
The following set of problems is designed to illustrate the conventions of the
main notations. Each group of problems uses only the material of the preceding
_ oups.

1. Translate the following sets of equations into index notation by using the
rule of the free index.

a. UI + VI + WI = rl b. UIVI + WIrI = Au

U2 + V2 + W2 = r2 UIV2 + WIr2 = A12

Us + Vs + Ws = rs U2Vl + W2rI = A21

U4 + V4 + W4 = Y4 U2V2 + W2r2 = A22

c. UIVI WI = AUI

UIVI W2 = AU2

UIVI Ws = Aus

UIV2WI = A12I

UIV2W2 = A122

UIV2WS = A12S

UIVSWI = AISI

UIVSW2 = AIS2

UIVSWS = AISS

U2VIWI A2U

U2VI W2 = A2I2

U2VI W3 = A2IS

U2V2WI = A22I

U2V2W2 = A222

U2V2W3 = A223

U2V3WI = A23I

U2V3W2 = A232

U2V3W3 = A233

U3VI WI .= A3U

U3VI W2 = A3I2

U3VI W3 = A3I3

U3V2WI = A32I

U3V2W2 = A322

U3V2W3 = A323

U3V3WI = A33I

U3V3W2 = A332

U3VSWs = A333

2. For a range of four, write out all expressions contained in the condition of
symmetry, Ai; = Aj/, and in the condition of skew-symmetry, Bi] = - Bji•

3. Show that Atj = UiUj satisfies the condition of symmetry, whereas Bij = UtVj

- VtUj satisfies the condition of skew-symmetry. Obtain expressions for the
symmetric and skew-symmetric parts of Cij = UtVj.

4. If an expression contains M free indices with range from 1 to R, what is the
number N of equations described by the expression?

5. Calculate the numerical values of Ctj = UtVj if UI = 1, U2 = 2, U3

V2 = 10, V3 = 4.

B. SUMMATION INDEX

6. Translate the following sets of equations into index notation by using the
rule of the summation index.

a. ds2 = gU(dXI)2 + gI2 dXI dX2 + g13 dXI dX3 + g2I dX2 dXI + g22(dx2)2

+ g2S dX2 dxs + gSl dxs dXI + gS2 dxs dX2 + gsS(dXS)2

b. UIVI + U2V2 + UsVs + U4V4 = 0

c. c/> = UIVI WIrI + UIVI W2Y2 + U2V2WIYI + U2V2W2Y2

d. dS2 = (dXI)2 + (dX2)2 + (dXs)2

e. c/> = (ui + u~ + u~(vi + v~ + v~)
7. Verify(1.12). Also show that WijUiUj = W(ij)UtUj, B[tjJUiUj = O.



8. For a range of three, write out in scalar notation the expression </> = AijAjt.

9. For a range of two, write out in scalar notation the following:

a. </> = ulevleAjj

d. Ut = Vi + Ailele

b. </> = UtVi + wjrj

e. UtVjWj = Bilerle

C. Alele = pjrj

f. Atj = BtleClenDnj

10. Evaluate </> = UtVi + Alele for UI = 2, U2 = 4, VI = 3, V2 = 1, All = 5, AI2

= 36, A2I = 10, A22 = 5.

11. Translate the following sets of equations into index notation:

a. VI = AllI + AI22 + AI33

V2 = A2ll + A222 + A233

V3 = A3ll + A322 + A333

b. All = BllCll + BI2C2I

AI2 = Bll CI2 + BI2C22

A2I = B2I Cll + B22C2I

A22 = B2I CI2 + B22C22

C. UI = VIWI + V~WI + V~WI

U2 = VIW2 + V~W2 + V~W2

U3 = VIW3 + V~W3 + V~W3

13. For a range of three, obtain the scalar representations of Vi;j = Vi,j + WleijVIe,

where Wleij have the skew-symmetry property Wletj = -Wilej. Work as though
the commas and semicolons between indices were not there.

Here C2 == CC, C3 == CCC, and Ie, IIe, IIIe are special designations of
scalar coefficients (i.e. these symbols are to be left as they are).

a. (A2)tj = AileAlej

C. Bij = AleiAlej

f. Elele = AimAjmAij

b. (A3)ij = AileAlemAmj

d. Ctj = AileAjle

g. For a range of two,
write out (a) and (b).

a. G = ATAAT

d. D = ABTC

g. </> = tr(AB)
j. AB -::j:. BA

b. A4 = AAAA
e.B=FFT

h. fL = tr(ATB)

k. tr(AB) = tr(BA)

c. FB = BG
f. C = FTF

i. A = QAQT
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Calculate the arrays of C, D, E, F.

18. Let IlxT11 = 111,2,311; if A and B are as in Problem 17,

20. Substitute Ul = Bijvj and C1j = Plqj into Wm = Cmnun•

21. Substitute Ul = Aiknk into <p = UkVk.

22. Substitute VI = BljAjkk into <p = VICjlj.

23. Substitute A1j = B1kCkj into <p = AmkCmk•

E. EXCEPTIONAL CASES

24. For a range of three, write the explicit form of f = f(A1j).

~. Write out the explicit forms of VI = NUj) for a range of three.

26. Write out the components of A~ for a range of two.

27. Write out Au = 0 for a range of three.

a. 03kPk =

d. 0120lk03k =

b. 0310jl =

e. 012012 =

C. 021Ajl =

f. 0120j3AIj =

a. 0lj8lJk =

d. 8ljkalajak =

a. QQT = 1
d. .p = tr(1 + A)

b. A = lA
e. .p =tr(1 + 1)



All1 = 0
A1l2 = 0
A1l3 = 0
A121 = -B31

A122 = -B32

A123 = -B33

A131 = B21

A132 = B22

A133 = B23

A211 = B31

A212 = B32

A213 = B33

A221 = 0
A222 = 0
A223 = 0
A231 = -Bll

A232 = -B12

A233 = -B13

A311 = -B21

A312 = -B22

A313 = -B23

A321 = Bll

A322 = B12

A323 = B13

A331 = 0
A332 = 0
A333 = 0

33. Verify (1.24). Is there a reasonably systematic way of doing it?

34. Verify (1.30) by carrying out the summations in (1.29).

35. What are the counterparts of (1.28)-(1.30) for the alternator Ei;?

36. In direct notation we denote Ei;kUiV;Wk by [uvw]. Show that

G. PARTIAL DERIVATIVES

38. Change d<p = ~~dx + ~tdy + :~ dz into index notation.

39. For a range of three, write out in scalar notation the following:

a. <P,ll = 0
d. (CUrlV)f == EI;kVk,;

40. Find Uf,!' v;,;, Uf,; - Uj,!, Vi,j if Ul = 5xl, U2 = -3X2'

U3 = 7X3, VI = 3XIX2, V2 = 4X2X3, V3 = 6X3Xl.

41. Find <P,i if <p(x) = x~x2x5.

42. Continue, and simplify wherever possible, the following:

a. Xk,k =

e. (Ef;kXjVk),m =

b. (XiXj),i = C. (XiXi),k =

f. (XmXmXiAi;),k =

d. (XtX;),k =

g. Xt,; - Xj,i =

b. Xt,n = Otn - Ui,n

d. etj = Xm.tXm.;

f. Derive (e) from
2E = C - 1by using (d) and (a).

44. For a range of three, write out in scalar notation the following:

a. X!.m = 8im + Ui.m

C. Blj = Xt.mX;,m

e. 2Ei; = Ut.; + U;,l + Um,tUm,;

a. p + PVf,t = 0
c. T;l,; + phi = pal

b. at = ovtlot + VkVf,k

d. pi< + qt,t = Tt;Dt;


