vapme

ae T

J=CO0PTRATIVE GAIES



A DISSERTATION

Presented to the Faculty of Princetan
University in Cendidascy for the Degree

of Doctor of Philosophy

hecommnded for Acceptance by the
Departnent Qfizsthenxithon

w.mo



hbstract

This paper introduces the comcopt of a non=cooperative gud and
dovelops methods for the mathematical analysis of such games. The
Gones considered &rc DepOrson Sames ropresgated Ly means of pure stre-
 togles and pay-off functions defined for the combinations of jure
stratogless

The distinction beotween coonerative and non=cooperstive gumes is
unrelated to the methemmtical descoription by means of pure strategles
and seywaff functions of a gamo. Rather, it depends on the possibility
or impossibility of coeliticns, coczmnicatlion, and side~peymontse

The concepta of en equilitriun point, a solutlon, a strong soluticnm,
a sub-soluticn, and valuss ere introduced by wathemntical definitiocuse
4nd in later sectlons the Intorpretation of those ooncepts in non-cocper=
ative gumes 18 discusseds

Thnuhuthmticdnwlththsproofortbaoxhbmmmy
game of at 1m cne cqnilibrmn pointe Other ruults concern the geo=
petrical structure of the set of equilibrium poi.ntl of & game vlth s so=
I lution, thc mtry of sub-solutions, and the existence of e symetrical

mmbriun point in = symaetrioal mn.
Ag an $llustration of the pcuibunm for application a treatuent
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Introduction

von Yeumann and Yorgenstern have develooed a very fruitful theory

of two=nerson sero-sum games in their book Thecry of Games and Econonmic

Bekavicrs This book also contains a thecry of nenerson games of a type
which we would call ccoverativee This theory is based on an analyslas
of the interrelationshing of tha various coalitions which can be formed
by the players of the seme.

Our theory, in contradistinction, is besed on the absence of copli=

sons im “hat 1%t is assumed that each narticipant acts indenencently,
without collaboration or communication with any of the otherse

The notion of an equilibrium voint iz the basic incredicnt in our
theorye This notion ylelds a generalization of tho conceot of the solue
tion of a twoenerson gero-sum same. It turnas out that the set of eguili-
brium points of a two-person sero-sum game is simply the set of all pairs
of oprosing "zood strategles.”

In the immediately following sections we shall define equlllbrium
points and prove that a finite nonmcooperative game always has at least
one equilidriua points Fe shall also introduce the notions of solvability
and strong sclvability of a non=cooperative game and provi a theores on
the gecmstrical strusture of the set of equilibrium polnts of a solwvable
gamee

As an oxample of the application of ocur theory we include a solution
of & simplified three person poker gamse

The motivation and interpretation of the methematlcal concepts em~

'ployed in the theory ars reserved for discusesion in a special section of

this papere



Formal Tefinitlons and Terainology

Tn this secticn we define the basic concenta of 4his paper and set
un standard terminology and notation. Important definitions will Ye
nreceeded by a sub=title incéicating the concept defined. The non=cocn=

erative icea will be implicit, rather than explicit, belows
Finite Gems:

For us an nenerson ~amé will be a set of n nlavers, or nositlons,

each with an aesocimted {inite set ol pure stratogiog; and corresponding

to each player, | , a pay=off [funotion, P,, , which meps tho set of all

p=tuples of pure strategies into the renl nuzberse VWhen we use tha term
a=tuolo we shall slways mean a sot of n items, with oach item assoclated

with a different nlayeras
ixad “brategy, S; 3

A mixed stratezy of player \ will be a collection of non-nesative
numbers which have unit sum and are in one %o one correspondence with his
pure strategiese

Ve write s::écwn‘;.‘ with Z;C;u:'l and Ciw =20
+0 represent such a mixcd strategy, whers the T\d ’.S are the pure
strategies of player | o« We regard the S:’s as points in & sim=
plex whose verticea are the Trid’sS .« 7This simplex may be regarded
a8 a convex subset of & real vector snace, giving us a natural process of
lirear combinaticn for the mixed strateglese

We shall use the suffixes [,j,Jc  for players and P X to
indicate various pure strategies of a playere Tho symbols S ,{‘,’ .
and 5 , eto. will indicate mixed strategios; [T jod  will indl-
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cate tho | th playerts olth pure strategy, otce
say=ciy function, P. s
3

Tho Tay=oIL function, P; , ugsed in the delfinliticn of o Sintto
cee wiove, has & unicue extension G0 +he a=tuples of mixed gtrategics
whioh ¢ linear in the mixed strats;y of each player /[ n=linoar /e
This extonsion we shall aiso dencte by R— » Writing F:Ls.,s:.,--- Sn) .

e shall write /Q or & to derote an n-tudla of mixed strateries
and i <= CSiy-e- 9") then P;(A) shall mean P:@'ﬁv"‘sn)
Such an n=tunle, A , will also Ye regarded as a point in a voector 8NACO,
whtah s—gca neuld he ahtaired b multinlying +o~ather the vector snaces
containins the aixed strstogles. And tho sot of all such n-tuples forms,
of course, a convex polytope, the nroduct of the sinnlices renreserting
the mixed strategiese.

For convenience we introduce the substitution notation

(/4.3 t;) to stand for C"',s'-,“' S;_.’t:,S;H’---gn)

where A= CS.,Sx,-"‘ 90) « The erffect of successive substitu-

wons (C23€9 3+) we indlcate by (3%73 ¥ 3) , atoe

Equilibrium Polnts

An netusle _2 is an equilibrium poimt if and only if for every |

(1) PH) = ;‘(}C;:",SY_P;(/J.;*:Q .

~hus an equilibrimm polst is an n~-tuple 4 such that each player's

nmixed strategy maximizes his pay-off if the atratagies of the others are
held fixede Thus cach player's strategy is optimal against those of the

others. TWe shall occasionally sbbreviate equillurium point by age pte



i
Tie say that a mixed strategy S; uses & pure stratey TV W i
Siz 3w Ma s Cig2>0 - ¥ =055, S™)
end S. ugea |V1iot we elso say shat 4 uses it e

, “renm the l*near‘tj of P (S. .- 'Sn) i S;,
X
(2) s ,(P\.,d_ {: )] = "““"Y_P(A 5T «)] .

e defirze Pno(CA') P (/4 TT.OL) . Then we obtal
the following srivial necessary end sufficient condition for /4 +0 be

AN
an ecuilibrium polats

(3) P = M3* R (<) .

¢ A= (S,IS,_, .o im) and Si= E;_ Cia T shen
R@—B = Eclol P,d_@) , consequently for (3\ to hold we

zust have Ciat=Q whonever Pr«x (/4.3 < max P G-L) ’

which is to say that < does not use ;¢ unless i‘:. is an optimal

pure stratery for playor i « S50 we write
(4) 1 Tha 4isused in < then PM@): Y”‘EKP;(B(«{)

a8 another necessary and sufficient condition for an equilibrium pointe
Since a criterion (3) for an egs pte can be expressed as the
equating of two continuous functions on the space of n-tuples L the
eqe ptse obviously form a closed subset of this spaces Actuully. this
nwuw bew
subset is formed from a s of pieces of albegraic varieties, cut out by

other algebraic varieties.



ixistencg of Zquilibrium Yolnts

te he Se 36 (195C) 48-49_/ a

I have previously published -[_}_’.r__g{:_; Yo hs
proof of the result Lelcw based on Takutenis generslized fixed peoint
theoreme The proof ziven Lere uses the Lrouwer tieorem.

mhe method is to set up a sequence cf continuous mmpp Ya;ss

2 =3 Q’(<,1) A 2/(,1) 5 - =" whose
fixed points have en equilibrium poimt as 1imit noints A limit napping

exists, but iz discontinucus, and need not aave any fixad pointse

TiHECe 18 Lvery finite zame has an eguilibrium pointe

Proofs TUsaing our stasndard notatlon, let < Yve an n~tuple of mixed
strategies, and P: oLC/‘L) the pay=aff 4o ployer 1 4 he uses his
pure stratezy T[Tt and the others use their respective mixed strate-
gles in —<Z o For each integer A we define the following continuous
functions of 2

Qite) = " [iald)
Piod 4N = Pratd) -9t + VA,
Bikar) = max (o, B (e,N0] .

Now Z ¢:‘(/4}) b m}"ﬁ;t(/i}) = Ya>o so that

+
Cia(<2,N)= (42

%(}‘fg'(,d,)\) is comtinucuse
Tefine S;/(;d,%)‘:: é'ﬂ":oc Ga ) and
A’(A}%) = ( S/, ¢, -- g;,) . Since all the operations

heve preserved continuity, the mapping _<£ —> A7 (/4 , 7\) is con=-
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%imous; and since the space of n-tuples, —Z_ » is = cell, there must
ba o fixed poimt for each X\ o lonce there will be a subsoquence ,4,* »
canverging to 2% , where 24 is fized under the ompoing ,{—;A’GA,}E,.,)).
low suppose 4* wore not an equilidrium polnte Then i .
K= (sn*,-o‘S#) somo cacponont $:% st be non-
optimal against the others, which moans S:% uses zame pure strategy
i  which is rop~optimele / soe (4),¢2-Y-/ 7his means that

P (%) < 9. (<X) which Justifies
writing Pcft¥) - Ti(a¥) L -€ .

Trom consimuisy, L p L5 large encugt,

[ [pra ) - Gi)] = [Pt = H ] [0 ot B

Addings Proc (414 = 9i (2p) + Wy LO  vhichis
almply ¢ ol (:4#—) Nrt)) < @) ) whemee ¢.: Q}L,Nﬂ,):g)ﬂh‘m.

Cn:((“ﬂJNf‘)):O . Prom thiz lagt equation we luow that
T is not used in dpc  since

A= gm“ Cia( A4, 7\04)) ¢ bocause . s w
fixed pointe

And since Zu—> 2%, Tia 1o not used in L%,
which contradicts our assumption.
Bence <7 is indeed en equilibriun point.



Symmetries of Gamos

An aubomorphism, or symetry, of a game will Lo a perzutation of

its pure strutegles which satisfles cartain conditions, siven belowe

I2 two stratogj.as belon: to & single playor they must o into two
atrate;_;ioa belonging +o a sinzle plavers Thus I ¢ i3 tho nerrmutaw-
tion of the sure siratosioes it induces a pormutation ‘*[J
playerse.

Each netuple of pure stratogies ias therefors permuted inte ancther
netuple of pure strategies. ‘e may call X tha induced parmutation
of these netuplese. Let § denote an n=tuple of pure atrategles and

P,(E) the pay=off to player ; when the n-tuple & is em=
ployede «e require that if

j= ¥ we REY:RE

-

which campletes the definition of a symmetrye
The permutation (0 has s unique linear extension to tha mized
stratezies. I

= gC'.ac'TT;ec we define (S;)¢: g(:xfﬁ-‘d)‘é.

The extansion of ¢ 20 the mixed strategies oclearly pensrates an
oxtension of C 4o the n-tuplos of mixed strategies. e shall also
dencte this by /<

Tie define a aymwetric n-tuple -< of a game by
xX_ y
L= A forall X’s

it being understood that X means & permutation derived from a symmetry

& .
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TEEO. 41 Any Tinite pame has a symoeiric ecullibrium nointe

Proof: First we note that

Sia = g‘"‘;«x has the property (S:o)¢: S;o  where
1
j=i Y. so'tnat the oetuple L= (S0 Sua, - - - Sna) iz

{ized under any 7(. s hence any some has at lonot one symmeirlc e
Wplﬁo

It 4= CS', .ee Qn) and At (t.,---'t'-o) are syoe
motric then L+t __ (S.+t, c .. Sea+tn 1s so
a — U ) ey

too becnuse AX:,4 & S‘;:(_s:)jé wheve )= R , hence
Sivty - B (524) P peree (222) % it
ﬂ_ 2 \ % P -
ohias shows that the set of symuetric n-tuples is a convex subset cf
tha space of n~-tuples sirce it ia obviouasly closad.
Yow obsorve that for esch )\ ths mapping —<Z—>-< /(4:%) used
in the proof of existence thecrem wes intrinsically defined. Therefore,

L hwg A
LTI

I “0.,«,-.
i Am=4'(’<-,/\) and X s an auto morphisn of the zame

we will have A,:x' :‘-“,4’(4-%,7\) o It _<, i symwe
tric -/‘QtX: ./4, and therefore /4‘?( = 4/(-'40))“) :—/41. -
Consequently this mapping maps the set of symwtric p-tuples into itself.

Since this sot 12 & cell thore must be a symetric fixed point Lo .

And, as in the procf of the existence theoren we could obtain a linlt
point A*mwmetomsymmfx.



colutions

tie define here solubticns, atrong solutions, mand sub-sclutlonse &
nop=coopsrative game does not always have a solution, but when it does
the solution 13 uniquee OS%rong solutlons are soluticns with snecial
aropertiose. Sﬁbl-colutions always exist and have meny of the pronertics

of solutions, but lack uniqueness.

g; will denote a set of mixed strategies of player | and 452
a set of n~tuples of nmixed stratesliese

Colwability:

4 zame {8 solvable if its m.lgg s of equilibrium points satis=-

flas ke condition

W (Er)ed  wn bel= (st)ed sewam it

This i3 called the interchangeability conditions The solution of a
solwble gnne is ita act.,@o_ o Of equilibriun points.

Strong folvabilitys

Amumwsalnmuitmascluum.i o such that
for 81l i’

4&% aw P23tz ) = (a5 1) ei
mm% 1z called a airong solution.
Bquilibrium Strategless

in a solvable gams let S: be the set of all mixed strategies S;



«1C=
such that for same A~ the n=tuple (j‘; S;)
point. [ S; is the i th component of scne ecuillibrium poin‘c.]

S: the set of ocullibrium strateries of nlayer § o

1s an equilibrium

Tie call
Subwgolutionss

pey i 15 g gubset of the sot of oquilidrium points of a jame and

satisfiss condision (1); and 1L ﬁg is maxizsl relative Lo this pro=

serty then we call &2 a sube=solutlone
For any sube-solution dg we defino the 1th factor sety S; s
S:’s such that gé containe (3 Si) for oome

+hg ot of all

2.

vote that a subwsolution, when unique, is & solutionj and its factor

sats are the asts of equilibrium atrateglose.

THTO. 235 A sub=solutlon, 452 » is the set of all p=tuples .
(S.,';,.,.-‘Sn) sach that each S| € g: where S'. is the

] th factor set of gé « Ceanmstrically, .52 13 the product of its
Lfactor sets.

Proafs Consider such an p-tuple (3-,"- S'n) « 3y definitlon

J ot Az, St~ cuh thet for each | etrssiedl -
Using the copdition (1) n-l tines we obtalin succossively
Crissi3sed s o n 5 (3555055 - om 3 50) el aod the last 1
aimoly (g./g,_l-.. g,,)ej.wmchum«deom.

THZO. 32 The lJactor sois gn,gz., e gvx of a subwgolutlion
are closed and convex as subsets of the mixed strategy spaces.

4
Proofs It suffices to show two things: (a) &£ S; and S; GS;



-ll=
then S:*.—: (§:+S;I)/‘2_ é S; (b) £ S;# is
e linit point of ; then S HE S; .
Let € gg « Then we have

-e

Rets)=REs5) s Po(45S) 2 R0t S5 4)

for any ‘{\5 » by using the criteriorn of (‘) ) Pg- 3 for an aqe.

pte Adding these inequalities, using the linearity of E’.(S,, ««+%n]in
S/, and dividing by 2, we get PG g;‘*j > %(;t;g;*;‘{;)

since S:* = (Si-}' S.")/‘l + TIrom this we inow that

(jt\;g:'*) is an egs pte for any /—t_e‘—-\sg. If the set of
all such eqe ptse éf'; Q;*) is added to QZ the augmented set
clearly satislles condcition (1,, and since ,@L/) wae to be maximml it
follows that SXe S.‘ .

To atteck (b) note that the netuple (/'t'; S.#‘) s Where ﬂ‘éaé
will be a limit point of the set of n~tuplees or the form é('; S;)
where S: € g; » 8ince S::#- is & limit point of g,‘ « But
this set is a set of eq. pts. and hence any point in its closure is an
eq. pt., since the set of all eq. pts. is closed / see Pg.a—J o There-

fore G{—; S: #) is an eq. pt. and hence 3;#’ € S? from
the same argument asz for S;* .

Valueas

Let Vvéz be the set of equilibrium pointes of a gaxs. W¥e define
vit= wrt)] | = wAre]

If \];+: \,',- we write \/; - \j;+: \/;—— . \l,+ is

the upper value to player 1 of the game;  V;  the lower value; and



«l2=
V; the velue, if 1% existse
“alues will obviously have to exist if there is but one equilibriua
peinte

Cne can define associated values for a sub-soluticn by reatrioting

{£ to the oge ptse in the sub=golution and then using tho sace defining
squations as above.

i twoeperson seroesun jame is always solveble in the sense deflneod
abovue The sota of oquilidrium atratesles ‘S’, ard SL are simply
the sets of "zood" strategicss Such a game is not senerally atrongly
solvabla; strong solutions axist only when there ias a "saddla point® in

pure strategles.
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Cecmetrical Form of Solutlons

1n the two=person gero=sum case it has been shown thnt the set of
" .00d" astratogies of a player i3 @ convex polyhedral subset of hls
strutegy opacee e sball cbtaln the same result for a player's set of

equilibriun stz;a;;cgioa in any solwvable ;once

“I0. 53 The sets O, O, == Om  Of equilibrium sirate-
cies in a colveblo swae are solybodral convex subsots of the rospective
nixzed strategy spaces.

Procf:s «a n-tuple .-4 will be an equilibrium point i and only &£

L J

for every |
(1) R(/-’)= mo?x Fio({'d)

which is condition (3) on page U « An equivalent conditicn is for
every | and ¥

(2) Pz) - Pialt) =0 -

Let us now consider the form of the set 83 of equilidriun strate-
cles, S; o of player ) o let A be sny equilibrium point,then

(£3S;) w1 be an equilibrium point if wad only if S} eS; .
rrom Theoe 2 To now apply conditiana (2) to (/"f'; S;) o obtatning

Q) 55655 e Lo Bit3sy)- PultiS)zo

3inoe P; {s p~linesr and }tiaomtan‘bthaao_ma“hofliw
inequalities of the farm F;-‘CS‘;)?.O o Emch such inequality

is elther satisfled for all Sj or for those lylng on and %o one side

of same hyperplano passing through the stretegy simplexe Thersfore, the
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Simple Ixamples

mhege sre intended to Lllustrate the concents definec in the p»aper

2isnlay specisl phencmena which cecur in thece gnmete

Tho Cirst player has o roman lether stretogles and the paywoll to
1284, otce
1 5 act =3 Wenk Colutions —?—a+l by La+12 [5)
-4 adp 4 g S 16 7 V7
=3 ba S V= 35 5 Va=+A
S b > -t
2 laa 1 ctrons Colution: Qo, (b)
=10 & (> 10
b =10 \,11\}1.: “’
-1b -1
3 1ad 1 Unsolvablej equilibrium r?oi{xta (ax ) 3 (b, {3) P
10 & D =10 end (Yt B/1 9R/s + /2 e Cho stroe
=10 D X =10 tegles in the last case have maxiemin and
1P 1 aini-max propertisse
4 lax 1 Stronyz Colutiont all nairs of aixed strate-
Ot PJ 1 -3168- ¥ V _,. ) v
1 X 0 \' = = V.—: . =
ob (> o ' * ? =0
5 e 2 Unsolvables eqe gt‘a Laf“) b) Lb;(}) and
12 -4 (Veat+r Faby 33+ 5/5p) o However,
-4 bog =1 ampirical tests show a tendency toward (ax)-
2by 1
6 1a~<%() 1 mge pteet (a5d am (BP) » with
o« (¢}
2T (b,p) en example of Lnstabilitye
0 [V
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comploto set /which is finite / of conditions will ell be satiafied
sirmltanecusly on gome convex polyhedral subset of player J%s stre-
tagy clmploxe Intersection of half-spacas-_]

A5 a corollary we may conclude that Sk is the convex closure

of o finiie set af mixed strategies / versices /s



Dominance and Contradiction “ethods

Vo oy et i damtmater S 2 P (3SR
{or every Jff .

This amounts Lo sayisg that S,{ cives player 1 a higher paye
off than Si 5o matter what the strategies of the cther players are.
To see whether a strategy S7 dominstes S; it suffices to consie
der only pure strategics for the other olayers because of the n=lineer-
ity of P: .

1t is cbvious {rom the definitions that po equilibrium polnt can

involve o dominated strategy Si

The donmination of one mixed strategy by ancther will slways entail
cther dominstions. For suppose i domimates Si and  t: uses all
of the pure atratogies which have a higher coefllclent in S:; than in

S{ « Then for a amll enough P>o

€= b+ LU=

1s a mized stratogy; and Ui’ dominstes i by linearity.

Ono can prove & few propertiss of the set of undominated strategles.
1% is sinply coanscted snd is formed by the union of scme collection of
faces of the strategy simplexe

The information obtained by discovering doninances for one player
may bo of relevance to the cthers, insofer as the elimination of olasses
of mixed strategies ss possible components of an equilibrium polnt is
concarnede For the S ’S whose oomponents ave sll undominated are all
that need be considered and this elinminating some of the strategies of
ons player may maks possible the aliminatlon of & new class of strategics
for ancthor playere
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Anothor arocedure which zay be used in locating equilibriun points
15 the coniradlction~type analysise Iere che assumes et en oguilibriun
20int exists having camponent gtratesios lying within certain reions of
thg stratasy spaces and procccds to ceduce fSurtier cordi’ions which mmst
Yo sasisfied i tho hypothacis is truse This sart of reesoning mey Lo
carricd through several stages to eventuslly obiain a contradiction ine
dicating that there is no equilibriunm polxt satialfying 4he initlal hypo-

theslise



A Threo=inn loker Sano

Ao an exastnle of tho applleeticn of our Lhecry 40 a more or less
realictic cease we includs the alaplilled poieer jame civen delowe Tha
rules are as [nllows:

{1} Theréeck 15 lar-e, with agually wany high and low cards, arnd

a hard conslats of cne carde

(3) The slayers play in rotation and the zame ends after all have
passed or alber ke 3layor has opomec and the othors have had a chance
to calle

(4) If no one bets the antes are retricvede

(5) Cthorwise the pot ia divided equally amony the highest iands
which have Lot.

e ftnd it more setisfoctary to treat the game in terms of quanti-
ties we call "behavior parsmotors® than ia “he pormel form of "Theory
of Geres and Economic Jebaviore™ In the normal fom representation tawo
nixed strategies of a player may be equivalent in the sense thai each
mekes the individusl choose each available course of actlion in each pare
tfoular situstion requiring scticn on his part with the sams frecuencye
That u.tncymmeetrummmmtcmmmmawm
dividuale

Bekavior parsasters give the prcbabilities of taking each of the
variocus possibls sctions in each of the wvarious possible situations which
may arises Thus they describe behavior patiernse

In torms of behavior parsmeters the strategies of tha playsrs may be
ropresentod as follows, assmming that since 4<here 15 ro point in passing
with a high card &t one's last opportunity to bot that this will not be
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dones The rrock letters are the mrobabilitios of the various acts.

First lLoves Zecord tlovos
CX- Open on-high X Call III on low
I (JOpononlw A call II on low

M call 11 and III on low

Y call 7 on low 2/ Call ITT or low
S open on high T Cell IIT and I on low

€ Cpen on low

S Call I and II on Low Player III rever cets a second
y Opon on low DOVee

11 -
' 8§ call I on low
&

Call II on low

we looste all possiblo equilidrium polints by £irst chowing et most
of the greek paramenters must vanishe By dosinance mainly with a little
contradiotion=type snalyels {5 1s olimirated and with 6 go N5 S,
and O by deminance. Then contradictions eliminate .8, ¢, N\, k,
and 7/ in that ordere This lesves us with X, 3, € ad Y .
Comtradiction analysis shows that nore of these can be gero or one and
thus we obtain a system of simultancous algebraic equationss The equations
happen to have but one solution with the wariables in ths rangs (O}l) .

Tis got
- 1“)55?—' _ “u \ _ -
et (Ko "?- [ .S—- 25"-‘_3-%‘ 'm
€ = Y ot .These qield ®=.30%,1=,63%,9
L+s =- > N=,63%, :.},zc.,a.na
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Since trere is only cno equilibrium point the ;ome has valuosj these are

Viz — 147 = —-23(%,‘%3) 5 Vo = =096z — ....___.'~9?‘°( 5 and,

= 7291 =X
_\I}f'l\kg" yo L Lrt/

rvestiprtion of the ccallilicon povers +ields the fellowing "jcod

stratecies” and vulues for the varicus cocslitlorse larnmanters not mok-

tionec &6 Zorcs
I M&:U: Tarsus ]I[
A= >y (=Yg , 0<neYs
S= €= wlue to TIL:  -03125= A2

I[O-AJIII- versus I

S=1 ,€=0 X= 7‘/5
= V3 mlweto L2 — 1667 =-"¢
I versus Ris
hi h low
et | Pass S = ‘%‘ i €= 3/”
ss | pass -
= valwo to JL: =G = ~ "AI"I'

The ooalition mexbers have the power to agree upon & pattarn of
play before the gams ia playede This advantege becamss significant only
in +he case of coalition I]II_ whors 1[[ may open after two passes
when | hod planned to pass on both hizh and low but will not open if
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! uac planned %o bot if he got highe Tho vulues civen are, of

coursc, LAt she single piayer
A woro Gesalled troeetsent
alo will

b M SRV N
licahlion ViLdnilolGe

and S€Ge

. s . » b4
aosures hhwdall wdtl his sel'o” strese

~b WS
Y wn‘-h}

same .8 Lelng sreopered for pub=

N

—ebe

censicer closoremt relative cizes oo



Hotivation and Interpretation

In this section we shall txy to oxplain the significance of the

concepts introduced in this papere That is, we shall try to show how
cquilib:_'iwz}(?g}ntiav and solutions can be connected with obaervable
phsnononse

The basic requirements for a nonmcooperstive game is that there
should be no pre=-play communication smong the players [ unleas it has
Do bearing on the game /e Thus, by implication, there are no cealitions
and no aide-payments. Decause there is no extra=-game utility [ pay-ofi‘]
transfer, the pay=offs of differsnt players are effectively incomparable;
if we transform the pay-off functions linearlys PrZ aip; + bh: .
where X >0  the game will de easentislly the sames Note that
equilibriun points are preserved under such transfcrmations.

We shall now taks up the "mass-actlon® interpretation of equilibrium
pointse In this interpretation solutions have no great significance. It
is unnecessary to assune that tho participants have full knowledge of the
total structure of the gams, or the ability and inclimetion to go through
‘any complex ressoning procsssese But the partlcipants ere supposed to ace
cumulate empirioal information on the relative advantages of the verious
pure strategies at their disposale |

To be more detailed, we assume that there is a populstion / in the
sense of statistica_/ of participants for each position of the game. Let
us also assume metho'uwphying‘ormmimlmnﬁurtui-
pants selected at random from the n populaticns, and that thers is a sta-
ble average frequency with which emch pure strategy is smployed by the
average mexber® of the appropriate populatione

Since there 1s to be no collaboration betwsen individuals playing in
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diffarent positions of the game, the probability that a particular o-
tuple of pure strategies will be employed in e playing of the gane
should be ths product of the probabilities indloating the chance of

each of the n pure strategies to be employed in a random playinge

let the pwhbmty that T« will be employed in a random

playing of the game be (it , and let Si= %C:QTF;«:\: »
R=(5,5+, »- - Sn) « Then the expected pay-off to an indlve

{dusl playing in the ith position of the game and employing the pure

stratesy Tix 38 P (43 T«) = Pa(e) .

Kow let us consider what effects the experience of the partioipants
will produces ToO assume, as we did, that they accumulated expirical
evidence on the pure strategies at their disposal is to sssume that
those playing in position 1 learn the mumbers Pr« (—4,) .
ut if they know these they will anploy only optimal pur- strategies,

1ees, those pure strategies [Tiol such that

Pratt) s "EX P

‘consequently since S; expresses their behavior  S; attaches posi=

tive cosfficlenta only to optimal pure stratoziss, so that
TT;uu‘ma in S = 'F:Ol C’i)’-' W\gxpo(_,d) *

But this 1s simply a condition for ¢/ to be an equilibrium points -
Lsea(v), 034

Thus the assumptions we made in this "mass-action” interpretion
1eed to the conclusion that the mixed strategies representing the average
behavior in each of the populations form an equilibrium point.

The populations need not be large if the assumptions sti1t —ove 14



.”-
~ :"1 holde There ars situations in econonics or international
politics in which, effoctivoly, & group of interssts are involved in

& non=cooperative game without being aware of it the nan-evarencss

. helping 4o meke the situation 4truly non=cocperative.

Actually, of course, we can only expect some sart of approxinate
eugilibriun, since tho information, 1ts utilization, snd the stability
of the average frequencies will bo imparfecte

e now sketch anothcr interpretation, oue in which solutions play
a major role, and which is applicable to & game played but oncee

We proceed by investigating the questions what would be a "rational®

prediction of the behavior to be expectsd of rational playing the gsme in
question? By using the principles that a rational predioction should be
unique, that the players should be able to deduce and make use of it, and
that such knowledge on the part of esch player of what to expect the
others 4o do should not leed him to act out of conformlty with the pre-
dietion, one is led to the concept of a solution defined befores

0 S.,S;--o n wers the sets of equilibrium strateglss

lﬂltﬁlﬂl‘pﬂ.thc'nt&oml’ pmﬁtmmwldhu “The aversgs

behavior of rationsl men playing in position i would dcﬂ.n a dxld
sirategy S; I S; 1 s experinmt were carried outs"

In this mmﬁmnmmmmmmemm
ttrucmndthgminordertobaabhtoddmthopﬂdioﬁmm
themselvese It is quite strongly a ratiomslistic snd 1dealising inter-
pretations

In an unsolveble game it scmetimes happens that good heuristis
reascns can be found for narrowing down the set of equilibrium pointl to

., those in a single sub-golution, which then phqn the role of a solutione
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a sub-solution may be looked at es a set of mutually
The sub-

In geoneral

compatible equilibrium points, forming a coherent wholee

the
solutions appear to give a patural subdivision offset of equilibrium

- points of a-gamde



Applications

The study of n~person games for which the sccopted ethios of falr
play imply non-cooperative playing s, of course, an obvious direction
in which to apply this theorye And poker ig the most obvious targete
The analysis of a more realistic poker game than our very simple model
should be quite an interesting affaire

The complexity of tho mathermtical work needed for & complete in-
vestigation increases rather rapidly, however, with increasing complex=
1y of the ganes 80 that it seems that analysis of a Gane duch mors oo
plex than the example given here would only be feasible using approxi-
mate camputational methodse

A less obvious type of spplication is to the study of cooperative
gomsse By & coopsrative game We mean & situation involving a set of
players, pure strategzies, and pay-offs as usualj but with the assumption
mtmphydsan.ndimcolhhonhuthoydo in the von Neumann
and Morgenstern theorys This means the players may cammunicate and form
coalitions which will be enforaed by an ilpir.c It is unnecessarily
‘restrictive, however, to assums any transfersbility, or even comparabile
ity of the pay-offa [which should be in ubility units 7 to different
playerse wduwtmtmmty«nh put into the gams itself in-
atead of assuming 1% posaible in the extra=gams collaboratione

mwawmamm.'mn' approach to the stuly of oo=
operati wmmwmmnmwmiwrm One pro=
mwmmm.mmummwmum.omtw
steps of negotiation beosie moves in a larger non=cocperative gams [ which
will have sn infinity of pure strategics / doscribing the total situstione

This larger gams is then treated tn terms of the theory of this peper
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[extended to infinite gamss / and if yalues are obtained they are taken
as the values of the cooperative gamoe Thus the nroblem anslysing a
cooperative gane beocmss the problen of obtaining a sultable, and con=
vincing, non=cooperative model for the negotiatione
| Thowriter hn. by such a treatment, obtained valuea for all finite

two parson ocoperative games, and some special n-person gEESe
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