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f(4, ¥} and cross-covariance plm, ¥y as
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plm, ¥) = pyfm),

4
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whenever x;-x;=r.

Followmg Yaglom, [2, pp 81-84], any homogeneous
random field has a spectral representation

§e-of whete k is the vector wavenurhber. We have that Z(AZ, Ak)
1ma- is a random function of the frequency interval A4 and the’
1ous _elemental wavenumber area, or 1nterval Ak, with the follow-
siven - ing properties: o
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1tion 1) E{Z(AA, Ak)}== 0 _for ali A, Ak;
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s ARy =0; if Ak and Azk are_;
1f _A,/l and A,l are disjoint in- |
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@)y P, k) = j J S{A — J.O) exp [l(k ko) r]dr.dr,
= 34 — Ao, k — ko)

which is a delta function located at the frequency 1,=2nf,T
and wavenumber k. It should now be apparent how P{4, k)
provides the information concerning the speed-and azimuth
or vector velocity, of propagating waves.

»

CONVENTIONAL METHOD FOR BSTIMATING
FrEQUENCY-WAVENUMBER SPECTRUM

spectral density f,(4). For simplicity, only the direct seg- - L
ment, or block averaging, method of éstimation will be

considered for estimating f;(4). It has been shown (31 that ..

this method is very desirable from the point of view of com-. .
putational efficiency. Thére_l's' also no essential loss of gen (e
ality in considering a spect “estimation method for fan
In the direct segment method the number of data points-: L

N data points, L=MN. The Fourier transform of the data
in the nth segment, jth cha nd normalized frequency
A, 18 :

As an est:mate fo

tion. We can, without

any loss of generality, i ignore
Asan estimate for P(4, k) we

“will assume, for sunpl:cnty, that w;=1, j= I

been shown that {f;(2)} is a nonnegatwe-deﬁmte matrlx ;

80 that P(4, k) will be real and nonnegative [3]."

It will now be shown that P is an asymptotically unblased o
and consistent estimate for cP where" ¢ is some posﬁwe '
coristant. Usmg the results of [3} for E{ j’:,,(/l)} we' get

E{PQ, k(,)} J I f P(x,k)tB(k _‘ko)lz -

[ Whx — l)]z—dkxdk

(13 -
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where |[W(x)]? is the Bartlett window.

1 Jsin (N/2)x?

N [sin(1/2)x (14

IW(x)? =

~ and |B(K)}? is the beamforming array response pattern
| S
B(K) = = }: gk, (15) -

Thus, E{P(}, k¢)} is obtained by means of a frequency-
wavenumber window [Wy(x— A% 1B(k—ko)”. Hence, P

will be an asymptotically unbiased estimate for cP if
[Wylx—2) B (k—ko)f? appmachmc a delta function in such.
a way that ‘

i J j K L [Wlx — 4)- B(k ko)medkxdk —c.

as. as ming{

k= Z{E[P(l ko) |}/ VAR [P(A 0)]
= DN iknl #0 (17)
= M, Jko| = R

if M =36, k=72, and the 90 percent conﬁdenoe hm;ts are

approximately + 1.2 dB, and if [ky| #0. When |k0| 0, these

limits are approximately +1.6 dB.

- HiGH-RESOLUTION METHOD FOR ESTIMATING -
FREQUENCY-WAVENUMBER SPECTRUM -~

The high-resolution estimate for P(4, k) is defined as -

my 152 muludlmenswual Gauss:an proccss
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The motivation for this procedire can be given by writing
(18) as

P(A, k) = Z A¥, WA, ) J(A) exp [ik - (x; — x;)]
11 ;’ 2 (19).
- —M— Z Z A*()L k)SJn(}L) exp [Ik x]
where
'K
Z Jl{)‘ k) .
ALK = f,j(—--— e
gp(d. k) ‘ Pl
=1

“and {q,-j(l:,._.l_c)}. is the inverse of the matrix -

hould be noted that the amo
to obtain P’ is almost-the s34
an_ additional Hermitian ma

s_hQ to compute the mean an

this we assume that M, N are Iz
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or A4, k) in (20). This
) are not random and ¢
lues.: This is a. s;mphfy
lly vahd since these welg ,

r J - P(x; k)i

Y 2 dx
Bk kol ank

Bk, ko)..... Z A koyexp [i(k — ke) xJ] (22) i

j=1

It should be thed that the functional form, or sh_a'pe,' of B -
changes. as a function of the wavenumber .k, Thus, =
E{P'(A, ko)} is obtained by means of a {requency-wave-. .
number window [Wy(x~A)- B'(4, k, ko)}*. Hence, P’ will be -

-an asymptotically unbiased estimate for cP if {Wy(x—2) i |
- B'(4, k, ko) approaches a 3-dimensional delta function

in such a way that

jj j [Wix — ) B(Akko}lz dkdkmc @)

where ¢ is some positive number.
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- The variance of P’ is, assuming {N,,} is a multidimen-

sional Gaussian process,
jfd j— jw j
i -7z- 00 ) w0

VAR (P0, ko) = - (E[POL kol +

“P(5 OB, ko)B'(L k, ko)  (24)
: |
W — AP -ﬁdkxdky.
Thus,
VAR (P ko) = 2 (B[P kD), fio %0
©5)
= {E[P’(A kolts ol =0

- The conﬁdence Ilmlts for P* can be obtained in a manner
©" similar to that for P.described previously. '

Cwoft will now be shown that' the wavenumber’ resolutlon

" “using P’ is higher than that obtained by using P. We assume

“that a single plane wave is propagating across the array of

- sensors and that a noise component is present in each sensor

- which is incoherent between any palr of sensors. If M, N are

ge'-‘ then the spectral matrix is gwen by.

| .)_"4" 4R exp [t (5~ 5], hi=1

-, K (26)

27

' 5":‘ 'e denote the ‘matrix given in (26) by F, then '_
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' 20. For these values of k we get P'(1,, k)=
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matrix whose j Ith element is exp [—iko'xj]. Now ‘we

have the following matrix inversion formula

. , R N1t 1 " q'q
[(‘ - R)(qq * 1_:“"}&“")] NI e e
1-R
so that using (18) we have
: R 1= R+ (R/K)
P .

Yokl =g TR amn - pogl O
Ifk zko, then

Pliok) =Plok)=1-R+%- ~ (33)

In the vicinity of k= k, we consider that power contour, or
those values of k, for which P(4,, k)=1—R; which is still
very close to the peak value of 1—R-+(R/K), since R is
small, between zero and unity, and K is iarge, usually about
Y1 —-R+R/K
so that P’ is already 3 dB down from its peak value of
1——R+R/K Hlence, the wavenumber resolution using P’
will. be-‘much higher than that obtained with P, _

w assume that'there are two. independent and
pIane waves propagating across the array of sen-
‘incoherent noise, so that the spectrai matrix is

F= ‘11‘11 + q4ds + RI . (34)

whe 5.are 1 x K row matrices whose 1 jth elements

i=1

ectively, by exp [ik, - x;] and b, exp [ik,-x x;}, and
=1. We now have i e
P(Aé_, k)= 3 b¥B(Ak)) (35)

k) é:'ﬁpté_ the -

"(':36) -

-.-,|- (RI + g4q9,)™ ‘h%(RI + ‘21511)_ :
1+ quRI + 4147 Qz

.'Us_ng thzs formula, as well as that gwen in (31) we obtazn

whose 1 jth-element is exp [zk0 x;[and ¢'isa K x 1 column

) o ) Zszb . RN FERSA
b3{B(Ak,)|* — R—Kf;ER {B(Ak )B(Aku)B*(Akz)} + b4ble{Ak )B(Akz:)lzmﬁ'jf i
| — Y
i K2 bzszB(Ak“)lz T
S R\? R+ sz '
o B R he Ak =K;~ K, and

Fe(-R q'w_R—I ) where Al =k~ ‘?“ |
P-R | EE b"' R
whereI is therKldenntymatrlx q1sa1xKrowmatnx o K b2 + 2 16(30 k) B '




Py(ho, k) = BEBAK)P + % i=12

‘Thus P} is the high-resolution frequency-wavenumber spec:
~ trum obtained when. only the jth propagating wave, plus

incoherent noise, is present. In the vicinity of k=k, -we
would like P'2 P. Hence, the second term in (37) represents
an undesired error term in this region which we would like
to be as small as possible. It can easily be shown that this

bg_[R. + Kb3(1 — |B(Ak )]

5> R|B(Ak)Pb3 —~ %R + Kb?). (40)

'. ::':In 'fnost cases R/K will be very small so that we may writé.
o

R Bk
. K T— 1Bk,
This inequality will be satisfied if cither R/K is small,
|B(Ak, ) is small or both of these quantities are small. It
should be noted that |B(Ak, ;)2 will be small if the wave-

b3 > (41)

erent from the wavenumber k, of the other-

n wavenumber by the natural beam pattern
nsors; |B(k)[?. However, if |B(Ak )|? is not
t the natural beam pattern can not resolve
it is still possible for the high-resolution
resolve the two waves if RJK is small and
s, we see the’ advantage. Of the high-

t

t00.small,
_the two ¥
method .

R |BAk )P
K 1- |B(Ak,,)|?

Pllo, k)= Y, Piio, k). (43)
j=1

of two propagating waves, plus a small amount of inco-
~ herent noise, is the sum of the hi gh-resolution spectra for the
“individual waves, as indicated in (43). This result may be

- precise conditions for the linearity to hold become cumber-
some to derive.
Tinearity will hold if there is sufficient wavenumber separa-

- |B(K)* is reasonably good. : , .

. The high-resolution estimate is based on the inverse of the
‘estimated spectral matrix, cf. (18). Therefore, the problem of

‘whether this inverse exists is extremely important. As men-

tioned previously, it has been shown that { fu(A)} is a non-

39)

.error term will be small compared to Py

_Thﬁs,.F is tﬁg::‘sx__im of M matrices each having rank-.tnity,

ponding to one of the propagating waves -

¢. In this case.the two propagating waves’

hown that a certain type of ﬁ?@ﬁfﬁyhblds’ '

In othér, .Wérds, the high-resolution spectrum of the sum .

extended to the case of M propagating waves, but the -
It has.been found experimentally that

* tjon between'the propagating waves and-if the beam pattern
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negative-definite matrix when the block averaging method -
of spectral estimation is used [3]: However, this is not good
enough. to insure that the inverse of the spectral matrix.
exists. That is, it must be shown that the spectral matrix is.
positive-definite in order that its inverse exist. )

In fact, if the number of blocks M is less than the number
of sensors K, then the spectral matrix is of order K, but only- _
of rank M at most and is thus singular. This can beseenby  §
writing the spectral matrix F as ‘ t

. n=1

where g, is a 1 x K row matrix whose 1 jth element is’

N
. fmaA
Y, Nipmtr@-in® -

m=1 .

and- thie rank of -F. cannot-exceed the sum of the ranks,
namely M. Hence, F has rank M at most and, if M<K,
F must be singular. Therefore, a necessary, but not sufficient,
condition for F-to be nonsingular is M > K. As a ‘practical
matter, it is found. that whenever M=K, F will be. non-
singular, providing there is reasonable data in each block.
However, in somie cases it is not possible to obtain K or
! This situation arises, for example, when
analysis of transient signals is desired whose time duration,
unlike that of the noise, is very short. In order to'make the
ysingular a small amount of ‘incoherent
is is accomplished by modifying the . -
44) into the matrix F’ givenby i

singular.
Consider
matrix F

0 2 .

TR

== - E Z E aij,m+(nw1)N !m.?, 2 U
; 14 =1 m=1 O BT

£

K
4+ RY |aft, ~n<ism.
=1 :

'Now, 0 =b, we must have

2 laf* = 0, CHRE |
- e

since the first term in (46) is always nonnegative. However, |
47 implies that a;=0, j=1,---, K, which proves that F"
is positive definite. - R
APPLICATIONS TO SEISMIC. DATA :
We how wish to describe the application of the conven--

- tional and high-resolution frequency-wavenumber spec-

trum estimates to seismic data obtained from LASA. The
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' . e Added
w. Array Nominal - berof ~ Frequency -
“Aperture  Number of ' Samples per. . Resolution ggz;(t:i;l ?gﬁ:ﬁ;t
Gm) Semors=K Block=N (2 ol Noiso= R
200 217 0.01 36

0.01 36

U000 001 2
1000 0010 36

- ‘LASA consists of 21 subarrays. of 25 short-period (SP)
.- vertical seismometers as indicated in Fig. 1. At the center of
- ‘each subarray there is a three-component set of long-period
- (LP) seismometers oriented in the vertical (Z), north-south

(NS), and east—west (EW) directions.

As mentioned previously, a direct segment, or block aver- .

aging, method of spectral estimation was employed. The

‘weights a;=1, j=1,--+, N were used, cf. (10) so that a
Bartlett frequency window was used in the spectral estima-

tion [4] The seismic data considered was LPZ noise, LPZ

N Rayleigh surface-wave events, and SP noise. The parameters

used in the measurement are given in Table L The results of -

“the. conventional frequency-wavenumber spectrum mea-
surement program are displayed, at a fixed frequency, as -
contours of —10 log [P(1, kP, 1 vs k,, k,, where P,

max 18

the maximum value of P. The wavenumber coordinates are.
in'cycles per kilometer. The wavenumber grid on which P
is computed eonsists of 61 x 61 points: The level of the con-
tours varies from O to 12 dB in steps of 1 dB. The display of

- the high-resolution resuits is similat to that of the conven-

tional resuits with the only exception that the contotir levels:
are incremented by 2 dB. It should be noted that ifa wave is '
propagating from the-north with a velocity corresponding -
to the wavenumber k,, then the wavenumber spectrum e’
sults will show'a peak at the point k, =0, k,= [ko|/2z, ie.

- the peak will appear above the origin of the wavenumber

axes, : ERRREERS- : :
- The transfer function of the LP system is shown in Fig. 2.
The results of both the conventional and high-resolution -
_.frequency-wavenumbg:r spectrum’ measurements-for LPZ -
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7 April 1967 and 26 Jam
figures show that the con
ults are in agreement as bt
peaks occurring at the sam
‘However, the high-resolut
quency-wavenumber

lea the .conventional metho j_in -
suppr he sidelobe Tevel. This is. demonstrated quite
well in Fig. 4. which shows a 360° azimuthal spread for the
wavenumber structure with a variable ‘powet depsity along
this circle. This is, of course; exactly what would be expected
since the dispersion curve of the LPZ propagating seismic
noise has been measured and found to correspond to that of

1967, Tespec-
nal and high-
ethods tend to

much more

a-ffundameﬁtal%mode.Rayleigh wave [5]. This implies that

at a given period the phase velocity of the propagating noise
at LASA must be constant, independent of the location of
the sources of the.noise, and-thus its frequency-wavenumber
_spectrum must consist.of an.arc, or arcs, whose extent cor-
responds to the range of the azimuths of the noise SOUICes:
The results of Fig. 3 show the noise consists psSentially

of a single wave propagating from the north: In this case the
conventional result should appear essentially the same as the
beam pattern of LASA, with the.peak of the beam pattern

occurring at the wavenumber corresponding to the vector

velocity of the propagating wave. That this is indeed the

case can be seen by comparing Fig. 3 with . Fig. 5 which

BN FREGUENCY (Hz
7 Fig. 2. Long-period system transfer function.- -

hown in Figs. 3 and 4 for tw di erent noise sam- .

1.0

considered as a8 homogeneous random field, z

with propagating’ seismic noise waves, Therefore, the

frequency-wavenumber spectrum miust be ‘redefined in this

. case. Towards this end consider the time correlation func-

tion . : :
S : T A RN A
" pﬂ(m) = LIMI‘Tﬂ Z Nj.nNI,nmm' .
e 4meo Cn=-d
The spectral densities f;(A), f(4, r) are defined in the same
manner as previously, cf. (2), (4), respectively, and-the fre-
quency-wavenumber spectral density P(4, k) is also defined
as previously in (9). The measurement of P(2, k) is still done
by the direct segment method as:indicated in (12) and (18).
This represents an approximation which . produces reason-
able results. S

“The frequency-wavesumber spectrum. was mea&uféd__ for.- §} _
the 21 November 1966. Kurile Islands event- whose param- - - =

CA
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that a path length difference of about. 660 km or 6:degrees
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TABLE I CONVENTIONAL HiGH‘RESOLUTION
PARAMETERS FOR 21 Novemper 1966 KuriLe Isanps EveNt . o
Date: . 21 November 1966
Region: Kurile Istands
Origin time: ’ 12:19:27 ‘
Latitude: 46. TN € w
Longitude: 1525 E :
Distance: 64.3°
. Azimuth: . 312°
Depth: 40 km
_ Body-Wave Magnitude: 6.0 o
oo A0 el e o -G 695 - :
WAVERUMBER [eycles Zkm) WAVENUMBER {oyclas/km)
FREQUENCY = 003 He
{a}
21 NOY 66
€3 ottt Do A KURILE [$LANDS EVENT
LY s Ao 12:40:00 70, 13:40:00
prapue MWW' v Dot Ao ) )
& R, " ppnspommmer CONVENTIONAL - _ HIGH RESOLUTION o
A £3 “&W}'{L 4 & o : e N
o e
Fibes A ' W
exbo it c
s w@se 2 1300 15:05 150 315
] | )
S B1NOV 66 | L
KURILE ISLANDS EVENT ; _ I -G 3 "o
Fig. 6. Thelong-period waveforms for 21 November 1966 | WAVENUMEER teytissskm) - - _ WAVENUMBER foycles/hend -
Kurile Islands event. S ‘FREQUENCY = 0.04Hz sl
Tk Li .
£ 21 NOV 66 Fig
URILE ISLANDS EVENT
40:00° 70 13:40:00
measuring the'f HIGH RESOLUTION '
entire LPZ Rayleig z
Table 1, are gi it
- envelope of these used -
v multiple path m, especially at shorte eriods,
* . [6}-18]. This ‘multipath propagation effect ‘is. shown - e
quite clearly at 0.04 Hz where two peaks are resolvable. One TERM/SEC |
peak is at an azimuth corresponding to the initial wave
arriving along the great circle path between LASA and the b . . _
Kurile 1sl#ds;: while the other peak shows the later multi- oo o e o e 5ot
. . . . : WAVENUMBER (cycles/km) - WAVENUMBER {c m}
path amvai“pmpagat'mg frq;n‘ the northwest. ‘ _ e UENGY- 005 He R foyeles/
In order to determine the time delay between' the multi- o1 e
path-arrivals at LASA, for the 25-second period group, the - KURILE ISLANDS EVENT
frequency-wavenumber spectrum was measured over suc- . - . 12:40:00 10 13:40:00
ve 20 d-1 ‘blocks of time: indi di Fig. 7. Conventional and high-resolution frequency-wavenwmber spectra |
cessive 200-second- Ong BIiOCKS O time; as in }cate' -1 for 21 November 1966 Kurile Islands event: 12:40:00 to 13:40:00.
Table I. The results are given in Fig. 8, which, for simplicity, (2) Frequency=0.03" Hz. (b) Frequency=0.04 Hz. (c) Frequency
shows only the high-resolution results. Fig. 8(a) shows that =0.05 Hz.
the initial 25-second period group arrives from approxi- . , . _ -1
mately the azimuth of the event, while Figs. 8(b)~(d) show exists between the two multipath arrivals. Similar results fi
the later arrivals coming from a more northerly direction. have been obtained by Evernden by measuring phase ve- n
The time delay between the multipath arrivals appears to locities with a tripartite array 7], [8]. In'addition, Evernden 1
be about 200 seconds, since the emergence of a secondary ~ givesa theory to explain the causes of the multipath propa- n
~ peak to the north is visible in Fig. 8(b). The group.velocity ~gation of Rayleigh surface waves. tl
for these waves at the 25-second period is about 3.3 km/sso .~ We now discuss the application of our results to SP noise.. -t
The transfer function of the SP system is shown in Fig. 9. b
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- Fig.8. Conventional and hlghwreso!utxon frequency-wavenumber spectra'

: The results of both the conventmnal and hlgh-resolutlon
. noise are shown in Fig. 10 for a noise sample taken on

~measurement i$ shown in Fig. 11 and the beam pattérn for
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- FREQUENCY (Hz) . . . ..o . ., " 08:;09:00. (a) Frequency=10.2 Hz (b} Frequency 0.6 Hz (c) Fre-

Fig. 9. Short-period system transfer funtion. o © - quency=10 Ha,

. about 13 5 km/s and a. low velocﬂ:y surface wave Whose' :
] phase velocity is about 3.5 km/s. At-frequencies of 0.6 Hz -
frequency wavehumber spectrih measurements for SP and 1.0 Hz the SP noise consists primarily of body waves.

i February 1967. The array of SP seismometers sed in this .”C.ONCI: u siONS '_ |
this array is shown in Fig. 12. The results of Fig. 10 show .~ 'I‘he estlmatlon “of the frequency—wavenumber powar_
that at 0.2 Hz the’ SP noise consists of two components, a  spectral densrcy is of considerable importance in'the analy-
hzgh—velocﬂy body wave whose’ honzontal phase velocity  sis of propagating waves by an array of sensors. The COn-

: 'Flg. 10 Convem:onal and higli-resoliation frequency—wavenumber spec-' S
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this change in wavenumber window shape is performed in
an optirum mannet, as pointed out previously. Asaconse-
quence, it has been shown that the wavenumber resolution

of this methiod is determined primarily by the amount of .

incoherent noise which is present in the array of sensors,
and, to a lesser extent, by the natural beam pattern of the
array. '

The experimental results show a considerable improve-
ment of wavenumber’ resolution of the high-resolution
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Pig 11. Asubarray of short-period S¢nsors.

L7 WAVENUMBER (eycles/km):i:
12, The beam pattern for the subarray

of. s}ibr&-
period sensoEs. i e .

ventional method of estimation employs 2 fixed wavenum-
ber window, and, asa consequence, the wavenumber resolu-
tion is determined essentially by ithe patural beam pattern
of the array of sensors. The high-resolution method of esti-
thus sidelobe structure, changes and is a function of the
wavenumber at which an estimate is obtained. In addition,

mation employs a wavenumber window whose shape, and

method relative to the conventional method: In the case of

LPZ seismic noise there was an improvement of -about-a-
factor of four, cf. Fig. 3. Thus, the high-resoiution method

is extremely useful for the estimation of the frequency- -

wavenumber spectrum when the incoherent noise power is
relatively small compared to the power of the propagating
waves. . .. .

The high-resolution method would, of course, be useful
in applications other than seismic arrays. We now mention.
briefly the application of the method to radio astronomy.
1t is now possible to synchronize the outputs recorded at
several.zadio astronomy telescopes [9]. Thus, these tele-
scopes can be: considered as sensors in an.aray, (cf. 9,

Fig. 1]). I the incoherent noise power in each telescope is

' suﬁicienﬂy:sman, i.e., the radio-signals from distant stars
recorded by he- telescopes should be coherent and there-

should _-bg__telatively'little incoherent background noise
power, then the high-resolution method is directly apphi-
cable for the purpose of using this array of: telescopes to

map the sources of radio energy.
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