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Introducción

Muestreo discreto
Algunos ejemplos

Las imágenes de la retina son
muestreadas en el espacio por
fotorreceptores

Las películas son muestreadas
por cuadro (ej. PIV/PTV)

El sonido es muestreado
digitalmente (música de CDs,
fsamp = 44.1kHz).
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Introducción

Procesamiento de señales analógicas
(Orfanidis, 1995)

1 La señal analógica es digitalizada, muestreada y cuantizada a un
número finito de bits (conversión análogo-digital)

2 Las muestras digitalizadas on procesadas (procesador digital de
señales)

3 El resultado puede ser re-convertido a señales analógicas.

1
Sampling and Reconstruction

1.1 Introduction

Digital processing of analog signals proceeds in three stages:

1. The analog signal is digitized, that is, it is sampled and each sample quantized to
a finite number of bits. This process is called A/D conversion.

2. The digitized samples are processed by a digital signal processor.

3. The resulting output samples may be converted back into analog form by an ana-
log reconstructor (D/A conversion).

A typical digital signal processing system is shown below.

sampler
and

quantizeranalog
input

100111011
0110 . . .

110010100
1101 . . .

analog
output

digital
input

digital
output

digital
signal

processor
analog

reconstructor

The digital signal processor can be programmed to perform a variety of signal pro-
cessing operations, such as filtering, spectrum estimation, and other DSP algorithms.
Depending on the speed and computational requirements of the application, the digital
signal processor may be realized by a general purpose computer, minicomputer, special
purpose DSP chip, or other digital hardware dedicated to performing a particular signal
processing task.

The design and implementation of DSP algorithms will be considered in the rest of
this text. In the first two chapters we discuss the two key concepts of sampling and
quantization, which are prerequisites to every DSP operation.

1.2 Review of Analog Signals

We begin by reviewing some pertinent topics from analog system theory. An analog
signal is described by a function of time, say, x(t). The Fourier transform X(Ω) of x(t)
is the frequency spectrum of the signal:

1
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Teorema de muestreo de Nyquist Sistemas lineales

(Transformada de Fourier)

F { f (t )} = F (ω) =
∫ ∞

−∞
f (t )exp(−iωt )dt (1)

F−1{F (ω)} = f (t ) = 1

2π

∫ ∞

−∞
F (ω)exp(iωt )dt (2)

∫ ∞

−∞
| f (t )|dt <∞, o bien,

∫ ∞

−∞
| f (t )|2dt <∞

F {ah(t )+bg (t )} = aF {h}+bF {g }

F {h(at )} = 1
a H(Ω/a) (a < 1 ↑, a > 1 ↓)

F {h(t −b)} = e−iΩbF {h(t )} (cambio de fase)

F {t nh(t )} = i n dn

dΩn H(Ω)

F
{

g (t )∗h(t ) ≡ ∫ ∞
−∞ f (τ)g (t −τ)dτ

}=G(Ω)H(Ω)

F

{
dnh

dt n

}
= (iΩ)n H(Ω)
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Teorema de muestreo de Nyquist Sistemas lineales

f (x) = exp

(
i

2πx

L

)
= cos

(
2πx

L

)
+ i sin

(
2πx

L

)
F { f (x)} = F (α) =

∫ ∞

−∞
exp

[
−i

(
α− 2πx

L

)]
dx,

de donde,

F (α) = lim
X→∞

2X
sin[(α−α0)X ]

(α−α0)X

= lim
X→∞

2XG(α−α0, X )

= 2πδ(α−α0)
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Teorema de muestreo de Nyquist Sistemas lineales

Función Dirac-δ

δ(α)

{
→∞ α= 0

= 0 α 6= 0

δ(α) = 1

2π

∫ ∞

−∞
exp(−iαx)dx∫ ∞

−∞
δ(α′)dα′ = 1∫ ∞

−∞
g (α′)δ(α′−α0)dα′ = g (α0)

α

F(α)

0 α o
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Teorema de muestreo de Nyquist Sistemas lineales

Función de respuesta impulsiva (h)

y = h ∗x. (3)

Condiciona el comportamiento del sistema.

En el espacio de frecuencia permite aplicar filtros a los datos.
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Teorema de muestreo de Nyquist Sistemas lineales

Respuesta estacionaria sinusoidal del filtro
Filtros lineales

Supongamos:

x(t ) = e iΩt (4)

y = h ∗x (5)

entonces:
y(t ) = H(Ω)e iΩt (el sistema es lineal) (6)
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Sistemas lineales
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Teorema de muestreo de Nyquist Sistemas lineales

Luego, podemos definir,

x(t ) =
n∑

k=1
Ak e iΩk t , (7)

de donde,

y(t ) =
n∑

k=1
Ak H(Ωk )e iΩk t . (8)

Podemos diseñar un filtro para seleccionar (o eliminar) las frecuencias
requeridas.

1.2. REVIEW OF ANALOG SIGNALS 3

The system is characterized completely by the impulse response function h(t). The
output y(t) is obtained in the time domain by convolution:

y(t)=
∫∞

−∞
h(t − t′)x(t′)dt′

or, in the frequency domain by multiplication:

Y(Ω)= H(Ω)X(Ω) (1.2.4)

where H(Ω) is the frequency response of the system, defined as the Fourier transform
of the impulse response h(t):

H(Ω)=
∫∞

−∞
h(t)e−jΩt dt (1.2.5)

The steady-state sinusoidal response of the filter, defined as its response to sinu-
soidal inputs, is summarized below:

sinusoid in sinusoid out

linear
system
H(Ω)

x(t) = e
jΩt

y(t) = H(Ω)e
jΩt

This figure illustrates the filtering action of linear filters, that is, a given frequency
component Ω is attenuated (or, magnified) by an amount H(Ω) by the filter. More
precisely, an input sinusoid of frequency Ω will reappear at the output modified in
magnitude by a factor |H(Ω)| and shifted in phase by an amount argH(Ω):

x(t)= ejΩt ⇒ y(t)= H(Ω)ejΩt = |H(Ω)|ejΩt+ jargH(Ω)

By linear superposition, if the input consists of the sum of two sinusoids of frequen-
cies Ω1 and Ω2 and relative amplitudes A1 and A2,

x(t)= A1ejΩ1t +A2ejΩ2t

then, after filtering, the steady-state output will be

y(t)= A1H(Ω1)ejΩ1t +A2H(Ω2)ejΩ2t

Notice how the filter changes the relative amplitudes of the sinusoids, but not their
frequencies. The filtering effect may also be seen in the frequency domain using Eq. (1.2.4),
as shown below:

Ω ΩΩ1 Ω1Ω2 Ω2

A1 A2

H(Ω)

X(Ω) Y(Ω)

A1H(Ω1)

A2H(Ω2)
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Teorema de muestreo de Nyquist Sistemas lineales

Filtros lineales

Tomando la transformada de Fourier a la función de entrada:

X (Ω) = 2π
∑
k

Akδ(Ω−Ωk ), (9)

de donde,
Y (Ω) = 2π

∑
k

Ak H(Ωk )δ(Ω−Ωk ), (10)

Ejemplo: podemos definir n tal que H(Ωk≥n) = 0 (filtro pasa bajo hasta la
frecuenciaΩn−1).
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Aliasing
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Moiré
Patrones superpuestos
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Moiré
Patrones superpuestos
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Teorema de muestreo de Nyquist Aliasing

Nyquist

La frecuencia de muestreo debe ser al menos dos veces la máxima
frecuencia contenida en la señal.

fsamp ≥ 2 fsig, (11)

donde fsamp es la frecuencia de muestreo y fsig es la frecuencia de la señal.
Desde el punto de vista de la máxima frecuencia medible ( fmax) dada una
frecuencia de muestreo,

fmax ∈
[
− fsamp

2
,

fsamp

2

]
(12)
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Teorema de muestreo de Nyquist Aliasing

Frecuencia percibida
Folding

Cuando no se respeta el criterio de Nyquist, se perciben frecuencias
inferiores a la frecuencia de entrada. Este fenómeno (folding) se puede
resumir de la siguiente forma:

fpercibida =
∣∣ fsig −NI fsamp

∣∣ , (13)

con NI es el entero más cercano a fsig/ fsamp.
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Teorema de muestreo de Nyquist Antialiasing

Filtros antialiasing

La mayoría de las señales no tienen un ancho de banda limitado

Para muestrear a una determinada tasa, se debe aplicar un filtro pasa
bajo a la frecuencia de experimento requerida (≤ fsamp/2).

1.3. SAMPLING THEOREM 7

application fmax fs
geophysical 500 Hz 1 kHz
biomedical 1 kHz 2 kHz
mechanical 2 kHz 4 kHz
speech 4 kHz 8 kHz
audio 20 kHz 40 kHz
video 4 MHz 8 MHz

1.3.2 Antialiasing Prefilters

The practical implications of the sampling theorem are quite important. Since most
signals are not bandlimited, they must be made so by lowpass filtering before sampling.

In order to sample a signal at a desired rate fs and satisfy the conditions of the
sampling theorem, the signal must be prefiltered by a lowpass analog filter, known as
an antialiasing prefilter. The cutoff frequency of the prefilter, fmax, must be taken to
be at most equal to the Nyquist frequency fs/2, that is, fmax ≤ fs/2. This operation is
shown in Fig. 1.3.5.

The output of the analog prefilter will then be bandlimited to maximum frequency
fmax and may be sampled properly at the desired rate fs. The spectrum replication
caused by the sampling process can also be seen in Fig. 1.3.5. It will be discussed in
detail in Section 1.5.

analog
lowpass
prefilteranalog

signal
digital
signal

to DSP
bandlimited

signal

sampler
and

quantizer

rate fscutoff fmax = fs /2

-fs

f

fs0

replicated
spectrum

f
fs/2-fs/2 0

prefiltered spectrum

f
0

input spectrum

prefilter

xin(t) x(t) x(nT)

Fig. 1.3.5 Antialiasing prefilter.

It should be emphasized that the rate fs must be chosen to be high enough so that,
after the prefiltering operation, the surviving signal spectrum within the Nyquist interval
[−fs/2, fs/2] contains all the significant frequency components for the application at
hand.

Example 1.3.1: In a hi-fi digital audio application, we wish to digitize a music piece using a
sampling rate of 40 kHz. Thus, the piece must be prefiltered to contain frequencies up
to 20 kHz. After the prefiltering operation, the resulting spectrum of frequencies is more
than adequate for this application because the human ear can hear frequencies only up to
20 kHz. ⊓$
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Teorema de muestreo de Nyquist Antialiasing

Ventanas
Fugas en señales

El uso de FT requiere funciones
periódicas

Cuando la función no es periódica
aparecen efectos de borde debido a
las ventanas

Las funciones ventana ayudan a
corregir este problema.

When the FFT of a non-periodic signal is computed
then the resulting frequency spectrum suffers from
leakage.  Leakage results in the signal energy smear-
ing out over a wide frequency range in the FFT when it
should be in a narrow frequency range.  Figure 3 illus-
trates the effect of leakage.  The left-top graph shows
a 10 Hz sine wave with amplitude 1.0 that is periodic
in the time frame.  The resulting FFT (bottom-left)
shows a narrow peak at 10 Hz in the frequency axis
with a height of 1.0 as expected.  Note the dB scale
is used to highlight the shape of the FFT at low levels.
The right-top graph shows a sine wave that is not peri-
odic in the time frame resulting in leakage in the FFT
(bottom-right).  The amplitude is less than the expect-
ed 1.0 value and the signal energy is more dispersed.
The dispersed shape of the FFT makes it more difficult
to identify the frequency content of the measured sig-
nal.

Windowing Reduces Leakage 
In a signal analyzer the time record length is adjustable
but it must be selected from a set of predefined val-
ues.  Since most signals are not periodic in the prede-
fined data block time periods, a window must be
applied to correct for leakage.  A window is shaped so
that it is exactly zero at the beginning and end of the
data block and has some special shape in between.
This function is then multiplied with the time data block
forcing the signal to be periodic.  A special weighting
factor must also be applied so that the correct FFT
signal amplitude level is recovered after the window-
ing.  Figure 4 shows the effect of applying a Hanning
window to a pure sine tone.  The left-top plot shows a
sine tone that is not periodic in the time window with-
out the windowing function resulting in leakage in the
FFT (left-bottom).  

When a Hanning window is applied (top-right), then the
leakage is reduced in the FFT (bottom-right).  The result-
ing spectrum is a sharp narrow peak with amplitude of
1.0.  Notice that it does not have exactly the same shape
as the FFT of the original periodic sine wave in Figure 3,
but the amplitude and frequency errors resulting from
leakage are corrected.  A Windowing function minimizes
the effect of leakage to better represent the frequency
spectrum of the data.

Windowing functions are most easily understood in the
time domain; however, they are often implemented in the
frequency domain instead.  Mathematically there is no
difference when the windowing is implemented in the fre-
quency or time domains, though the mathematical proce-
dure is somewhat different.  When the window is imple-
mented in the frequency domain, the FFT of the window
function is computed one time and saved in memory and
then it is applied to every FFT frequency value correcting
the leakage in the FFT.  This gives rise to one measure
of the window's characteristics, known as the side lobe.
The FFT of a window has a peak at the applied frequency
and other peaks, called side lobes, on either side of the
applied frequency.  The height of the side lobes indicates
what affect the windowing function will have on frequen-
cies around the applied frequency.  In general, lower side
lobes reduce the leakage in the measured FFT but
increase the bandwidth of the major lobe.  

2

Figure 3.  Comparison of periodic sine wave (left) and FFT to non
periodic (right) with leakage in the FFT.

Figure 4.  Comparison of non periodic sine wave and FFT with
leakage (left) to windowed sine wave and FFT showing no leakage
(right).

Figure 5 shows the Hanning windowing function and
its FFT.  The highest side lobe is -32 dB.  Compare
this with the Flat Top windowing function in Figure 6.
The highest side lobe is much lower (-74), but the
main lobe bandwidth is significantly wider.  

A comparison of an FFT of a non-periodic sine wave
with Hanning and Flat Top windows is shown in Figure
7. 

3

Figure 8 shows a frequency response function of a beam
measured with an impact hammer and accelerometer
with and without a window.  In this case, leakage drasti-
cally affects the overall shape of the spectrum.  The
unwindowed spectrum totally obscures the first anti-res-
onance and it also caused some aplitude errors in the
spectrum peaks that correspond to the structure’s res-
onances.

Choosing a Windowing Function
FFT windows reduce the effects of leakage but can not
eliminate leakage entirely.  In effect, they only change the
shape of the leakage.  In addition, each type of window
affects the spectrum in a slightly different way.  Many dif-
ferent windows have been proposed over time, each with
its own advantage and disadvantage relative to the oth-
ers.  Some are more effective for specific types of signal
types such as random or sinusoidal.  Some improve the
frequency resolution, that is, they make it easier to
detect the exact frequency of a peak in the spectrum.
Some improve the amplitude accuracy, that is, they
most accurately indicate the level of the peak.  The best
type of window should be chosen for each specific appli-
cation. 

Figure 5.  Hanning window (left) and FFT (right).

Figure 6.  Flat Top window (left) and FFT (right).

Figure 7.  Comparison of Hanning and Flat Top windowing func-
tions with a non-periodic sine wave.

Figure 8.  Frequency response function of a beam with and with-
out window.

Imágenes de www.lds-group.com
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Teorema de muestreo de Nyquist Antialiasing

Funciones ventana

Bartlett                         Highest Side lobe: -26dB

Blackman                      Highest side lobe: -74 dB

Flat Top                           Highest side lobe: -93dB

Hamming                           Highest side lobe-42dB

Hanning                            Highest side lobe: -32 dB

Kaiser-Bessel                      Highest side lobe:-70 dB

Tukey                               Highest side lobe: -13 dB

Welch-Highest side lobe: -21dB

Window Best for these
Signal Types

Frequency
Resolution

Spectral
Leakage

Amplitude
Accuracy

Barlett Random Good Fair Fair

Blackman Random or
mixed

Poor Best Good

Flat top Sinusoids Poor Good Best

Hanning Random Good Good Fair

Hamming Random Good Fair Fair

Kaiser-Bessel Random Fair Good Good

None (boxcar) Transient &
Synchronous
Sampling

Best Poor Poor

Tukey Random Good Poor Poor

Welch Random Good Good Fair

4

The most common windows and their features are given below.  This table can be used to
choose the best windowing function for each application.

Time Domain Window Shapes
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