation demand and supply
equilibrium (Jara-Díaz, 1986). Urbanists, on the other hand, focus on the impact
on the expected development generated by the project, usually measured by the
change in rents.

The LUT model integrates LU and T systems and provides an answer to our ques-
tion. We begin by recognizing that a transportation project generates impacts on both
systems and it is important to avoid duplication in accounting the same benefits, an
issue called double counting. This is avoided by focusing on counting the benefits
to individual agents rather than on specific systems because consumers or producers
are the actual beneficiaries of the project. This approach implies analyzing three sys-
tems, i.e., using the LUTE, if there are no spillovers of impacts beyond the city.
Consider a frictionless and perfectly competitive LUTE system to conclude that all
transport users’ benefits percolate into rent values through the consumers’ valuation
of the project benefits in the form of differential willingness-to-pay values. However,
in a more realistic situation, with imperfect competition, we expect imperfect percola-
tion of transportation users’ benefits into rent values to conclude that the variation in
expected rents before and after the project is a lower bound of total benefits. Transpor-
tation users’ benefits are also a lower bound measure of the project benefits because it
may ignore complex impacts on reallocation of agents. A proper accounting of all
expected benefits requires an assessment using a LUTE model, which can measure
impacts on the three subsystems.

The theoretical equivalence between transportation users’ benefits and rents in the
LU market can be applied to measure two lower bounds of benefits. Depending on the
modeled system and assuming that the models properly replicate impacts, it is
expected that land values capture the long-term benefits of transportation projects bet-
ter than the users’ benefits; this is true when rents are estimated considering agglom-
eration economies, location externalities, and impacts on the goods and labor markets,
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which directly impact land rents. Users’ benefits measure the direct impact of a trans-
portation project, whereas land rents measure the final impacts after accessibility
changes have induced long-term LU developments.

10.11 Final Remarks

The set of questions discussed have a common origin: they emerge when we analyze a
complex system but ignore the complexity and assume that plausible conclusions can
be obtained by studying a subsystem. This linear thinking approach is very limited or
simply wrong, depending on the question studied.

In this book, we consider a comprehensive approach to the complex urban system,
which includes three subsystems with their own complexity. This high complexity is
due to the large number of agents, each interacting with the others in the social system,
organized in many production institutions that also interact among them and with the
individual agents in the economic system.

Within such complexity, we find simple universal rules: all agents are rational
households or firms and behave to maximize utility or profit, which makes them
develop a system that is linked by interactions. This system can be viewed as
comprised of particles, each with a specific rule that induces interactions, that all
follow maximization rules. Despite the diversity of rules, this system at the aggregate
of the city shows an attractor: the scaling law. This law is the outcome of the common
rational rule governing all particles, representing the universality of human beings, and
justifies the emergence of Urban Science, a field that brings together urban economics,
transportation, human geography, sociology, ecology, and regional and global
economics.
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urban production technology, 174

goods and leisure activities, 172e173
Property attributes, 47e48
Property prices, 16
Property trade market, 16
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R
Random discrete-continuous goods demand

model
CES random subutility function, 164
fixed-point problem on demands, 165
KuhneTucker conditions, 165
MDCEV model, 165
numeraire price, 165
perceived travel time disutility, 164
quality factor, 164e165

Random utilities
stochastic indirect utility, 75
stochastic term
Gumbel distribution function,
75e76

inherent randomness, 76
measurement error, 75e76
probit, 76

willingness to pay, 76e78
Random willingness to pay, 76

linear utilities, 77
nonlinear utilities, 77e78

Real estate developers, 41
Real estate market

auction in, 48e49
Brueckner’s model, 61
complex interaction, 43
problem, 42e43
short-term agents’ allocation equilibrium

process, 43
Real estate rental markets, 16
Real estate selling auction, 41e42
Real estate supply submodel, 239
Real estate units, 234
Relative accessibility, 9, 24
RELU-TRANS, 134
Rents power law

attraction to larger size, 217e218
entropy vs. power laws, 218e219,

219f
equity, 218
speed of growth, 217, 218t
utility maximization, 218

Rent values, 16
Reservation utility, 49
Residential location

bid-auction location model, 170
expected disposable income, 170
social factors, 167
willingness-to-pay function, 171

S
Scaling laws, 3, 203
consumer surplus, 221e222
evidences
assumptions, 213
CLUTE model, 215
fractal city, 213
minimum density threshold, 214
Pareto-type distribution, 211e212
physics models, 215
power law, 212e213
rank and population, 211e212
scale parameter, 212e214
scale relationship, 213
Zipf’s rank-size law, 211

rents power law
attraction to larger size, 217e218
entropy vs. power laws, 218e219, 219f
equity, 218
speed of growth, 217, 218t
utility maximization, 218

scaling in production, 221t
Break-Even Function, 220, 220f
increasing returns to scale, 220
labor market deserves special analysis,
220e221

nonincreasing returns to scale, 219e220
Scaling rents
microzone rents, 216e217, 216f
total land rent, 217
willingness to pay, 215e216

Second-price auction, 51
Shannon’s entropy, 28e29, 33
Short-term equilibrium conditions (STEqC),

105
Short-term land-use equilibrium, 104
ceteris paribus, 110e111
city boundary, 106
consumers’ equilibrium, 105
economic mechanism, 110e111
relative to absolute prices
constant adjustment, 109
expected profits, 108
frechit model, 109e110
mismatch in prices, 108e109

short-term equilibrium conditions
(STEqC), 105

total demand equals supply, 105
each location, 105

utilities and prices, 106e108
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Social exclusion (SE), 251e252, 262
Socioeconomic exclusion, 262
Spatial interaction entropy model
access measures, 27
balancing factors, 26, 35
doubly constrained model, 33e34
entropy notion, 33
entropy optimization problem,

33e34
Lagrange multipliers, 34
“maximum uncertainty”, 33e34
nonlinear optimization problem, 35
optimization problem, 34
Shannon’s entropy, 33
trip demand model, 26, 35

Spatial interaction theory, 2e3
Stochastic approach, 14e15
Stochastic bid-auction land-use model,

92e93
aggregation, 74e75
estimation of willingness to pay, 88e89
extreme value distributions

frechit model, 94e95
logit model, 94

frechit hedonic price, 88
logit hedonic price, 86e87
multinomial frechit bid-auction probability,

87
multinomial logit (MNL) bid-auction

probability, 85e86
random utilities

stochastic indirect utility, 75
stochastic term, 75e76

stochastic approach, 73e74
stochastic bid-choice equivalence

frechit model, 90
logit model, 89e90

stochastic demand model. See Stochastic
demand model

stochastic supply model, 91e92
Stochastic bid-choice equivalence
frechit model, 90
logit model, 89e90

Stochastic demand model, 78
multinomial frechit choice model, 82e83
multinomial logit (MNL) choice model,

81e82
multinomial logit (MNL) choice probability

cluster size factor, 80

defined, 79
features, 80e81
irrelevance of alternative options, 81

multinomial logit (MNL) model, 79
substitution property, 83e84

Stochastic supply model
competitive supply market, 91e92
stochastic profit, 91

Stochastic term
Gumbel distribution function, 75e76
inherent randomness, 76
measurement error, 75e76
probit, 76

Suppliers’ behavior
continuous supply model, 59e61
discrete model of durable stock,

61e62
generalized model, 63e64
unified landereal estate market, 62e63

System of cities, 226e228, 258
agglomeration, 204
agricultural land rents equilibrium,

209e210
basic assumptions, 204e205
bids and utility parameters, 230
city dynamics, 222e226
demography model
CLUTE model, 208
Gumbel variables, 207
microgrowth model, 205e206
social migration costs, 206
social mobility submodel, 206
socioeconomic mobility, 206
spatial migration, 206
spatial migration costs, 206
stochastic transition utilities, 207
willingness-to-pay, 208

firmography model, 208e209
immobile attractors, 204
migration, 204
scaling laws
consumer surplus, 221e222
evidence, 211e215
rents power law, 217e219
scaling in production, 219e221
scaling rents, 215e217

system equilibrium, 210e211
transportation costs, 204

System size, 12
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T
Time-hierarchical demand process, 166,

167f
Total demand equals supply, 105
Transportation accessibility, 236
Transportation costs, 8
Transportation investments, 263e264
Transportation project benefits, 264e265
Type-II extreme value distribution, 94e95

U
Unified landereal estate market, 62e63
Universal scaling laws, 259e260
Urban modeling, 11

bottom-up approach, 13e14
complex system, 13
discrete modeling, 15
diversity of choices and perceptions, 12
location prices, 16e17
location representation, 16
residential and nonresidential activities,

15e16
static vs. dynamic approaches, 17e18
stochastic approach, 14e15
system size, 12

UrbanSim, 134
Urban sprawl, 261e262
Urban structures, 133e134

city structures, 97e99, 98f
issues in
accessibility, 9e10
economy, 10

externalities, 8e9
land auctions, 7e8
land use and transportation interaction,
10e11

land use problem, 7
regulations, 9

W
Walras equilibrium, 64, 158e160
Willingness-to-pay, 69e70, 182e183
bid auction approach
budget constraint, 50
curves in monocentric city, 49e50, 49f
decreasing with utility, 50, 50f
expression, 49
household’s income, 50
income, 51
indifference utility, 49
reservation utility, 49

central business district (CBD), 49e50
consumer surplus, 57e58
estimation of, 88e89
Fréchet distribution, 83
Gumbel distribution, 77
land and travel costs, 60e61
random willingness to pay, 76e78
reservation utilities, 58
scaling rents, 215e216

Z
Zipf’s rank-size law, 211
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