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	  Tema	  6	  –	  Reactores	  
Reactors	  

CI7115	  –	  Biotecnología	  Ambiental	  
Prof.	  Ana	  Lucía	  Prieto	  Santa	  

Conservation of Energy - the First Law   
 
•   energy balance on a bioreactor (digesters, landfills, 
compost) 
•   heat of metabolism 
•   energy recovery 

Free Energy - the Second Law 
 
•  feasible reactions  
•  thermodynamic preferences 
•  relationship between free energy and yield 

Conceptos de termodinámica en 
biotecnología ambiental 
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Electron donor 

Electron acceptor 
cell 

Microbial models 

Soluble electron donor 

Electron acceptor 

cell 

Particulate electron donor 

Inert solids 

UAP 

Suspended or  
Dispersed growth  

Nonsteady state 

Attached growth  
(Biofilms) 

Steady state 

Reactors in combination 

batch 

CSTR 

Plug flow 

CSTR or plug 
flow with cell 
retention 

Reactor models 

Growth  
characteristics 

Temporal  
characteristics 

Spatial  
characteristics 

Multiple substrate limitation 
Inhibition and toxicity 
Multispecies modeling 
Advanced structured models 

Unstructured kinetic models 

BAP 

S 

t 

S 
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SMP = UAP + BAP 
SMP = soluble microbial products 
UAP = substrate utilization-associated products 
BAP = biomass-associated products 

Ex. Activated sludge, 
Anaerobic digester 

Ex. Trickling filter, 
fluidized bed reactor 

Continuous-flow Stirred Tank Reactor (CSTR) 

S 
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∧

Throughout reactor, q 
is uniform and low 
because S is low and 
uniform everywhere.  x 

S° S Se 

Advantages: 
•   Resistant to toxics and 
shock loads because of rapid 
dilution 
•   Good for high pH waste 
where CO2 provides 
neutralization 
•   Good for low pH volatile 
fatty acid wastes because 
they are quickly diluted and 
degraded 
•   Has spatially uniform 
oxygen demand. 

x 

Disadvantages: 
•   Less efficient 
•   Poor settling biomass 
(filamentous branching) 
due to uniform low 
substrate level 
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Plug Flow Reactors (PFR) 

PFR S° 
Se 

S° 

S 

X 

q varies throughout the 
reactor: it is maximum 
at the inlet and lowest 
at the outlet because S 
is highest at the inlet 
and lowest at the outlet. 

°

°°
∧

∧

Shigh at  q  approaches

)]S+/(K[(S q=q

S lowat   SK approaches q 1

x 

x 

Advantages: 
•   More efficient 
•   Variable substrate 
levels select for better 
settling biomass 

Disadvantages: 
•   Can be more sensitive to 
toxics and shock loads 
because there is less 
dilution at the reactor 
entrance 
•   Oxygen demand is not 
uniform 

Q° 
S ° 

Qe 

Qw 

Xa V S 

Qr Xr Sr 
Xa

w 

Xa
e 

Se 

Sw 

Dispersed Growth - CSTR ± recycle 

Symbols: 
Q - flowrate (m3/d) 
X- suspended solids concentration (i.e., 
biomass, mg/L = g/m3 
S - substrate concentration, mg/L = g/m3 
V - reactor volume, m3 
 
Superscripts - location 
e = effluent 
° = influent 
r = recycle 
w = waste 
 
Subscripts - type of suspended solids X 
a = active organisms (organic) 
i = inert biomass (organic) 
in = inorganic suspended solids 

Assumptions: 
1.  Completely mixed (CSTR) 
2.  Soluble substrate 
3.  Xa in settling tank = 0 (no 
storage of solids outside of the 
reactor) 
4.  Q°, S° do not vary with time. 
5.  V is constant. 
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For a batch system (no flow), a mass balance on substrate gives 

A mass balance on biomass gives 

dXa 
dt  = Y  -dS 

dt Xa = Xao + Y(So-S) 

-dS 
dt  = qXa 
For a nonvolatile substrate: ΔM/VL = ΔS 

t = - 1 
q 

-K 
Xao +Y So 

 -  1 
Y ln Xao +Y So -YS + 

K 
Xao +Y So 

 
ln S Xao 

So 
+ 1 

Y ln Xao 

-dS 
dt  =  q S 

K+S 
Xa 

Mass balance on Xa over ΔT for entire system: 
 
in:             0 
out:      ( ) tQXQX ww

a
ee

a Δ+      

source:   

  

€ 

Y q
∧

SXa

K + S

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 
VΔt   growth 

sink:    bXaVΔt                          decay 
 
Accumulation =  in - out + source – sink 
 

  

€ 

VΔXa = 0− QeXa
e + QwXa

w( )Δt +
Y q

∧

SXa

K + S

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 
VΔt −bXaVΔt  

Q°	  
S	  °	  

Qe	  

Qw	  

Xa	   V	  S	  

Qr	  Xr	  Sr	   Xaw	  

Xae	  
Se	  

Sw	  

(µ=Yq)	  

Now,	  Divide	  by	  VΔt	  

For	  a	  CSTR	  (completely	  mixed	  with	  flow)	  
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€ 

dXa

dt
=
− QeXa

e + QwXa
w( )

V
+

Y q
∧

SXa

K + S

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 
−bXa  

 
Define the solids retention time θx (also called mean cell residence time, solids 
residence time, sludge age) where:

 

 

  

€ 

θx =
VXa

QeXa
e + QwXa

w( )
=

  

€ 

mass of active bacteria
rate at which active bacteria are removed from system

 

 
Note that θx  has units of days.   It represents the average time solids remain in 
the system.   
 

At steady state: 
  

€ 

dXa

dt
= 0 

So the mass balance becomes: 

  

€ 

QeXa
e + QwXa

w( )
VXa

=
Y q

∧

S
K + S

⎛ 
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⎟ 
⎟ ⎟ 
−b  

or   

  

€ 

1
θx

=
Y q

∧

S
K + S

⎛ 
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⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 
−b   

Note	  that	  θx	  is	  equal	  to	  1/µ.	  	  What	  
does	  that	  mean?	  
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Requirements	  for	  biological	  treatment:	  
	  

1.	  	  Efficiency	  
2.	  	  Reliability	  

Below	  which	  washout	  occurs	  

Design for reliability - safety factor concept: 
 

  

€ 

θx
d = S.F. θx

min( )lim  

 
Loading classification 
 
Conventional loading 
High rate loadings 
Low rate loadings 

Implied safety factor (S.F.) 
 

20-80 
3-10 
>100 

  
Factors	  affec\ng	  choice	  of	  safety	  factor:	  
	  

1.	  	  Expected	  temperature	  varia\ons.	  
2.	  	  Expected	  wastewater	  varia\ons	  (flowrate,	  organic	  conc.	  &	  composi\on).	  
3.	  	  Possible	  presence	  of	  inhibitors.	  
4.	  	  Level	  of	  operator	  skill.	  
5.	  	  Efficiency	  and	  reliability	  required.	  
6.	  	  Confidence	  in	  design	  coefficients.	  	  

Safety Factor 
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The	  above	  equa\ons	  are	  used	  to	  model	  dispersed	  
growth	  CSTR	  systems	  with	  cell	  reten\on.	  	  	  
	  
Applica\ons	  include:	  
• 	  	  Ac\vated	  sludge	  (aerobic	  heterotrophs±nitrifiers)	  

• 	  	  Nitrifica\on	  dispersed	  growth	  

• 	  	  Membrane	  bioreactors	  

CSTRs with Cell Retention 

Applica\ons	  of	  dispersed	  growth	  theory	  
with	  no	  	  cell	  reten\on	  include:	  
	  
• 	  	  Chemostats	  -‐	  a	  useful	  research	  tool	  

• 	  	  	  Lagoons	  

• 	  	  Digesters	  
	  

Many	  systems	  have	  no	  reten\on	  of	  microorganisms.	  	  For	  such	  
systems,	  θx	  =	  θ =	  V/Q°.	  	  	  The	  hydraulic	  residence	  \me	  equals	  the	  
solids	  residence	  \me.	  

Dilu\on	  rate	  D=	  1/θ	  

CSTRs without Cell Retention: θx = θ = V/Q°.  



10/3/19	  

8	  

Par\culate	  electron	  donor	  

Soluble	  electron	  donor	  

Sp	  =	  γXd	  

S	  

Electron	  acceptor	  
Ac\ve	  biomass	  µ	  q	  

khyd	  

Dead	  cells	  
b	  

	  
	  
Why	  do	  we	  need	  a	  suspended	  solids	  balance?	  	  	  
	  
• 	  	  Biosolids	  produc\on	  (amount	  for	  further	  treatment	  or	  disposal,	  
nutrient	  requirements)	  
• 	  	  Opera\onal	  control	  	  (effluent	  quality)	  
• 	  	  Reactor	  design	  	  (sizing	  reactors,	  choosing	  the	  right	  size	  aera\on	  
equipment)	  
	  
We	  begin	  with	  a	  microbial	  model:	  	  

γ	  =	  COD/wt	  ra\o	  

El efecto de los sólidos suspendidos 

Symbols: Superscripts - location 
Q - flowrate (m3/d) e = effluent 
X- suspended solids concentration, mg/L = g/m3 ° = influent 
S - substrate concentration, mg/L = g/m3 r = recycle 
V - reactor volume, m3 w = waste 
 

Q°	  
S°	  

Qe	  

Qw	  

Xj	   V	  S	  

Qr	  Xr	  Sr	  

Xw	  

Xe	  
Se	  

Sw	  

Now we add a reactor model:  

Subscripts	  -‐	  type	  of	  suspended	  solids	  X	  or	  substrate	  S	  
a	  =	  ac\ve	  organisms	  
i	  =	  inert	  organic	  materials	  
d	  =	  degradable	  
v	  =	  S	  organics	  (vola\le	  suspended	  solids)	  	  
in	  =	  inorganic	  
p	  =	  par\culate	  
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Total suspended solids (TSS) = Mixed Liquor Suspended Solids (MLSS) 
= X = Xv + Xin = volatile + inorganic 
 

Volatile suspended solids (VSS) = Mixed Liquor Volatile Suspended Solids 
(MLVSS) = Xv = Xa + Xi + Xd = active + inert + biodegradable 
 
where: 
Xa = active organisms produced from the consumption of soluble substrate S 
Xd = biodegradable suspended solids = Sp/γ    so that Sp = γXd where  
γ = COD/WT ratio of Xd.                                    (g COD/L = g COD/g VSS x g VSS/L) 
 
Assumptions: 
 (1)  Xsettling tank = 0 
(2) Steady-state operation:   
 

  

€ 

dXa

dt
=

dQo

dt
=

dXo

dt
=

dSo

dt
=

dSp
o

dt
=

dQe

dt
=

dXe

dt
=

dSe

dt
=

dS
dt

= 0 

  
(3)  Se = S 

Mass balance:   change in storage = in - out + source -sink  
Consider general suspended solids Xj:   
                 in               out 

  

€ 

VΔXj = QoXj
oΔt − QwXj

w + QeXj
e( )Δt + mass production rate( )Δt  

   

€ 

− mass consumption rate( )Δt  
                 in                out 

  

€ 

V dX
dt

= QoXj
o − QwXj

w + QeXj
e( )+ mass  production  rate  

         

€ 

−mass  consumption  rate 
 
At steady state:  

  

€ 

QwXj
w + QeXj

e = QoXj
o + mass  production  rate −mass  consumption  rate  

out               in 
 

but 
  

€ 

θx =
VXj

QeXj
e + QwXj

w  

 

so 
  

€ 

VXj

θx

= QwXj
w + QeXj

e = QoXj
o + mass production rate 

           rate nconsumptio mass−  
 

and j
x

j X of rate removal mass  theis
VX
θ

 
(i.e.,	  ou<low	  from	  the	  system)	  

(previously	  determined)	  

Mass	  /	  Time	  
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Assumption:   
 
All of the different types of suspended solids have the same solids retention time. 
 

  

€ 

θx( )SP
= θx( )Xa

= θx( )Xi
= θx( )Xin

= θx  

 
Consider each of the different types of suspended solids in the reactor at steady 
state: 
 
 

Xin   - inorganic suspended solids: 
                   In    Out 

θ
θ

== o
x

ino
in

o

Q
V but   VXXQ  

 

  

€ 

Xin =
θx

θ
Xin

o
 θx/θ	  is	  a	  kind	  of	  

concentra\ng	  factor	  

For	  Xin,	  there	  is	  no	  produc\on	  and	  no	  removal	  within	  the	  reactor	  (conserva\ve)	  

Sp   or Xd - particulate biodegradable COD (Sp = γXd ) 
       (g COD/L = g COD/g VSS x g VSS/L) 

Assume a first order hydrolysis:  
  

€ 

−dSp

dt
= khydSp 

                                          in    source    sink       out 

  

€ 

QoSp
o + 0−khydSpV =

SpV
θx

 

 

  

€ 

SpV
1
θx

+ khyd

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = QoSp

o
 

 

( )
( )xhyd

o
px

p

o
p

x

xhydp

k1
S

 S       
Sk1S

θθ
θ

θθ

θ

+
==

+
so
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Dividing both sides by γ: 

  

€ 

Xd =
θx

θ
Xd

o

1+ khydθx( ) 

 
We also note that a mass balance on soluble substrate gives: 
                       In    out     sink       source 

O = Q°(S°-S) -qXaV + khydSpV 
O = S°-S -qXaθ + khydSpθ 

 

Substituting in the expression for Sp, we obtain:                      ( )xhyd

o
px

p k1
S

 S 
θθ

θ
+

=  

 

  

€ 

0 = So −S−qXaθ+ khydθx

Sp
o

1+ khydθx

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟  

 
In the absence of particulate substrate (Sp=0), we have:  0 = S° - S - qXaθ 
 
Comparing the previous two equations, we see that hydrolysis of particulate substrate 
effectively increases S°.  We can define an effective influent substrate concentration: 
 

  

€ 

Seff
o = So +

khydθx

1+ khydθx

Sp
o
 

                                                             already    will be  
       soluble    soluble 

Seff	  is	  how	  we	  
account	  for	  
contribu\on	  from	  
par\culates	  

This observation is helpful in preparing a mass balance on active biomass: 
  
Xa - active organisms from soluble substrate S: 
                                    In      source               sink        out 

( )
x

a
a

oeo
eff

VXVbXQSSY0
θ

=−−+  

 

  

€ 

Xa =
θx

θ

Y Seff
o −Se( )

1+ bθx

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥  
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Xi = inert matter in the influent + dead cells from decay of Xa: 
 
Let fd = biodegradable fraction of the active cells (~0.8). 
 
Then 1-fd  = inert fraction of the active cells (~0.2). 
 
                                         In         source   sink    out 

( )
x

i
ad

o
i

o VX0VbXf1XQ
θ

=−−+  

 

  

€ 

Xi =
θx

θ
Xi

o + 1− fd( )bθx

Y Seff
o −Se( )

1+ bθx

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
 

 
Xv   - volatile suspended solids: 
 

Xv = Xd + Xa + Xi                    Adding it all up! 
 

( ) ( )( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+

−+−
+

+
+=

x

xd
eo

eff

xhyd

o
do

i
x

v b1
bf11SSY

k1
XXX

θ
θ

θθ
θ  

 
For fd = 0.8, 
 

( )( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+

+−
+

+
+=

x

x
eo

eff

xhyd

o
do

i
x

v b1
2b.01SSY

k1
XXX

θ
θ

θθ
θ  

 

  

€ 

Xa =
θx

θ

Y Seff
o −Se( )

1+ bθx

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

  

€ 

Xi =
θx

θ
Xi

o + 1− fd( )bθx

Y Seff
o −Se( )

1+ bθx

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

  

€ 

Xd =
θx

θ
Xd

o

1+ khydθx( )
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Solids resulting from biological activity:    
 

  

€ 

Xsyn = Xa + Xi,syn =
θx

θ

Y Seff
o −Se( )1+ 0.2bθx( )

1+ bθx

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
 

 
We see that:  
 

 
  

€ 

Yeff =
Y 1+ 0.2bθx( )

1+ bθx

 

Because Y is related to fs: 
 

  

€ 

fs = fs
o 1+ 0.2bθx

1+ bθx

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  

 
For the case with no recycle: 
Qw=0, Qe=Q°, Xe=X 

  

€ 

θx =
VXj

QwXj
w + QeXj

e =
VXj

e

QoXj
e = θ 

Example: change in Xj with qX for a fixed q 

0

5000

10000

15000

20000

25000

30000

0 20 40 60 80 100
qX (days)

X
j C

on
ce

nt
ra

tio
n 

(m
g/

L)

Xin

Xi dead 

Xi from Xi° 

Xd

Xa
Xv

q=0.22 d, Xin°=50 mg/L,Xd°=50 mg/L, Xi°=30 mg/L, S°=200 mg/L, Sp°=75 mg/L  

khyd=0.2 d-1, Y=0.45 g vs/g BODL, qmax=20 gBODL/g vss-d, b=0.1 d-1, K=30 mg/L 

Upper	  
bound	  for	  
gravity	  
serling	  

Upper	  bound	  for	  
membranes	  
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Steady state approach for CSTR design 
 
1. Determine waste characteristics and effluent requirements:  Q°, S°TOTAL, 

S°, Sp°, Xi°, Xin°, Semax   
 
where: S°TOTAL = BODL of the raw waste 
S° = BODL of the filtered waste 
S°TOTAL - S° = Sp° 
Xd° is computed from the COD/WT ratio (γ) for volatile suspended solids.  
(Xd°.= Sp°/γ) 

 
2.  Select coefficients and design factors. 
 
      Y, q

∧

, b, K, S.F., Xv (if cells are retained), khyd , SMP kinetic parameters 
       Soluble microbial products 

3.  Calculate 
  

€ 

θx
min[ ]lim

. 

 
                        Apply safety factor 

4.  Select   

€ 

θx
d = S.F.• θx

min[ ]lim
. 

 

5.  Solve: 

  

€ 

Se =
K 1+ bθx

d( )
θx

d Y q
∧

−b
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ −1

 

 
If Se> Semax, increase S.F. 

[ ]
bqY

1
lim

min
x

−
= ∧θ
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If the reactor has cell retention (recycle or membrane): 
Solve for θ  using the design value for Xv. 

Selection of Design Xv: 
 
Gravity settling     
 Typical settling 1,500- 3,000 mg/L 
 Poor settling (bulking)  500-1,500 mg/L 
 Excellent settling (dense)  3,000-5,000 mg/L 
Membrane                           10,000-20,0000 mg/L 
 

8.  Solve V=Q°θ  

7…Con\nued	  

Get	  reactor	  volume	  
required	  
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9.  Solve for waste sludge production: 

Xv production rate = 
  

€ 

XvV
θx

d
 

Remember that 

  

€ 

Xsyn = Xa + Xi =
θx

d

θ

Y 1+ 0.2bθx
d( )Seff

o −Se( )
1+ bθx

d

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

=
θx

d

θ
Xsyn[ ] 

where   
  

€ 

Xsyn =
Y 1+ 0.2bθx

d( )Seff
o −S( )

1+ bθx
d  

 

So the cell production rate is 
  

€ 

Xsyn( )V
θx

d =
V
θx

d

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 
θx

d

θ

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ Xsyn( )= Q° Xsyn( ) 

Calculation shortcut:  it is possible to generalize the above result, as follows:  
 
The production rate (= removal rate) for ANY type of suspended solid is equal to 
Q°X j where: X j = computed term inside the parentheses of the equation in step 9. 

10.  Stoichiometry and materials balance: 
 
Substrate removal rate = Q°(  

€ 

STOTAL
o  -Se) 

 
N requirement = 0.12 x Cell production rate (from C5H7O2N) 
 
P requirement = 0.02 x Cell production rate. 
 
O2 utilization rate = Q°(S°eff-S)-1.42(cell production rate) 
       = Q°(S°eff-S)fe 

     = Σ O2 equivalent input– ΣO2 equivalent output (biomass) 
 
Note:  the value of Sp

e depends upon the removal efficiency of the separation 
device. Sp

e = γ (Xd/Xv)Xv
e, where Xv

e is obtained from a knowledge of clarifier 
performance and Xd = (θx

d/θ)[Xd°/(1+khydθx
d)].  
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CI7115 - Biotecnología Ambiental 

rut	  =	  q	  Xa	  

	  	  	  	  	  	  =	  -‐qmax	  S	  Xa	  /	  (K+S)	  

No	  parJculate	  substrate,	  	  
biodegradable	  VSS,	  Xd	  =	  0	  
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Suspended  (dispersed) vs. attached (biofilm) 
growth 

•  Suspended (dispersed) growth 
– e.g., Activated sludge, anaerobic digestion 

•  Attached (biofilm) growth 
– e.g., Trickling filter, fluidized bed reactor 

For a CSTR, 1/µ = qx 

bYq1

x

−=µ=
θ

When there is inhibition, the expression used for q depends 
on the type of inhibition. 

Reactor design for inhibition 
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The	  Andrews	  Equa\on	  (Haldane	  kine\cs)	  and	  its	  consequence	  for	  CSTR	  
treatment	  	  (Gaudy	  et	  al.,	  1988)	  

θx	  

S°	  

S	  

No	  inhibi\on	  
Ki=	  

θx	  

S°	  

S	   decreasing	  Ki	  

Ki	  =	  	  

θx*	  

S*	  =	  (KKi)1/2	  

θx	  

S°	  
S	  

S*	   stable	  

unstable	  

Substrate	  inhibi\on	  

θx*	  

S	  should	  not	  be	  allowed	  to	  exceed	  S*	  


