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Problems

The following set of problems is designed to illustrate the conventions of the
main notations. Each group of problems uses only the material of the preceding
groups.

A. FREE INDEX

1. Translate the following sets of equations into index notation by using the
rule of the free index.

a. U1 +v1s +wi=nr b. Uivy + wiry = Au
Uy + Va2 + Wa = ra U1vg + wirg = Ais
Us + vz + ws = rg UgDy + Wob1 = A21
Uy + Vg + Wy = Py UgVg + Wolg = Azz

c. wws = Ainx ugv1wy = Aaix usviws = Asiz
Uv1we = Aiis UsV1We = Asia uzv1we = Asia
wv1wg = Aiis ugv1 w3 = Agis usv1ws = Aais
UyvaW1 = A1 UgVaWy = Asay Uzlawy = Agn
UsaWo = Ajos UgUaWe = Asss UglaWe = Agao
U102Ws = Aiss UgUaWs = Asas UsvaWs = Asgas
U v3w1 = Aisa uaUsWy = Aszy uzUswy = Agax
U1vzWe = Aigs UgUsWe = Aszaz UsUsWa = Agas
103wz = Aiss UgUzWz = Aass UgUsWs = Aasas

2. For a range of four, write out all expressions contained in the condition of
symmetry, A;; = Aj, and in the condition of skew-symmetry, B;; = —Bj;.

3. Show that A;; = wu; satisfies the condition of symmetry, whereas B;; = uv;
— vu; satisfies the condition of skew-symmetry. Obtain expressions for the
symmetric and skew-symmetric parts of Cy; = wv;.

4. If an expression contains M free indices with range from 1 to R, what is the
number N of equations described by the expression?

(7]

. Calculate the numerical values of C;; = wwv;ifu; = lL,ug = 2, us = 3,0, = 5,
vy = 10, v3 = 4.

B. SUMMATION INDEX

6. Translate the following sets of equations into index notation by using the
rule of the summation index. «
a. ds?® = g1:(dx1)? + gi2 dx1 dxs + g1s dxy dxs + go1 dXs dx1 + gao(dxs)?
+ gog dXg dXs + g31 dxs dx1 + gag dxs dxs + gss(dxs)?
b. uvy + Uglz + UgUz -+ Uss = 0
C. ¢ = WUU1WiF1 + UV WaFa + UgUaWiF1 + UaUgWala
d. dS? = (dX1)? + (dX3)? + (dX3)?
e. ¢ =i+ ui + ud? + v3 + vd)
78 Verlfy (112) Also show that I’I/{jll{I/Ij = VV(U)uiu,-, B[muiu,- = 0.
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8. For a range of three, write out in scalar notation the expression ¢ = A4;4;;.
9. For a range of two, write out in scalar notation the following:

a. sls = ukva” b. (ﬁ = wv; + Wil ; C. A}ck: = Dj¥;
d. u = v; + Aik:lc €. Uv;W; = B{krk f. Aij = B”,Ckan-

10. Evaluate ¢ = uv; + Akk for U = 2, Ug = 4, Uy = 3, Uy = 1, All = 5, A12
= 36, A21 = 10, Azz = 5

11. Translate the following sets of equations into index notation:

a. v; = Ai1; + A2z + Aiss b. A;1 = B11Ci; + B12Ca
vz = Ao11 + Agoe + Aaas Aze = B11Ciz + B12Cas
vg = Az11 + Asaz + Asss Az1 = B31C11 + B3aCoy

Az = B31Ci2 + B32Cas
C. Uy = U%Wl -+ U%Wl + U%Wl
U%Wz + U%Wz + U§W2
viws + v3ws + viws

I

U

i

Us
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For a range of three, write out in scalar notation the following:

a. v = B,-,-uj b. U = BikAkjj

13. For a range of three, obtain the scalar representations of vi;; = vi; + WiijUx,
where wy;; have the skew-symmetry property wy; = —wy;. Work as though
the commas and semicolons between indices were not there.

C. DIRECT NOTATION

14. If C is of rank two, write out in index notation the following:
—C® + I¢C? — IIcC + ¢l = 0.

Here C2 = CC, C® = CCC, and Ig, Il¢, IIlc are special designations of
scalar coefficients (i.e. these symbols are to be left as they are).

15. Translate the following expressions into direct notation:

a. (A?)y; = AwAr; b. (A% = AuwAimAn;
¢ By = ApiAy; d. Cy = AnAjx e. Dy = ApAmxAjm
f. Ex = AmAindy; g. For a range of two,

write out (a) and (b).

16. Change the following into index notation:

a. G = ATAAT b. A* = AAAA c. FB = BG
d. D = AB”C e. B = FFT f. C = FTF
g. ¢ = tr(AB) h. p = tr(A”B) i. A = QAQT

j. AB # BA k. tr(AB) = tr(BA)
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17. Let C = AB, D = AB, E = ABT, F = ATB7, where
1 15 3 3 1

Al =)6 2 3|, [B]=|4 2 5

2 4 3 2 6 1

Calculate the arrays of C, D, E, F.
18. Let |[x7| = |1, 2, 3]|; if A and B are as in Problem 17,
calculate ¢7 = xTAT, e = Bx.

19. Let A and B be as in Problem 17. Calculate tr(AB).

- D. ARITHMETIC OF FORMS

20. Substitute u; = Bjjv; and Cy; = pig; into wy, = Cunlty.
21. Substitute u; = Ay into ¢ = wvy.

- 22. Substitute v; = B;j A into ¢ = v;Cy.

23. Substitute 4;; = ByCy; into ¢ = ApkCoi.

E. EXCEPTIONAL CASES
- 24. For a range of three, write the explicit form of f = f(4y).

26. Write out the components of Ajac for a range of two.

27. Write out 4y = 0 for a range of three.

F. ALTERNATOR AND THE KRONECKER DELTA
28. Continue and simplify wherever possible:

a. 33kpk = b. 83;8]1 = C. SgiAﬂ =
d- 8;281]‘-83}: = €. 8128(2 = f. 812813AH =

1

Aij = ’“eljk+Aky +Ak e '—'i ekijAU-
30. Continue and simplify if possible:
a. 81]81;)‘ = b. ng,v, = C. &l =

d. &paia;a; =
31. Translate into index notation the following:

a. QQT=1 b. A =1A c. Q7Q =1
d. ¢ = tr(1 + A) e. ¢ =tr(l + 1)

25. Write out the explicit forms of v; = fi(u;) for a range of three.
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~ 29. For arange of three, write out in scalar notation the equations represented by
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32. Translate into index notation the following:

A111 =0 A1 = Bz Az11 = —Bg
Az12 =0 A1z = Bge Asziz = —Bas
A1 =0 Az1s = Bgs Agizs = —Bag
Ai21 = —Bgs Aze1 =0 Ago1 = Bi
Ao = —Bgs Aze2 = 0 Aazz = B
Ai123 = —Bss Aoz = 0 Aszs = Bis
Aizy = Bo Asz1 = —Bix Agz; =0
Aizs = Bag Agzz = —Bg Agzz = 0
Aizs = Bag Aszss = —Big Aszs = 0

33. Verify (1.24). Is there a reasonably systematic way of doing it?
34. Verify (1.30) by carrying out the summations in (1.29).
35. What are the counterparts of (1.28)—(1.30) for the alternator &;;?

36. In direct notation we denote &;;,uv;w, by [uvw]. Show that

[uvw] = [vwu] = [wuv] = —[vaw] = —[wva] = —[uwv].

37. Write out in scalar notation ¢ = &;,u0;Wy.
G. PARTIAL DERIVATIVES

o o op . . .
38. Change d¢ = 7 dx + 2y dy + e dz into index notation.

39. For a range of three, write out in scalar notation the following:

a. 5{)’11 =0 b. ¢’ﬁkk =0 c. divy = Vi,i
d. (Curlv), = &yjklk,j

40. Find Ui i, Vg5 Ui — Ujiy Uiy if U = 5.7C1, Uy = “‘3X2.
Uz = Tx3, V1 = 3X1Xg, Vg = 4XaX3, Vg = 6X3X;.

41. Find ¢ ; if ¢(x) = xZxox3.
42. Continue, and simplify wherever possible, the following:

A X = b. (xixj),i = C. (xixi),k = d. (xixj),k =
€. (6tjkxjvk),m = f. (xmxmxiAi]'),k = 8. Xiy; — Xj,i =

43. For a range of three, write out in scalar notation the following:

aA. Xim = Sim + Uim b. A/i,n . Sin — Uin
C. Bii = XimXjm d. Cij = Xmn.iXm.j
e. 2E; = u; + Uy + Un.ilim.; f. Derive () from

2E = C — 1 by using (d) and (a).
44. For a range of three, write out in scalar notation the following:

a. [5 + P, = 0 b. a; = 601/31‘ + Urli, i
¢ Ty + pbi = pa; d. pi + qi,y = Ti;Dy;




