B. Cardinal Arithmetic

In this Appendix we discuss cardinal arithmetic. We assume the Aziom of
Choice is true.

DEFINITIONS. Two sets A and B are said to have the same cardinality, if there
exists a bijective map A — B. It is clear that this defines an equivalence relation
on the class! of all sets.

A cardinal number is thought as an equivalence class of sets. In other words,
if we write a cardinal number as a, it is understood that a consists of all sets of a
given cardinality. So when we write card A = a we understand that A belongs to
this class, and for another set B we write card B = a, exactly when B has the same
cardinality as A. In this case we write card B = card, A.

NOTATIONS. The cardinality of the empty set & is zero. More generally the
cardinality of a finite set is equal to its number of elements. The cardinality of the
set N, of all natural numbers, is denoted by Nj.

DEFINITION. Let a and b be cardinal numbers. We write a < b if there exist
sets A C B with card A = a and card B = b.

This is equivalent to the fact that, for any sets A and B, with card A = a and
card B = b, one of the following equivalent conditions holds:

e there exists an injective function f: A — B;
e there exists a surjective function g : B — A.
For two cardinal numbers a and b, we use the notation a < b to indicate that
a<banda#b.

THEOREM B.1 (Cantor-Bernstein). Suppose two cardinal numbers a and b sat-
isfya<band b <a. Thena=>.

PrOOF. Fix two sets A and B with card A = a and card B = b, so there exist
injective functions f : A — B and g : B — A. We shall construct a bijective
function h : A — B. Define the sets

Ag=ANg(B) and By = A~ f(A).

Then define recursively the sequences (A,,)n>0 and (By)n>0 by

A, =9(Bp-1) and B, = f(Ap—1), Vn > 1.

Claim 1: One has Ap, N A, = B, N By, YVm >n > 0.
Let us first observe that the case when n = 0 is trivial, since we have the inclusions
Apm = g(Bm-1) Cg(B) = AN Ap and By, = f(Am—1) C f(A) = B\ By. Next we
prove the desired property by induction on m. The case m = 1 is clear (this forces
n = 0). Suppose the statement is true for m = k, and let us prove it for m = k+ 1.
Start with some n < k4 1. If n = 0, we are done, by the above discussion. Assume
first n > 1. Since f and g are injective we have
Ap1 N Ap = g(Bk) N g(Bn—1) = g(Br N Bn_1) = 2,

Bit1 N By = f(Ar) N f(An—1) = f(Ar N Ap1) = 9,

1 The term class is used, because there is no such thing as the “set of all sets.”
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and we are done.
Put C = A\,>0 A, and D = B~ U, Bn-
Claim 2: One has the equality f(C) = D.
First we prove the inclusion f(C) C D. Start with some point ¢ € C, but assume
f(c) ¢ D. This means that there exists some n > 0 such that f(c) € B,. Since
f(e) € f(A) = BN\ By, we must have n > 1. But then we get f(c) € B, = f(An_1),
and the injectivity of f will force ¢ € A,,_1, which is impossible.
Second, we prove that D C f(C). Start with some d € D. First of all, since
D C B~ By = f(A), there exists some ¢ € A with d = f(c¢). If ¢ & C, then there
exists some n > 0, such that ¢ € A,, and then we would get d = f(c) € f(4,) =
B,,+1, which is impossible.
We now begin constructing the desired bijection. First we define ¢ : J,,~o Bn —
B by -
(b) = { b if b€ B,, and n is odd
(fog)(b) 1ifbe B, and nis even
Claim 3: The map ¢ defines a bijection

¢:UBn—>UBn.

n>0 n>1

It is clear that, since gb| p. 1s injective, the map ¢ is injective. Notice also that, if

n >0 is even, then ¢(B,) = f(9(Bn)) = f(Ant1) = Buto. When n > 0 is odd we
have ¢(B,,) = By, so we have indeed the equality

o( U B,) = U B,.
n>0 n>1
Now we define 1 : Unzo A, — Bby iy =¢'of. Clearly ¢ is injective, and

d(JAn) =o' (U ran) = ¢ (U Borr) =07 (U Ba) = | Bn,

n>0 n>0 n>0 n>1 n>0

¢:UAH—>UB,L.

n>0 n>0
We then combine v with the bijection f : C' — D, i.e. we define themaph: A — B
by

so 1 defines a bijection

P(z) ifzelU,>o4n
h(x>‘{ fa) i€ AN Uysg n=C.

Clearly h is injective, and
hB)=4(|J An)u (€)= (U B.)uD =B,
n>0 n>0
so h is indeed bijective. [

THEOREM B.2 (Total ordering for cardinal numbers). Let a and b be cardinal
numbers. Then one has either a < b, or b < a.

ProOOF. Choose two sets A and B with card A = a and card B = b. In order to
prove the theorem, it suffices to construct either an injective function f : A — B,
or an injective function f: B — A.
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We define the set
X={(C,D,g) : CC A, DCB, g:C — D bijection}.

We equip X with the following order relation:

ccc

(C.D,g) = (C",D',¢') &= DCD

9=91¢
We now check that (X, <) satisfies the hypothesis of Zorn Lemma. Let A C X
be a totally ordered subset, say A = {(Ci, Dy, g;) : i € I}. Define C = J,; Ci,
D = U;e; Di, and g : C — D to be the unique function with the property that
g|C’_ = gi, Vi € I. (We use here the fact that for ,j € I we either have C; C C}
and g;
9ilo.no, = gj’c-mcn’ Vi,j € I, so such a g exists.) It is then pretty clear that
(C,D,g) € X and (Cy,D;,9;) < (C,D,g), Vi€ I,ie. (C,D,g) is an upper bound
for A. Use now Zorn Lemma, to find a maximal element (Ag, By, f) in X.

Claim: FEither Ao = A or By = B.

We prove this by contradiction. If we have strict inclusions Ag C A and By C B,
then if we choose a € AN\ Ay and b € B ~\ By, we can define a bijection ¢ :
Ao U {a} — Bo U {by} by g(a) = b and g|A0 = f. This would then produce a
new element (Ap U {a}, BoU{b},g) € X, which would contradict the maximality of

|Ci = g;, or C; C C; and gi|cj = g;. In either case, this proves that

(A07 BO) f)
The theorem now follows immediately from the Claim. If Ag = A, then f :
A — B is injective, and if By = B, then f: B — A is injective. O

We now define the operations with cardinal numbers.

DEFINITIONS. Let a and b be cardinal numbers.
e We define a+b = card S, where S is any set which is of the form S = AUB
with card A =a, card B=b,and ANB = 2.
e We define a-b = card P, where P is any set which is of the form P = Ax B
with card A = a and card B = b.
e We define a® = card X, where X is any set of the form X which is of the

form
x =14
i€l
with card I = b and card A; = a, Vi € I. Equivalently, if we take two sets
A and B with card A = a, and card B = b, and if we define

AB = HA = {f : f function from B to A},
B

then a® = card(AP).
It is pretty easy to show that these definitions are correct, in the sense that they
do not depend on the particular choices of the sets involved. Moreover, these
operations are consistent with the usual operations with natural numbers.

REMARK B.1. The operations with cardinal numbers, defined above, satisfy:

e a+b=>b+a,
o (a+b)+o=a+(b+0),
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e 0+ 0=naq,

e a-b=">0-aq,

e (a-b)-0=a-(b-0),

e a-1=aq,

e a-(b+0)=(a-b)+ (a-2),
o (a-b)®=(a)-(b°),

o a0 = (a¥) . (a?),

o (a°) = (@,

for all cardinal numbers a,b,0 > 1.

REMARK B.2. The order relation < is compatible with all the operations, in
the sense that, if ay, as, b1, and by are cardinal numbers with a; < as and by < b,
then

e a; + by <ap+ by,
e a; by <ap- by,
° ai’l < agz.
PROPOSITION B.1. Let a > 1 be a cardinal number.
(i) If A is a set with card A = a, and if we define

P(A) = {B : B subset of A},
then 2% = card P(A).
(i) a < 2°.
PRrROOF. (i). Put
P={0,1}" = {f : f function from A to {0,1}},
so that 2% = card P. We need to define a bijection ¢ : P — P(A). We take
(f)={a€A: fla)=1}, VfeP

It is clear that, since a function f: A — {0,1} is completely determined by the set
{a € A : f(a) =1}, the map ¢ is indeed bijective.

(ii). The map A 3 a — {a} € P(A) is clearly injective. This prove the
inequality a < 2%. We now prove that a # 2%, by contradiction. Assume there is a
bijection 6 : A — P(A). Define the set

B={acA:ad¢ba)},

and choose b € A such that B = 0(b). If b € B, then by construction we get
b & 0(b) = B, which is impossible. If b ¢ B, we have b ¢ 6(b), which forces b € B,
again an impossibility. O

We now discuss the properties of these operations, when infinite cardinal num-
bers are used.

LeEmMA B.1 (Properties of Rg).

(i) For any infinite cardinal number a, one has the inequality Ry < a.
(11) No + Vg = Ny,
(lll) N() . NO = No,'



B. CARDINAL ARITHMETIC 2005

PROOF. (i). Let a be an infinite cardinal number, and let A be an infinite
set A, with card A = a. Since for every finite subset F' C A, there exists some
x € AN F, one to construct a sequence (T, )neny C A, with x,,, # ©p, Vm >n > 1.
Then the subset B = {z,, : n € N} has card B = Ry, so the inclusion B C A gives
the desired inequality.

(ii). Consider the sets

Aog={n €N : n,even} and A; = {n € N : n, odd}.
Then clearly card Ay = card A; = Vg, and the equality Ag U A; = N gives
Rg + Rg = card Ag + card A; = card(4g U A1) = card N = R,

(iii). Take the set P = N x N, so that Ng - Xg = card P. It is obvious that
card P > Ny. To prove the other inequality, we define a surjection ¢ : N — P as
follows. For each n > 1 we take s, = n(n —1)/2, we set

B,={meN: s, <m<s,y1},
and we define ¢,, : B, — P by
o(m)=(n+s, —m,m—s,+1), Vm € B,.
Notice that

(1) ¢n(Bn) ={(p,q) ENXN:p+qg=n+1}.

Notice also that Un21 B, =N, and B;N B, =@, Vj >k > 1, so there exists a
(unique) function ¢ : N — P, such that ¢‘B = ¢y, for all n > 1. By (1) it is clear

that ¢ is surjective.
O

THEOREM B.3. Let a and b be cardinal numbers, with 1 < b < a, and a infinite.
Then:
(i) a+b=a;
(ii) a-b=a.

PROOF. It is clear that

a§a+b§a+a7
a<a-b<a-aq,

so in order to prove the theorem, we can assume that a = b.

(i). Fix some set A with card A = a. Use Zorn Lemma, to find a maximal
non-empty family {A; : i € I'} of subsets of A with

(a) card A; = Ny, for all i,5 € I;

(b) A;NA; =@, forall i,j € I with i # j.

If we put B = A~ (Uie] Ai), then by maximality it follows that B is finite. In
particular, if we take ig € I then obviously card(A;, U B) = Ry, so if we replace
A;, with A4;, U B, we will still have the above properties (a) and (b), but also
A = ;er Ai- This proves that a = card A = R¢ - 9, where 0 = card I. In other
words, we have a = card(N x I). Consider then the sets

Co={neN:neven}and C; = {n €N : nodd},
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so that (Co x I)U (Cy x I) =1 x N, and (Cop x I) N (Cy x I) = @. In particular,
we get
a = card(Cy x I) 4+ card(Cy x I) =
= (card Cy) - (card I) + (card C1) - (card I) =
—Ng-0+Rg-0=a+a.

(ii). Fix A a set with card A = a. We are going to employ Zorn Lemma to find
a bijection A — A x A. Define

X={(D,f): DC A, f:D— D x D bijective}.
Equip X with the following order

(D, ) < (D',f'><:>{ bely

=7y
Notice that X is non-empty, since we can find at leas one set D C A with card D =
Ng. We now check that X satisfies the hypothesis of Zorn Lemma. Let T =
{(Dj, fi) : i € I} be a totally ordered subset of X. It is fairly clear that if one takes
D = {J;c; and one defines f : D — D x D as the unique function with f!D_ = fi,
Vi € I, then f is injective, and
F(D) = f0:) = £s(0:) = | J(Ds x D;) = D x D,
icl iel iel

so the pair (D, f) indeed belongs to X, and is an upper bound for 7.

Use Zorn Lemma to produce a maximal element (D, f) € X. Notice that, if we
take 0 = card D, then by construction we have
(2) 2-0=0.

We would like to prove that D = A. In general this is not the case (for example,
when A =N, every (D, f) € X, with N\ D finite, is automatically maximal). We
notice however that all we need to show is the equality

(3) 0=a.

We prove this equality by contradiction. We know that we already have ? < a.
Suppose 9 < a. Put G = A\ D notice that 9 + card G = a. Since 9 < a, by (i) we
see that we must have the equality card G = a. Then there exists a subset £ C G
with card E = 0. Consider the set

P=(ExE)U(ExD)U(Dx E).
Since EN D = &, the three sets above are pairwise disjoint, so using (2) combined
again with part (i), we get
card P = card(FE X E) + card(E x D) + card(D x E) =
=0-04+0:04+0:0=04+0+0=0=cardFE.
This means that there exists a bijection g : F x P, which combined with the fact
that END = PN (D x D) = &, will produce a bijection h : DUE — PU(D x D),

such that h‘D = f and h’E = g. Since we have PU(D x D) = (DUE) x (DU E),
the pair (DU E, h) € X will contradict the maximality of (D, f). O
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COROLLARY B.1. If a is an infinite cardinal number, and if b is a cardinal
number with 2 < b < 2%, then

b = 2°.
PRrROOF. We have
20 S bcl S (2Cl)u — 2(1‘(1 — 207

and the desired equality follows from the Cantor-Bernstein Theorem. O

COROLLARY B.2. Let a be an infinite cardinal number, let A be a set with
card A = a, and define

Pan(A) = {F € P(A) : F finite}.
Then card P mn(A) = a.

PrOOF. First of all, the map A 3 a — {a} € Ppn(A) is injective, so a <

card Ppn(A).
We now prove the other inequality. For every integer n > 1, let A™ denote the
n-fold cartesian product. We treat the sequence A', A%, ... as pairwise disjoint.

For every n > 1 we define the map
P A" = Ppn(4),
by
dlay,...,an) ={a1,...,an},

and we define the map ¢ : (Jo—; A" — Pp,(A) as the unique map such that
(b}An = ¢n, Vn > 1. Notice now that, since

cardA" =a" =a, Vn>1,

it follows that

card( U A") =Ng-a=aq,
n=1
which gives
card(Range ¢) < a.
But it is clear that
{@} URange ¢ = Psn(A4),
and the fact that P, (A) is infinite, proves that

card Ppn(A) = card(Range ¢) < a.

We conclude with a result on the cardinal number ¢ = card R.

ProrosIiTION B.2.

(i) For two real numbers a < b, one has
card(a,b) = card[a,b) = card(a, b] = card|a,b] = c.
(ii) ¢ = 2%,
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PROOF. (i). It is clear that, since (a,b) is infinite, we have
card[a,b] = 2 + card(a,b) = card(a, b).
The inclusions (a,b) C [a,b) C [a,b] and (a,b) C (a,b] C [a,b], combined with the
Cantor-Bernstein Theorem, immediately give
card[a, b) = card(a,b] = card(a,b).
Finally, the bijection
m(2t —a —b)
b)>t t _ R
(a,b) >t r— an< 30—a) >€
shows that card(a,b) = ¢
(ii). The proof of this result uses a certain construction, which is useful for
many other purposes. Therefore we choose to work in full generality. Consider the
set
T = {O,l}NO = {a = (an)nen : an € {0,1}, Vn € N},
so 2% = card P. For any real number r > 2, we define the map ¢, : T — [0, 1] by

o0
Qp

$la)=(r—1)) — Va=(an)nen €T.

n=1
The maps ¢,., r > 2 are “almost” injective. To clarify this, we define the set
To = {a= (an)pen €T : theset {n € N : a,, = 0} is infinite}.
Note that
T Ty = {(an)nen € T : there exists N € N, such that a,, =1, Yn > N}.

Clearly ¢ is surjective. In fact ¢ is “almost” bijective.
Claim 1: Fix v > 2. For elements a = (@p)nen, b = (Bn)nen € To, the
following are equivalent
(*) ¢r(a) > ¢:(b);
(xx) there exists k € N, such that alphay > B, and aj = 3, for all j € N
with j < k.
We first prove the implication (xx) = (x). If a,b € Tp satisfiy (+x), then

(4) er(a)_d)r(b):%'f—(’r—l) Z ﬂn_ — — _]_ Z 5"

rn
n=k+1 n= k:+1

Notice now that there are infinitely many indices n > k + 1 such that £, = 0. This

gives the fact that
ﬂn 1
Z n < Z Tn - )rk7
n= k+1 n=k+1
so if we go back to (4) we get

or(a) — do(b) >

—1 1 -2
(r—1) Z e
nkJrl

so in particular we get ¢,(a) > ¢, (b.
Conversely, if ¢,-(a) > ¢ (b), we choose

k=min{n e N : o, # 3,}.
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Using the implication (xx) = (x) we see that we cannot have [, > ay, because this
would force ¢(b) > ¢(a). Therefore we must have oy, > B, and we are done.
Using Claim 1, we now see that ¢, |, : Ty — [0, 1] is injective
Claim 2: card(T \ Tp) = Rp.
This is pretty clear, since we can write

7,

oo
T\Ty=J R
k=1

where
R, = {a: (n)nen €T =1, VY > 1}.
Since each R, is finite, the desired result follows.
Using Claim 2, we have

2% — card T' = card(T \ Tp) + card Ty = N + card Tp.
Since Ry < 280 the above equality forces
2% = card To.
For every r > 2, we also have card ¢,.(T\Tp) < Rg, which then gives card [gf)r(T)\
o (TO)] < Ng, hence using the injectivity of ¢, we have card ¢,.(Tp) = card Ty =
28050 we get
2% = card ¢,.(Tp) < card ¢,.(T) = card ¢,.(Tp)+card [(br (T)\¢T(TO)] < card phi,(Tp)+Ro = 280 4R, = 2%,

By the Cantor-Bernstein Theorem this forces card ¢, (T) = 2%0.
Now we are done, since for r = 2 we clearly have ¢o(T") = [0, 1]. O

.

COROLLARY B.3.
(i) Mo =c.
(ii) If we define the set
Peount = {C CR : card FF < Ny},
then card P count(R) = ¢.
PROOF. (i). This is immediate from the equality 2% = ¢ and from Corollary
B.1.

(ii). Using the inclusion Pp,(R) C Peount(R), combined with Corollary B.2, we
see that we have the inequality

¢ < card®P count(R).

To prove the other inequality, we define a map ¢ : RN — P ,un:(R), as follows. If
a € RY is a sequence, say a = (v )nen, we put

#(a) = {an : n € N}
Since ¢ is clearly surjective, using part (i) we get

card P eount(R) < card RN = ¢Mo = ¢.



