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Chapter 1

Normal and Extensive Form
Games!

1.1 Normal Form Games

Example 1.1.1 (Prisoner’s Dilemma)

I
Confess Don’t confess
I Confess —-6,-6 0,-9
Don’t confess -9,0 -1,-1

Often interpreted as a partnership game: effort E produces an
output of 6 at a cost of 4, with output shared equally, and S denotes
shirking.

E S
E| 2,2 |-1,3
S| 3,-1| 0,0 .

ICopyright December 7, 2011 by George J. Mailath
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2 CHAPTER 1. NORMAL AND EXTENSIVE FORM GAMES

Definition 1.1.1 An n-player normal (or strategic) form game G is
an n-tuple
{(S1,u1),...,(Sy, uyn)}, where for each i,

- §; is a nonempty set, called i’s strategy space, and
- Ui [1eo; Sk — R is called i’s payoff function.

Equivalently, a normal form game is simply a vector-valued function
w8 — R™

Notation: S = [];_; S,

S =(S1,...,8,) €8,

S-i = (Sla"-sSi—115i+11-"’SYL) S S—i = Hk#:isk'
7 ’

(Siys—i) = (511-'-5Si—lsSi15i+11-"’S1’L) €Ss.

Example 1.1.2 (Sealed bid second price auction) 2 bidders, b; =1i’s
bid, v; = i’s reservation price (willingness to pay).
Then, n =2,S5; = R,, and
Ui—bj, if bl‘>bj,
ui(b1,b2) = 3(v;—bj), if b; =b;,
O, if bi < bj. *

Example 1.1.3 (Sealed bid first price auction) 2 bidders, b; = i’s
bid, v; = i’s reservation price (willingness to pay).
Then, n =2,S5; = R,, and

Vi — bi, if bl’ > bj,
ui(by,by) =4 5;—by), if b; =D,
0, if b; < bj. *

Example 1.1.4 (Cournot duopoly) Perfect substitutes, so that mar-
ket clearing price is given by P(Q) = max{a — Q,0}, Q = q1 + q>,
C(qi) =cqi,0<c<a,andn =2

Quantity competition: S; = R, and u;(q1,q92) = (P(q1 + q2) —
c)qi.
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Example 1.1.5 (Bertrand duopoly) Economic environment is as for
example but price competition. Since perfect substitutes,
lowest pricing firm gets the whole market (with the market split
in the event of a tie). We again have S; = R, but now

(p1 — ¢) max{a — p1,0}, if p1 < po,
max{(a—p1),0}

u(p,,p2) =1(pr1-¢c)—5——, if p1 = p2,
0, if p1 > po. *

Example 1.1.6 (Voting by veto) Three outcomes: x, v, and z. Player
1 first vetoes an outcome, and then player 2 vetoes one of the re-
maining outcomes. The non-vetoed outcome results. Suppose 1
ranks outcomes: x > y > z (i.e.,, u1(x) = 2,u;(y) = 1,u,(z) = 0),
and 2 ranks outcomes as: y > x > z (e, ux(x) = 1,ux(y) =
2,Uux(z) =0).

1’s strategy is an uncontingent veto, so S; = {x, v, z}.

2’s strategy is a contingent veto, so S, = {(abc):a € {y,z},b €
{x,z},c € {x,y}}.

2
(yxx) (yxy) (yzx) (yzy) (zxx) (zxy) (zzx) (zzy)

0,0 0,0 0,0 0,0 1,2 1,2 1,2 1,2

0,0 0,0 2,1 2,1 0,0 0,0 2,1 2,1

1,2 2,1 1,2 2,1 1,2 2,1 1,2 2,1

Definition 1.1.2 s; strictly dominates s;" if Vs_; € S_;,
wi(s;,5-1) > ui(s;’, s-).

s; is a strictly dominant strategy if s; strictly dominates every
strategy s;" + s;, s, € Si.
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If 7 has a strictly dominant strategy, then

argmaxu;(s;,s-;) = {Si Tui(Si, $-0) = maxui(s;,s_i)}
S

Si i

is a singleton and is independent of s_,.

Remark 1.1.1 The definition per se of a normal form game (or strict
dominance for that matter) makes no assumption about the knowl-
edge that players have about the game. We will, however, typically
assume (at least) that players know the strategy spaces, and their
own payoffs as a function of strategy profiles. However, as the large
literature on evolutionary game theory in biology suggests (see also
Section [4.2), this is not necessary.

The assertion that players will not play a strictly dominant strat-
egy is compelling when players know the strategy spaces and their
own payoffs. But (again, see Section [4.2), this is not necessary for
the plausibility of the assertion.

¢

Definition 1.1.3 s; (weakly) dominates s;" if Vs_; € S_;,
ui(s;,s-¢) = ui(s;’, sy,

and3is’, €S,
ui(s;,s7;) >ui(s;,s";).

A strategy is said to be strictly or weakly undominated if it is not
strictly or weakly dominated by some other strategy. If the adjec-
tive is omitted from dominated (or undominated), weak is typically
meant (but not always, unfortunately). A strategy is weakly domi-
nant if it weakly dominates every other strategy.

Lemma 1.1.1 If a weakly dominant strategy exists, it is unique.

Proof. Suppose s; is a weakly dominant strategy. Then for all s;
S;, there exists s_; € S_;, such that

ui(si,S-;) > Ui(S;,5-i).

4
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But this implies that s; cannot weakly dominate s;, and so s; is the
only weakly dominant strategy. [

Remark 1.1.2 (Warning) There is also a notion of dominant strat-
egy:

Definition 1.1.4 s; is a dominant strategy if Vs; € S;, Vs_; € S_;,
ui(s;,5-1) = ui(s;,s-4).

If s; is a dominant strategy for i, then s; € argmax, u;(s;,s-;),
for all s_;; but arg max,, u;(s;,s_;) need not be a singleton and it
need not be independent of s_; [example?]. If i has only one dom-
inant strategy, then that strategy weakly dominates every other
strategy, and so is weakly dominant.

Dominant strategies have played an important role in mecha-
nism design and implementation (see Remark [1.1.3), but not other-
wise (since a dominant strategy-when it exists-will typically weakly
dominate every other strategy, as in Example [I.1.7).

Remark 1.1.3 (Strategic behavior is ubiquitous) Consider a society
consisting of a finite number n of members and a finite set of out-
comes X. Suppose each member of society has a strict preference
ordering of X, and let ® be the set of all possible strict orderings
on X. A profile (0,,...,0,) € O" describes a particular society (a
preference ordering for each member).

A social choice rule or function is a mapping f : ®" — X. For
any 0; € O, let t(0;) be the top-ranked outcome in X under 0;. A
social choice rule f is dictatorial if there is some i such that for all
(01,...,0,) € O, f(04,...,0,) = t(0;). A social choice rule f is
unanimous if f(0,,...,0,) = x whenever x = £(0;) for all j.

The direct mechanism is the normal form game in which all
members of society simultaneously announce a preference order-
ing and the outcome is determined by the social choice rule as a
function of the announced preferences.

5



6 CHAPTER 1. NORMAL AND EXTENSIVE FORM GAMES

Theorem 1.1.1 (Gibbard-Satterthwaite) Suppose |X| > 3 and f is
unanimous. Then, announcing truthfully in the direct mechanism
is a dominant strategy for all preference profiles if, and only if, the
social choice rule is dictatorial.

A social choice rule is said to be strategy proof if announcing
truthfully in the direct mechanism is a dominant strategy for all
preference profiles. It is trivial that for any dictatorial social choice
rule, it is a dominant strategy to always truthfully report in the
direct mechanism. The surprising result is the converse.

Example 1.1.7 (Continuation of example In the 2" price auc-
tion, each player has a weakly dominant strategy, given by b, = v;.

Sufficient to show this for 1. First argue that bidding v, is a best
response for 1, no matter what bid 2 makes (i.e., it is a dominant
strategy). Recall that payoffs are given by

V1 — bZ, if b1 > bg,
ui(by, b2) = %(Ul — by), if by = by,
0, if bl < bz.

Two cases:
1. bg < V7. Then ul(vl,bz) =U1—b2 Zul(bl,bz).
2. bg = V1: Then, ul(vl,bz) =02u1(b1,b2).

Thus, bidding v; is optimal.

Bidding v; also weakly dominates every other bid (and so v,
is weakly dominant). Suppose b; < v; and b; < b, < v,. Then
ul(bl,bz) =0<v; - bg = ul(vl,bz). If bl > V1 and bl > bz > Vi,
then u;(by,b;) = vi — b, <0 =u,(vy,by). *

Example 1.1.8 (Provision of public goods) n people. Agent i val-
ues public good at 7, total cost of public good is C.

Suppose costs are shared uniformly and utility is linear, so agent
i’s net utility is v; = r; — %C.
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Efficient provision: Public good provided iff 0 < > v;, i.e., C <
Z Yi.

Eliciting preferences: Agents announce ¥; and provide if > U; >
0? Gives incentive to overstate if v; > 0 and understate if v; < 0.

Groves-Clarke mechanism: if public good provided, pay agent i
amount >’ ., U; (tax if negative) .

Ui+ Sy, 00+ .05 =0,
Agent i’s payoff(?7;) = i+ 20 Al 2 jei AJ
0, if D;+ 3,0, <O.

Dominant strategy to announce U; = vi: If v; + > ;,;7; > 0, an-
nouncing U; = v; ensures good is provided, while if v;+>.;,; 0; <0,
announcing U; = v; ensures good is not provided. Moreover, con-
ditional on provision, announcement does not affect payoff—note
similarity to second price auction.

No payments if no provision, but payments large if provision:
Total payments to agents when provision = > ; (Z jﬂﬁj) = (n-
1) >; U;. Taxing agent i by an amount independent of i’s behavior
has no impact, so tax i the amount max{zj#- v;,0}. Result is

p

Vi, if sz}JZOand Zj:,:ii)jzo,
vi+Zj¢i1}ji if zJﬁJZOand zj#:iﬁj<07
_Zjii’ojs if ZJﬁJ<Oand Zjiif)jz(),

payoff to i = -

“

This is the pivotal mechanism. Note that i only pays a tax if i
changes social decision. Moreover, total taxes are no larger than
>.;max{?v;, 0} if the good is provided and no larger than > ; max{—7;,0}
if the good is not provided. *

Example 1.1.9 (Continuation of example [1.1.4, Cournot) There are
no weakly dominating quantities in the Cournot duopoly: Suppose
q» < a. Then argmax,, u1(q1,q) = argmax(a —c —q, —q2)qi. First

7



8 CHAPTER 1. NORMAL AND EXTENSIVE FORM GAMES

order condition impliesa — ¢ — 2q; —q» = 0 or

a—-c—qv

QI(QZ) = T
Since argmax u; is unique and a nontrivial function of g, there is
no weakly dominating quantity. *

1.2 Iterated Deletion of Dominated Strate-
gies

Example 1.2.1

L M R
T| 1,0 | 1,2 | 0,1
B| 03] 01] 20

Delete R and then B, and then L to get (T, M). *

Example 1.2.2 (Continuation of example [1.1.6) Apply iterative dele-
tion of weakly dominated strategies to veto game. After one round
of deletions,

2
(z,z,x)
1 2,1
z 1,2
and so 1 vetoes y, and not z! *

Remark 1.2.1 For finite games, the order of removal of strictly dom-
inated strategies is irrelevant (see Problem(1.4.4(a)). This is not true
for weakly dominated strategies:

8
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L M R
T 1,1 | 1,1 | 0,0
B| 1,100 | 1,1

Both TL and BL can be obtained as the singleton profile that remains
from the iterative deletion of weakly dominated strategies. In ad-
dition, {TL, TM} results from a different sequence, and {BL,BR}
from yet another sequence.

Similarly, the order of elimination may matter for infinite games
(see Problem [1.4.4(b)).

Because of this, the procedure of the iterative deletion of weakly
(or strictly) dominated strategies is often understood to require that
at each stage, all weakly (or strictly) dominated strategies be deleted.
We will follow that understanding in this class (unless explicitly
stated otherwise). With that understanding, the iterated deletion of
weakly dominated strategies in this example leads to {TL, BL}.

Remark 1.2.2 The plausibility of the iterated deletion of dominated
strategies requires something like players knowing the structure of
the game (including that other players know the game), not just
their own payoffs. For example in Example in order for the
column player to delete L at the third round, then the column
player needs to know that the row player will not play B, which
requires the column player to know that the row player knows that
the column player will not play R.

As illustrated in Section this kind of iterated knowledge is
not necessary for the plausibility of the procedure (though in many
contexts it provides the most plausible foundation).
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1.3 Extensive Form Games

Game trees look like decision trees. Role of definition is to make
clear who does what, when, knowing what.

Definition 1.3.1 A finite extensive form game consists of :
1. A set of players {1,...,n} and nature, denoted player 0.

2. A game tree (T,<), where (T,<) is an arborescence: T is a
finite set of nodes and < is a binary relation on T denoting
“precedence” satisfying

(a) < is asymmetric (t < t' = t' 4 t)F]

(b) transitive (Vt,t',t" € T,t <t',t' <t" =t < t")f]

(c) ift <t andt < t" theneithert <t ort’ <t,and finally,

(d) there is a unique initial node, t, € T, i.e., {to} = {t € T :
At e T,t' < t}.

Let Z={teT:At' € T,t < t'}, Z is the set of terminal nodes.
NOTE: (a)-(d) implies that V't + t,, ! path from the initial node

tot (see Problem|[1.4.5).

3. Assignment of players to nodes, ( : T\Z — {0,1,...n}. Define
Ti=ci(j)={teT\Z:u(t)=j},Vje{0,1,...,n}.

4. Actions: Define s(t) = {t' € T :t <t and At",t < t” < t'},
the set of immediate successors of t. Actions lead to (label)
immediate successors, i.e., there is a set A and a mapping

o T\{to} — A,

such that «x(t') + «(t") for all t',t” € s(t). Define A(t) =
o (s(t)), the set of actions available att € T\ Z.

5. Information sets: H; is a partition of T; for all i + 0 (H; is a
collection of subsets of T; such that (i) Vt € T;,3h € H;,t € h,
and (il Vh,h' e H,h+h' > hnh = Q). Assume Vt,t' € h,

2Note that this implies that < is irreflexive: t £ t forall t € T.
3 A binary relation satisfying and is called a strict partial order.

10
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(@t Lt',t £t,
(b) A(t) = A(t') = A(h), and

(c) perfect recall (every player knows whatever he knew pre-
viously, including own previous actions).

6. Payoffs, u;:Z — R.

7. Prob dsn for nature, p : Ty — Uer, A(A(L)) such that p(t) €
A(A(L)).

Definition 1.3.2 A strategy for player i is a function
siH; - u,A(h) such that s;i(h) € A(h), Yh € H;. (1.3.1)

The set of player i’s strategies is i’s strategy space, denoted S;.
Strategy profile is (s1,...,5,).

Definition 1.3.3 Suppose there are no moves of nature.

The outcome path is the sequence of nodes reached by strategy
profile, or equivalently, the sequence of specified actions.

The outcome is the unique terminal node reached by the strategy
profile s, denoted z(s). In this case, the normal form representation
is given by {(S1,U;),..., (S, Un)}, where S; is the set of i’s extensive
form strategies, and

Ui(s) = ui(z(s)).

Definition 1.3.4 If there are moves of nature, the outcome is the
implied probability distribution over terminal nodes, denoted °
A(Z). In this case, in the normal form representation given by
{(S1,U1),...,(S,,Un)}, where S; is the set of i’s extensive form strate-
gies, we have

Ui(s) = > 5 (2)uq(2).
z
For an example, see Example

Example 1.3.1 The extensive form for example

11
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The result of the iterative deletion of weakly dominated strate-
gies is (v, zzx), implying the outcome (terminal node) t;.

Note that this outcome also results from the profiles (y, yzx)
and (yv,zzy),and (y,yzy). x

Definition 1.3.5 A game has perfect information if all information
sets are singletons.

Example 1.3.2 (Simultaneous moves) The prisoners’ dilemma:

12
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1.3.1 The Reduced Normal Form

Example 1.3.3 Consider the extensive form:

Go )i} Go I Go,

I Z4
z Z Z3

1 2

Note that payoffs have not been specified, just the terminal nodes.
The normal form is (where u(z) = (u;(z2),u>(z))):

Stop Go

Stop,Stop; | u(zy) | u(zy)

Stop,Go; | u(z;) | u(zy)

Go,Stop; | u(zz) | u(zs)

Go,Go; | u(zy) | u(zs)

I’s strategies of Stop,Stop; and Stop,Go; are equivalent. *

Definition 1.3.6 Two strategies s;,s; € S; are strategically equiva-
lent if u;(s;, s-i) = uj(s;,s_;) foralls_; € S_; and all j.

In the (pure strategy) reduced normal form of a game, every set
of strategically equivalent strategies is replaced by a single repre-
sentative.

Example 1.3.4 (Example continued) The reduced normal form
is

Stop Go

Stop | u(zy) | u(z)

Go,Stop; | u(z,) | u(zsz)

Go,Go;, | u(zy) | u(zs)

13



14 CHAPTER 1. NORMAL AND EXTENSIVE FORM GAMES

The strategy Stop for player I in the reduced normal form should
be interpreted as the equivalence class of extensive form strategies
{Stop,Stop,, Stop,Go, }, where the equivalence relation is given by
strategic equivalence. *

When describing the normal form representation of an extensive
form, it is common to (and we will typically) use the reduced normal
form.

An extensive form strategy always has the form given by (1.3.1),
while a normal form strategy may represent an equivalence class
of extensive form strategies (and a reduced normal form strategy
always does).

1.4 Problems

1.4.1. Describe a social choice rule that is unanimous, nondictatorial, and
strategy proof when there are two alternatives.

1.4.2. Consider the following social choice rule over the set X = {x, y, z}.
There is an exogenously specified order x > y > z, and define
SX)={aeX a>a Va € X'\ {a}}. Then,

f(O@)=S({aeX:a=t(0;) for some i}).
Prove that f is unanimous and nondictatorial, but not strategy proof.

1.4.3. Consider the Cournot duopoly example (Example [1.1.4).

(a) Characterize the set of strategies that survive iterated deletion
of strictly dominated strategies.

(b) Formulate the game when there are n > 3 firms and identify
the set of strategies surviving iterated deletion of strictly dom-
inated strategies.

1.4.4. (a) Prove that the order of deletion does not matter for the process
of iterated deletion of strictly dominated strategies in a finite
game (Remark shows that strictly cannot be replaced by
weakly).

14
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(b) Show that the order of deletion matters for the process of iter-
ated deletion of strictly dominated strategies for the following
game: S = S» = [0, 1] and payoffs

si, ifs; <1,
ui(Sl,SZ) = 0, ifSi=1,Sj<1,
Siy ifSi=Sj=1.

1.4.5. Suppose (T, <) is an arborescence (recall Definition [1.3.1). Say a
node t’ is an immediate predecessor of a node t if t' < t and there
are no intervening nodes, that is, there does not exist a node t"’
satisfying
t'<t’'<t.

Prove that every noninital node has a unigue immediate predecessor
(and so there is a unique path to every noninitial node from the
initial node).

1.4.6. (a) Prove that each player i’s information sets H; are strictly par-
tially ordered by the precedence ranking <* , where we define
h' <* h if there exists t € hand t’ € h’ such that t’ < t.

(b) Give an example showing that the set of all information sets is
not similarly strictly partially ordered. (Perfect recall implies
that the set of i’s information sets also satisfy Property|2(c).)

(c) Prove that if h’ <* h for h,h’ € Hj, then for all t € h, there
exists t’ € h' such that t’ < t. (In other words, an individual
players information is refined through play in the game.)

15
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Chapter 2
A First Look at Equilibrium?|

2.1 Nash Equilibrium

Example 2.1.1 (Battle of the sexes)

Sheila
Opera  Ballet
Bruce Opera 2,1 0,0
Ballet 0,0 1,2

Definition 2.1.1 s* € S is aNash equilibrium of G = {(S1,u1),..., (Su, Un)}
if for all i and for all s; € S;,

ui(sf,s*) = ui(s;,s*).

Example 2.1.2 A simple extensive form:

ICopyright December 7, 2011 by George J. Mailath
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18 CHAPTER 2. A FIRST LOOK AT EQUILIBRIUM

Sy ={L,R}, S, = {4, 6v', vl ,vv'}.
U;j(s1,52) = uj(z), where z is terminal node reached by (sy, s2).
I1
e v vl vy’
I L|23]|23|42) 4.2
R|{1,0|31|1,0| 3,1

Two Nash equilibria: (L,¢¢’) and (R,¥7r’). Though ¥’ is a best
reply to L, (L,¥7’) is not a Nash equilibrium.

Note that the equilibria are strategy profiles, not outcomes. The
outcome path for (L, £¥’) is L, while the outcome path for (R, £r’)
is Rr’. In examples where the terminal nodes are not separately
labeled, it is common to also refer to the outcome path as simply
the outcome—recall that every outcome path reaches a unique ter-
minal node, and conversely, every terminal node is reached by a
unique sequence of actions (and moves of nature).

NOTE: (R,7r7’") is not a Nash eq, even though the outcome path
associated with it, R7’, is a Nash outcome path. *

£(Y) = collection of all subsets of Y, the power setof Y = {Y' C
Y}.

A function ¢ : X - 9(Y)\OD is a correspondence from X to Y,
sometimes written ¢ : X = Y.

18
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Note that ¢(x) is simply a nonempty subset of Y. If f : X —
Y is a function, then ¢(x) = {f(x)} is a correspondence and a
singleton-valued correspondence can be naturally viewed as a func-
tion.

Definition 2.1.2 The best reply correspondence for player i is

Pi(s_;) =argmaxu;(s;, S—;)
S;iES;

={s; € Si:ui(s;,5-1) = ui(s;,s-i), Vs; € Si}.

Note: without assumptions on S; and u;, ¢; is not well defined.
When it is well defined everywhere, ¢p;: S_; = S;.
If $i(s_;) is a singleton for all s_;, then ¢, is i’s reaction function.

Remark 2.1.1 Defining ¢ : S = S by

Pp(s) =[] Pi(s2) = pr(s-1) X -+ - X Pn(s_p),

we have that s* is a Nash equilibrium if, and only if,

st e ¢p(s*).

Example 2.1.3 (Continuation of example [1.1.9, Cournot) Recall that,
if g» < a - c,argmaxu;(q1,q>) is unique and given by

a-c-qp
—

More generally, i’s reaction function is

a1(qz) =

1
bilq;) = maX{E(a —c—q;j),0}.
Nash eq (g7, q5) solves

ai =¢1(a3),
a> =d2(qy).

19
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(ai,as)

(a-c)/2

(a—-c)/2 a-—-=c q

Figure 2.1.1: The reaction (or best reply) functions for the Cournot game.

So (ignoring the boundary conditions for a second),

1
ai =3(a-c-aj)
1 1
=§(0l—C—§(6l—C—QT))
oo o1 ar
—2(a C) 4(a c)+4
*
=i(&t—c)+6€T1
and so
1
*—_ J—
a; 3(a ).
Thus,
QEK:%(GL—C)—é(a—C)Zg(a—C).

20
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Since
2 1 2
=a-qi—-q,=a—-—-(a-c)=-a+-c>0.
p=a—-q{ —q> =a 3(a c) Sa 3c 0
Thus the boundary condition is not binding. Note also that there
is no equilibrium with zero prices. *

Example 2.1.4 (continuation of Example [1.1.7) Suppose v; < vy,
and the valuations are commonly known. There are many Nash
equilibria: Bidding v; for each i is a Nash equilibrium (of course?).
But so is any bidding profile (b, b,) satisfying b, < b,, b; < v, and
V1 < b, (Why? Make sure you understand why some inequalities are
weak and some are strict). Are there any other equilibria? *

Example 2.1.5 (continuation of example Suppose v, = Uy =
v, and the valuations are commonly known. The unique Nash equi-
librium is for both bidders to bid b; = v. But this eq is in weakly
dominated strategies. But what if bids are in pennies? *

2.1.1 Why Study Nash Equilibrium?

Nash equilibrium is based on two principles:

1. each player is optimizing given beliefs/predictions about the
behavior of the other players; and

2. these beliefs/predictions are correct.

While optimization is not in principle troubling (it is true almost
by definition), the consistency of beliefs with the actual behavior is
a strong assumption. Where does this consistency come from?

Several arguments have been suggested:

1. preplay communication (but see Section [2.5.2),

2. self-fulfilling prophecy (if a theory did not specify a Nash equi-
libria, it would invalidate itself),

21
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Entrant

Figure 2.2.1: An entry game.

3. focal points (natural way to play),

4. introspection more generally (currently not viewed as persua-
sive),

5. learning (either individual or social), see Section 4.2 and

6. provides important discipline on modelling.

2.2 Credible Threats and Backward Induc-
tion

Example 2.2.1 (Entry deterrence) The entry game illustrated in Fig-
ure has two Nash equilibria: (In, Accommodate) and (Out,
Fight). The latter violates backward induction. *

Example 2.2.2 (The case of the reluctant kidnapper) Kidnapper has
two choices after receiving ransom: release or kill victim. After re-
lease, victim has two choices: whether or not to reveal identity of
kidnapper. Payoffs are illustrated in Figure Victim is killed in
only outcome satisfying backward induction.

22
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Kidnapper

/

10 -5
1 2

Figure 2.2.2: The Reluctant Kidnapper

Go I Go I Go; 10

I 1,000
Stop Stop Stopy
1 0 100
0 10 1

Figure 2.2.3: A short centipede game.

Example 2.2.3 (Rosenthal’s centipede game) The perils of backward
induction are illustrated in Figure with reduced normal form
given in Figure [2.2.4]

A longer (and more dramatic version of the centipede is given in
Figure

Backward induction solution in both cases is that both players

choose to stop the game at each decision point. "

23
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Stop Go
Stop 1,0 1,0
Go,Stop; | 0,10 | 100,1
Go,Go; | 0,10 | 10,1000

Figure 2.2.4: The reduced normal form for the short centipede in Figure

[2:2.3]
I Go II' Go I Goy q Gog 1 Go 1,000
100,000
Stop: Stop; Stop»
Stop Stop ~ ~ ~
1 0 100 10 10,000
0 10 1 1,000 100

Figure 2.2.5: A long centipede game.

24
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Figure 2.3.1: (L, T,7) is Nash. Is it plausible?

Theorem 2.2.1 (Zermelo, Kuhn): A finite game of perfect informa-
tion has a pure strategy Nash equilibrium.

2.3 Subgame Perfection

Example 2.3.1 In the game illustrated in Figure [2.3.1, the profile
(L, T,r) is Nash. Is it plausible? *

Define S(t) ={t' e T:t <t'}.

Definition 2.3.1 The subset Tt = {t} US(t), of T, together with pay-
offs, etc. appropriately restricted to T!, is a subgame if for all infor-
mation sets h,

hnTt+ @ =hcT.

The information set containing the initial node of a subgame is
necessarily a singleton (see Problem |2.6.6).

25
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Definition 2.3.2 The strategy profile s is a subgame perfect equilib-
rium if s prescribes a Nash equilibrium in every subgame.

Example 2.3.2 (augmented PD)
E S P
E| 2,2 -1,3 | -1,-1
S| 3,-1 0,0 |—-1,-1
P|-1,-1|-1,-1|-2,-2

Play game twice and add payoffs.

Nash strategy profile: F in first period, and S in second period as
long as opponent also cooperated in first period, and P if opponent
didn’t exert effort in first period. Every first period action profile
describes an information set for each player. Player i’s strategy is
sl =E,

S, ifa,=E
20 4 — ] J J
si(ai, ;) {P, ifa; + E.

Not subgame perfect: Every first period action profile induces a
subgame, on which SS must be played. But the profile prescribes
SP after ES, for example. Only subgame perfect equilibrium is al-
ways S. *

Example 2.3.3 (A different repeated game) The stage game is

L C R
T [4,6(0,0/9,0
M |0,0(6,4[0,0/
B |0,0/0,08,8

(T,L) and (M, C) are both Nash eq of the stage game. The profile
(s1,52) of the once-repeated game with payoffs added is subgame
perfect:

s{ =B,

26
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) M, if x = B,
STV =07 i x =B
s; =R,
) C, if x =B, and
2OV =91 i 2 B,

The outcome path induced by (s, s2) is (BR, MC).

These are strategies of the extensive form of the repeated game,
not of the reduced normal form. The reduced form strategies cor-
responding to (sq,s,) are

§l =B,
§2(y) =M, forall y,
$} =R,
) C, if x =B, and
SﬂmziL if x * B. .

Example 2.3.4 Consider the extensive form in Figure

The game has three Nash eq: (RB,r), (LT,¥), and (LB, ). Note
that (LT,¥), and (LB, ¥) are distinct extensive form strategy pro-
files.

The only subgame perfect equilibrium is (RB,v).

But, (L,¥) also subgame perfect in the extensive form in Figure
2.3.3

Both games have the same reduced normal form, given in Figure

2.3.4 *

Remark 2.3.1 (Equivalent representations?) A given strategic set-
ting has both a normal form and an extensive form representation.
Moreover, the extensive form apparently contains more informa-
tion (since it in particular contains information about dynamics and
information). For example, the application of weak domination to
rule out the (Stay out, Fight) equilibrium can be argued to be less

27
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Figure 2.3.2: A game with “nice” subgames.

Figure 2.3.3: An “equivalent” game with no “nice”’subgames.

28
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'3 r
L| 2,0 2,0
-1,1 4,0
B| 0,0 5,1

Figure 2.3.4: The reduced form for the games in Figures [2.3.2/and [2.3.3]

compelling than the backward induction (ex post) argument in the
extensive form: faced with the fait accompli of Enter, the incum-
bent “must” Accommodate. As Kreps and Wilson| (1982, p. 886)
write: “analysis based on normal form representation inherently
ignore the role of anticipated actions off the equilibrium path...and
in the extreme yields Nash equilibria that are patently implausible.”

But, backward induction and iterated deletion of weakly domi-
nated strategies lead to the same outcomes in finite games of per-
fect information. Motivated by this and other considerations, a
“classical” argument holds that all extensive forms with the same
reduced normal form representation are strategically equivalent
(Kohlberg and Mertens (1986) is a well known statement of this
position; see also Elmes and Reny (1994)). Such a view implies that
“good” extensive form solutions should not depend on the exten-
sive form in the way illustrated in Example For more on this
issue, see van Damme (1984) and Mailath, Samuelson, and Swinkels
(1993, 1997).

2.4 Mixing

2.4.1 Mixed Strategies and Security Levels

Example 2.4.1 (Matching Pennies) A game with no Nash eq:

29
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H T
H 1,-1]-1,1
T|-1,1 1,-1

The greatest payoff that player 1 can guarantee himself may ap-
pear to be —1 (the unfortunate result of player 2 correctly antici-
pating 1’s choice).

But suppose that player 1 flips a fair coin so that player 2 cannot
anticipate 1’s choice. Then, 1 should be able to do better. *

Definition 2.4.1 Suppose {(S1,u;),...,(Sn, Un)} is an n-player nor-
mal form game. A mixed strategy for player i is a probability distri-
bution over S;, denoted ;. Strategies in S; are called pure strategies.
A strategy o; is completely mixed if o;(s;) > O for all s; € S;.

In order for the set of mixed strategies to have a nice mathe-
matical structure (such as being metrizable or compact), we need
the set of pure strategies to also have a nice structure (often com-
plete separable metric, i.e., Polish). For our purposes here, it will
suffice to consider finite sets, or nice subsets of R¥. More gener-
ally, a mixed strategy is a probability measure over the set of pure
strategies. The set of probability measures over a set A is denoted
A(A).

If S; is finite, 0y : S; — [0, 1] such that > cs. 0y(s;) = 1.

Extend u; to 1—[;1:1 A(S;) by taking expected values, so that u; is
i’s expected payoff under randomization.

If S; is finite,

Ui (01, On) = D oo D U(S1, e, S)T1(S1) + - - On(Sn).

31€S1 snesn
Writing
ui(s, 0o = > uilsy,s—) | [oj(s)),

S_{€ES_; J#i

we then have

wi(07,0-1) = > wilsi, 0-1)0i(sy).
S;i€S;
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Definition 2.4.2 Player i’s security level is the greatest payoff that
i can guarantee himself:

v, = sup inf  ui(oy, 0-9).
0i€A(S)) o€l A(S))

If o achieves the sup, then o/ is a security strategy for i.

In matching pennies, each player’s security level is 0, guaranteed
by the security strategy 3 o H + 3 o T.

2.4.2 Domination and Optimality

Example 2.4.2 In the following game (payoffs are for the row player),
M is not dominated by any strategy (pure or mixed) and it is the
unique best reply to 3 o L + 1 o R:

N
oI | W
wlin|lolkx

In the following game (again, payoffs are for row player), M is
not dominated by T or B, it is never a best reply, and it is strictly
dominated by o T + o B:

v N |lol

Definition 2.4.3 The strategy s; € S; is strictly dominated by the
mixed strategy o; € A(S;) if

ui(oy, s-i) > ui(s;,s-;) Vs_i€ S

31
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Henceforth, a strategy is strictly (or weakly) undominated if there
is no pure or mixed strategy that strictly (or weakly, respectively)
dominates it.

It is immediate that Definition is equivalent to Definition
8.B.4 in MWG.

Lemma 2.4.1 Suppose n = 2. The strategy s; € S, is not strictly
dominated by any other pure or mixed strategy if, and only if, s; €
argmax u, (sy, o») for some o, € A(S>).

Proof. We present the proof for finite S;.

If there exists 0> € A(S,) such that s; € argmaxu, (s, 02), then
it is straightforward to show that s; is not strictly dominated by
any other pure or mixed strategy (left as exercise).

Suppose s; is a player 1 strategy satisfying

S ¢ argmax u, (S, 0») Yo, € A(S»). (2.4.1)

Define x (51, $2) = U1 (s1,52) — u1(sy, s2), and observe that for fixed
S», we can represent the vector of payoff differences {x(s1,5») : 51 #
s1} as a point in RI$!I=1, Define

X = convix € R : xg = x(s1,52),8 # 5], some s, € S»}.

Denote the closed negative orthant by R”*''™! = {x € RS'I"1 : x,, <
0, Vs; # s1}. Equation implies that for all o» € A)(S>,), there
exists s; such that > x(s1,$2)0>(s2) > 0, and so RS A x = @.
Moreover, X is closed, since it is the convex hull of a finite number

of vectors. See Figure
By an appropriate strict separating hyperplane theorem (see, for

example, Vohra (2005, Theorem 3.7)), 3A € RIS1=1\ {0} such that
A-x >A-x'foral x € X and all x' € R, Since R is
unbounded below, A(s;) = 0 Vs; (otherwise making |x’(s1)| large
enough for s; satisfying A(s;) < 0 ensures A - x" > A - x). Define

O-l>'< (Si,) = ‘[A(Si,) /antsi A(Sl) y if Si' =+ Si’

0, if 57 = s7.
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51
x(-,$2)
? x(-,$2)
x x(-,55)
RISH-1 \& S1
x(-,582)

Figure 2.4.1: The sets X and RISH-L,

We now argue that 0" is a mixed strategy for 1 strictly dominating
s}z Since 0 € R™! we have A - x > 0 for all x € X, and so

> o7 (1) D x(81,52)02(52) >0, Voo,

Si#S] 52

i.e., for all o>,

ui(oy,07) = Z Uy (81, 52) 07 (81) 02(52)

S1#S81,82

> > u(sy,$2) 07 (51)02(82) = ui(sy, 02).
S1#£S1,52

Remark 2.4.1 This proof requires us to strictly separate two dis-
joint closed convex sets (one bounded), rather than a point from
a closed convex set (the standard separating hyperplane theorem).
To apply the standard theorem, define Y = {y € RIS1I-1 : Ix ¢
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X,yve = x;V¥}. Clearly Y is closed, convex and 0 ¢ Y. We can
proceed as in the proof, since the normal for the separating hyper-
plane must again have only nonnegative coordinates (use now the
unboundedness of Y).

¢

Iterated strict dominance is thus iterated non-best replies—the
rationalizability notion of Bernheim| (1984) and [Pearce| (1984). But,
assumes utilities are disjoint from subjective probabilities—not re-
ally in spirit of Savage, see Borgers (1993).

If n > 2, issue of correlation across other players. Rationaliz-
ability formally does not allow correlation. Above result only holds
if beliefs of opponents play can be correlated.

Lemma holds for mixed strategies (see Problem [2.6.13).

2.4.3 Equilibrium in Mixed Strategies

Definition 2.4.4 Suppose {(S1,u;),...,(Sn, Un)} is an n-player nor-
mal form game. A Nash eq in mixed strategies is a profile (o7, ..., 0,%)
such that, for all i, for all o; € A(S;),

ui(or,0*) =ui(o,0). (2.4.2)

Equivalently, for all s; € S;,
ui(o, 0%) =ui(s;, o),

since
u;(oi, o) = Z ui(si, 05)0i(s;) < ui(s;, o),
SiESi

where s, € arg maxu;(s;, 0%)).

Lemma 2.4.2 A strategy o;" is a best reply to o*; (i.e., satisfies (2.4.2))
if, and only if,
*

(0P

F(s)) > 0= s, € argmaxu,(s;,0%).

Si
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Proof. Left as an exercise (Problem [2.6.15). n

Corollary 2.4.1 A strategy o is a best reply to o*; (ie., satisfies

(2.4.2)) if, and only if, for all s; € S;,
ui(or,0%) = u(s;,0%).

Example 2.4.3

L R
T,2,1]0,0
B|0,0|1,1

¢ is best replies in mixed strategies:

[ (13, ifag> ]
$1(@) =1 [0,1], ifqg=1
{0}, ifgq<3.

11, ifp> i,
¢2(p) =1 [0,1], ifp =3,
| {0}, if p < 3.
The best replies are graphed in Figure *

2.4.4 Behavior Strategies

What does mixing involve in extensive form games? Recall Defini-

tion [1.3.2}
Definition 2.4.5 A pure strategy for player i is a function

siH; - u,A(h) such that s;(h) € A(h) YVh € H,.
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OF

N

W

AN

$1

N —

Figure 2.4.2: The best reply mappings for Example

Denote i’s set of pure strategies by S;. Note that |S;| < o for
finite extensive form games.
As above:

Definition 2.4.6 A mixed strategy for player i, o;, is a probability
distribution over Sj, i.e., 0; € A(S;).

Definition 2.4.7 A behavior strategy for player i is a function
b,:H;, - U,A(A(h)) such that s;(h) € A(A(h)) Vh € H,;.

Write b;(h)(a) for the probability assigned to the action a € A(h)
by the probability distribution b;(h).

Note that if |H;| = 3 and |A(h)| = 2 Vh € H;, then |S;| = 8
and so A(S;) is a 7-dimensional simplex. On the hand, a behavior
strategy in this case requires only 3 numbers (the probability on
the first action in each information set).

The behavior strategy corresponding to a pure strategy s; is
given by

bi(h) = 65w, Yh € Hj,
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where 6, € A(X), x € X, is the degenerate distribution (Kro-
necker’s delta),

1, if y =x,
0, otherwise.

5x(y) :{

Definition 2.4.8 Two strategies for a player i are realization equiv-
alent if, fixing the strategies of the other players, the two strategies
induce the same distribution over outcomes (terminal nodes).

Thus, two strategies that are realization equivalent are strategi-
cally equivalent (Definition [1.3.6).

Moreover, if two extensive form strategies only differ in the
specification of behavior at an information set that one of those
strategies had precluded, then the two strategies are realization
equivalent. For example the strategies Stop,Stop; and Stop,Go; in
Example are realization equivalent.

Given a behavior strategy b;, the realization-equivalent mixed
strategy o; € A(S;) is

oi(s;) = [ ] bi(h)(si(h)).

”LEHl'

Theorem 2.4.1 (Kuhn) Every mixed strategy has a realization equiv-
alent behavior strategy.

The behavior strategy realization equivalent to the mixture o;
can be calculated as follows: Fix an information set h for player i
(i.e., h € H;). Suppose h is reached with strictly positive probability
under o, for some specification 5_;. Then, b;(h) is the distribution
over A(h) implied by o; conditional on h being reached. While this
calculation appears to depend on the particular choice of s_;, it
turns out it does not. (If for all specifications s_;, h is reached with
zero probability under o;, then b;(h) can be determined arbitrarily.)

Using behavior strategies, mixing can be easily accommodated
in subgame perfect equilibria.
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2.5 Dealing with Multiplicity

2.5.1 I: Refinements

Example 2.5.1 Following game has two Nash equilibria (UL and
DR), but only DR is plausible. The other eq is in weakly dominated
strategies.

L R
Uuil210,0
D|2,0|1,1 *

Natural to require eq be “robust” to small mistakes.

Definition 2.5.1 An equilibrium o of a finite normal from game G
is (normal form) trembling hand perfect if there exists a sequence
{o*}, of completely mixed strategy profiles converging to o such
that o; is a best reply to every Ui‘i in the sequence.

This is NOT the standard definition in the literature (see Subsec-
tion [10.1.11

Every finite normal form game has a trembling hand perfect
equilibrium (see Subsection [10.1.1).

Note that weakly dominated strategies cannot be played in a
trembling hand perfect equilibrium:

Theorem 2.5.1 If a strategy profile in a finite normal from game is
trembling hand perfect then it is a Nash equilibrium in weakly un-
dominated strategies. If there are only two players, every Nash equi-
librium in weakly undominated strategies is trembling hand perfect.

Proof. The proof of the first statement is straightforward and left
as an exercise (Problem [2.6.16). A proof of the second statement
can be found in van Damme (1991, Theorem 3.2.2). (]

Can similarly explore the role of trembles in extensive form
games, which we will do in Chapter

Some additional material on trembling hand perfect equilibria
are collected in the appendix to this chapter (Section(10.1).
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2.5.2 1II: Selection
Example 2.5.2 (Focal Points)

A a b
Al2,2/0,0]0,0
al|0,0[0,0]2,2
b10,0/2,2]0,0

*
Example 2.5.3 (payoff dominance)
£ r
T2,2|0,0
B|0,0/1,1 «

Example 2.5.4 (Renegotiation) Compare with example The
stage game is

I C R
T |4,4/0,0|9,0
M|0,0/6,6|0,0/
B|0,0/0,0|8,8

(T,L) and (M, C) are both Nash eq of the stage game. The profile
(51,52) of the once-repeated game with payoffs added is subgame
perfect:

s{ = B,

, M, if x = B,
ST =01 i x =B
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C, if x =B, and

$2(%,7) = {L if x + B.

The outcome path induced by (s, s2) is (BR,MC). But TL is Pareto
dominated by MC, and so players may renegotiate from TL to MC
after 1’s deviation. But then 1 has no incentive not to play T in the
first period. *

Example 2.5.5 (risk dominance)

A B
A19910,5
B|5,0]7,7

While AA is the efficient profile (payoff dominant), BB has some
interest. In particular, B is “less risky” than A: technically, it is risk
dominant since B is the unique best reply to the uniform lottery
over {A, B}, i.e., to the mixture

1 1
EOA+§OB. N

2.6 Problems

2.6.1. Suppose {(S;,U;)}* ,} is anormal form game, and §; € S; is a weakly
dominated strategy for player 1. Let S} = S1\ {§1}, and S = S; for
i # 1. Suppose s is a Nash equilibrium of {(S{, Ui)i*,}. Prove that s
is a Nash equilibrium of {(S;, U;)i*,}.

2.6.2. Suppose {(S;,U;){";} is a normal form game, and s is a Nash equi-
librium of {(S;, Uy)™~,}. Let {(S;,U;)!~,} be the normal form game
obtained by the iterated deletion of some or all strictly dominated
strategies. Prove that s is a Nash equilibrium of {(Slf U3 (Of
course, you must first show that s; € S; for all i.) Give an example
showing that this is false if strictly is replaced by weakly.
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2.6.3.

2.6.4.

2.6.5.

2.6.6.

Consider (again) the Cournot example (Example [I.1.4). What is the
Nash Equilibrium of the n-firm Cournot oligopoly? What happens
to both individual firm output and total output as n approaches
infinity?

Consider now the Cournot duopoly where inverse demand is P(Q) =
a — Q but firms have asymmetric marginal costs: ¢; for firm i, i =
1,2.

(a) What is the Nash equilibrium when 0 < ¢; < a/2 for i = 1,27
What happens to firm 2’s equilibrium output when firm 1’s
costs, ¢, increase? Can you give an intuitive explanation?

(b) What is the Nash equilibrium when ¢y < ¢co < abut 2cy > a+c,?

Consider the following Cournot duopoly game: The two firms are
identical. The cost function facing each firm is denoted by C(q),
is continuously differentiable with C(0) = 0,C'(0) = 0,C'(q) >
0 Vq > 0. Firm i chooses gi,i = 1,2. Inverse demand is given
by p = P(Q), where Q = q; + q> is total supply. Suppose P is contin-
uous and there exists Q > 0 such that P(Q) > 0 for Q € [0,Q) and
P(Q) = 0 for Q = Q. Assume firm i’s profits are strictly concave in
q; for all gj,j # 1.

(a) Prove that for each value of g;, firm i (i # j) has a unique
profit maximizing choice. Denote this choice R;(gq;). Prove that
Ri(q) = Rj(q), i.e., the two firms have the same reaction func-
tion. Thus, we can drop the subscript of the firm on R.

(b) Prove that R(0) > 0 and that R(Q) = 0 < Q.

(c) We know (from the maximum theorem) that R is a continu-
ous function. Use the Intermediate Value Theorem to argue
that this Cournot game has at least one symmetric Nash equi-
librium, i.e., a quantity g*, such that (g*,q™*) is a Nash equi-
librium. [Hint: Apply the Intermediate Value Theorem to the
function f(q) = R(q) — q. What does f(q) = 0 imply?]

(d) Give some conditions on C and P that are sufficient to imply
that firm i’s profits are strictly concave in g; for all g, j # i.

(easy) Prove that the information set containing the initial node of a
subgame is necessarily a singleton.
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2.6.7. In the canonical Stackelberg model, there are two firms, I and II, pro-
ducing the same good. Their inverse demand functionis P = 6 — Q,
where Q is market supply. Each firm has a constant marginal cost
of $4 per unit and a capacity constraint of 3 units (the latter restric-
tion will not affect optimal behavior, but assuming it eliminates the
possibility of negative prices). Firm I chooses its quantity first. Firm
II, knowing firm I’s quantity choice, then chooses its quantity. Thus,
firm I’s strategy space is S; = [0,3] and firm II’s strategy space is
Sy ={12 | T2: 8 — [0,3]}. A strategy profile is (g1, T2) € S1 X S>,
i.e., an action (quantity choice) for I and a specification for every
quantity choice of I of an action (quantity choice) for II.

(a)

(b)

()

(d)

(e)

()

What are the outcome and payoffs of the two firms implied by
the strategy profile (g1, 12)?

Show that the following strategy profile does not constitute a
Nash equilibrium: (%,Tz), where 12(q1) = (2 — q1)/2. Which
firm(s) is (are) not playing a best response?

Prove that the following strategy profile constitutes a Nash equi-
librium: (%,'f'z), where T2(q1) = % if q1 = % and T2(qy) = 3 if
q + % i.e., II threatens to flood the market unless I produces
exactly%. Is there any other Nash equilibrium which gives the
outcome path (%, %)? What are the firms’ payoffs in this equi-
librium?

Prove that the following strategy profile constitutes a Nash equi-
librium: (0, T»2), where T2(q1) = 1if g1 = 0 and T2(q1) = 3 if
q1 + 0, i.e., II threatens to flood the market unless I produces
exactly 0. What are the firms’ payoffs in this equilibrium?

Given g, € [0, 2], specify a Nash equilibrium strategy profile
in which I chooses g;. Why is it not possible to do this for
a1 € (2,317

What is the unique backward induction equilibrium of this game?

2.6.8. Consider the extensive form in Figure

(@)
(b)

What is the normal form of this game?

Describe the pure strategy Nash equilibrium strategies and out-
comes of the game.
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Figure 2.6.1: The game for Problem 2.6.§]

(c) Describe the pure strategy subgame perfect equilibria (there
may only be one).

2.6.9. Consider the following game G between two players. Player 1 first
chooses between A or B, with A giving payoff of 1 to each player,
and B giving a payoff of 0 to player 1 and 3 to player 2. After player
1 has publicly chosen between A and B, the two players play the
following bimatrix game (with 1 being the row player):

L R
uv|1,1/|0,0
D |0,0/|3,3

Payoffs in the overall game are given by the sum of payoffs from 1’s
initial choice and the bimatrix game.

(a) What is the extensive form of G?

(b) Describe a subgame perfect equilibrium strategy profile in pure
strategies in which 1 chooses B.
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2.6.10.

2.6.11.

2.6.12.

2.6.13.

(c) What is the reduced normal form of G?

(d) What is the result of the iterated deletion of weakly dominated
strategies?

Suppose s is a pure strategy Nash equilibrium of a finite extensive
form game, I'. Suppose I'' is a subgame of I that is on the path of
play of s. Prove that s prescribes a Nash equilibrium on I''. (It is
probably easier to first consider the case where there are no moves
of nature.) (The result is also true for mixed strategy Nash equilibria,
though the proof is more notationally intimidating.)

Suppose the 2 X 2 normal form game G has a unique Nash equi-
librium, and each player’s Nash equilibrium strategy and security
strategy are both completely mixed.

(@) Describe the implied restrictions on the payoffs in G.

(b) Prove that each player’s security level is given by his/her Nash
equilibrium payoff.

(c) Give an example showing that (in spite of part [2.6.11(b)), the
Nash equilibrium profile need not agree with the strategy pro-
file in which each player is playing his or her security strategy.
(This is not possible for zero-sum games, see Problem [4.3.1})

(d) For games like you found in part [2.6.11(c), which is the better
prediction of play, security strategy or Nash equilibrium?

Suppose {(S1,uU1),...,(Sy,Uy)} is a finite normal form game. Prove
that if s; € S is strictly dominated in the sense of Definition
then it is not a best reply to any belief over S_;. [While you can prove
this by contradiction, try to obtain the direct proof, which is more
informative.] (This is the contrapositive of the “straightforward”
direction of Lemma [2.4.1])

(a) Prove that Lemma also holds for mixed strategies, i.e.,
prove that o; € A(Sy) is not a best reply to any mixture o, €
A(S>) if and only if o is strictly dominated by some other strat-
egy o, (i.e., ui(0y,s2) > uy (o1, s2), Vs2 € S»).

(b) For the game illustrated in Figure , prove that % oT + % oB
is not a best reply to any mixture over L and R. Describe a
strategy that strictly dominates it.
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L R
T15,0]0,1
Cc 2640
B 0,051

Figure 2.6.2: The game for Problem [2.6.13(b)

2.6.14. Suppose {(Si,u1), (S2,u2)} is a two player finite normal form game
and let S> be a strict subset of S». Suppose s; € S; is not a best
reply to any beliefs with support S». Prove that there exists € > 0
such that s] is not a best reply to any beliefs u € A(S>) satisfying
u(S’g) > 1 — &. Is the restriction to two players important?

2.6.15. Prove Lemma[2.4.2]

2.6.16. Is it necessary to assume that ¢ is a Nash equilibrium in the defi-
nition of normal form trembling hand perfection (Definition [2.5.1)?
Prove that every trembling hand perfect equilibrium of a finite nor-
mal form game is a Nash equilibrium in weakly undominated strate-
gies.
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Chapter 3

Games with Naturel

3.1 An Introductory Example

Example 3.1.1 (Incomplete information version of example
Firm 1’s costs are private information, while firm 2’s are public. Na-
ture determines the costs of firm 1 at the beginning of the game,
with Pr(c; = cg) = 0 € (0,1). As in example [1.1.4] firm i’s profit is

1(q1,q2;¢i) = [(a — a1 — q2) — cilai,

where ¢; is firm i’s cost. Assume c;,cy,c> < a/2. A strategy for
player 2 is a quantity g»>. A strategy for player 1 is a function q; :
{ci,ca} — R. For simplicity, write gq; for q:(cr) and gy for g, (cq).
Note that for any strategy profile ((qu,q1),q>), the associated
outcome is
0 o (qu,q2) + (1 = 0) o (qr,92),

that is, with probability 0, the terminal node (gqy,q») is realized,
and with probability 1 — 0, the terminal node (q;, g») is realized.
To find a Nash equilibrium, we must solve for three numbers

* * *
ar, 4z, and g3 .
Assume interior solution. We must have:

(af,a;)) = argmax 0[(a —qu — q3) — culqu
qH,qL

+ (1 -0)[(a~-qr—4a5)—cLla:.

ICopyright December 7, 2011 by George J. Mailath
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This implies pointwise maximization, i.e.,

i =argmax [(a—q1—qy) —culaq:
q1

1
= §(a —q; — CH).

and

*

1
ar = E(a —q; —C1).
We must also have

q; =argmax 0[(a — qf; — g2 — ¢2192
qz

+(1-0)(a—q;f —q2—c21q>

=argmax [(a - 0q}; — (1 -0)aqf —q2) — c21q.
qaz

1
zz(a—cg— 0q;; — (1 - 0)q]).

Solving,
a—2cy+c 1-0
a; = 3H e s (cn—cy)
a-—2c+c¢ 0
a; = %_E(CH_CL)
N a—2c+0cyg+(1-0)c;
QZ = 3 *

3.2 Purification

Player i’s mixed strategy o; in a complete information game G is
said to be purified if in an incomplete information version of G
(with player i’s type space given by T;), that player’s behavior can
be written as a pure strategy s; : T; — A; such that

oi(a;) = Prisi(t;) = ai},
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where Pr is given by the prior distribution over T; (and so is player
j + i beliefs over T;).

Example 3.2.1

A B
A[199]0,5
B 50|77

Mixed strategy equilibrium: Let p = Pr {A}, then

9p = 5Sp+7(1-p)
s 9p=7-2p
7
11p =7 = —.
Trivial purification: give player i payoff irrelevant type t; where
t; ~ U([0,1]), and t; and t, are independent. Then, the mixed

strategy eq is purified by many pure strategy eq in the incomplete
information game, such as

(1 (B Hr=41L,
S = VA it = 4/11.

Harsanyi (1973) purification: Consider game of incomplete in-
formation, denoted G(¢), where t; ~ U([0,1]) and t; and ¢, are
independent:

A B
A9+ ¢€t,9+ €t 0,5
B 5,0 7,7

Pure strategy for player i is s; : [0,1] — {A,B}. Suppose 2 is
following a cutoff strategy,

A, b= fg,
SZ(tZ) - {B t < fg

with fz e (0,1).
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Type t; expected payoff from A is

Ui (A, t,852) = (9+¢ty) Prisa(tz) = A}
9+ Etl)PI'{tg = fz}
= (9+et)(1-t),

while from B is

Ui (B, ty,s2) = 5PT{t22E2}+7PI‘{t2<f2}
= 5(1—f2)+7fz
= 5+2fg.

Thus, A is optimal iff
(9 + Etl)(l - fg) >5+ 2f2
i.e., )
11t, — 4
1> —.
E(l — tz)

Thus the best reply to the cutoff strategy s is a cutoff strategy with
t; = (11t — 4)_/6(1_— t22 Since the game is symmetric, try for a
symmetric eq: t; = t, = t. So

- 11t -
t=——,
e(1-1)
or
st?+ (11 —-&8)t -4 =0. (3.2.1)

Let t(&) denote the value of t satisfying (3.2.1). Note first that
t(0) = 4/11, and that writing as g(t, &) = 0, we can apply the
implicit function theorem to conclude that for € > 0 but close to 0,
the cutoff type t(¢) is close to 4/11, the probability of the mixed
strategy eq in the unperturbed game. In other words, for & small,
there is a symmetric equilibrium in cutoff strategies, with t € (0, 1).
This equilibrium is not only pure, but almost everywhere strict!

’indeed, even if player 2 were not following a cutoff strategy, player 1’s best
reply is a cutoff strategy.
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The interior cutoff equilibrium of G (&) approximates the mixed
strategy equilibrium of G(0) in the following sense: Let p(&) be
the probability assigned to A by the symmetric cutoff equilibrium
strategy of G(¢). Then p(0) = 7/11 and p(¢) = 1 — t(¢g). Since we
argued in the previous paragraph that t(¢) — 4/11 as € — 0, we
have that for all n > 0, there exists € > 0 such that

lp(e) — p(0)| < n. .

Harsanyi’s (1973) purification theorem is the most compelling
justification for mixed equilibria in finite normal form games: Take
any sequence of incomplete-information games, where each player’s
payoffs are subject to private shocks, converging to the complete-
information normal form game. Harsanyi proved that every equilib-
rium (pure or mixed) of the original game is the limit of equilibria
of these close-by games with incomplete information. Moreover, in
the incomplete-information games, players have essentially strict
best replies, and so will not randomize. Consequently, a mixed
strategy equilibrium can be viewed as a pure strategy equilibrium
of any close-by game of incomplete information.

See Govindan, Reny, and Robson|/(2003) for a modern exposition
and generalization of Harsanyi (1973). A brief introduction can also
be found in Morris| (2008).

3.3 Auctions and Related Games

Example 3.3.1 (First-price sealed-bid auction—private values)
Bidder i’s value for the object, v; is known only to i. Nature
chooses v;, i = 1,2 at the beginning of the game, with v; being
independently drawn from the interval [v;, ¥;], with CDF F;, density
fi. Bidders know F; (and so f;).
This is an example of independent private values.

Remark 3.3.1 An auction (or similar environment) is said to have
private values if each buyer’s (private) information is sufficient to
determine his value (i.e., it is a sufficient statistic for the other buy-
ers’ information). The values are independent if each buyer’s pri-
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vate information is stochastically independent of every other bid-
der’s private information.

An auction (or similar environment) is said to have interdepen-
dent values if the value of the object to the buyers is unknown at
the start of the auction, and if a bidder’s (expectation of the) value
can be affected by the private information of other bidders. If all
bidders have the same value, then we have the case of pure common
value.

¢

Set of possible bids, R.,.
Bidder i’s ex post payoff as a function of bids b; and b,, and
values v; and v»:

0, if b; <bj,
ui(by, b2, v1,v2) =1 3 (vi—by), if b;=bj,
Vi — by, if b; > bj.
Suppose 2 uses strategy o, : [v2, V2] — R,. Then, bidder 1’s
expected (or interim) payoff from bidding b; at v, is
Ui (b1, v1;02) = Jul (b1, 02 (V2) , V1, V2) dF2(v2)

1
= E(vl—bl)Pr{UZ(’UZ) :bl}

+J (v1 = by) f2 (v2) dvs.
{v2:02(v2)<b1}
Player 1’s ex ante payoff from the strategy o, is given

| vi@i @, w0 dr @),

and so for an optimal strategy oy, the bid b, = 03 (v;) must maxi-
mize U; (b, v;;0>) for almost all v;.

Suppose 0 is strictly increasing. Then, Pr {0, (v,2) = b1} = 0
and

Uy (b1, v1;07) = J (V1 = b1) fo (V2) dv,

{v2:02(v2)<b1}
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= E[v, — by | winning] Pr{winning}
= (V1 = by) Pr{o: (v2) < b1}

= (v1 — by) Pr{vy; < 0, ' (b1)}

= (v1 — b)) Fa (051 (by)).

Assuming o> is, moreover, differentiable, and an interior maximum,
the first order condition is

-1
0=—B«HWMH+Cm—bﬂﬁ«UWh»g%E@Q.
1
But
dO'Z_I(bl) _ 1
db, a3 (05 (b))’
SO
F> (071 (b)) 0y (051 (b)) = (vy — by) f (051 (by)),
i.e.,

(v1 — by) fo (07" (D))

F> (05" (b))
Suppose F; = F, and suppose the eq is symmetric, so that o7 =
0, =06,and b, = 0, (V) = v = 05 '(b;). Then,

(v—-0w))f(v)
F(v) |

oy (05" (b)) =

o'(v) = (3.3.1)

If ¥ = v+ 1 and values are uniformly distributed on [v, v + 1], then

o' ()= LT,

v-v

i.e.,
(v-v)d'(v)+06() =v.
But, 4
E(v—y)&(u) =(v-v)d (v)+0d(v),
SO ,
(v-v)d (v) =v7+k,
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where k is a constant of integration. Moreover, evaluating both
sides at v = v shows that k = —v?/2, and so

(v-v)o(v) = =
= (”7(v)=%(v+y).

As an illustration of the kind of arguments that are useful, I
now argue that every Nash equilibrium must be in nondecreasing
strategies.

Lemma 3.3.1 Suppose (01, 0») is a Nash equilibrium of the first price
sealed bid auction with independent private values, with CDF F; on
[vi, D1]. Suppose type v, wins the auction with positive probability.
Then, o;(v{") = o,(v;) forall v > v;.
Proof. Suppose not. Then there exists v;" < v; with o (vy) =: b} >
b = oy, (v{).

Incentive compatibility implies

Ui (b, vy;02) =2 Ui (DY, vy;02),
and Ui (by,v{;02) < U (b}, v{;07).

Note that
Ui (b1, vy1;02) — Ui(by,v1;02) =
%(v{ — ) Pr{o2(v2) = b1} + (v; —v{") Pr{o2(v2) < b1 }.
Subtracting the second from the first inequality gives
Ui (b1, v1;02) — Ui (by, v1'502) = Ui (by, vi502) — Ui(by, v1’; 02),

and so substituting,

1 4 144 4 4 144 4

E(v1 —v,)Prioz(vy) = by} + (v; —v;)Prioy(ve) < b} =
1 4 r’ r’ 14 144 rr’
E(Ul —v{)Prioz(vy) = b} + (v —v{) Pr{ox(v2) < b},
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and simplifying (and dividing by (v; — v{") < 0) we get
0 = Pr{b] < 02(v2) < b}
1 , '
+5 {Pr{oz(v2) = b}} —Pr{oz(v2) = by'}}
= Pr{b| < 02(v2) < b1}

+ % {Pr{o>(vy) = b} + Pr{oz(v2) = b{}}.

This implies

0 =Pri{oz(vy) = b1},
0 =Pr{o»(v,) = b{'},
and 0 =Pr{b] < 02(v2) < b}}.

That is, bidder 2 does not make a bid between b] and b}, and there
are no ties at by or by. A bid of b; and b therefore wins with the
same probability. But this implies a contradiction: Since b; wins
with positive probability, v, strictly prefers to win with the same

probability at the strictly lower bid of b}'. [
*

Example 3.3.2 (independent private values, symmetric n bidders)
Suppose now there n identical bidders, with valuations v; indepen-
dently distributed on [v, V] according to F with density f.

Interested in characterizing the symmetric Nash equilibrium (if
it exists). Let o be the symmetric strategy, and suppose it is strictly
increasing. Consequently, the probability of a tie is zero, and so
bidder i’s interim payoff from the bid b; is

Ui(b;,vi;0) = E[v; — b; | winning] Pr{winning}
= (v; — by) PI‘{UJ' < O'_l(bi), Vj=+i}
= (vi — b)) [ [Priv; < o7 (b))}

j*i

= (vi —b)F" (o7 ().

As before, assuming o is differentiable, and an interior solution,
the first order condition is
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0=-F"Yo (b))
n-2 -1 _l(bi)
+ (vi—by)(n—1DF*" (0" (b)) f(o (b)) ——,
db;
and simplifying (similarly to (3.3.1)), we get

o (WF"'(v)+o@)(n-1)F" () f(v)
=v(n-1F"2W)f(v),

that is,

i n-1 _ _ n-2
dva(v)F (v)=v(n-1DF"“(v)f(v),

or (where the constant of integration is zero, since F(v) = 0),

_; ! n-1
o) = Fri(v) L xdF" " (x).

Remark 3.3.2 (Order statistics) Given n independent draws from

a common distribution F, denoted v, ..., vy, let ™,y ., 1)
denote the rearrangement satisfying y(”) >y > ... = y™. The

statistic y,i”) is the k™-order statistic. (Warning: Some authors re-

verse the inequalities.)
The distribution of y\" is Pr{y\"™ < y} = Fn(y).

If o is a symmetric Nash equilibrium, then
o (V) _E[y(n 1) |y1(n—1) <vl.

That is, each bidder bids the expectation of the maximum of all the
other bidders’ valuation, conditional on that valuation being less
than his (i.e., conditional on his value being the highest). Equiv-
alently, the bidder bids the expected value of the second order
statistic of values, conditional on his value being the first order
statistic. *
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Example 3.3.3 (First-price sealed-bid auction—pure common values)
Each bidder receives a private signal about the value of the object,
t;, with t; € T; = [0, 1], uniformly independently distributed. The
common (to both players) value of the objectis v = t; + t».

Ex post payoffs are given by

t1+t2—bl‘, if bi>bj,
wi(by, by, t1,t2) =1 5(t1 +to — by), if b; = b;,
0, if bi < bj.

Suppose 2 uses strategy o, : T, — R,. Suppose 0 is strictly
increasing. Then, t;’s expected payoff from bidding b, is

U,(by,t1;02) = E[t; +t, — by | winning | Pr{winning}
= E[t; +ty — by | ta < 031 (b1)]1Pr{ty < 05 (by)}

oz (by)

— (i —b)oy () + jo t, dt

= (t; —by)oy ' (by) + (051 (by))?)2.
If 0, is differentiable, the first order condition is

do; ' (by) doy (b))

_ _ -1 _
0=-0,"(by) + (t; — by) b, ab,

+0'2_1(l91)

and so
o5 (b1) oy (05 (b)) = (t, + 051 (by) — by).

Suppose F; = F, and suppose the eq is symmetric, so that o7 =
o, =0,and b, = 01(t) = t = 05, '(by). Then,
to'(t) =2t — o(t).
Integrating,
to(t) = t* +k,

where k is a constant of integration. Evaluating both sides at t = 0
shows that k = 0, and so
o(t) =t.

Note that this is NOT the profile that results from the analysis
of the private value auction when v = 1/2 (the value of the object
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in the common value auction, conditional on only t,, is E[t; + t, |
t1] =t + 1/2). In particular, letting v’ =t + %, we have

S v+1/2 t+1
S22

O-private(t) = 6’(1},) >t = O-public(t)-

This illustrates the winner’s curse: E[v | t;] > E[v|t;, winning]. In
particular, in the equilibrium just calculated,

Elv | t1, winning] = E[t; + 1t | t1, > < ]

1 t
= 1+ ——mM8M8M8 trdt
! Pr{t2<t1} JO ; ’
_ 1 2 b _ 3t1
= t1+t—1[(t2) /2]0 =5

while E[v | t;] =t + 3 > 3t;/2 (recall t; € [0,1]).
Notice moreover, that the bidder bids as if it is a private values
auction and the value of the objectis E[v, | ty, t» = t1]. *

Example 3.3.4 (War of attrition)

Action spaces S; = R,.

Private information (type) t; € T; = R,, CDF F;, density f;, with
fi strictly positive on T;.

Ex post payoffs

t; - S5, if S <5,

Ui (81,80, t1, ) = .
i(S1, 82, L1, t2) {_Si; if 5; = s

Suppose 2 uses strategy o, : T» — S». Then, t;’s expected (or
interim) payoff from stopping at s; is

Uy (s1,t1;00) = jul (51,0 (t2) ,£) dFy (£2)

= —s1Prio (t2) 231}+J (ty — 02 (t2)) dF> (t2) .

{t2:02 (t2) <51}

Any Nash equilibrium is sequentially rational on the equilibrium
path: Suppose T < o0;(t;) is reached (i.e., 2 has not yet dropped
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out) and Pr{o>(t,) > T} > 0 (so that such an event has positive
probability). Is stopping at o (t;) still optimal? Suppose that, con-
ditional on play reaching T, the stopping time §; > T yields a higher
payoff than the original stopping time s; = 0, (t;), i.e.,

E,[ui(s1,02(t2),t) | 02(t2) > 7]
< Et,[u1(81,02(t2),t) | 02(t2) > 7]

Then,

Uy (s1,t1;02) = E,[ui(s1,02(t2),t) | 02(t2) < T]Pr{ox(tz) < 1}
+ Ep, [uy(s1,02(t2),t) | 02(t2) > T]Pr{oz(t2) > T}
< Ep[ui(sy, 02(t2),t) | 02(t2) < T]Pr{oa(t2) < T}
+ Ep, [uy (81, 02(t2),t) | 02(t2) > T]Pr{oz(tz) > T}
= Ep,[u1(81,02(t2),t) | 02(t2) < T]Pr{oz(t2) < 1}
+ Ep, [ui (81, 02(t2), t) | 02(t2) > T]Prioz(tz) > 7}
= U1 (81, L1; 02),

and so s; cannot have been the unconditionally optimal stopping
time. This is an application of the principle of Problem [2.6.10]to an
infinite game.

Define 35; = inf{s; : Pr{o;(t;) < s;} = 1} = inf{s; : Pr{o;(t;) >
si} = 0}, where inf{@} = oo. It can be shown that in any Nash
eq with 5,5 > 0, § = 5. (If §; < §, then for sufficiently large
types for player 2, there are late stopping times that are profitable
deviations—see Problem [3.6.3).

Lemma 3.3.2 Suppose (0,,0>) is a Nash eq. profile. Then, o; is
nondecreasing fori = 1, 2.

Proof. We use a standard revealed preference argument. Let s; =
o1 (ty) and s{ = o (t]), with s{,s;" < §,. If 0y is a best reply to o>,

Ui (sy,t1;02) = Uy (s, t1;02)

and
U (sy, t];00) = Ui (81, t];02).
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Thus,

Ui (sy,t1502) — Ui (sy,t7502) = Ui (sy, ty;02) — Ui (sy, t1502).
Since,

Ui (s1,t1;02) = Ui(s1,t);02) = (t; = t]) Prita : 02(t2) < 51}
we have

(t; —t) Prito: 02(t2) <51} = (t] — t]) Prita: 0a(t2) < 87},
l.e.,

(ty — t]) [Pr{ts: 02(t2) < 87} — Prits: 0a2(t2) < s7}] = 0.

Suppose t; > t;. Then, Pr{t, : 0»(t2) < 51} = Pr{t, : 02(t2) <
s’} If s; < si, then Pr{t, : s] < 0»(t2) < s{'} = 0. That is, 2 does
not stop between s; and s;'.

The argument to this point has only used the property that o; is
a best reply to 0». To complete the argument, we appeal to the fact
that §; < 35, (an implication of o0, being a best reply to o), which
implies Pr{o,(t,) > s} > 0, and so stopping earlier (at a time
s1 € (s1,s7)) is a profitable deviation for t;. Thus, s; = o(t]) >
51 = o (7). ]

It can also be shown that in any Nash eq, o; is a strictly increas-
ing and continuous function. Thus,

U, ($1,t1;02)

= -5 Prit; > 0;! (51)}+J (t1 — 02 (t2)) f2 (t2) dt;

{to<oyt(s1)

o5 1(s1)
s (1= Fa (03 (1)) + JO (t1 — 02 (£2)) fo (t2) db.

Assuming o, is, moreover, differentiable, the first order condition
is

0=—(1-F(0y(s1)))
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d -1 d -1
+Hﬁfﬁ(021(ﬁ))—£%ifﬁg'+(t1—wﬁ)fﬁ(Oél(ﬁ))—f%iggil.
But G
A2 1 o (03" (1),
SO
{(1-F (0" (s1)} 0y (05" (1)) = tafo (07 (51)),
i.e.,

r (1 _ bf (05! (s1))
(o) ((72 (51)) = {1 _F, (0_2_1 (51))}

Suppose F; = F, and suppose the eq is symmetric, so that o7 =
o, =0,and s; = 0; (t) = t = 05 ' (s1). Then,

c oy Bf(D)
o= "ro
Since o (0) = 0,
(" (D
o(t)= 0—1_F(T)d'r.

If f(t)=et thenF(t)=1-e¢7t and

t -T
o(t) = J T dr - t2/2.
o e’

Note that o (t) > t for t > 2!
If we extend the strategy space to allow for never stopping, i.e.,
Si =R, U{o} and allow payoffs to take on the value — o, then there
are also two asymmetric equilibria, in which one player drops out
immediately, and the other never drops out. *

Example 3.3.5 (Double Auction) Let vy ~ U [0,1], v, ~ U [0, 1], vs
and v, independent. If sale occurs at price p, buyer receives v, — p,
seller receives p — v;. Seller and buyer simultaneously propose
prices ps € [0,1] and p), € [0, 1] respectively. Trade at % (ps + pp)
if ps < pp; otherwise no trade.
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Buyer’s strategy is a function p, : [0,1] — [0, 1], seller’s strategy
is a function p; : [0,1] — [0,1]. We check for interim optimality
(i.e., optimality of a strategy conditional on a type). (With a con-
tinuum of strategies, ex ante optimality formally requires only that
the strategy is optimal for almost all types.)

Fix seller’s strategy, ps : [0,1] — [0, 1], buyer’s valuation v, and
his bid p,. Buyer’s (conditional) expected payoff is:

Uy (P, Vb Ps,y ) = J (vb - % (Ps (vs) + m)) dv

{vs:pbzﬁs(vs)}

=Pr ({vs: pp = Ps (V5)})

X (vb - %pb - %E (ﬁs (vs) ‘ {vs Pp = ﬁs (Us)]f)> .

Suppose that seller’s strategy is linear in his valuation, i.e. ps (vg) =
as + csvs, witha, >0, ¢cg > 0and a; + ¢; < 1. Then,

Pr ({vs:pp = s (vs)}) =Pr ({vs TV < M}) )

Cs
So,
0, if py < ay,
Pr({vs:py = Ps (Vo) }) = 1 222, if as < pp < as + ¢,
1, if py = a, + cq,
and so

{vs:vssu})
Cs

1 —-a +a
ZCLS+CS—pb s _ Pp s.

E (ﬁs (vs) Hvs Py = ﬁs (vs)}) =das + CSE (vs

(and if a; < pp < as + ¢)

2  Cs 2
So,
not defined, if py < a,,
E(ﬁs(vs)Hvs:pbzﬁs(vs)}): WTW’ ifassphsas_"csa

as + %Cs, lf pb > as + Cs-
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and
0, if pp < a,

Up (o v6i Psr) = { (25%) (vn - 3pp - 3a.), ifas<pp <a,+c,
Vp — 2P — 3as — 5Cs, if pp = a, + cs.

The interior expression is maximized by solving the FOC

0—l[v —§ —la—E +§a]
= b 410b s 419b sl

Cs 4 4
and so
6 _, _as 3
4I9h—b P 4 s
=V +la
=Up P s
= —la +gv
pb—gs 3b-

Thus any bid less than a, is optimal if vj, < as, $a; + 5V, is the
unique optimal bid if a; < v, < as + %cs and a; + ¢, is the unique
optimal bid if v, > a, + %cs. Thus strategy p, (vy,) = %as + %vb is a
best response to ps (vs) = as + c;vs aslong as 1 < a, + %cs.

Symmetric argument shows that if p, (vy) = a, + cpvp, then

) . 2y fip s . .~ 2 1
seller’s optimal bid (if interior) is p, (v;) = Vs +3 (ap + ¢p). Thus a
linear equilibrium must have a, = ta,, a, = 3 (a + ¢»), ¢y = 5 and

¢s = 5,80 a, = ; and a, = 75. There is then a linear equilibrium
with:

ps (Vs) = 1,2y
pS N - 4 35
Py (Vp) = 1.2,
Po(Vp) = 15+ 3Vp

Efficient trade requires trade if vy < v, and no trade if vy > v,.
Under linear equilibrium, trade occurs iff p(vs) < Py, (vp), which
requires

1
U5+stb.
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Thus, for valuations in the set {(vs, V) | Vs < Vp < Vs + %}, trade is
efficient but does not occur in equilibrium.
Note: there are other equilibria (see Problem (3.6.5). *

3.4 Games of Incomplete Information

Example 3.4.1 Suppose payoffs of a two player two action game
are given by one of the two bimatrices:

H T H T
H|1,11]0,0 H|10|0,1
T0,1|1,0 T0,0]|1,1

Either player II has dominant strategy to play H or a dominant
strategy to play T. Suppose that II knows his own payoffs but
player I thinks there is probability « that payoffs are given by the
first matrix, probability 1 — « that they are given by the second ma-
trix. Say that player II is of type 1 if payoffs are given by the first
matrix, type 2 if payoffs are given by the second matrix. Clearly
equilibrium must have: II plays H if type 1, T if type 2; I plays H if
x> % Tif x < % But how to analyze this problem in general?

Definition 3.4.1 (Harsanyi) A game of incomplete information or
Bayesian game is the collection {(A;, T;, pi, u;)-,}, where

- A, isi’s action space,
- T; is i’s type space,

- pi T - A (Hjﬂ Tj> is i’s subjective beliefs about the other
players’ types, given i’s type and

- u; [[;A; < T1; T; — R is i’s payoff function.
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A strategy for i is
siiT; — A,

Let s(t) = (s1(t1),...,8,(tn)), etc.

Definition 3.4.2 The profile (5i,...,S,) is a Bayesian (or Bayes-Nash)
equilibrium if, for all i and all t; € T;,

Ei [ui(s(t),t)] = E¢ [ui(a;, $-i(t-;),t)], Va; €A (3.4.1)

where the expectation over t_; is taken with respect to the probability
distribution p;(t;).

If the type spaces are finite, then the probability i assigns to
the vector t_; € [[,.; = T_; when his type is t; can be denoted

pi(t_; | t;), and (3.4.1) can be written as
D uiS), pitoi | t) = > uia,S-i(t_)pi(t_i | t;), Va; € A,
ti

t-i

Definition 3.4.3 The subjective beliefs are consistent or are said to
satisfy the Common Prior Assumption (CPA) if there exists a prob-
ability distribution p € A ([1; T;) such that p;(t;) is the probability
distribution on T_; conditional on t; implied by p.

If the type spaces are finite, this is equivalent to

p (t)
Zt'_i p (t,—i’ ti).

If beliefs are consistent, Bayesian game can be interpreted as
having an initial move by nature, which selects £ € T according
to p. The Common Prior Assumption is controversial, sometimes
viewed as a mild assumption (Aumann, 1987) and sometimes not
(Gul, 1998). Nonetheless, in applications it is standard to assume
it.

For simplicity of notation only, suppose type spaces are finite.
Viewed as a game of complete information, a profile § is a Nash

equilibrium if, for all 1,

D uiS), Hpt) = D uilsi(ty),5-(t_), O)pt), Vs;i:T; — A
t t

pi (t_ilt;) =
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This inequality can be rewritten as (where p; (t;) = >, . p (t_;, t;))

Z{Zui (), t) pi (titi)}pi* (t) =

t; t_i

> {Zui (si (t), 8- (t-9) , 1) pi (ti|ti>} pi(t),

t; t_i
VSi . Tl' - Ai.

If pf (t;) # 0, this is then equivalent to the definition of a Bayesian
eq.

3.5 Higher Order Beliefs and Global Games

Example 3.5.1
A B
Al 0,0 0-9,5
B|560-9 7,7

For 0 = 9, this is the game studied in examples [3.2.1|and [2.5.5|

Suppose, as in example that there is incomplete infor-
mation about payoffs. However, now the information will be cor-
related. In particular, suppose 0 € {4,9}, with prior probability
Pr{0 =9} > 7/9.

If players have no information about 0, then there are two pure
strategy Nash eq, with (A, A) Pareto dominating (B,B). Now sup-
pose players have some private information represented as follows:
Underlying state space is Q = {w;, w»,...,wgk}, K odd. In all states
wi, k < K -1, 06 = 9, while in state wg, 0 = 4. Player 1 has
a partition on Q given by {{w;}, {w,,ws},...,{wk_1,wk}}; we
denote {w;} by t?, and {woy, w1} by tf. Player 2 has a parti-
tion {{w;, w>}, {ws3, wW4},...,{wWk_2, Wk_1},{wk}}, and we denote
{w2s_1, war} by tf and {wk} by t5£""/%. Finally, the probability dis-
tribution on Q is uniform. Figure illustrates Q for K = 9.
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w1 w2 W3 Wy Ws Wg W7 Wg

Figure 3.5.1: The dashed lines describe player 1’s information sets, while
the solid lines describe player 2’s.
In state ws, both players know 0 = 9, player 1 knows that
player 2 knows that 8 = 9, but player 2 assigns probability
1/2 to wg, and so to the event that player 1 does not know
that 0 = 9.
In state w4, both players know 6 = 9, both players know
that both players know that 8 = 9, player 2 knows that player
1 knows that player 2 knows that 8 = 9, but player 1 does
not know that player 2 knows that player 1 knows that 6 = 9.

A pure strategy for player 1 is
sy {0t 2 oA By,
while a pure strategy for player 2 is
so {d e3, . e TRy A B

Before we begin examining eq, note that Pr {0 = 9} = (K - 1) /K,
and this converges to 1 as K — oo.

This game of asymmetric information has a unique equilibrium
(idea similar to Rubinstein’s (1989) email game).

Claim 3.5.1 This game has a unique Nash equilibrium (8, S»), and
in this equilibrium, both players necessarily choose B, i.e., §;(t;) =
$>(tx) =B forallt, and t,.
Proof. (by induction) Let s* be a Nash equilibrium. Note first that
sF(t¥*P/?) = B (since B is the unique best response at t5<*1/%).
Suppose s (tf”) = B. Then, since
Pritf*itf} = Pri{waes, woro} | {wor, wopiil}
Pr {wo2pi1} _ /K 1
Pri{wsyp, wops1} 2/K 2’
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sy (tf ) = B (the probability that 2 plays B is at least 1/2). Moreover,
if sf° (t‘f) = B, then since

Prit{|t{] = Pri{was,warii} | {wze 1, wor}}
Priwz} 1
Pri{woyp_1,w2p} 2’

we also have s (tf) - B. n

The proof actually proves something a little stronger, that only
profile that survives the iterated deletion of strictly dominated strate-
gies involves both players always choosing B. Since B is the unique
best response at ts**V/? any strategy s; satisfying s, (t55*V/?) = A
is strictly dominated by the strategy §, given by §§(t§K+1)/ Y = B
and §5(t,) = s’(tp) for all other t,. We now proceed by iteratively
deleting strictly dominated strategies. *

The complete information version of the game with 0 = 9 has
two strict equilibria. None the less, by making a small perturbation
to the game by introducing a particular form of incomplete infor-
mation, the result is stark, with only BB surviving, even in a state
like w1, where both players know the state to an some large finite
order.

Carlsson and van Damme|(1993) introduced the term global games
to emphasize the importance of viewing the benchmark complete
information game in a broader (global), i.e., perturbed, context. The
term global game is now commonly understood to refer to a mod-
elling that incorporates both a richness assumption on the uncer-
tainty (so that each action is dominant for at least one value of the
uncertainty) and small noise (as illustrated next).

Example 3.5.2 (Global Games) The stage game is as in example|3.5.1
We change the information structure: We now assume 0 is uni-
formly distributed on the interval [0,20]. For 6 < 5, B is strictly
dominant, while if 0 > 16, A is strictly dominant.

Each player i receives a signal x;, with x; and x, independently
and uniformly drawn from the interval [0 — &, 0 + €] for € > 0. A
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pure strategy for player i is a function
sitl—¢, 20+ €] — {A,B}.

First observe that, for x; € [, 20 — &], player i’s posterior on 6
is uniform on [x; — &, x; + &]. This is most easily seen as follows:
Letting g be the density of 0 and h be the density of x given 0, we
immediately have g(0) = 5 for all 0 € [0,20] and

L ifxe[0-¢0+¢]
_ 2$’ ) )
hix10) = {0, otherwise.
Since Fix.0)
X
h 0) = .
(x10) g(0)

where f is the joint density, we have

ﬂxeynﬁ? if x €[0—¢,0+¢]and 0 € [0,20],

0, otherwise.

The marginal density for x € [&, 20— &] is thus simply the constant
function %, and so the density of 0 conditional onan x € [¢, 20—¢]
is the constant function é on the interval [x — &, x + &].

Similar considerations show that for x; € [&, 20 — €], player i’s
posterior on x; is symmetric around x; with support [x; — 2¢&, x; +

2¢]. Hence, Prix; > x; | x;} = Prix; < x; | x;} = 3.

Claim 3.5.2 For ¢ small, the game has an essentially unique Nash
equilibrium (s{, s3°), given by

A, ifx;=102
s N — ) 27
sit (%) {B, if x; < 101,

Proof. We again apply iterated deletion of dominated strategies.
Suppose x; < 5. Then, player i’s conditional expected payoff from
A is less than that from B irrespective of player j’s action, and
so i plays B for x; < 5 (as does j for x; < 5). But then at x; = 5,

player i assigns at least probability % to j playing B, and so i strictly
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prefers B. Let x; be the largest signal for which B is implied by
iterated dominance (1.e., x = sup{x; | B is implied by iterated
strict dominance for all x; < x;}). By symmetry, x; = x5 = x*.
At x; = x*, player i cannot strictly prefer B to A (otherwise, we
can expand the set of signals for which iterated dominance implies
B), and he assigns at least probability % to j playing B. Hence,
xX* = 10%.

Similarly, for x; > 16, player i’s conditional expected payoff
from A is greater than that from B irrespective of player j’s ac-
tion, and so i plays A for x; > 16 (as does j for x; > 16). Let x;*
be the smallest signal for which A is implied by iterated dominance
(Le., x;* = inf{x; | A is implied by iterated strict dominance for all
x; > x;}). By symmetry, x{* = x5 = x**. At x; = x**, player i
cannot strictly prefer A to B, and he assigns at least probability %
to j playing A. Hence, x** < 103.

But then

10— < x* <x** < 10%.

N | =

The iterated deletion argument connecting x; in the dominance
regions to values not in the dominance regions is often called an
infection argument.

This idea is not dependent on the particular distributional as-
sumptions made here. See Morris and Shin/ (2003) for details. *

Remark 3.5.1 (CAUTION) Some people have interpreted the global
games literature as solving the multiplicity problem, at least in
some settings. There is in fact a stronger result: Weinstein and
Yildiz (2007) show that “almost all” games have a unique rationaliz-
able outcome (which of course implies a unique Nash equilibrium)!

Does this mean that we don’t need to worry about multiplicity?
Of course not: This is a result about robustness. The uniqueness of
the rationalizable outcome is driven by similar ideas to that in ex-
ample [3.5.1}—“almost all” simply means that all information struc-
tures can be approximated by information structures allowing an
infection argument. In order for a modeler to be confident that he
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knows the unique rationalizable outcome, he needs to be confident
of the information structure.

¢

3.6 Problems

3.6.1.

3.6.2.

There are two firms, 1 and 2, producing the same good. The inverse
demand curve is given by P = 0 — q1 — q», where g; € R, is firm
i’s output. (Note that we are allowing negative prices.) There is de-
mand uncertainty with nature determining the value of 0, assigning
probability «x € (0,1) to € = 3, and complementary probability 1 — «
to 0 = 4. Firm 2 knows (is informed of) the value of 0, while firm 1
is not. Finally, each firm has zero costs of production. As usual, as-
sume this description is common knowledge. Suppose the two firms
choose quantities simultaneously. Define a strategy profile for this
game. Describe the Nash equilibrium behavior and interim payoffs
(which may be unique).

Consider the following variant of a sealed bid auction in a setting
of independent private values. The highest bidder wins, and pays
a price determined as the weighted average of the highest bid and
second highest bid, with weight « € (0, 1) on the highest bid (ties are
resolved by a fair coin). Suppose there are two bidders, with bidder
i’s value v; randomly drawn from the interval [v;, D;] according to
the distribution function F;, with density f;.

(a) What are the interim payoffs of player i?

(b) Suppose (o071, 072) is a Nash equilibrium of the auction, and as-
sume 0; is a strictly increasing and differentiable function, for
i = 1,2. Describe the pair of differential equations the strate-
gies must satisfy.

(c) Suppose v; and v, are uniformly and independently distributed
on [0,1]. Describe the differential equation a symmetric in-
creasing and differentiable equilibrium bidding strategy must
satisfy.

(d) Solve the differential equation found in part [3.6.2(c). [Hint:
Conjecture a functional form.]
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(e) For the assumptions under part [3.6.2(c), prove the strategy
found in part|(3.6.2(d) is a symmetric equilibrium strategy.

3.6.3. This question asks you to prove a claim made in Example [3.3.4] as
follows:

(a) Suppose §» < 51, and set 6 = Pr{s» < o1(t1) < §1} > 0. Prove
that there exists §; satisfying Pr{o (t;) > §1} < 6/2. [Hint: This
is trivial if §; < co (Why?). The case where 5; = oo uses a basic
continuity property of probability.]

(b) Show that a deviation by type t, > 25, to a stopping time s > §;

(which implies that t» wins the war of attrition with probability
of at least 6/2) satisfying s, < t»/2 is strictly profitable.

3.6.4. This question concerns Example the Cournot game with in-
complete information. The idea is to capture the possibility that
firm 2 may know that firm 1 has low costs, c;. This can be done as
follows: Firm 1’s space of uncertainty (types) is, as before, {cr,cy},
while firm 2’s is {t;, ty}. Nature determines the types according to
the distribution

X, if (t1,t2) = (¢, tr),
Pr(ty,t2) = 1B, if (t1,t2) = (¢, ty),
1-a-pB, if (t1,t2) = (cH, ty),
where &, 8 € (0,1) and 1 —«x—f > 0. Firm 2’s type, t; or ty, does not

affect his payoffs (in particular, his cost is ¢, as in Example [3.1.1).
Firm 1’s type is just his cost, c;.

(a) What is the probability firm 2 assigns to ¢; = ¢; when his type
is t;? When his type is ty?

(b) What is the probability firm 1 assigns to firm 2 knowing firm
1’s cost? [This may depend on 1’s type.]

(c) What is the Nash equilibrium of this game. Compare your anal-
ysis to that of Example

3.6.5. The linear equilibrium of Example [3.3.5|is not the only equilibrium
of the double auction.

(a) Fix a price p € (0,1). Show that there is an equilibrium at
which, if trade occurs, then it occurs at the price p.
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(b) What is the probability of trade?
(c) At what p is the probability of trade maximized?

(d) Compare the expected gains from trade under these “fixed price”
equilibria with the linear equilibrium of Example

3.6.6. In Example [3.5.1, suppose that in the state w;, 6 = 20, while in
states wg, 2 < k < K -1, 0 = 9 and in state wg, 6 = 4. Suppose
the information partitions are as in the example. In other words,
apart from the probability distribution over Q (which we have not
yet specified), the only change is that in state w;, 0 = 20 rather than
9.

(a) Suppose the probability distribution over Q is uniform (as in
the lecture notes). What is the unique Nash equilibrium, and
why? What is the unconditional probability of both players
choosing A in the equilibrium?

(b) Suppose now the probability of wy is 419 %, for k = 1,...,09,
where « is chosen so that 3j_, 419"k« = 1. What is the unique

Nash equilibrium, and why? What is the unconditional proba-
bility of both players choosing A in the equilibrium?
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Chapter 4

Existence and Foundations for
Nash Equilibrium’

4.1 Existence of Nash Equilibria

Recall Nash eq are fixed points of best reply correspondence:
s*¥ e Pp(s*).
When does ¢ have a fixed point?

Theorem 4.1.1 (Kakutani’s fixed point theorem) Suppose X C R™
for some m and F : X = X. Suppose

1. X is nonempty, compact, and convex;

2. F has nonempty convex-values (i.e., F(x) is a convex set and
F(x) + @ Vx € X); and

3. F has closed graph: (x*,x%) — (x,X), Xk € F(x¥) = X € F(x).
Then F has a fixed point.

Remark 4.1.1 The closed graph property is sometimes called up-
perhemicontinuity of the correspondence. But note that the closed

ICopyright December 7, 2011 by George J. Mailath
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graph property does not imply continuity of functions: the func-
tion f: R — R given by f(x) = 1/x for x > 0 and f(0) = 0 has a
closed graph but is not continuous (for more on this, see Ok (2007,

§E.2)).

Theorem 4.1.2 Given a normal form game G = {(S;,u;) :i=1,...,n},
if for all i,

1. S; is a nonempty, convex, and compact subset of R¥ for some k,
and

2. Ui S1xX---x8, - Riscontinuousins € §; X --- xS, and
quasiconcave in s;,

then G has a Nash equilibrium strategy profile.

Proof. Since u; is continuous, the Maximum Theorem (MWG Theo-
rem M.K.6) implies that ¢; has a closed graph.

The quasiconcavity of u; implies that ¢; is convex-valued: For
fixed s_; € S_;, suppose s;, s;" € argmaxu;(s;,s_;). Then, from the
quasiconcavity of u;, for all x € [0, 1],

ui(as; + (1 —o)s;’,s_;) = min{u;(s;,s-;), wui(s;,s-i)},
and so
ui(as; + (1 —0)s;’,s-;) > maxu;(s;,S_;)

so that as; + (1 — «)s; € argmaxu;(s;, S_;).
The theorem then follows from Kakutani’s fixed point theorem
by taking X = $; X --- xS, and F = (¢1,...,Pn). (]

Theorem 4.1.3 (Nash) Every finite normal form game, (S;,u;), has
a mixed strategy Nash equilibrium.

Proof. Define X; = A(S;) and X = [[; X;. Then X c R*Sil and X is
nonempty, convex and compact.
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In this case, rather than appealing to the maximum theorem, it
is an easy (and worthwhile!) exercise to prove that ¢; is convex-
valued and has a closed graph. |

In some applications, we need an infinite dimensional version of
Kakutani’s fixed point theorem.

Theorem 4.1.4 (Fan-Glicksberg fixed point theorem) Suppose X is
a nonempty compact convex subset of a locally convex Hausdor(f
space, and suppose F : X = X. Suppose

1. F has nonempty convex-values (i.e., F(x) is a convex set and
F(x)+ @ Vx € X); and

2. F has closed graph: (x*,x*) — (x, %), x*¥ € F(x¥) = X € F(x).

Then F has a fixed point.

In particular, every normed vector space is locally convex Haus-
dorff. Locally convex Hausdorff spaces generalize many of the nice
properties of normed vector spaces. This generalization is needed
in the following theorem, since the spaces are typically not normed.

Theorem 4.1.5 Suppose X is a compact metric space. Then the
space of probability measures on X is a nonempty compact convex
subset of a locally convex Hausdorff space. Moreover, if f : X — R is
a continuous function, then [ fdu is a continuous function of .

Corollary 4.1.1 Suppose S; is a compact subset of a finite dimen-
sional Euclidean space R™i, and suppose u; : S — R is continuous.
Then {(S;,u;);} has a Nash equilibrium in mixed strategies.

Proof. The proof mimics that of Theorem 4.1.3 |

Example 4.1.1 (An example of mixed strategies) Return to first price
sealed bid auction with independent private values (Example [3.3.1),
but assume that the value for each bidder is drawn independently
from a uniform distribution on the two point set {v, 7}, with v < v.
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This game has no equilibrium in pure strategies (see problem[4.3.3).
Even though the game has discontinuous payoffs (why?), it does
have an equilibrium in mixed strategies.

Suppose bidder 2 follows the strategy o, of bidding v if v, = v
(why is that a reasonable “guess”?), and of bidding according to the
distribution function F,(b) if v, = ©. Then, assuming there are no
atoms in F», player 1 has interim payoffs from b > v given by

Uy (b, 5, 0) =%(v b+ %(0 _D)E(b)

:%(1‘} —b)(1 + F:(D)).

Note that the minimum of the support of F; is given by v (why?).
Denote the maximum of the support by b. )

Suppose 1 is also randomizing over the set of bids, (v, b]. The
indifference condition requires that 1 is indifferent over all b €
(v,b]. The bid b = v is excluded because there is a positive prob-
ability of a tie at v (from the low value bidder) and so it cannot be
optimal for ¥ to bid v. That is, for all € > 0,

%w D)1+ Fb) = Ui (v + 6,0, 0%),
and .
U(v+¢&0,02) = 5(17 —v—-&)+F((v+e¢).

Since lim;_.o F> (v + €) = Fo(v) = 0 (where the first equality follows
from the continuity of probabilities and the second equality follows
from the assumption of no atoms), and so

(0 - b)(1+ F2(b)) =V —v,
yielding

b-v
v —-Db’
Note that_ F(v) =0 as gequired for a distribution function. More-
over, F>(b) = 1 implies b = (v + v)/2.

F,(b) = Vb e (0, b].
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Itis straightforward to verify that the symmetric profile in which
each bidder bids v if v = v, and according to the distribution func-
tion F(b) =(b-v)/(v-b)ifv =7. *

Remark 4.1.2 (More formal treatment of mixed strategies) For con-
tinuum action spaces (such as auctions), a mixed strategy for a
player i is a probability distribution on R (which we can denote
F;). Player 1’s expected payoff from an action b, is

Ju1(51,52)d1:2($2)-

As an aside, note that this notation (which may not be familiar to
all of you) covers all relevant possibilities: If the mixed strategy of
player 2 has a countable support {s¥} with action s* having proba-
bility 0> (s¥) > 0 (the distribution is said to be discrete in this case),
we have

W1 (81, 82)dF2(82) = > uy(s1,5%) 02 (s%).

Note that > .« 0»(s¥) = 1. Any single action receiving strictly pos-
itive probability is called an atom. If the distribution function de-
scribing player 2’s behavior has a density f», then

Ju1(51,52)dF2(52) = Ju1(51,52)f2(32)d52-

Finally, combinations of distributions with densities on part of the
support and atoms elsewhere, as well as more esoteric possibilities
(that are almost never relevant) are also covered.

Suppose F; is a best reply for player 1 to player 2’s strategy Fo.
Then

JJ U (81,82) dF>(s2) dFi(s1) = rrg:\XJ Uu1(81,82) dF2(s2).

Observe first that if F; is discrete with support {s¥} and action s
having probability o (s¥) > 0, then

H U1(81,52) dFa(s) dF1(s1) = > J uy (s, 52) dF>(s2) 0 (s),
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and so we immediately have

2. Jul(Sk,Sz) dF>(s) 01 (s%) = I%?Xjul(Sl,Sz) dF>(s?)

and so, for all sk,
Jul(sk, $2) dF>(s2) = Q?Xjul(sl, $2) dF>(s2).

This is just the familiar statement that player 1 is indifferent over
all actions in his support, and each such action maximizes his pay-
off against F.

What is the appropriate version of this statement for general
F1? The key observation is that zero probability sets don’t mat-
ter. Thus, the statement is: Let S; be the set of actions that are
suboptimal against F», i.e.,

S = {§1 : Ju1(§1,52) dF,(sz) < I%?Xjul(Sl,Sz) sz(Sz)}-

Then, the set S; is assigned zero probability by any best response
F,. [If such a set received positive probability under some F;, then
F; could not be a best reply, since expected payoffs are clearly in-
creased by moving probability weight off the set $;.]

In most applications, the set S; is disjoint from the support of
Fy, in which case player 1 is indeed indifferent over all actions in
his support, and each such action maximizes his payoff against F>.
However, Example is an example where S; includes one point
of the support.

¢

Example 4.1.2 (Examples of nonexistence) The following example
of nonexistence in a game of complete information is due to [Sion
and Wolfe (1957): §; = S» = [0, 1] and payoff are

. 1
-1, lf51<52<51+§,
ui(s,s2) =10, ifs;=s,0rs =s + 31,
+1, otherwise,
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and u(sy,52) = —uq(s1,$2) (.e., the game is zero sum). The proof
of nonexistence is beyond the scope of this course.

I am almost certain that a simpler example of nonexistence in
games of incomplete information is provided by the following ex-
ample of a private value first price auction with ties broken using a
fair coin. Bidder 1 has value 3 and bidder 2 has value 3 with proba-
bility % and value 4 with probability % An intuition for nonexistence
can be obtained by observing that since there is positive probabil-
ity that 2 has value 3, bidder 1 will not bid over 3 (since he may
win). Moreover, bidder 1 cannot randomize on bids below 3 be-
cause there is positive probability of bidder 2 having value 3 (and
so responding to bidder 1’s randomization). But if bidder 1 bids
3, then bidder of value 4 does not have a best reply. Existence is
restored if ties are broken in favor of bidder 2.

Suppose now we assume that there is a joint distribution over
bidder valuations, so that

- with prob 3, v; = 3 and v, = 3 with prob 1 and 4 with prob 3;
and

- with prob %, v, = 3 and v; = 3 with prob % and 4 with prob %

Note that the valuations are not independent. Moreover, existence
would only be restored by using a tie breaking rule that awarded
the item to the highest value bidder. For (much) more on this, see
Jackson, Simon, Swinkels, and Zame| (2002) (note that the similar
example given in Jackson, Simon, Swinkels, and Zame (2002) is in-
correct). *

Existence results that replace continuity assumptions on pay-
offs with complementarity or supermodularity assumptions are of
increasing importance. For an excellent introduction, see chapter 7
in |Vohral (2005).

4.2 Foundations for Nash Equilibrium

A good book length treatment of the general topic covered here
is Fudenberg and Levine| (1998). For much more on evolution, see
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Samuelson! (1997) and Weibull (1995) (or Mailath! (1998) for a longer
nontechical introduction).

Consider two players repeatedly playing a 2 X 2 matrix game.

Neither player knows how opponent will play.

Suppose each player is Bayesian in the following way: each be-
lieves the opponent plays the first strategy in each period with the
same fixed probability, and the prior on this probability is uniform
on [0,1].

After each round of play, players update to posterior.

This behavior, while Bayesian, is not “rational”’: players make as-
sumptions on opponents that they should know, by introspection,
are false.

Rational Learning: Bayesian learning with a prior and likelihood
that encompasses the “truth.”

Must good Bayesians be rational learners?

If so, not all Savage-Bayesians are good Bayesians.

4.2.1 Boundedly Rational Learning

Motivated by concerns over

- informational (knowledge) requirements of traditional analy-
ses.

- Coordination: beliefs about endogenous variables are correct.
where does information about endogenous variables (that leads
to coordinated behavior) come from?

- rationality (computational) requirements and
- (?) Bayesian paradigm.

- Can agents formulate a sufficiently general model to en-
compass the “truth”? Updating on small (prior) probabil-
ity events. At which point should agents question their
view of the world?

Rationality and coordination are distinct and independent ideas.
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Common thread:
- behavior is myopic,

- dynamic analysis, focusing on asymptotic properties, and

- focus on interaction of learning with evolution of system.

4.2.2 Social Learning (Evolution)

Example 4.2.1 Large population of players randomly and repeat-
edly matched (paired) to play the same game:

A B
Al 1 0
B| O 1

No role identification, so the payoff represents the payoff to a
player who chooses the row action, when facing the column action.
If o is fraction of population playing A, then

ulA; ) =a,
and uB;x) =1 — «.
Then

d=E>O iff u(A;x) > u(B;x) iff o<>l,

2
and

x<0 iff ulA;x) <u(B;«x) iff o<<l.

N|— -+
—_

The symmetric mixed strategy equilibrium %oA+ % oBis unstable.
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Example 4.2.2 Large population paired to play:

A B
Al 1l 2
B| 2 1

No role identification (so that AB and BA are infeasible). If « is
fraction of population playing A, then

uA;x) =+ 2(1 —x) =2 — «,
and UB;x) =20¢+1-cxx=1+ «.

Then
x>0 iff 2—oa>1+ « iff

|
v
R

and
<0 iff 2-ux<1+« iff

I
A
Q

()
N|— +
—

*

Let S denote a finite set of strategies in a symmetric game. In
the above examples, S = {A, B}. Payoff to playing the strategy s € §
against an opponent who plays r € S is u(s,r).

State of society is o € A(S). Expected payoff to s when state of
society is o is

u(s,o) = > u(s,r)o(r).
v

Dynamics:

F:A(S) xR, = A(S),

with
F(o,t' +t) =F(F(o,t),t).
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Definition 4.2.1 A state o* is a rest (or stationary) point of F if
o*=F(o*,t) Vt.

A rest point o* is asymptotically stable under F if there exists € > 0
such that if | 0’ — o* |< g, then F(o',t) — o*.

Assume F is continuously differentiable in all its arguments (on
boundaries, the appropriate one-sided derivatives exist and are con-
tinuous).

Interpretation: if population strategy profile is ¢’ at t’, then at
time t’' + t it will be F(o’,t). Write ¢ for 0F (o, t)/0t|;-o.

Note that

So(s)=1=>d(s)=0.
s s

Definition 4.2.2 F is a myopic adjustment dynamic if Vo, s, € §
satisfying o (s),o(r) > 0,

u(s,o) >ur,o) =>o0(s)>o(r).
Theorem 4.2.1 Suppose F is a myopic adjustment dynamic.

1. If o* is asymptotically stable under F, then it is a symmetric
Nash equilibrium.

2. If o* is a strict Nash equilibrium, then o* is asymptotically
stable under F.

Proof.
1. Left as an exercise.

2. Suppose o* is a strict Nash equilibrium. Then o* is a pure
strategy s and u(s,s) > u(r,s) for all » # s. This implies that
there exists € > 0 such that for all o satisfying o (s) > 1 — &,

u(s,o) >u(r,o), Vv +s.

Suppose 1 > o(s) > 1 —¢ and o(r) > 0 for all ». Myopic
adjustment implies o (s) > max{o(¥) : v # s}, and so o (s) >
0 (since >, g0 (r) = 0).
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Consider now o satisfying 1 > o(s) > 1 —-ewith o(r) =0
for some 7. Since ¢ is continuous in o (since F is continu-
ously differentiable, including on the boundaries), o(s) > 0
and 0 (s) = 0 (7). Suppose o (s) = 0 (so that o () < 0). Then,
0 (r'") < 0 for all " satisfying o (') > 0 and so o(r) > 0, a
contradiction.

Hence, if 1 > o(s) > 1 — ¢, then o(s) > 0. Defining ot =
F(o,t) € A(S), this implies of(s) > 1 — & for all t, and so
ol(s) - 1.

There are examples of myopic adjustment dynamics that do not

eliminate strategies that are iteratively strictly dominated. Stronger
conditions (such as aggregate monotonicity) are needed—see
Fudenberg and Levine (1998). These conditions are satisfied by the
replicator dynamic:

Biological model, payoffs are reproductive fitness (normalize pay-

offs so u(s,r) > 0 for all s, € S). At the end of each period, each
agent is replaced by a group of agents who play the same strategy,
with the size of the group given by the payoff (fitness) of the agent.
Let x(t) be the size of the population playing s in period t. Then,

xs(t+1) = x:(HHu(s,oh),

where

_oxs()  x ()
X x () x()]

o'(s)

Then, since x(t + 1) = x(t)u(ot, ol),

u(s,ot)

t+1 _ t
o (s)=0 (S)u(at,at)’

so the difference equation is

u(s,ot) —u(ot, o)

t+1 _ ot — ot
o' (s)—o'(s) =0 (s) w0t o)
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Thus, ot*l(s) > (<)ot(s) iff u(s,ot) > (<)u(ot,ot). In continu-
ous time, this is
us,o) —u(o,o)

u(o,o)

o(s) =0(s)

This has the same trajectories as
o(s) =o0(s)uls,o)-u(o,0)].

Note that under the replicator dynamic, every pure strategy pro-
file is a rest point: if o (s) = 0 then o (s) = 0 even when u(s,o) >
u(o,o).

Idea extends in straightforward fashion to games with role iden-
tification. In that case, we have

oi(s;) = oi(sp)[ui(si, 0-i) —ui(oy, o-;) 1.

Example 4.2.3 (Domination) The game is:

L R
T 1,1]1,0
B|1,10,0

Let p! be the fraction of row players choosing T, while g° is the
fraction of column players choosing L. The replicator dynamics are

p=pl-p)(1-q)
and qd=4q(1—-q).

The phase diagram is illustrated in Figure |4.2.1/°| No rest point
is asymptotically stable. *

Example 4.2.4 (Simplified ultimatum game) In the simplified ulti-
matum game, the proposer offer either an equal split, or a small
payment. The responder only responds to the small payment (he
must accept the equal split). The extensive form is given in Figure
[4.2.2l The normal form is

’Note that the phase diagram in Mailath| (1998, Figure 11) is incorrect.
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Figure 4.2.1: The phase diagram for the domination example.

row

0 20

Figure 4.2.2: The extensive form of the simplified ultimatum game.
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N Y
equal split | 50,50 | 50,50
small offer | 0,0 | 80,20

Let p be the fraction of row players choosing equal split, while
q is the fraction of column players choosing N.

The subgame perfect profile is (0,0). There is another Nash
outcome, given by the row player choosing equal division. The set
of Nash equilibrium yielding this outcome is N = {(1,q) : 3/8 < q}.

The replicator dynamics are

p=p(l-p)(80q-30)
and g=-20q(1-¢g)(1 - p).

Note that p > 0if g > 3/8 and p < 0if g < 3/8, while g < 0 for all

(p,q).
The phase diagram is illustrated in Figure The subgame

perfect equilibrium B is the only asymptotically stable rest point.
In the presence of drift, the dynamics are now given by

p =p(1—p)(80q — 30) + 51% _ )

and  q=-20q(1—-aq)(1—p)+ 52% .

For small 6;, with 6; << 6>, the dynamics have two asymptoti-
cally stable rest points, one near B and one near A (see Samuelson
(1997, chapter 5)). *

4.2.3 Individual learning

Fix n-player finite strategic form game, G = (5,u), S = §1 X - - XS5,
u:sS - R".

Players play G*.

History h! = (s9,...,,st"1) € H! = St.

Assessments u! : HY — A(S_;).

Behavior rule ¢! : H' — A(S)).
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1
N
qa
*A
0 B p 1

Figure 4.2.3: The phase diagram for the simplified ultimatum example. A
is the nonsubgame perfect equilibrium (1, 3/8), and B is the
subgame perfect equilibrium.
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Definition 4.2.3 ¢; ismyopic with respect to y; if, Vt and ht, ¢t (h')
maximizes u;(o;, ut (ht)).

Definition 4.2.4 y; is adaptive if, Ve > 0 and t, 3T (¢, t) s.t. V' >
T(g,t) and h'', ut (k') puts no more than & probability on pure
strategies not played by —i betweent and t’ in ht'.

Examples:

- fictitious play (play best reply to empirical dsn of history)
- Cournot dynamics

- exponential weighting of past plays

Rules out rationalizability-type sophisticated analysis. Notion of
“adaptive” does not impose any restrictions on the relative weight
on strategies that are not excluded.

Definition 4.2.5 h = (s° s',...) is compatible with ¢ if s! is in the
support of pt(ht), Vi and t.

Theorem 4.2.2 Suppose (s°,s!,...) is compatible with behavior that
is myopic with respect to an adaptive assessment.

1. There exists T s.t. st € S Vt = T, where S is the result of the
iterative deletion of all strictly dominated strategies (= rational-
izable if n = 2).

2. If AT s.t. st = s* YVt > T, then s* is a (pure-strategy) Nash
equilibrium of G.

Proof.

1. Let S{‘ denote the set of player i’s strategies after k rounds
of deletions of strictly dominated strategies. Since § is finite,
there exists K < o such that S = SX. Proof proceeds by induc-
tion.

There exists T s.t. st € S' Vit > T: Any s; ¢ S} is not a best
reply to any beliefs, myopia implies never chosen.
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Suppose AT s.t. st € Sk Vt > T. If s; ¢ S{‘”, then s; is not a
best reply to any beliefs with support in S ’fi. But then 3¢ > 0
s.t. s; is not a best reply to any belief y; € A(S_;) satisfying
pi(S*) > 1 — &. (Exercise: calculate the bound on ¢.) Since
assessments are adaptive, 37" > T s.t. u!(ht)(S*,) > 1 — & for
all t > T. Since behavior is myopic, st € S¥1 vt > T".

2. Suppose 3T s.t. st = s* Vt > T and s* is not a Nash equilib-
rium of G. Then 3i and s; € S; s.t. ui(s;,s*;) > u;(s*). There
exists € > 0 s.t. u;(s;,0-;) > u;(s;,o0-;) if o_;(s*) > 1 —¢.
But then adaptive assessments with myopic behavior implies
st + s for t large, a contradiction.

Stronger results on convergence (such as to mixed strategy equi-
libria) require more restrictions on assessments. For more, see Fu-
denberg and Levine (1998).

Convergence of beliefs need not imply imply convergence in be-
havior. For example, in matching pennies, empirical distribution
converges to (%, %), but always play pure strategy.

4.3 Problems

4.3.1. A two-player normal form game G is zero sumif u;(s) = —u2(s) for
all s € S. Suppose G is a finite zero-sum game.

(@) Suppose f: X XY — R is a continuous function and X and Y
are compact subsets of R. Prove that

maxmin f(x,y) < minmax f(x,y).
xeX yeY yeY xeX

Give an example showing that the inequality can hold strictly
(it suffices to do this for X and Y each only containing two
points—recall matching pennies from Section [2.4.1).

(b) von Neumann'’s celebrated Minmax Theorem states the follow-
ing equality:

max min u;(oy,02) = min max u;(oy, o).
T1€A(S1) 02€A(S?) 02€A(S2) 01€A(ST)
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Deduce this equality from Theorem [4.1.3/°

(c) Prove that (o7, 03") is a Nash equilibrium of G if and only if o;*
is a security strategy for player i, and that player i's security
level v, is given by i’s payoff in any Nash equilibrium. (Compare

with problem |2.6.11])

(d) Prove the following generalization of Problem Sup-
pose a two-player normal form game has a unique Nash equilib-
rium, and each player’s Nash equilibrium strategy and security
strategy are both completely mixed. Prove that each player’s
security level is given by his/her Nash equilibrium payoff.

4.3.2. Consider a first price sealed bid auction with private values. There
are two bidders with values v; < vy. These values are common
knowledge. Prove that this auction has no pure strategy equilibrium.
Characterize the set of mixed strategy equilibria. [Hint: In these
equilibria, bidder 2 plays a pure strategy and wins with probability
1.]

4.3.3. This question asks you to fill in the details of Example

(a) Prove that in any equilibrium, any bidder with value v must bid
V.

(b) Prove that there is no equilibrium in pure strategies.

(c) Prove that in any mixed strategy equilibrium, the minimum of
the support of F» is given by v.

(d) Prove that it is not optimal for ¥ to bid v.

(e) Prove that the symmetric profile in which each bidder bids v

if v = v, and according to the distribution function F(b) =
(b —v)/(¥ - b) if v = ¥ is a Nash equilibrium.

4.3.4. Consider the following variant of a sealed bid auction: There are two
bidders who each value the object at v, and simultaneously submit
bids. As usual, the highest bid wins and in the event of a tie, the

3 von Neumann’s original argument (1928), significantly predates Nash’s ex-
istence theorem, and the result is true more generally. There are elementary
proofs of the minmax theorem (based on the basic separating hyperplane theo-
rem) that do not rely on a fixed point theorem. See, for example, [(Owen| (1982,
§I1.4) for the finite dimensional case, and Ben-El-Mechaiekh and Dimand! (2011)
for the general case.
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4.3.5.

4.3.6.

4.3.7.

4.3.8.

object is awarded on the basis of a fair coin toss. But now all bidders
pay their bid. (This is an all-pay auction.)

(a) Formulate this auction as a normal form game.
(b) Show that there is no equilibrium in pure strategies.

(c) This game has an equilibrium in mixed strategies. What is it?
(You should verify that the strategies do indeed constitute an
equilibrium).

[Hard] Prove (or provide a counterexample to the claim that) the fol-
lowing game does not have an equilibrium in pure or mixed strate-
gies: The game is a private-value sealed bid auction of incomplete
information with ties broken using a fair coin. Bidder 1 has value
3 for sure and bidder 2 has value 3 with probability % and value 4

with probability %

Prove that the phase diagram for example [4.2.3|is as portrayed in
Figure [This essentially asks you to give an expression for
dq/dp.]

Prove that if o* is asymptotically stable under a myopic adjustment
dynamic defined on a game with no role identification, then it is a
symmetric Nash equilibrium.

Suppose F : A(S) X Ry — A(S) is a dynamic on the strategy simplex
with F is continuously differentiable (including on the boundaries).
Suppose that if

n<o(s)<l,

for some n € (0,1), then

o(s) >0,
where
0F(o,t)

o ;
ot t=0

Fix 00 satisfying 0-%(s) > n. Prove that
ol(s) -1,

where 0! = F(o9,t).
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4.3.9. Suppose a large population of players are randomly paired to play
the game (where the payoffs are to the row player)

A B C
Al1111]0
B|O|1]|1
C|0]0]1

(such a game is said to have no role identification). Let & denote the
fraction of the population playing A, and y denote the fraction of
the population playing C (so that 1 — & — y is the fraction of the
population playing B). Suppose the state of the population adjusts
according to the continuous time replicator dynamic.

(a) Give an expression for & and for y.
(b) Describe all the rest points of the dynamic.

(c) Describe the phase diagram in the space {(&,y) €R% : x+y <
1}. Which of the rest points are asymptotically stable?
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Chapter 5

Dynamic Games and
Sequential Equilibria|

5.1 Sequential Rationality

Example 5.1.1 (Selten’s horse)

Figure 5.1.1: Selten’s horse.

ICopyright December 7, 2011 by George J. Mailath
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Let (p1, p2, p3) denote the mixed strategy profile where

Pr(I plays A) = px,
Pr(II plays a) = p,, and
Pr(Ill plays L) = p3.

Consider the Nash equilibrium profile (0, 1,0) (i.e., DaR). This pro-
file is subgame perfect, and yet player II is not playing sequentially
rationally. It is also not trembling hand perfect (Definition 2.5.1):
playing a is not optimal against any mixture close to DR.

The only trembling hand perfect equilibrium outcome is Aa. The
set of Nash equilibria with this outcome is {(1,1, p3) : % <p3 <1}
In these equilibria, player III’s information set is not reached, and
so the profile cannot be used to obtain beliefs for III. However,
each Nash equilibrium is trembling hand perfect: Fix an equilib-
rium (1,1, p3). Suppose first that p; € [3,1) (so that p3 + 1!) and
consider the completely mixed profile

1
pr=1-—,
2
n_1-—
pZ (n_l)!
and  pj =ps.

Note that pi,p3 — 1 as n — . Suppose n > 4. Easy to verify
that both I and II are playing optimally against the mixed profile in
(1,1, p3). What about III? The probability that IIl is reached is

l+(”_1)x 2
n n (n—-1)

=3/n,

and so the induced beliefs for IIl at his information set assign prob-
ability % to the left node and % to the right. Player III is therefore
indifferent and so willing to randomize.

The same argument shows that (1,1, 1) is trembling hand per-
fect, using the trembles

1
pr =1-:
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2
n_q_
pZ (n_l)’
1
and pg‘=1—£.

Indeed, any sequence of trembles satisfying pi' — 1, p} — 1, and
py — 1 will work, providing
. (1-p7) 1
limsup ————— < —.
nowt (1-pips) =3
Note in particular it is not even necessary for (1 — p}")/(1 — p} p2 )
to have a well-defined limit.

Definition 5.1.1 A system of beliefs u in a finite extensive form is a
specification of a probability distribution over the decision nodes in
every information set, i.e., u : X — [0, 1] such that

> ux)=1, Vh,

xeh

Note that p € [],cy,n5, A(h), a compact set.

We interpret u as describing player beliefs, in particular, if h
is player i’s information set, then u describes i’s beliefs over the
nodes in h.

Let P?? denote the probability distribution on Z implied by the
behavior profile b (and nature p).

Example 5. 1 2 Consider the profile (LR, UD) in the game displayed
in Figure |5 The label [p] indicates that the player owning that
1nformat10n set assigns probability p to the labeled node. The in-
duced distribution P?"? is p o z; + (1 — p) o zs. *

The expected payoff to player i is (recalling Definition [1.3.1)
E[uilb] = > ui(2)P"?(2).

zeZ

Let Z(h) = {z € Z:3x € H,x < z}. Let P*?(.|h) denote the
probability distribution on Z(h) implied by u € A(h) and the be-
havior profile b (interpreted as describing behavior at information
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Figure 5.1.2: Game for Example

set h and any that could be reached from h. By setting P*“?(z|h) = 0
for all z ¢ Z(h), P*?(-|h) can be interpreted as the distribution on
Z, conditional on h being reached. Then, player i’s expected payoff
conditional on h is

E*ludh]l = S ui(z)Pb (2] h).

zeZ

Definition 5.1.2 A behavior strategy profile b in a finite extensive
form is sequentially rational at h € H;, given a system of beliefs p,

if
E*Plu; | h] = ER®b-0 [y, | k),
for all b;.

A behavior strategy profile b in an extensive form is sequentially
rational, given a system of beliefs y, if for all players i and all infor-
mation sets h € H;, b is sequentially rational at h.

A behavior strategy profile b in an extensive form is sequentially
rational if it is sequentially rational given some system of beliefs.

Definition 5.1.3 A one-shot deviation by player i from b is a strat-
egy b; with the property that there exists a (necessarily unique) in-

formation set h’ € H; such that Bi(h) =b;(h) forallh = h', h € H;,
and b;(h') = b;(h').
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I Go II Go I Go, 0

h n -1
Stop Stop Stopy

1 5 10

0 0 1

Figure 5.1.3: The game for Example

A one-shot deviation b; (from b, given a system of beliefs p) is
profitable if ,
ERO 0wy | W) > ERP g | ),

where h' € H; is the information set for which b;(h’) # b;(h’).

Example 5.1.3 Consider the profile ((Stop,Go;),Go) in the game
in Figure Player I is not playing sequentially rationally at
his first information set h, but does not have a profitable one-shot
deviation there. Player I does have a profitable one-shot deviation
at his second information set h’. Player II also has a profitable
one-shot deviation. *

The following result is obvious.

Lemma 5.1.1 If b is sequentially rational given u, then there are no
profitable one-shot deviations.

Without further restrictions on u (see Theorems|5.1.1]and [5.3.2),
a profile may fail to be sequentially rational and yet have no prof-
itable one-shot deviations (Problem [5.4.1).

Recall from Definition that a game of perfect information
has singleton information sets. In such a case, the system of be-
liefs is trivial, and sequential rationality is equivalent to subgame
perfection.

Theorem 5.1.1 A strategy profile b in a finite game of perfect in-
formation is subgame perfect if and only if it is sequentially ratio-
nal. A strategy profile b in a finite game of perfect information is
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sequentially rational if and only if there are no profitable one-shot
deviations.

Proof. The equivalence of subgame perfection and sequential ratio-
nality for finite games of perfect information is immediate.
It is immediate that a sequentially rational strategy profile has
no profitable one-shot deviations.
The proof of the other direction is left as an exercise (Problem
5.4.3).
|

5.2 Perfect Bayesian Equilibrium

Without some restrictions connecting beliefs to behavior, even Nash
equilibria need not be sequentially rational. For any distribution
P e A(Z), for any x € X, define

Px)= > P(2).

{zeZ:x<z}

Definition 5.2.1 The information set h in a finite extensive form
game is reached with positive probability under b, or is on the path-
of-play, if

P’?(h) = > PP (x) > 0.

xeh

Theorem 5.2.1 The behavior strategy profile b of a finite extensive
form game is Nash if and only if it is sequentially rational at every
information set on the path of play, given a system of beliefs u ob-
tained using Bayes’ rule at those information sets, i.e., for all h on
the path of play,

PP (x)
Prb(h)

The proof of Theorem is left as an exercise (Problem[5.4.4).

pH(x) = Vx € h.

Example 5.2.1 Recall the extensive form from Example [2.3.4] re-
produced in Figure The label [p] indicates that the player
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Figure 5.2.1: Game for Example

owning that information set assigns probability p to the labeled
node. The profile RBr (illustrated) is Nash and satisfies the condi-
tions of the theorem. *

Note that Theorem implies Problem [2.6.10]

In{Theorem 5.2.1} sequential rationality is only imposed at infor-
mation sets on the path of play. Strengthening this to all informa-
tion sets yields:

Definition 5.2.2 A strategy profile b of a finite extensive form game
is a weak perfect Bayesian equilibrium if there exists a system of
beliefs u such that

1. b is sequentially rational given u, and
2. for all h on the path of play,

PPb (x)
Prb(h)

pH(x) = Vx € h.
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Remark 5.2.1 Note that a strategy profile b is a weak perfect Bayesian
equilibrium, if and only if, it is a Nash equilibrium that is sequen-
tially rational.

¢

Using Bayes’ rule “where possible” yields something even stronger.
The phrase “where possible” is meant to suggest that we apply
Bayes’ rule in a conditional manner. We first need (recall from
Problem that information sets are not partially ordered by
precedence):

Definition 5.2.3 The information set h follows h' if for all x € h,
there exists x’ € h' such that x’ < x.

An information set h (following h') is reached with positive prob-
ability from h’ under (u, b) if

PP (R | ') = > PHP(x | h) > 0.

xeh

Note that for any two information sets owned by the same player,
h.h' € H;, h follows h' in the sense of Definition [5.2.3]if, and only
if, h’ <* h (see Problem (1.4.6).

Definition 5.2.4 A strategy profile b of a finite extensive form game
is an almost perfect Bayesian equilibrium if there exists a system of
beliefs u such that

1. b is sequentially rational given u, and

2. for any information set h' and following information set h
reached with positive probability from h' under (u,b),

CPEY(x | )

= Pt [ ) Vx € h.

p(x)

Theorem 5.2.2 Every almost perfect Bayesian equilibrium is sub-
game perfect.

The proof is left as an exercise (Problem (5.4.5).
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Figure 5.2.2: The profile LBY (illustrated) is weak perfect Bayesian, but not
almost perfect Bayesian.
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Example 5.2.2 Continuing with the extensive form from Example
displayed in Figure The profile LBY (illustrated) is weak
perfect Bayesian, but not almost perfect Bayesian. Note that LT is
not weak perfect Bayesian. The only subgame perfect eq is RBr. x

We are not yet at perfect Bayesian equilibrium, because we still
need to address the phenomenon illustrated by MWG Example 9.C.4.
While it is straightforward to directly deal with the example, the
conditions that deal with the general phenomenon are complicated
and hard to interpret. It is rare for the complicated conditions to
be used in practice.

The term perfect Bayesian equilibrium (or PBE) is often used in
applications to describe the collections of restrictions on the sys-
tem of beliefs that “do the right/obvious thing,” and as such is one
of the more abused notions in the literature. I will similarly abuse
the term.

5.3 Sequential Equilibrium

A natural way of restricting the system of beliefs without simply
adding one seemingly ad hoc restriction after another is to use
Bayes’ rule on completely mixed profiles as follows:

Definition 5.3.1 In a finite extensive form game, a system of beliefs
U is consistent with the strategy profile b if there exists a sequence of
completely mixed sequence of behavior strategy profiles {b*} con-
verging to b such that the associated sequence of system of beliefs
{u*} obtained via Bayes’ rule converges to p.

A strategy profile b is a sequential equilibrium if, for some con-
sistent system of beliefs u, b is sequentially rational at every infor-
mation set.

To illustrate the type of restrictions that consistency places on
beliefs, consider the game in Figure The strategy profile b is
indicated by the double thickness arrows, and the tremble proba-
bilities are in parentheses (the superscript k’s have been omitted
for clarity). Note that player II’'s trembles must be equal at the
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(1-e-n-0)

Figure 5.3.1: [llustrating sequential equilibrium.

three nodes x», x3, and x4, since these three nodes are in the same
information set. We then have

HiX2 e+n+C’
_ n
H(x3) _—E+n+§’
and U(xy) =ﬁ,

and so any distribution over {x», x3, x4} can be achieved in the limit
by letting the three tremble probabilities go to zero at appropriate
rates (verify this!). Note that lim u(x4) > 0 requires n/C not go to
+ o0 (it also requires £/C not go to +oo, but that does not play a role
in determining the limit behavior of u at III’s information set).

Turning to player III’s information set, this information set is
reached with probability nx + € and so we have

n«

H(xs) =m,
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(-
__C«x
and U(x7) “ha+ T <A,

and so
lim [J(X7) =0
n,¢,x—0
(note that this in independent of the relative rates at which n, C, «
go to zero). Moreover, we have

% — 0 implies pu(xg) — 1,

% — +o0o implies u(xg) — 0,

and nx M >0 implies p(xg) —

c

In particular, lim p(x4) > 0 implies lim pu(xg) = 1.
Note that it is also possible for lim u(xg) > 0 and lim u(x4) = 0
(this arises when nx/C — M > 0, since « — 0 requires n/C — + ).

M+1

Theorem 5.3.1 A sequential equilibrium is almost perfect Bayesian.

Proof. Obvious (but make sure you understand why!). ]

Theorem 5.3.2 In a finite extensive form game, suppose [ is consis-
tent with a profile b. The profile b is sequentially rational given u
(and so a sequential equilibrium) if and only if there are no profitable
one-shot deviations from b (given p).

Proof. Lemma [5.1.1]is the easy direction.

Suppose b is not sequentially rational given u. Then there is a
player, denoted i, with a profitable deviation. Denote the profitable
deviation (by player i) by b; and the information set h’. Player i
information sets H; are strictly partially ordered by precedence in
the obvious way (see Problem [1.4.6). Let H;(h') denote the finite
(since the game is finite) collection of information sets that follow
h'. Let K be the length of the longest chain in H;(h'), and say
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an information set h € H;(h') is of level k if the successor chain
from h’ to h has k links (h’ is O-level and its immediate successors
are all 1-level). If i has a profitable deviation from b; at any K-
level information set, then that deviation is a profitable one-shot
deviation, and we are done.

Suppose i does not have a profitable deviation from b; at any

K-level information set. Define a strategy bEK) by

b:(h), if his a k-level information set, k =0,...,K — 1.

1

b ® (h) = {bi(h), if h is a K-level information set or h & H;(h'),

Then E# " -0 [y,|h'] = E*Wib-0[y;|h']. (This requires proof, which
is left as an exercise, see Problem This is where consistency
is important.)

But this implies that, like b}, the strategy bEK) is a profitable
deviation at h’. We now induct on k. Either there is profitable one-
shot deviation from b; at a (K — 1)-level information set (in which
case we are again done), or we can define a new strategy IoiK_”
that is a profitable deviation at h" and which agrees with b; on the
(K — 1)-level as well as the K-level information sets.

Proceeding in this way, we either find a profitable one-shot devi-
ation at some k-level information set, or the action specified at h’
by b; is a profitable one-shot deviation. |

5.4 Problems

5.4.1. Give an example of a game with a profile failing to be sequentially
rational given a system of beliefs and yet with no profitable one-shot
deviations.

5.4.2. This problem concerns the game given in Figure|[5.4.1

(a) Show that (GoStop;Stop,, StopGo,) is a Nash equilibrium.
(b) Identify all of the profitable one-shot deviations.
(c) Does player I choose Go in any subgame perfect equilibrium?

5.4.3. Complete the proof of Theorem|[5.1.1
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Go; I Go,

w

Go II Go 1 Goy 1
I 2
Sto Sto Sto
km P P P
5 6

5.4.4.
5.4.5.
5.4.6.

5.4.7.

5.4.8.

5.4.9.

5.4.10.

0 1 4
1 2 0 0 3

Figure 5.4.1: The game for Problem

Prove Theorem (recall Problem [2.6.10).
Prove Theorem

Let p € A({x2,x3,Xx4}) denote beliefs over player II’'s information
set in the game of Figure Prove that p can be obtained as the
limit beliefs for some some sequence of trembles.

Show that (A, a, L) is a sequential equilibrium of Selten’s horse (Fig-
ure by exhibiting the sequence of converging completely mixed
strategies and showing that the profile is sequentially rational with
respect to the limit beliefs.

Prove by direct verification that the only sequential equilibrium of
the first extensive form in Example is (RB, R), but that (L, ?) is
a sequential equilibrium of the second extensive form.

We return to the environment of Problem [3.6.1} but with one change.
Rather than the two firms choosing quantities simultaneously, firm
1 is a Stackelberg leader: Firm 1 chooses its quantity, g, first. Firm
2, knowing firm 1’s quantity choice then chooses its quantity. De-
scribe a strategy profile for this dynamic game. What is the ap-
propriate equilibrium notion for this game and why? Describe an
equilibrium of this game. Is it unique?

Fix a finite extensive form game. Suppose u is consistent with b.
Suppose for some player i there are two information sets h,h’ € H;
with h <* b’ and P*»P) (h|h') = 0. Prove that if there exists another
strategy b; for player i with the property that P*(2ib-0) (h|h') > 0,
then i
P(bib-i)) (x| R")

Pu(bib-0) (h|h)’ Vx € h.

pu(x) =
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5.4.11. Complete the proof of Theorem by showing that
ER b0 [y '] = BP0 [y ],

Be sure to explain the role of consistency. (Hint: use Problem|5.4.10).
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Chapter 6
Signaling?!|

6.1 General Theory

Sender (informed player) types t € T C R. T may be finite. Proba-
bility distribution p € A(T).
Sender chooses m € M C R. M may be finite.
Responder chooses ¥ € R C R. R may be finite.
Payoffs: u(m,r,t) for sender and v (m,r,t) for responder.
Strategy for sender, T: T — M.
Strategy for responder, o0 : M — R.

Definition 6.1.1 A perfect Bayesian equilibrium of the signaling game
is a strategy profile (T, ) such that

1. forallt € T,

T(t) € argmax u(m,o(m),t),
meM

2. for all m, there exists some u € A(T) such that

0 (m) € argmax E*[v(m,r,t)],
YER

where E¥ denotes expectation with respect to u, and

ICopyright December 7, 2011 by George J. Mailath
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1,1 v& bt a % -2,1
~1,0 / [0.5] XA 0,0
I I
-2,-1«_f i D6 a % -3,-1
0,0 / 10:5] XA—1,o

Figure 6.1.1: A signaling game

3. form € T(T), u in part[d is given by
pu(t) =pit|m=1(t)}.

Since the different information sets for player II are not ordered
by <* (recall Problem [1.4.6), consistency places no restrictions on
beliefs at different information sets of player II. This implies the
following result (which Problem asks you to prove).

Theorem 6.1.1 Suppose T, M, and R are finite. A profile is a perfect
Bayesian equilibrium if, and only if, it is a sequential equilibrium.

Example 6.1.1 (Separating equilibria) In the game given in Figure

6.1.1} (bq, f7) is a separating eq. *

Example 6.1.2 (Beer-quiche) In the game in Figure (bb,rf)
and (qq, fr) are both pooling eq.

The eq in which the types pool on g is often argued to be un-
intuitive: Would the w type ever “rationally” deviate to b. In this
pooling eq, w receives 0, and this is strictly larger than his pay-
off from b no matter how II responds. On the other hand, if by
deviating to B, s can “signal” that he is indeed s, he is strictly bet-
ter off, since II’s best response is v, yielding payoff of 0. This is
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-3,1 & D %—2,1
~-1,0 / [0.1] X‘ 0,0
I I
—2,-1_f . %—3,—1
0,0 / 10-9] X*—l,o

Figure 6.1.2: The Beer-Quiche game.

an example of the intuitive criterion, or of the test of equilibrium
domination. *

Let BR(T’,m) be the set of best replies to m of the responder
for some beliefs over T’, i.e.,

BR(T',m) ={r € R:3u € A(T"),r € argmax E*[v(m,7v’,t)]}
r'€R
= U argmax E*[v(m,r’,t)].
HEA(T’) r'€R

Suppose (T, 0) is a perfect Bayesian equilibrium, and let 7i(t) =
u(t(t),o(t(t)),t). Define D(m) C T as the set of types satisfying
u(t) > max u(m,r,t).

vY€BR(T,m)
Definition 6.1.2 The equilibrium (T, ¢ ) fails the intuitive criterion
if there exists m' (necessarily not in T(T), i.e., an unsent message)
and a type t’ (necessarily not in D(m)) such that
u(t) < min um’,r,t’).
vYE€BR(T\D(m'),m’)
Remark 6.1.1 As defined, the test concerns equilibrium outcomes,

and not the specification of behavior after out-of-equilibrium mes-
sages. However, for messages m’ that satisfy @ = D(m’) & T, it is
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in the spirit of the the test to require out-of-equilibrium responses
¥ to m’ to satisfyr € BR(T \D(m'), m’).

6.2 Job Market Signaling

Worker with private ability 0 € ©.
Worker can signal ability through choice of level of education,
eeR,.
Worker utility
w —c(e,0),

w is wage, and c is disutility of education. Assume c is C? and
satisfies single-crossing:

0%c(e, 0)
0edo

Also assume c(e,0) > 0, c.(e,0) = oc(e,0)/0e = 0, c.(0,0) = 0,
Cee(e,0) > 0, and lim,_. c.(e, 0) = oo.

Two identical firms competing for worker. Each firm values
worker of type 0 with education e at f(e,0). In any discretiza-
tion of the game, in any almost perfect Bayesian equilibrium, after
any e, firms have identical beliefs about worker ability (see Problem
[6.3.4). Consequently, the two firms are effectively playing a sealed
bid common value first price auction, and so both firms bid their
value Ef (e, 0). To model as a game, replace the two firms with a
single uninformed receiver (the “market”) with payoff

—(f(e,0) —w)=.

Strategy for worker, e : ©® — R,.

Strategy for “market”, w : R, — R,.

Assume f is C%. Assume f(e,0) = 0, f.(e,0) = 0f(e,0)/0e =0,
fo(e,0) >0, f..(e,0) <0, and f.o(e,0) = 0.

Unproductive education is f(e, 8) = 0.

Productive education is f.(e, 8) > 0.

< 0.
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If market believes worker has ability 0, firm pays wage f (e, 0).
The result is a signaling game as described in Section|[6.1} and so we
can apply equilibrium notion of perfect Bayesian as defined there.

6.2.1 Full Information

If firm knows worker has ability 8, worker chooses e to maximize
f(e,0)—c(e,0). (6.2.1)

For each O there is a unique e* maximizing (6.2.1). That is,

e*(0) = argmax f(e,0) —c(e, 0).

e>0

Assuming f.(0,0) > 0 (together with the assumption on ¢ above)
is sufficient to imply that e*(0) is interior for all 6 and so

de* _  feole,0) —ceo(e,0) 0
do See(e, 0) — ceele, 0) .

6.2.2 Incomplete Information

Define A A
U(o,0,e) = f(e,0) —c(e,0).
Note that
e*(0) = argmaxU(0,0,e). (6.2.2)
e>0

Suppose (&, w) is a separating perfect Bayesian equilibrium. The
associated outcome is

(e(0),w(e(0)))oco-

If e = é(0’) for some 0" € O, then w(e') = f(e,(é)"(e)) =
f(e’,0"), and so the payoff to the worker of type 0 is

w(e')—c(e,0)=f(,0)—c(e,0)=U(,0,¢).
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e*

U,0,e) =k’
U(0”,0,e) = ko

U@’,0,e)=k"

“E[O]e]”

Figure 6.2.1: Indifference curves in O—ec space. Note k' = U(0’,0',e*(0")),
k" =U(@0",0",e"), and kg = U(0",0",e*(0")), and that
incentive compatibility is satisfied at the indicated points:
u’,o0”,e") = U0",0,ex(0")) and U(0',0",e*(0")) =
Uo',0",e"). For any e < e, firms believe 0 = 0’, and for
any e > e’/ firms believe 6 = 0"'.
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In equilibrium, no type strictly benefits from mimicking another
type, i.e., for all 8’,0” € O,

Ue,oe,e0)) =U(0,07,6(07)). (6.2.3)

This is called incentive compatibility. See Figure
Let 0 = min ©. Sequential rationality implies
é(0) =e*(0). (6.2.4)

(Why?)

The set of separating perfect Bayesian equilibrium outcomes is
illustrated in Figure

The Riley outcome is ((e*(0"), f(e*(8'),0")), (el, f(e],0")));it
is the separating outcome that minimizes the distortion—6’ is in-
different between ((e*(0'), f(e*(0'),0")) and (e, f(e?,0"))). Any
lower education level for 6" violates (6.2.3).

can be rewritten as

Uuo’,0,6(0")) =U(0,() (e),e) Ve € e(0).
That is, the function ¢ : ® — R, satisfies the functional equation

é(0’) e argmax U (0, (&) '(e),e), Vo' € 0. (6.2.5)

ecé(0)

Note that (6.2.2) and (6.2.5) differ in two ways: the set of possible
maximizers and how e enters into the objective function.

6.2.3 Refining to Separation

Suppose two types, 0’,0".

Suppose f is affine in 0, so that Ef(e,0) = f(e,EO) (but see
Problem [6.3.3(a)).

The pooling outcome in Figure [6.2.3|is a perfect Bayesian out-
come, but is ruled out by the intuitive criterion: For two types, the
intuitive criterion selects the “Riley” separating outcome, i.e., the
separating outcome that minimizes the signaling distortion.

With three types needs a much stronger refinement (D1, see|Cho
and Kreps| (1987)).
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Figure 6.2.2: Separating equilibria. The set of separating per-
fect Bayesian equilibrium outcomes is given by
{((e*(0), f(e*(0'),0), (", f(e”,07))) : e’ € [e],ey]}.
Note that 60" cannot receive a lower payoff than
max, U(0",0',e).
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121
e*
0 U,0,e) =k,
Uo’,0,e) =k’
U0”,0,e) =kj

9// N W N S
E[O]

0/

U(O",EQ,e?). Note that E[0O]e], firms’ beliefs after poten-
tial deviating e’s must lie below the 6’ and 0" indifference
curves indexed by k;, and k;,, respectively.

Figure 6.2.3: A pooling outcome at e = ef. k, = U(0',E0,e?), k, =
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6.2.4 Continuum of Types

Suppose ® = [0, 0] (so that there is a continuum of types), and
suppose ¢é is differentiable.

Then the first derivative of the objective function in (6.2.5) w.r.t.
eis

dé)(e)
de

= Ué(e’,(é)‘l(e),e)<

Up(0',(8) 7' (e),e) + U (0, (é) ' (e), e)

de(o)
do

-1
) + U, (0, (&) (e),e).
0=(é)"1(e)

The first order condition is obtained by evaluating this derivative

ate’ = é(0’) (so that (&) '(e’) = 0’) and setting the result equal to

0:

de(o’)
ao

The result is a differential equation characterizing é,

-1
Ué(e',e',e')( ) L UL(0,0,¢) = 0.

dé(0) _ U(0',6',¢") _ fole',0)

a0 U, (0,0,¢)  fo(e,0) —c.e,0)

Together with (6.2.4), we have an initial value problem that char-
acterizes the unique separating perfect Bayesian equilibrium strat-
egy for the worker.

Note that because of (6.2.4), as 0 — 0, dé(0)/d6 — +, and that
for 6 > 0, é(0) > e*(0), that is, there is necessarily a signalling
distortion.

Remark 6.2.1 The above characterization of separating strategies
works for any signaling game, given U(0, 0,¢e), the payoff to the
informed player of type 6, when the uninformed player best re-
sponds to a belief that the type is 0, and e is chosen by the in-
formed player. See Problem [6.3.3] for a description of the canonical
signaling model.

¢
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Figure 6.3.1: Game for problem The probability that player I is type

t; is 1/2 and the probability that he is type t» is 1/2. The
first payoff is player I's payoff, and the second is player II’s.

6.3 Problems

6.3.1.

6.3.2.
6.3.3.

Show that in the game illustrated in Figure for all values of x,
the outcome in which both types of player I play L is sequential by
explicitly describing the converging sequence of completely mixed
behavior strategy profiles and the associated system of beliefs. For
what values of x does this equilibrium pass the intuitive criterion?

Prove Theorem

The canonical signaling game has a sender with private information,
denoted 0 € © C R choosing a message m € R, where © is compact.
A receiver, observing m, but not knowing 6 then chooses a response
r € R. The payoff to the sender is u(m, v, 0) while the payoff to the
receiver is v(m,7,0). Assume both u and v are C?. Assume v is
strictly concave in v, so that v(m,r,0) has a unique maximizer in
v for all (m, 0), denoted &(m, 0). Define

U,0,m) =u(m,&(m,0),0).

Assume u is strictly increasing in v, and & is strictly increasing in
0, so that U is also strictly increasing in 0. Finally, assume that for
all (0,0), U(0,0,m) is bounded above (and so has a well-defined
maximum).
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(a) Given a message m™ and a belief F over 0, suppose r* maxi-
mizes the receiver’s expected payoff. Prove there exists 0 such
that r* = &(m*, 0). Moreover, if the support of F is a contin-
uum, [0, 0], prove that 0 is in the support of F.

Assume u satisfies the single-crossing condition:

If 0 < 0 and m < m’, then u(m,r,0) < u(m’,r’,0)
implies u(m,r,0") <u(m’,r’,0").

(Draw the indifference curves for different types in m — v space to
see that they can only cross once.)

(b) Provide restrictions on the productive education case covered
in Section [6.2| so that the sender’s payoff satisfies the single-
crossing condition as defined here.

(c) Prove that U satisfies an analogous version of the single-crossing
condition: If 0 < 0" and m < m’, thenU (0,0, m) < U(0,0",m’)
implies U(0",0,m) < U(0',0",m’").

(d) Prove that the messages sent by the sender in any separating
Nash equilibrium are strictly increasing in type.

(e) Prove that in any separating perfect Bayesian equilibrium, type
6 = min ® chooses the action m maximizing u(m, &(m, 9), 0)
(recall (6.2.4)). How is this implication of separating perfect
Bayesian equilibrium changed if u is strictly decreasing in »? If
& is strictly decreasing in 0?

6.3.4. Prove that in any discretization of the job market signaling game,
in any almost perfect Bayesian equilibrium, after any e, firms have
identical beliefs about worker ability.

6.3.5. Suppose that, in the incomplete information model of Section 6.2}
the payoff to a firm from hiring a worker of type 0 with education e
at wage w is

f(e,0) —w =3e0 —w.
The utility of a worker of type 0 with education e receiving a wage
w is
3

w—c(e,@):w—g.

Suppose the support of the firms’ prior beliefs p on 0 is ® = {1, 3}.
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(a) Describe a perfect Bayesian equilibrium in which both types of
worker choose their full information eduction level. Be sure to
verify that all the incentive constraints are satisfied.

(b) Are there other separating perfect Bayesian equilibria? What
are they? Do they depend on the prior distribution p?

Now suppose the support of the firms’ prior beliefs on 0 is ©® =
{1,2,3}.

(c) Why isit no longer consistent with a separating perfect Bayesian
equilibrium to have 0 = 3 choose his full information eduction
level e*(3)? Describe the Riley outcome (the separating equi-
librium outcome that minimizes the distortion), and verify that
it is indeed the outcome of a perfect Bayesian equilibrium.

(d) What is the largest education level for 8 = 2 consistent with
separating perfect Bayesian equilibrium? Prove that any sep-
arating equilibrium in which 6 = 2 chooses that level of edu-
cation fails the intuitive criterion. [Hint: consider the out-of-
equilibrium education level e = 3.]

(e) Describe the separating perfect Bayesian equilibria in which
0 = 2 chooses e = 2.5. Some of these equilibria fail the in-
tuitive criterion and some do not. Give an example of one of
each (i.e., an equilibrium that fails the intuitive criterion, and
an equilibrium that does not fail).

6.3.6. The owner of a small firm is contemplating selling all or part of his
firm to outside investors. The profits from the firm are risky and the
owner is risk averse. The owner’s preferences over Xx, the fraction of
the firm the owner retains, and p, the price “per share” paid by the
outside investors, are given by

u(x,0,p) = 0x - x*+p(1 - x),

where 0 is the value of the firm (i.e., expected profits). The quadratic
term reflects the owner’s risk aversion. The outside investors are
risk neutral, and so the payoff to an outside investor of paying p
per share for 1 — x of the firm is then

0(1-x)—-p(1-x).

There are at least two outside investors, and the price is determined
by a first price sealed bid auction: The owner first chooses the frac-
tion of the firm to sell, 1 — x; the outside investors then bid, with
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the 1 — x fraction going to the highest bidder (ties are broken with a
coin flip).

(@) Suppose 0 is public information. What fraction of the firm will
the owner sell, and how much will he receive for it?

(b) Suppose now 0 is privately known by the owner. The outside
investors have common beliefs, assigning probability « € (0, 1)
to 6 = 0; > 0 and probability 1 —x to 6 = 0> > 0;. Characterize
the separating perfect Bayesian equilibria. Are there any other
perfect Bayesian equilibria?

(c) Maintaining the assumption that 0 is privately known by the
owner, suppose now that the outside investors’ beliefs over
0 have support [0;,02], so that there a continuum of possi-
ble values for 0. What is the initial value problem (differential
equation plus initial condition) characterizing separating per-
fect Bayesian equilibria?

6.3.7. Firm 1 is an incumbent firm selling widgets in a market in two pe-
riods. In the first period, firm 1 is a monopolist, facing a demand
curve P! = A — g1, where g} € R, is firm 1’s output in period 1 and
P! is the first period price. In the second period, a second firm, firm
2, will enter the market, observing the first period quantity choice
of firm 1. In the second period, the two firms choose quantities
simultaneously. The inverse demand curve in period 2 is given by
P? = A — g7 — g3, where g7 € R, is firm i’s output in period 2 and
P? is the second period price. Negative prices are possible (and will
arise if quantities exceed A). Firm i has a constant marginal cost of
production c¢; > 0. Firm 1’s overall payoff is given by

(P! = c1aq + (P* - c1)ai,
while firm 2’s payoff is given by
(P? - ¢2)qs.

Firm 2’s marginal cost, c», is common knowledge (i.e., each firm
knows the marginal cost of firm 2), and satisfies c» < A/2.

(a) Suppose c; is also common knowledge (i.e., each firm knows

the marginal cost of the other firm), and also satisfies ¢; < A/2.
What are the subgame perfect equilibria and why?
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(b) Suppose now that firm 1’s costs are private to firm 1. Firm 2
does not know firm 1’s costs, assigning prior probability p €
(0,1) to cost cf and complementary probability 1 — p to cost
cil, where ¢t < ¢l < A/2,

i. Define a pure strategy almost perfect Bayesian equilibrium
for this game of incomplete information . What restric-
tions on second period quantities must be satisfied in any
pure strategy almost perfect Bayesian equilibrium? [Make
the game finite by considering discretizations of the action
spaces. Strictly speaking, this is not a signaling game, since
firm 1 is choosing actions in both periods, so the notion
from Section does not apply.]

ii. What do the equilibrium conditions specialize to for sepa-
rating pure strategy almost perfect Bayesian equilibria?

(c) Suppose now that firm 2’s beliefs about firm 1’s costs have sup-
port [cf, c{{ ]; i.e., the support is now an interval and not two
points. What is the direction of the signaling distortion in the
separating pure strategy almost perfect Bayesian equilibrium?
What differential equation does the function describing first pe-
riod quantities in that equilibrium satisfy?

6.3.8. Suppose that in the setting of Problem [3.6.1} firm 2 is a Stackelberg
leader, i.e., we are reversing the order of moves from Problem [5.4.9

(a) Tlustrate the preferences of f;irm 2 in g»-0 space, where g is
firm 2’s quantity choice, and 9 is firm 1’s belief about 0.

(b) There is a separating perfect Bayesian equilibrium in which firm
2 chooses q» = % when 0 = 3. Describe it, and prove it is a
separating perfect Bayesian equilibrium (the diagram from part

may help).

(c) Does the equilibrium from part pass the intuitive cri-
terion? Why or why not? If not, describe a separating perfect
Bayesian equilibrium that does.

6.3.9. We continue with the setting of Problem 3.6.1] but now suppose that
firm 2 is a Stackelberg leader who has the option of not choosing be-
fore firm 1: Firm 2 either chooses its quantity, g», first, or the action
W (for wait). If firm 2 chooses W, then the two firms simultaneously
choose quantities, knowing that they are doing so. If firm 2 chooses
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its quantity first (so that it did not choose W), then firm 1, knowing
firm 2’s quantity choice then chooses its quantity.

(@) Describe a strategy profile for this dynamic game. Following
the practice in signaling games, say a strategy profile is per-
fect Bayesian if it satisfies the conditions implied by sequential
equilibrium in discretized versions of the game. (In the current
context, a discretized version of the game restricts quantities
to some finite subset.) What conditions must a perfect Bayesian
equilibrium satisfy, and why?

(b) For which parameter values is there an equilibrium in which
firm 2 waits for all values of 6.

(c) Prove that the outcome in which firm 2 does not wait for any
0, and firms behave as in the separating outcome of question
6.3.8(b)|is not an equilibrium outcome of this game.
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Chapter 7
Repeated Game

7.1 Basic Structure

Stage game G = {(A;,u;)}:

Action space for i is A;, with typical action a; € A;. An action
profile is denoted a = (a1,...,an).

Discount factor 6 € (0, 1).

Play G at each datet =0,1,....

At the end of each period, all players observe the action profile a
chosen. Actions of every player are perfectly monitored by all other
players.

History up to date t: ht = (a°,...,a'"') € At = H; H° = {©}.

Set of all possible histories: H = Uy H".

Strategy for player i — s; : H — A;. Often written s; = (s, s},s2,...),
where s! : H' — A;. Since H® = {@}, we have s° € A, and so can
write a® for s°.

Note distinction between

- actions a; € A; and
- strategies s; : H — A;.

Given strategy profile s = (sq,s2,...,5,), outcome path induced by
sisa(s) = (a’ al,a?,...), where

0 0 .0 0
a” =(87,85,.--,5,),

ICopyright December 7, 2011 by George J. Mailath
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a' =(si(a®),st(a?),...,sla),
a® =(si(a’a'),s;(a’al),...,si(aa")),

Payoffs of G(o) are

Ui(s) = (1= 68) > 'ui(a'(s)).

=0
Definition 7.1.1 The strategy profile § is a Nash equilibrium of G (o)
if, for all i and all §; : H — S;,

Ui(8;,5-1) = Ui(5;,5).
Definition 7.1.2 Player i’s pure strategy minmax utility is

v’ = minmaxu;(a;,a_;).

[7 7 ai

The profile a_; € argmin, max, u;(a;,a_;) minmaxes player
i. The set of (pure strategy) strictly individually rational payoffs
in {(S;,u;)} is{v e R*: v; > yf}. The set of feasible payoffs in
{(Si,u;)} isconviv € R": Jda € S,v = u(a)}. Define Fr* = {v €
R":v; >vl}nconviv e R*:3a € S,v = u(a)}.

Theorem 7.1.1 Suppose s* is a pure strategy Nash equilibrium. Then,
Ui(s*) = v!.
Proof. Let §; be a strategy satisfying

$i(h') € argmaxu;(a;, s*;(h')), vVht e H!

a;

(if the argmax is unique for some history ht, §(i(h') is uniquely
determined, otherwise make a selection from the argmax). Since

Ui(s™) = Ui(8i,8F)),
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and since in every period v? is a lower bound for the flow payoff
received under the profile (§;, s*;), we have

Ui(s*) 2 Ui(§;,8%) = (1= 8) D> 8'v! =v!.

Remark 7.1.1 In some settings it is necessary to allow players to
randomize. For example, in matching pennies, the set of pure strat-
egy feasible and individually rational payoffs is empty.

Definition 7.1.3 Player i’s mixed strategy minmax utility is

v = min max u;(;, &_;).
a_i€[]j+iA(A)) x;€A(A))
The profile & ; € argmin, maXy, U;(;, ®_;) minmaxes player
i. The set of (mixed strategy) strictly individually rational payoffs
in {(S;,u;)} is {v € R" : v; > v;}. Define F* = {v € R" : v; >
vitnconviv e R":da € S,v =u(a)}.

The Minmax Theorem (Problem [4.3.1) implies that v; is i’s secu-
rity level (Definition [2.4.2).

A proof essentially identical to that proving Theorem |7.1.1| (ap-
plied to the behavior strategy profile realization equivalent to o *)
proves the following:

Theorem 7.1.2 Suppose o* is a (possibly mixed) Nash equilibrium.
Then,
Ui(0*) > v;.
Since v; < v! (with a strict inequality in some games, such
as matching pennies), lower payoffs often can be enforced using

mixed strategies. The possibility of enforcing lower payoffs allows
higher payoffs to be enforced in subgame perfect equilibria.

¢

Given h!' = (a°,...,a'" ') € H' and ht = (a°,...,at"!) € Ht, the
history (a°,...,at 1,a%...,at"') € H"*t is the concatenation of ht
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followed by h!, denoted by (h!’, h'). Given s;, define s;|,v: H — S;
as follows: i , i
sty (RY) = s (Rt 1),

Definition 7.1.4 The strategy profile s is a subgame perfect equilib-
rium of G() if, for all histories, ht € Ht, §|pc= (Silnt,...,Sulnt) is a
Nash equilibrium of G ().

Example 7.1.1 (Grim trigger in the repeated PD)

E S
E| 2,2 |-1,3
S 3,-1, 0,0

Grim trigger: player i’s strategy is given by
$) =E,
and for t > 1,

E, ifa! =EEforallt' =0,1,...,t -1,
S, otherwise.

sta,...,at™t) :{

Payoff to I from (51, $») is: (1-98) > 2x 6t = 2. Payoff from deviating
in period t = 0 (most profitable deviation) is (1 — 6)3. Nash if

223(1—5)@52%.

Strategy profile is subgame perfect: only need to check subgame
after one deviation. On such, § specifies §S in every period and
that is clearly Nash. *

Represent strategy profiles by automata, (W, w?, f,T), where
- ‘W is set of states,

- w9 is initial state,

132



December 7, 2011 133

- f: W — Ais output function (decision rule)/ and
- T: W XA - W is transition function.

Any automaton (W, w?, f, T) induces a pure strategy profile as
follows: First, extend the transition function from the domain "W x
A to the domain W x (H\{@}) by recursively defining

T(w,h') =1 (t(w,h"1),a’").

With this definition, the strategy s induced by the automaton is
given by s(@) = f(w?) and

s(ht) = f(T(w° h')),Vht € H\{D}.

Conversely, it is straightforward that any strategy profile can be
represented by an automaton. Take the set of histories H as the set
of states, the null history @ as the initial state, f(ht) = s(h'), and
T (ht,a) = h*"!, where ht*! = (ht,a) is the concatenation of the
history h' with the action profile a.

This representation leaves us in the position of working with
the full set of histories #{. However, strategy profiles can often
be represented by automata with finite sets 'W. The set W is then
a partition on #, grouping together those histories that prompt
identical continuation strategies.

Advantage of automaton representation clearest when W can be
chosen finite, but also has conceptual advantages.

Example 7.1.2 (Grim trigger in the repeated PD, cont.)

Grim trigger profile has automata representation, (W, w?, f, 1),
with W = {wgg, wsst, w° = weg, f(wee) = EE and f(wss) = S8,
and
weg, if w=wgrand a = EE,
wss, otherwise.

T(w,a) = {

The automaton can be represented as:

2A profile of behavior strategies (bi,...,by,), b; : H — A(A;), can also be
represented by an automaton. The output function now maps into profiles of
mixtures over action profiles, i.e., f: W — [[; A(A;).
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EE EE,SE,ES,SS

ES,SE,SS
wO —{ WEE Wss
*

If s is represented by (W,w?, f,T), the continuation strategy
profile after a history hf, s |, is represented by the automaton
(W, t(w®, ht), f,7), where T(w?, h') is the result of recursively ap-
plying T to h!,i.e., if ht = (ht~!,at™1), then T (w° h!) = T(T (W’ ht-1),al™1).

Lemma 7.1.1 The strategy profile with representing automaton (W, w°, f, T)
is a subgame perfect equilibrium iff for allw € ‘W (satisfying w =

T(w?, ht) for some ht € H) the strategy profile represented by (W, w, f,T)

is a Nash eq of the repeated game.

Given an automaton (W, w?°, f, 1), let V;(w) be i’s value from
being in the state w € W, i.e.,

Vitw) = (1 = ) ui(f(w)) + oVi(t(w, f(w))).

Note that if ‘W is finite, V; solves a finite set of linear equations (see
Problem [7.6.3).

Compare the following definition with Definition and the
proofs of Theorem with that of Theorem [5.3.2

Definition 7.1.5 Player i has a profitable one-shot deviation from
(W, w°, f, 1), if there is some history h! and some action a; € A;
such that (where w = T(w°, ht'))

Vitw) < (1 - d)ui(a;, f-i(w)) + 6Vi(t(w, (a;, f-i(w))).

Theorem 7.1.3 A strategy profile is subgame perfect iff there are no
profitable one-shot deviations.

Proof. Clearly, if a strategy profile is subgame perfect, then there
are no profitable deviations.

We need to argue that if a profile is not subgame perfect, then
there is a profitable one-shot deviation.
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Suppose (s1,...,s,) (with representing automaton (W, w‘z,f, T))
is not subgame perfect. Then there exists some history h!" and
player i such that s;|;~ is not a best reply to s_;|;~. That is, there
exists §; such that

0 < Ui(Si, s—ilp) — Ui(Siljr s S—iljr) = €.
For simplicity, define §; = s;[;s. Defining M = 2max;, |u;(a)l,

suppose T is large enough so that "M < ¢/2, and consider the
strategy for i defined by

- §i(ht), t<T,
”m”:tmm,tzr

Then,
U (54,5) —Ui(8;,5-0)| < 6™M < €/2,
so that
Ui (Si, s—iljp) = Ui(Silje, S—ilpe) = Ui(84,5-1) — Ui (83, 5-1) > €/2 > 0.

Note that §; is a profitable “T-period” deviation from §;.
Let h"~! be the outcome path up to and including period T — 1
(history) induced by (5;,5_;), and let w = T(w°, h! hT-1). Note that

Ui(Biljr, 3-ilir) = Vi(t(w®, A" ™)) = Vi(w)
and
Ui(Silpr-1, S_iljr-1)
= (1 =& ui(5(h™Y), foi(w)) + sVi(t(w, (5:(hTY), fo:(w)))).
Hence, if U;(8;l5r1, 8 ilpr-1) > Ui(Si|lpr-1,5_ilfr1), then we are done,
since player i has a profitable one-shot deviation from (W, w?, f, T).

Suppose not, i.e., U;(Silpr-1, S_ilpr-1) < U;i(Siljr-1, S—ilr-1). For the
strategy $; defined by

<ty S_i(l’lt), t<T-1,
&m)_{émﬂ,tzT—L
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we have
T-2
Ui(3i,5-0) =(1 = 6) > 'ui(a' (5i,5-0) + 8" 'UiSiljr1, il jr1)
t=0
T-2
>(1-9) Z Stui(at (5i,5-0)) + 6T Ui (Siljr1, S-iljpr 1)
t=0
=U;(8;,5-i) > U;i(8;,5-4).
That is, the (T — 1)-period deviation is profitable. But then either
the one-shot deviation in period T — 1 is profitable, or the (T — 2)-
shot deviation is profitable. Induction completes the argument. =

See Problem for an alternative (and perhaps more enlight-
ening) proof.

Corollary 7.1.1 Suppose the strategy profile s is represented by (W, w?, f,T).
Then s is subgame perfect if, and only if, for allw € W (satisfying
w = t(w? h') for some ht € H), f(w) is a Nash eq of the normal
form game with payoff function g% : A — R", where
gi (a) = (1 -06)ui(a) +oVi(t(w,a)).

Definition 7.1.6 An action profile a’ € A is enforced by the contin-
uation promises y : A — R™ if a’ is a Nash eq of the normal form
game with payoff function g* : A — R", where

g¥(a) = (1-0)ui(a) +dyi(a).

A payoffv is decomposed on a set of payoffs V if there exists an
action profile a’ enforced by some continuation promisesy : A — 'V
satisfying, for all i,

vi = (1 -98)u(a’) + dyi(a’).

Example 7.1.3 (continuation of grim trigger) We clearly have V; (wgg) =
2 and Vi (wgs) = 0, so that the normal form associated with wgr is

E S
E 2,2 —(1-90),3(1 =9)},
S13(1-9),-(1-96) 0,0
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while the normal form for wgg is

E S
E|2(1-96),2(1-06) |—-(1-96),3(1-09) |
§$13(1-96),-(1-9) 0,0

As required EE is a (but not the only!) Nash eq of the wgr normal
form, while SS is a Nash eq of the wgs normal form. *

Example 7.1.4 Stage game:

A B C
Al 4,4 3,2 1,1
B| 2,3 2,2 1,1
c| 1,1 1,1 |-1,-1

Stage game has a unique Nash eq: AA. Suppose 6 > % Then there is
a subgame perfect equilibrium of G(c) with outcome path (BB)*:
(W,w° f, 1), where W = {wgp, weet, w° = wgp, fi(ws) = a;, and

wgp, if w =wpgpganda =BB,or w = wcc and a = CC,
T(w,a) = )
wce, otherwise.
BB, BB
wO —>| WpaE .@ -CC
ccC

Values of the states are

Vi(wgg) =(1 —06)2 + 6V;(wsg),
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and Vi(ch) =(1 — 6) X (—1) + 5Vi(wBB).
Solving,
Vi(wgg) =2,
and Vilwee) =36 — 1.

Player 1’s payoffs in the normal form associated with wpp are

A B C
Al4(1-06)+6(36-1)3(1-06)+06(3B6—-1)| 1-06+06(36—-1)
B|2(1-0)+0d(36-1) 2 1-6+6(36-1)
C| 1-6+06(36-1) 1-60+6B86-1) |-(1-06)+6(36-1)

and since the game is symmetric, BB is a Nash eq of this normal
form only if

i.e.,

2>3(1-96)+06(36-1),

0>1-46+38°<=0=>(1-6)(1-36),

ord > i
3
Player 1’s payoffs in the normal form associated with w,c are

A

B

C

A

4(1-0)+0(36-1)

3(1-06)+6(36-1)

1-0+0636-1)

B

2(1-0)+0(36-1)

2(1-0)+06(36-1)

1-6+6835-1)

C

1-6+6(36-1)

1-6+6(36-1)

—(1-96)+52

and since the game is symmetric, CC is a Nash eq of this normal
form only if

i.e.,

or o

—(1-06)+02=1-6+6(36—-1),

0>2-5+38°<=0=>(1-68)(2-36),

=

w(ro
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7.2 Modeling Competitive Agents (Small/Short-
Lived Players)

Example 7.2.1 (Product-choice game)

h ¢
H|3,3|0,2
L[14,0]|2,1

Player I (row player) is long-lived, player II (the column player) is
short lived.

Subgame perfect equilibrium described by the two state automa-
ton:

Hh,HY,

o
w0 — Wy Wy

The action profile LY is a static Nash equilibrium, and since w; is
an absorbing state, we trivially have that L is a Nash equilibrium
of the associated one-shot game, g%:t.

Note that Vi (wpypr) = 3 and V7 (wyye) = 2. Since player 2 is short-
lived, he must myopically optimize in each period. The one-shot
game from Corollary has only one player. The one-shot game
g¥th associated with wyy, is given by

h
(1-0)3+063
L|{(1-06)4+02

and player I finds H optimal if 3 > 4 — 26, i.e.,if 6 > 1/2.
Thus the profile is a subgame perfect equilibrium if, and only if,
o=>1/2. *
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Example 7.2.2
h ¢

3,3|2,2
L|4,0]|0,1

The action profile L is no longer a static Nash equilibrium, and
so Nash reversion cannot be used to discipline player I’s behavior.

Subgame perfect equilibrium described by the two state automa-
ton:

Hh,HY Lh, L
o @
Lh,L¥

Since player 2 is short-lived, he must myopically optimize in
each period, and he is.

Note that Vi (wyy) = 3 and Vi (wrye) = (1 — 6)0 + 63 = 36. There
are two one shot games we need to consider. The one-shot game
g*¥un associated with wyy, is given by

h
(1-0)3+03
L|(1-6)4+306°

and player I finds H optimal if 3 >4 -4 +36° < 0= (1 -6)(1 —
30) 6=>1/3.
The one-shot game g%:¢ associated with w;y is given by
4
(1-6)2+ 362
L{(1-6)0+36
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and player I finds L optimal if 36 >2-26+36° < 0> (1-6)(2 -
30)) < 6 = 2/3.

Thus the profile is a subgame perfect equilibrium if, and only if,
o=>2/3. *

Example 7.2.3 Stage game: Seller chooses quality, “H” or “L”, and
announces price.
Cost of producing H = cy = 2.
Cost of producing L = ¢; = 1.
Demand:
10— p, if H, and
x(p) = {4—;9, if L.

IfL,maxp(4—p)(p—cL):p:%:x:%,rﬂz

If H,max,(10—p)(p —cy) = p=6=>x =4, = 16.

Quality is only observed after purchase.

Model as a game: Strategy space for seller {(H, p), (L,p’) : p,p’ €
R.}.

Continuum of (long-lived) consumers of mass 10, each consumer
buys zero or one unit of good. Consumer i € [0, 10] values one unit
of good as follows

e

i, if H, and
' |max{0,i -6}, ifL.
Strategy space for consumer i is {s : R, — {0,1}}, where 1 is buy
and O is not buy.
Strategy profile is ((Q,p), &), where &(i) is consumer i’s strat-
egy. Write &; for £(i). Consumer i’s payoff function is

i-p, if Q =H and &;(p) =1,
u;((Q,p), &) = {max{0,i -6} —p, if Q =L and &(p) =1, and
0, if &i(p) = 0.

Firm’s payoff function is
m((Q,p),&) =(p —c)x(p, &)
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10
=(p — ¢co) . Ei(p)di

=(p —co)A{i € [0,10]: &(p) = 1},

where A is Lebesgue measure. [Note that we need to assume that &
is measurable.]

Assume firm only observes X (p, &) at the end of the period, so
that consumers are anonymous.

Note that X (p, €) is independent of Q, and that the choice (L, p)
strictly dominates (H, p) whenever x(p, &) + O.

If consumer i believes the firm has chosen Q, then i’s best re-
sponse to p is &;(p) = 1 only if u;((Q,p),&) = 0. Let E?(v) denote
the maximizing choice of consumer i when the consumer observes
price p and believes the firm also chose quality Q. Then,

1, ifi>p,and
H _ ’ ’
& (p) = {0, ifi <p,

so x(p, &EM) = f;o di =10 - p. Also,

1, ifi>p+6,and
L _ ’ ’
Ei(’”)‘{o, if i <p+6,

50 X(p, &) = [,)sdi=10— (p +6) = 4 — p.

Unique subgame perfect equilibrium of stage game is ((L, %), EL).

Why isn’t the outcome path ((H,6),&E"(6)) consistent with sub-
game perfection? Note that there are two distinct deviations by
the firm to consider: an unobserved deviation to (L, 6), and an ob-
served deviation involving a price different from 6. In order to deter
an observed deviation, we specify that consumer’s believe that, in
response to any price different from 6, the firm had chosen Q =L,

leading to the best response &; given by

£(p) = 1, ifp=6andi=p,orp=+6andi=p+6,
“P)=70, otherwise,
implying aggregate demand

I c 4’ ].f p - 6,

X(p.8) = imax{0,4 —-p}, p=6.
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(Hp, x)
})\ (Lp,x) QD (Qp, x)
w wr

wh 1)

Figure 7.2.1: Grim trigger in the quality game. Note that the transitions
are only a function of Q.

Clearly, this implies that observable deviations by the firm are not
profitable. Consider then the profile ((H,6),&): the unobserved
deviation to (L, 6) is profitable, since profits in this case are (10 —
6)(6 —1) = 20 > 16. Note that for the deviation to be profitable,
firm must still charge 6 (not the best response to &7).

Eq with high quality: buyers believe H will be produced as long
as H has been produced in the past. If ever L is produced, then L
is expected to always be produced in future. See Figure

It only remains to specify the decision rules:

£i(w) = (H,6), if w=wy,and
' L), ifw=uw.

and B

¢, ifw=wypy,and

EL ifw = wy.

So(w) = {

Since the transitions are independent of price, the firm’s price is
myopically optimal in each state.

Since the consumers are small and myopically optimizing, in
order to show that the profile is subgame perfect, it remains to
verify that the firm is behaving optimally in each state. The firm
value in each state is Vi (wq) = m@. Trivially, L is optimal in w;.
Turning to wy, we have

(1—5)20+5%sl6©62%.

There are many other equilibria. *
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Remark 7.2.1 (Short-lived player) Can model above as a game be-
tween one long-lived player and one short-lived player. In the stage
game, the firm chooses p, and then the firm and consumer simulta-
neously choose quality Q € {L, H}, and quantity x € [0,10]. If the
good is high quality, the consumer receives a utility of 10x — x?/2
from consuming x units. If the good is of low quality, his utility is
reduced by 6 per unit, giving a utility of 4x —x?/ ZEI The consumer’s
utility is linear in money, so his payoffs are

(4—p)x—x72, if Q =L, and

U@ p) {(10 —p)x-%, ifQ=H.
Since the period t consumer is short-lived (a new consumer replaces
him next period), if he expects L in period t, then his best reply is
to choose x = x!'(p) = max{4 — p, 0}, while if he expects H, his
best reply is choose x = xH(p) = max{10 — p,0}. In other words,
his behavior is just like the aggregate behavior of the continuum of
consumers.

This is in general true: a short-lived player can typically repre-
sent a continuum of long-lived anonymous players.

¢

7.3 The Folk Theorem (Cooperation from Long-
Run Interactions and an Embarrassment
of Riches)

Theorem 7.3.1 (The Folk Theorem) Suppose F* has nonempty in-
terior in R™. For all v € ‘F*, there exists a sufficiently large discount
factor &', such that for all 6 > &', there is a subgame perfect equi-
librium of the infinitely repeated game whose average discounted
value is v.

3Note that for x > 4, utility is declining in consumption. This can be avoided
by setting his utility equal to 4x — x?/2 for x < 4, and equal to 8 for all x > 4.
This does not affect any of the relevant calculations.
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Example 7.3.1 (Symmetric folk theorem for PD) Suppose restrict at-
tention to strongly symmetric strategies, i.e., forallw € W, fi(w) =
fo(w). Whenis {(v,v) : v € [0,2]} a set of eq payoffs? Since inter-
ested in strongly symmetric equilibria, will drop player subscripts.
Note that the set of strongly symmetric equilibrium payoffs cannot
be any larger, since [0, 2] is the largest set of feasible symmetric
payoffs.

Two preliminary calculations (important to note that these pre-
liminary calculations make no assumptions about [0, 2] being a set
of eq payoff’s):

1. Let WEE be the set of player 1 payoffs that could be decom-
posed on [0, 2] using EE (i.e., WEE is the set of player 1 payoffs
that could enforceably achieved by EE followed by appropri-
ate symmetric continuations in [0, 2]). Then v € WEE iff

v =2(1-06)+ o6y(EE)
>3(1 —08) + 0y(SE),

for some y(EE),y(SE) € [0,2]. The largest value for y(EE)
is 2, while the incentive constraint implies the smallest is (1 —
5)/68, so that WEE = [3(1 — &), 2]. See Figure for an
illustration.

2. Let W3S be the set of player 1 payoffs that could be decom-
posed on [0, 2] using SS. Then v € ‘WSS iff

vV=0Xx(1-0)+0y(SS)
>(—1)(1 —-95) + Sy(ES),

for some y(SS),y(ES) € [0,2]. Since the inequality is satis-
fied by setting y(5S) = y(ES), the largest value for y(SS) is
2, while the smallest is 0, and so W3S = [0, 2§].

Observe that
[0,2] > WSS U WEE =[0,258] U [3(1 - §),2].

Lemma 7.3.1 (Necessity) Suppose [0, 2] is the set of strongly sym-
metric strategy equilibrium payoffs. Then,

[0,2] c WSS U WEE,
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Y
2% ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
v =20y
v=2(1-96)+ 6yt
- | /S S
L8 e
v

3-36

Figure 7.3.1: An illustration of the folk theorem. The continuations that
enforce EE are labelled y£, while those that enforce SS are
labelled yS5. The value v° is the average discounted value
of the equilibrium whose current value/continuation value
is described by the cycle 0 — 1 — 2 — 0. In this cycle, play

follows EE,EE,SS,EE, - - - The Figure was drawn for 6 = %;
30

0 _25Y
V" =1g-
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Proof. Suppose v is the payoff of some strongly symmetric strategy
equilibrium s. Then either s° = EFE or SS. Since the continuation
equilibrium payoffs must lie in [0, 2], we immediately have that if
s = EE, then v € WEE while if s = SS, then v € WSS, But this
implies v € WSSUWEE, So, if [0, 2] is the set of strongly symmetric
strategy equilibrium payoffs, we must have

[0,2] € WSS U WEE,

So, when is

[0,2] ¢ WSS U WEE?
This holds iff 26 > 3(1 - §) (i.e,, § = 2).
Lemma 7.3.2 (Sufficiency) If

[0,2] = WSS U WEE

then [0, 2] is the set of strongly symmetric strategy equilibrium pay-
offs.

Proof. Fix v € [0, 2], and define a recursion as follows: set y° = v,
and

1 ((yt=201-8)/8 ifyte WEE=[3(1-5), 2], and
Y = lyts if yt € WSS\ WEE = [0, 3(1 — §)).

Since [0,2] ¢ WSS U 'WEE this recursive definition is well defined
for all t. Moreover, since 6 > % yt € [0,2] for all t. The recursion
thus yields a bounded sequence of continuations {y!};. Associated
with this sequence of continuations is the outcome path {a‘};:

.. _|EE ify'e W, and
T 0ss if yt e WSS\ WEE,

Observe that, by construction,
y'=(1-68)(uia") + oy

Consider the automaton (W, w?, f, T) where
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- the output function is

Flw) = EE if w € WEE and
W =1ss if we WSS\ WEE and

- the transition function is

(w—-2(1-96))/6 ifwe Wt anda = f(w),
T(w,a) =1w/o if we WSS\ WEE and a = f(w), and
0, ifa+ f(w).

The outcome path implied by this strategy profile is {a'};. More-
over,

(1-&)ui(a® + sy’

(1-80u;@a) +o {(1-0)ui(a) + 5y2}
(1-68) 32 Stui(@) +67y"

(1-8) 35, 8tui(ah)

v=y"

(where the last equality is an implication of 6 < 1 and the sequence
{yT}r being bounded). Thus, the payoff of this outcome path is
exactly v, that is, v is the payoff of the strategy profile described
by the automaton (W, w?°, f, T) with initial state w° = v.

Thus, there is no profitable one-deviation from this automaton
(this is guaranteed by the constructions of W55 and WEF and w €
WSS\ WEE for w € [0,2]). Consequently the associated strategy
profile is subgame perfect. [

See Mailath and Samuelson/ (2006, chapter 2) for much more on
this. *
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7.4 Efficiency Wages

A slight modification of Section 2.3.D in Gibbons| In the stage
game, the worker (player I) first decides whether to be self-employed
or to exert effort (E) for the firm (player II), or to shirk (S) for the
firm. Effort yields output y for sure, while shirking yields output
v with probability p, and output 0 with probability 1 — p. The firm
chooses a wage w that period if the worker turns up. At the end
of the period, the firm does not observe effort, but does observe
output.

Suppose
Y —e>max{wy, py}

so it is efficient for the worker to exert effort.

Payoffs: self-employed worker receives w, > 0, effort has a disu-
tility of e:

self

(wo, 0)

Nature

w € [0,y] w e [0,y] wel0,y]

Ny S

(w—-e,y-w) (w,y —w) (w, —w)

Consider the profile described by the automaton,

4The modification ensures that the firm faces an intertemporal trade-off.
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(y,w*

with output function

f(H) =(e,w*) and f(L) = (self,0),

where w* remains to be determined.
The value functions are

Vi(L) =wy, Vi(H)=w"—e,

Vo(L) =0, Va(H) =y -w",

In the absorbing state L, play is the unique eq of the stage game,
and so incentives are trivially satisfied.
The worker does not wish to deviate in H if

Vi(H) = (1-8)w* +8{pVi(H) + (1 - p)w°},

i.e.,
5(1-p)(w* —wy) = (1 -3bp)e
or
w* >w +ﬂe=w +e+ie
- s -p) ° s1-p)

Note that this also implies w* —e > wy, and so choosing self is also
not a profitable deviation.
The firm does not wish to deviate in H if

Vo(H) = (1 -90)y,
i.e.,
y-—w*=(1-0)yedy=w*.
So, the profile is an “equilibrium” if
1-6
51-p)°

In fact, it is implication of the next section that the profile is a
perfect public equilibrium.

oy 2w*>wy+e+
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7.5 Imperfect Public Monitoring

As before, action space for i is A;, with typical action a; € A;. An
action profile is denoted a = (a4, ...,ax).

At the end of each period, rather than observing a, all players
observe a public signal y taking values in some space Y according
to the distribution Pr{y| (a4,...,a,)} = p(y| a).

Since the signal y is a possibly noisy signal of the action profile
a in that period, the actions are imperfectly monitored by the other
players. Since the signal is public (and so observed by all players),
the game is said to have public monitoring.

Public history up to date t: ht = (a°,...,a'™') € At = H,; H? =
{D}.

Assume Y is finite.

u:A; xY — R, i’s ex post or realized payoff.

Stage game (ex ante) payoffs:

ui(a) = > uj(a, y)p(yl a).

yey

Public histories:
H=up, Y,

with h! = (v°,..., ") being a t period history of public signals
(YO = {@}).
Public strategies:
siH — A;.

Definition 7.5.1 A perfect public equilibrium is a profile of public
strategies s that, after observing any public history h', specifies a
Nash equilibrium for the repeated game, i.e., for allt and all ht € Y?,
O |pe is a Nash equilibrium.

If p(yla) > 0 for all y and a, every public history arises with
positive probability, and so every Nash equilibrium in public strate-
gies is a perfect public equilibrium.

Automaton representation of public strategies: (‘W,w?, f,T),
where

- ‘W is set of states,
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- w9 is initial state,
- f: W — Ais output function (decision rule), and
- T: WxY — W is transition function.

As before, V;(w) is i’s value of being in state w.

Lemma 7.5.1 Suppose the strategy profile s is represented by (W, w°, f, T).
Then s is a perfect public eq if, and only if, for allw € 'W (satisfying

w = T(w° h') for some ht € H), f(w) is a Nash eq of the normal

form game with payoff function g% : A — R", where

g¥(a) = (1= 8ui(a) + 6> Vi(t(w,»))p(y| a).
y

See Problem |7.6.12|for the proof.

Example 7.5.1 (PD as a partnership) Effort determines output {y, y}
stochastically:

p, if a = EE,
Pr{y|a}l =p(y|a)=41q, ifa=SEorES,
r, ifa=3S5S,
where0 <g<p<land O <7 <p.
Ex post payoffs (u}):
y Y
(B3=p-2q) (p+2q)
E (p-q) ~ (p-q) ]
3(1-r) 3r
S (a-r) ~ (a-1)
so that ex ante payoffs (u;) are:
E S
2,2 | —-1,3 |
S13-1| 0,0
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Example 7.5.2 (One period memory) Two state automaton: W =
{wer, wss}, w° = wgg, f(wge) = EE, f(wss) =SS, and

wgg, ify =1y,

Tw,y) = {wss, if y = .

Y y
oW D=
y

Value functions (I can drop player subscripts by symmetry):

V(weg) = (1 =6) - 2+ 6{pV(wer) + (1 — p)V(wss)}
and

V(wss) = (1 =0) - 0+ o{rV(wee) + (1 —7)V(wss)}.
This is eq if

V(wge) = (1 -0) -3+ 6{qV(wee) + (1 - q)V(wss)}
and

V(wss) = (1 =0) - (=1) + 6{qV(wer) + (1 — @)V (wss) }.

Rewriting the incentive constraint at wgg,

(1-0)-2+8{pV(wee) + (1 —p)V(wss)}
> (1-0)-3+06{qV(wge) + (1 —q)V(wss)}

or
o(p — ) {V(wgp) — V(wss)} = (1 -9).
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We can obtain an expression for V(wgg) — V (wgg) without solv-
ing for the value functions separately by differencing the value re-
cursion equations, yielding

V(wge) = V(wss) =(1 =08) - 2+ o0{pV(wgg) + (1 — p)V(wss)}
—o{rV(wge) + (1 —r)V(wss)}
=(1-0)-2+06(p—1){V(wg) — V(wss)},
so that
2(1 -9)

V(wge) — V(wss) = 1 —o(p—1)’

and so
1

o> —— ——.
3p-2q—-71r
Turning to wgg, we have

o{rV(wge) + (1 —=7r)V(wss)}
> (1-0)-(-1)+6{qV(wge) + (1 — q)V(wss)}

or
(1-06)=206(q—7){V(wee) — V(wss)},
requiring
PR——
p+2q—3r

The two bounds on ¢ are consistent if
p=2q-—r7.
Solving for the value functions,
V(w 1-6p -5(1- N
[ Viwz; } (10 [ —5:) 1 - ((5(1 —p;) ] [ 0 }
(1-90)

TA-op)d-60-r) -0 -p)r"

1-6(1-7) 6(1-p) 2
or 1-6p 0
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(1-9) 2(1-6(1-7))
(1-6)(1-6(p-7)) 257

1 [2(15(1@)}

1-6(p-7) 267

Moreover, for fixed p and v,

2r

hmV(wEE) = hmV(wgg) = T
5—1 51 l-p+7r

and, for » > 0,

lim lim V (wgg) = 2. *
p—-1 6-1

Remark 7.5.1 The notion of PPE only imposes ex ante incentive
constraints. If the stage game has a non-trivial dynamic structure,
such as Problem then it is natural to impose additional in-
centive constraints.

¢

7.6 Problems

7.6.1.

7.6.2.

Suppose G = {(A;,u;)} is an n-person normal form game and G’
is its T-fold repetition (with payoffs evaluated as the average). Let
A = []; A;. The strategy profile, s, is history independent if for all i
and all 1 <t <T -1, s;(h') is independent of h! € A (i.e, s;(h) =
si(h!) for all ht, ht € A!). Let N(1) be the set of Nash equilibria
of G. Suppose s is history independent. Prove that s is a subgame
perfect equilibrium if and only if s(h!) € N(1) forallt,0 <t < T-1
and all h! € A? (s(hY) is of course simply s°). Provide examples to
show that the assumption of history independence is needed in both
directions.

Prove the infinitely repeated game with stage game given by match-
ing pennies does not have a pure strategy Nash equilibrium for any
0.
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7.6.3.

7.6.4.

7.6.5.

Suppose (W, w", f,T) is a (pure strategy representing) finite au-
tomaton with |'W| = K. Label the states from 1 to K, so that
w=1{1,2,...,K}, f:{1,2,...,K} - Ajand 7: {1,2,...,K} X A —
{1,2,...,K}. Consider the function ® : RK — RK given by ®(v) =
(®1(v), P2 (V),...,Px(V)), Wwhere

Or(v) = (1 - 0)ui(f(k)) + 0vrk rky, k=1,...,K.
(a) Prove that ¢ has a unique fixed point. [Hint: Show that ® is a
contraction.]
(b) Given an explicit equation for the fixed point of ®.
(c) Interpret the fixed point.
A different (and perhaps more enlightening) proof of Theorem|7.1.3
is the following:

Suppose W and A; are finite. Let Vi(w) be player i’s payoff from
the best response to (W, w, f_;, T) (i.e., the strategy profile for the
other players specified by the automaton with initial state w).

Prove that
Vitw) = max {(1 - &)uilai, f-i(w)) + Vit (w, (@i, fi(w)))].

Note that V;(w) > V;(w) for all w.
Let a}’ be the action solving the above maximization, and define

Viw) = 1 - ui@?, f-i(w)) + sVi(t(w, (a¥, f-i(w)))).

Prove that if s is not subgame perfect, then there exists a player i
and a state w satisfying

viw) > vi(w).
What is the profitable one-shot deviation?
Extend the argument to infinite W and A;.

Suppose two players play the infinitely repeated prisoners’ dilemma:

E S
1,1 “l1+g
Sl1+g,-¢ 0,0

where £ > 0 and g > 0.
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(a) For what values of the discount factor ¢ is grim trigger a sub-
game perfect equilibrium?

(b) Describe a simple automaton representation of the behavior in
which player I alternates between E and S (beginning with E),
player II always plays E, and any deviation results in permanent
SS. For what parameter restrictions is this a subgame perfect
equilibrium?

(c) For what parameter values of ¢, g, and ¢ is tit-for-tat a subgame
perfect equilibrium?

7.6.6. Suppose the following game is infinitely repeated:

L R
Uu|22|x0
D|0,5|1,1

Let 6 denote the common discount factor for both players and con-

sider the strategy profile that induces the outcome path DL, UR,DL,UR, - - -,
and that, after any unilateral deviation by the row player speci-

fies the outcome path DL,UR,DL,UR, - - -, and after any unilat-

eral deviation by the column player, specifies the outcome path
UR,DL,UR,DL, - - - (simultaneous deviations are ignored. i.e., are

treated as if neither player had deviated).

(a) What is the simplest automaton that represents this strategy
profile?

(b) Suppose x = 5. For what values of ¢ is this strategy profile
subgame perfect?

(c) Suppose now x = 4. How does this change your answer to part

7.6.6(b)}

(d) Suppose x = 5 again. How would the analysis in part
be changed if the column player were short-lived (lived for only
one period)?

7.6.7. Fix a stage game G = {(A;,u;)} and discount factor 6. Let E7(d) C
FP* be the set of pure strategy subgame perfect equilibrium pay-
offs. Suppose y : A — E?(6) enforces the action profile a. Describe
a pure strategy profile in which a is played in the first period, and
prove that is subgame perfect equilibrium.

157



158

CHAPTER 7. REPEATED GAMES

7.6.8.

7.6.9.

7.6.10.

7.6.11.

Consider the prisoner’s dilemma:

E S
2,2 | -1,3
S13,-1] 0,0

Suppose the game is infinitely repeated with perfect monitoring.
Recall that a strongly symmetric strategy profile (s1,s») satisfies
s1(ht) = s»(ht) for all ht. Equivalently, its automaton representa-
tion satisfies f1(w) = fo(w) for all w. Let W = {6v,v}, v > 0O
to be determined, be the set of continuation promises. Describe a
strongly symmetric strategy profile (equivalently, automaton) whose
continuation promises come from W which is a subgame perfect
equilibrium for some values of §. Calculate the appropriate bounds
on 6 and the value of v (which may or may not depend on 6).

Describe the four state automaton that yields v° as a strongly sym-
metric equilibrium payoff with the indicated cycle in Figure [7.3.1

Consider the following (asymmetric) prisoner’s dilemma:

E S
E| 1,2 | -1,3
S12,-4] 0,0

Suppose the game is infinitely repeated with perfect monitoring.

Prove that for § < 3, the maximum (average discounted) payoff to

2 )
player 1 in any pure strategy subgame perfect equilibrium is 0, while
for 6 = % there are equilibria in which player 1 receives a payoff of

1. [Hint: First prove that, if 6 < %, in any pure strategy subgame
perfect equilibrium, in any period, if player 2 chooses E then player
1 chooses E in that period.]

Consider the stage game where player 1 is the row player and 2, the
column player (as usual):

L R
T1(2,3(0,2
B|3,0]1,1
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(a) Suppose the game is infinitely repeated, with perfect monitor-
ing. Players 1 and 2 are both long-lived, and have the same
discount factor, 6 € (0,1). Construct a three state automaton
that for large ¢ is a subgame perfect equilibrium, and yields a
payoff to player 1 that is close to 2%. Prove that the automaton
has the desired properties. (Hint: One state is only used off the
path-of-play.)

(b) Now suppose that player 2 is short-lived (but maintain the as-
sumption of perfect monitoring, so that the short-lived player
in period t knows the entire history of actions up to t). Prove
that player 1’s payoff in any pure strategy subgame perfect
equilibrium is no greater than 2 (the restriction to pure strategy
is not needed—can you prove the result without that restric-
tion?). For which values of ¢ is there a pure strategy subgame
perfect equilibrium in which player 1 receives a payoff of pre-
cisely 27

7.6.12. Fix a repeated finite game of imperfect public monitoring. Say that
a player has a profitable one-shot deviation from the public strategy
(W, w9, £, 1) if there is some history h! € Y! and some action a; €
A; such that (where w = T (w9, ht))

Vitw) < (1=8)ui(ai, f-i(w))+8 D> Vi(t(w, »)p (¥ | (@i, f-i(w))).
y

(a) Prove that a public strategy profile is a perfect public equilib-
rium if and only if there are no profitable one-shot deviations.

(b) Prove Lemma

7.6.13. Consider the prisoners’ dilemma game in Example

(@) The grim trigger profile is described by the automaton (W, w?, f, 1),
where W = {wgg, wss}, w® = wgg, f(wa) = a, and

wgg, fw =wggandy =y,
wss, otherwise.

T(w,y) ={

For what parameter values is the grim-trigger profile an equi-
librium?
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(b) An example of a forgivipg grim trigger profile is described by
the automaton (W, w?, f, T), where W = {Wgg, Wip, Wss}, w0 =
weg, f(wa) = a, and

Wgg, if w = Wgg or Wi, and y = y,
T(w,y) =4 Wge, ifw=wgandy =y,
wgs, otherwise.

For what parameter values is this forgiving grim-trigger profile
an equilibrium? Compare the payoffs of grim trigger and this
forgiving grim trigger when both are equilibria.

7.6.14. Player 1 (the row player) is a firm who can exert either high effort (H)
or low effort (L) in the production of its output. Player 2 (the column
player) is a consumer who can buy either a high-priced product, h,
or a low-priced product £. The actions are chosen simultaneously,
and payoffs are given by:

h ¢
H| 43|02
L|x,0]31

Player 1 is infinitely lived, discounts the future with discount factor
0, and plays the above game in every period with a different con-
sumer (i.e., each consumer lives only one period). The game is one
of public monitoring: while the actions of the consumers are public,
the actions of the firm are not. Both the high-priced and low-priced
products are experience goods of random quality, with the distri-
bution over quality determined by the effort choice. The consumer
learns the quality of the product after purchase (consumption). De-
note by y the event that the product purchased is high quality, and
by v the event that it is low quality (in other words, y € {y, ¥} is the
quality signal). Assume the distribution over quality is independent
of the price of the product:

p, ifa, =H,

Pr(yla) = {q, ifa; =1L,

with0<g<p < 1.
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(a) Describe the ex post payoffs for the consumer. Why can the ex
post payoffs for the firm be taken to be the ex ante payoffs?

(b) Suppose x = 5. Describe a perfect public equilibrium in which
the patient firm chooses H infinitely often with probability one,
and verify that it is an equilibrium. [Hint: This can be done with
one-period memory.]

(c) Suppose now x > 8. Is the one-period memory strategy profile
still an equilibrium? If not, can you think of an equilibrium in
which H is still chosen with positive probability?

7.6.15. A financial manager undertakes an infinite sequence of trades on
behalf of a client. Each trade takes one period. In each period, the
manager can invest in one of a large number of risky assets. By ex-
erting effort (a = E) in a period (at a cost of e > 0), the manager can
identify the most profitable risky asset for that period, which gen-
erates a high return of R = H with probability p and a low return
R = L with probability 1 — p. In the absence of effort (a = S), the
manager cannot distinguish between the different risky assets. For
simplicity, assume the manager then chooses the wrong asset, yield-
ing the low return R = L with probability 1; the cost of no effort is
0. In each period, the client chooses the level of the fee x € [0, x] to
be paid to the financial manager for that period. Note that there is
an exogenous upper bound X on the fee that can be paid in a period.
The client and financial manager are risk neutral, and so the client’s
payoff in a period is

uc(x,R) =R — x,

while the manager’s payoff in a period is

x—e, ifa=E,
X, ifa==S.

Um(x,a) = {

The client and manager have a common discount factor 6. The client
observes the return on the asset prior to paying the fee, but does not
observe the manager’s effort choice.

(a) Suppose the client cannot sign a binding contract committing
him to pay a fee (contingent or not on the return). Describe the
unique sequentially rational equilibrium when the client uses
the manager for a single transaction. Are there any other Nash
equilibria?
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(b) Continue to suppose there are no binding contracts, but now
consider the case of an infinite sequence of trades. For a range
of values for the parameters (6, x, e, p, H, and L), there is a
perfect public equilibrium in which the manager exerts effort
on behalf of the client in every period. Describe it and the
restrictions on parameters necessary and sufficient for it to be
an equilibrium.

(c) Compare the fee paid in your answer to part|7.6.15(b)|to the fee
that would be paid by a client for a single transaction,

i. when the client can sign a legally binding commitment to a
fee schedule as a function of the return of that period, and

ii. when the client can sign a legally binding commitment to a
fee schedule as a function of effort.

(d) Redo question[7.6.15(b)]assuming that the client’s choice of fee
level and the manager’s choice of effort are simultaneous, so
that the fee paid in period t cannot depend on the return in
period t. Compare your answer with that to question|7.6.15(b)

7.6.16. In this question, we revisit the partnership game of Example
Suppose 3p — 2q > 1. This question asks you to prove that for
sufficiently large 6, any payoff in the interval [0, 7], is the payoff of
some strongly symmetric PPE equilibrium, where

_A-p)
(p—a)
and that no payoff larger than v is the payoff of some strongly sym-

metric PPE equilibrium. Strong symmetry implies it is enough to
focus on player 1, and the player subscript will often be omitted.

v =2

(a) The action profile SS is trivially enforced by any constant con-
tinuation y € [0, y] independent of y. Let W55 be the set of
values that can be obtained by SS and a constant continuation

y € [0,¥], i.e,
WSS = {(1 - 6)ui(§S) +d8y:y <[0,y]}.

Prove that W55 = [0, §y]. [This is almost immediate.]

(b) Recalling Definition [7.1.6, say that v is decomposed by EE on
[0, y] if there exists y¥,y? € [0, y] such that

v =(1-8)ui(EE) +6{py” + 1 —p)y?} (7.6.1)
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>(1-8)ui(SE) +6{qy?” + 1 —q)y?}. (7.6.2)
(That is, EE is enforced by the continuation promises y”,y?
and implies the value v.) Let WEE be the set of values that can
be decomposed by EE on [0, y]. It is clear that WEE = [y’ y"'],
for some y’ and y"’. Calculate y’ by using the smallest possible
choices of y¥ and y? in the interval [0, y] to enforce EE. (This
will involve having the inequality holding with equality.)

(c) Similarly, give an expression for y” (that will involve y) by us-
ing the largest possible choices of y¥ and y? in the interval
[0, y] to enforce EE. Argue that 6y < y”.

(d) As in Example|7.3.1} we would like all continuations in [0, y] to
be themselves decomposable using continuations in [0, y], i.e.,
we would like

[0,y7] € WSS U WEE,

Since 6y < y”, we then would like y < y”. Moreover, since
we would like [0, y] to be the largest such interval, we have

y = y"’. What is the relationship between y’’ and v?
(e) For what values of § do we have [0, y] = WSS U WEE?
() Let (W, w"Y, f,T) be the automaton given by W = [0,7], w° €

[0,7],
EE, if w € WEE,
fw) = {SS, otherwise,
and
o - yY (w), if w e WEE
w,y) = w/é, otherwise,

where yY (w) solves (7.6.1)-(7.6.2) for w = v and y = ¥, y. For
our purposes here, assume that V(w) = w, that is, the value

to a player of being in the automaton with initial state w is
precisely w. (From the argument of Lemma this should
be intuitive.) Given this assumption, prove that the automaton
describes a PPE with value w?.
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Chapter 8
Topics in Dynamic Games|

8.1 Dynamic Games and Markov Perfect Equi-
libria

Set of players: {1,...,n}.

Action space for i is A;.

Set of states S, with typical state s € S.
Payoffs for each i:

u;:SxXA-R,

with future flow payoffs discounted at rate 6 € (0, 1).
State transitions:
q:SxA-S,

and initial state so € S. (More generally, can have random transi-
tions from S x A into A(S), but deterministic transitions suffice for
an introduction.)

Example 8.1.1 Suppose players 1 and 2 fish from a common area
(pool). In each period t, the pool contains a stock of fish of size
st € R,. This is the state of the game.

In period t, player i attempts to extracts a‘ > 0 units of fish. In
particular, if player i attempts to extract a!, then player i actually

ICopyright December 7, 2011 by George J. Mailath
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extracts

at- . t t
aﬁJrlaESt’ if ai + a5, > st.

t . t t t
o a;, if aj + a; < st
ai =

It will turn out that in equilibrium, a! + a5 < st, so we can ignore
the rationing rule (see Problem and assume that i derives
payoff

u;(s,a) = log(a;)

from (s, a) for all values of (s,a).
The transition rule is

a(s,a) = 2max{0,s —a; — a>},

that is, it is deterministic and doubles any leftover stock after ex-
traction. The initial stock is fixed at some value s°. *

State is public and perfect monitoring of actions, so history to
period t is

ht = (s°,a st al,..., st a1, st) e (S x A)t x S.

Let H' denote the set of all feasible t-period histories (so that s7 is
consistent with (s™',a™ ') for all 1 < T < t). A pure strategy for i
is a mapping

g;: Uth — A;.

For any history h!, write the function that identifies the last state
st by s(h'). Let G(s) denote the dynamic game with initial state s.
As usual, we have:

Definition 8.1.1 The profile o is a subgame perfect equilibrium if
for all ht, o|p := (O1lpty...,0nlne)) is a Nash equilibrium of the
dynamic game G (s(h')).

Different histories that lead to the same state are effectively
“payoff equivalent.” Loosely, a strategy is said to be Markov if at
different histories that are effectively payoff equivalent, the strat-
egy specifies identical behavior. See Maskin and Tirole (2001) for a
discussion of why this may be a reasonable restriction.
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Definition 8:1.2 A strategy o : UH' — A; is Markov if for all histo-
ries ht and ht, if s(ht) = s(h!), , then

oi(h') = oy(h").
If the above holds for histories ht and h™ of possibly different length
(so that t + T is allowed), the strategy is stationary.

Restricting equilibrium behavior to Markov strategies:

Definition 8.1.3 A Markov perfect equilibrium is a strategy profile
o that is a subgame perfect equilibrium, and for which each o; is
Markov.

Note that while there is a superficial similarity between
Markov states s and automata states used in the theory of
repeated games, they are very different.

In particular, a repeated game has a trivial set of Markov
states, and the only Markov perfect equilibria involve speci-
fying static Nash equilibria in each period.

Example 8.1.2 (Example continued) Fix a symmetric MPE. Let
V (s) denote the common equilibrium value from the state s (in an
MPE, this must be independent of other aspects of the history).
The common eq strategy is a;(s) = a»(s).
One-shot deviation principle holds here, and so for each player
i, ai(s) solves, for any s € S, the Bellman equation:

ai(s) € argmax(1l — o6)log(a;) + oV(2(s —d; —aj(s))).

a;c€A;

Assuming V is differentiable and imposing a, = a, after differ-
entiating, the implied first order condition is

(1-9)
ai(s)

=20V’ (2(s —2a;(s))).

To find an equilibrium, suppose

a;(s) = ks,
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for some k. Then we have
st = 2(st — 2kst) = 2(1 — 2k)s’.

Given an initial stock s, in period t, aﬁ = k[2(1 — 2k)]'s, and so

V(s) =(1-35) > 8'log{k[2(1 - 2k)]'s}
t=0

=(1-6) > &'log{k[2(1 — 2k)]'} + logs.
t=0

This implies V is indeed differentiable, with V'(s) = 1/s.

Solving the first order condition, k = %, and so

1-6
ai(s)=2_55. N

Example 8.1.3 (Asynchronous move games) Consider the repeated
prisoners’ dilemma, but where player 1 moves in odd periods only
and player 2 moves in even periods only. The game starts with E;
exogenously and publicly specified for player 1. The stage game is
(x > 0):

E> S»
E, 2,2 —X,3
S 13,-x| 0,0

This fits into the above formulation of a repeated game: S =
{El,Sl,EZ,SZ}, SO = Els

(S a) _ ar, lfS S {E2152}1
s B az, lfS S {EI’SI}J

gilay,s), its e {E, Sy},

ul(S’a) = {gl(g’az)’ if s € {El,Sl}a
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where g; describes the stage game payoffs from the PD, and

g2(s,az), ifs e {E, S},

ug(S,Ol) = {gz(ahs), if s e {EZ;SZ}-

In particular, when the current state is player 1’s action (i.e., we
are in an even period), 1’s choice is irrelevant and can be ignored.
Grim Trigger:

06T (ht) = E;, if h! = F; or always E,
! S:;, otherwise.

Need to check two classes of information sets: when players are
supposed to play E;, and when they are supposed to play S;:

1. Optimality of E; after all E’s:
2>3(1-6)+6x%x0

@5Z§

2. The optimality of S; after any S; or S is trivially true for all §:

0> (—x)(1-6)+6x0.

This equilibrium is not an MPE.
Supporting effort using Markov pure strategies requires a “tit-
for-tat” like behavior:

Ei, if st = Ej

S;, ifst=S5; (8.1.1)

Oi(h') = {

For t > 1, everything is symmetric. The value when the current
state is Ej is
Vi(E;) = 2,

while the payoff from a one-shot deviation is

3(1-0)+06x0=3(1-9),
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and so the deviation is not profitable if (as before) 6 > %
The value when the current state is S; is

Vi(§;) =0,

while the payoff from a one-shot deviation is (since under the Markov
strategy, a deviation to E; triggers perpetual E, E,; the earlier devia-
tion is “forgiven”)

—Xx(1-90)+d6x2=12+x)0 — x.
The deviation is not profitable if

(2+x)0—x =<0
X
2+ x

— <

Note that
X

2+ X

>l(:>x>1
=3 > 1.

Thus, ¢ is an MPE (inducing the outcome path (E,E»)®)if x > 1

and
X

2+ x

% << (8.1.2)

*

8.2 Disappearance of Monopoly Power and
the Coase Conjecture

Uninformed seller selling to informed buyer—one sided offers,
seller makes all the offers.

Seller’s cost (value) is zero.

Buyer values good at v. Assume v is uniformly distributed on
[0,1], so that there are buyers with valuations arbitrarily close to
the seller’s valuation.
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8.2.1 One and Two Period Example

Buyer accepts a take-it-or-leave-it offer of p if v > p and rejects if
v < p.
Seller chooses p to maximize

p Pr{sale} = p(1 — p),

i.e., chooses p = 1/2, for a payoff of 1/4. This is the optimal seller
mechanism (this can be easily shown using standard mechanism
design techniques).

Suppose now two periods, with common discount factor 6 €
(0,1). If seller chose p° = 1/2 in the first period, and buyers with
v > 1/2 buy in period 0, then buyers with value v € [0,1/2] are
left, and then optimal for seller to price p' = 1/4. But then buyer
v = 1/2 strictly prefers to wait till period 1 (and so by continuity
so do some buyers with v > 1/2.

Suppose seller makes offers p! in period t, t = 0,1, and buyers
v < Kk don’t buy in period 0. Then, p! = k/2. If k < 1, then k
should be indifferent between purchasing in period 0 and period 1,
so that

kK-p’=0dk-p")
=0K/2
= p' =k(1-6/2) < K.
The seller’s payoff (as a function of k) is
kK(1-6/2)(1 —K) + 6k?/4.
The first order condition is
(1-6/2)-2(1-6/2)k+6Kk/2=0

B 42—_355 (<1)

0 (2_5)2
=P = ———c

= K

<1

8 — 60 2
The resulting payoff is

(2-0)° < 1

4(4-36) 4
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8.2.2 Infinite Horizon

Seller makes offers p! in period t = 0,1,...,T, T < .
After each offer, buyer Accepts or Rejects.
If agreement in period t at price p!, payoff to seller is

U = 61‘ t’
and payoff to buyer is
u, =0 (v -ph).

Interested in equilibrium of following form:

If pt offered in period t, types v > Ap! accept and types v < Ap!
reject, where A > 1.

If at time t, seller’s posterior beliefs are uniform on [0, k], seller
offers pt(k) = yk, where y < 1.

Natural to treat Kk as a state variable.

Under this profile, p® = y and seller’s posterior entering pe-
riod 1 is [0, yA], so in order for profile to be well defined, yA < 1.
Thus, p! = y (yA) = y2A and seller’s posterior entering period 2 is
[0, y?A?]. Prices are thus falling exponentially, with pt = y!*1AL,

Let Us(k) be the discounted expected value to the seller, when
his posterior beliefs are uniform on [0, k]. Then

Us(K) = max{(K_—Ap) X p+ 6A—pU5 (Ap)} ,
P K K

or
W (k) =ml§1x(K—Ap)p+5W5 (Ap), (8.2.1)

where W (k) = kU, (k). If W, is differentiable, then p (k) solves the
first order condition,

K —2Ap(K) + AW, (Ap(k)) = O.
The envelope theorem applied to (8.2.1) gives
Wi(k) = p(K) = YK,
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so that
W.(Ap(k)) = p(Ap(K)) = YAp(k) = Ay°K.

Substituting,
K — 2AyKk + 0A%y’k = 0,

or
1 —2Ay + 8A%y2 = 0. (8.2.2)

Turning to the buyer’s optimality condition, a buyer with valuation
v = Ap must be indifferent between accepting and rejecting, so

Ap—p =6 (Ap — yAp),

or
A-1=8A(1-Y). (8.2.3)

Solving (8.2.2) for Ay yields
2+vV4-46 1x+1-0

yA 26 5
Since we know yA < 1, take the negative root,
1-vV1-6
YA = ————.
o
Substituting into (8.2.3),
A=0A++1-06,
or .
A= ,
1-6
so that

(1-v1-3) V1-56-(1-90)
o B o '
Note that in this equilibrium, there is skimming: higher valua-

tion buyers buy before lower valuation buyers.
Equilibrium is not unique. It is the only stationary equilibrium.

y=v1l-0X
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Let T denote real time, A the length of a period, and » the rate
of time discount, so that § = e "2. If buyer with valuation v buys
at or after T, his utility is no more than e ""v. Buying in period 0,
he earns v — y(6), and so for 6 close to 1, buyer v buys before T.
Note that this is not a uniform statement (since for all T and all
there exists v such that v purchases after 1).

The Coase conjecture is:

As time between offers shrinks, price charged in first period con-
verges to competitive price, and trade becomes efficient.

8.3 Reputations

Recall the stage game of the the chain store paradox from example

2.2.1} reproduced in Figure

Entrant

Figure 8.3.1: The stage game for the chain store.

Two Nash equilibria: (In, Accommodate) and (Out, Fight). Latter
violates backward induction.

Chain store, play the game twice, against two different entrants
(E; and E»), with the second entrant E, observing outcome of first
interaction. Incumbent receives total payoffs.

“Chain store paradox” only backward induction (subgame per-
fect) outcome is that both entrants enter (play In), and incumbent
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Figure 8.3.2: A signaling game representation of the subgame reached by
E; entering.

always accommodates.

But, now suppose incumbent could be tough, w,: such an in-
cumbent receives a payoff of 2 from fighting and only 1 from ac-
commodating. Other incumbent is normal, w,,. Both entrants’ prior
assigns prob p € (0, 1/2) to the incumbent being w;. In second
market, normal incumbent accommodates and tough fights. Con-
ditional on entry in the first market, result is the signaling game
illustrated in Figure

Note first that there are no pure strategy equilibria.

There is a unique mixed strategy equilibrium: w,, plays « o F +
(1-x)oA, wq plays F for sure. E, enters for sure after A, and plays
BoE+ (1—-pB)oS after F.

E, is willing to randomize only if his posterior after F that the
incumbent is w; equals 1/2. Since that posterior is given by

PriF | wo} Pr{wo}
Pr{F}

_ p
p+(1-p«

Pr{w, | F} =

solving
P 1
p+(1-pla 2
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gives

where & < 1 since p < 1/2.
Type w,, is willing to randomize if

A4 =B3+50-5),

Payoff from A Payoff from F

i.e.,
1
B=5
Entrant E; thus faces a probability of F given by
p+(1-px=2p.

Hence, if p < 1/4, E, faces F with sufficiently small probability
that he enters. However, if p € (1/4, 1/2), E, faces F with suffi-
ciently high probability that he stays out.

8.3.1 Infinite Horizon

Suppose now infinite horizon with incumbent discounting at rate
0 € (0,1) and a new potential entrant in each period.

Remark 8.3.1 (Complete Information) Note first that in the com-
plete information game, the outcome in which all entrants enter
(play In) and the incumbent accommodates in every period is an
equilibrium. Moreover, the profile in which all entrants stay out,
any entry is met with F is a subgame perfect equilibrium, supported
by the “threat” that play switches to the always-enter/always-accom-
modate equilibrium if the incumbent ever responds with A. The
automaton representation is given in Figure [8.3.3]

Note that the relevant incentive constraint for the incumbent is
conditional on I in state wor (since I does not make a decision
when the entrant chooses 0), i.e.,

(1-96)+ 64 =2,
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IA
w?O WoFr WA

Figure 8.3.3: Automaton representation of Nash reversion.

i.e.,

W | =

¢

We now consider the reputation game, where the incumbent may
be normal or tough.

The profile in which all entrants stay out, any entry is met with
F is a subgame perfect equilibrium, supported by the “threat” that
the entrants believe that the incumbent is normal and play switches
to the always-enter/always-accommodate equilibrium if the incum-
bent ever responds with A.

Theorem 8.3.1 Suppose the incumbent is either of type w,, or type
wo, and that type wq has prior probability less than 1/2. Type w,
must receive a payoff of at least (1 —6) X1+ 6 x4 =1+ 36 in any
pure strategy Nash equilibrium in which w, always plays F.

If type w( has prior probability greater than 1/2, trivially there
is never any entry and the normal has payoff 4.

Proof. In the pure strategy Nash equilibrium, either the incumbent
always plays F, (in which case, the entrants always stay out and the
incumbent’s payoff is 4), or there is a first period (say T) in which
the normal type accommodates, revealing to future entrants that
he is the normal type (since the tough type plays F in every period).
In such an equilibrium, entrants stay out before T (since both types
of incumbent are choosing F), and there is entry in period T. After
observing F in period T, entrants conclude the firm is the t type,
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and there is no further entry. An easy lower bound on the normal
incumbent’s equilibrium payoff is then obtained by observing that
the normal incumbent’s payoff must be at least the payoff from
mimicking the t type in period 1. The payoff from such behavior is
at least as large as

T-1
(1-6) > 674 + (1-8)6"x1
T'=0 v

o

~ payoff in T from playing F when

payoff in T < T from pooling A is myopically optimal

with wg type

- (1-68) > 674

T'=7+1
¢ J

payoff in T’ > T from being treated as the wg type

=(1-8)4+(1-8)5"+6"14
=4 —-367(1 - 9)
>4-3(1-06) =1+ 36.

For 6 > 1/3, the outcome in which all entrants enter and the
incumbent accommodates in every period is thus eliminated.

In the reputation literature (see Mailath and Samuelson (2006)
for an extensive introduction), it is standard to model the tough
type as a behavioral type. In that case, the tough type is constrained
to necessarily choose F. Then, the result is that in any equilibrium,
1 + 36 is the lower bound on the normal type’s payoff.

In fact, irrespective of the presence of other types, if the entrants
assign positive probability to the incumbent being a tough behav-
ioral type, for 6 close to 1, player I's payoff in any Nash equilibrium
is close to 4 (this is an example of a reputation effect):

Suppose there is a set of behavioral types Q). One type is wy € Q
is the Stackelberg, or tough, type, who always plays F. The normal
type is w,. Other types may include wy, who plays F in every
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period before k and A afterwards. Suppose the prior beliefs over Q
are given by pu.

Lemma 8.3.1 Fix a Nash equilibrium. Let ht be a positive probability
period-t history in which every entry results in F. The number of
periods in ht in which an entrant entered is no larger than

log o
X ._
k* = —log >

Proof. Denote by g, the probability that the incumbent plays F in
period T conditional on h" if entrant T plays I. Then, if in equilib-
rium, entrant T does play I,

L
qT—z'

An upper bound on the number of periods in h! in which an entrant
entered is thus

k(t):=#{Tt:q: < %},

the number of periods in h' where g, < %

Let u; := Pr{wg|h™} be the posterior probability assigned to wg
after h™, where T < t (so that h7 is an initial segment of ht!). If
entrant T does not enter, u..; = Ur. If entrant T does enter in ht,

then the incumbent fights and?|

B r m _ Priwo, FlhT}
Uri1 = Pr{w()lh 1F} - PI‘{F”’IT}

_ Pr{F|wo, h"} Priwg|h™}
B Pr{F|hT}

_ H=
dr
Defining

- \ax, if there is entry in period T,
" |1, if there is no entry in period T,

2Since the entrant’s action is a function of h™ only, it is uninformative about
the incumbent and so can be ignored in the conditioning.
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we have, for all T < t,
Hr = qclrs1,
Note that g <1 = g = q- < %
Then,

Ho = doM1 = qod1 M2
t—1
ZZUtI1:QT
=0
= U I] QT
{T:dr<3}
1 k(t)
()"
2
Taking logs, log iy < k(t)log 3, and so

_log po
log2 "~

k(t) <
| ]

The key intuition here is that since the entrants assign prior pos-
itive probability (albeit small) to the Stackelberg type, they cannot
be surprised too many times (in the sense of assigning low prior
probability to F and then seeing F). Note that the upper bound is
independent of t and 6, though it is unbounded in py.

The normal type can guarantee histories of the form h' by al-
ways playing F when an entrant enters, so we immediately have the
lower bound on the normal types payoff of

k*-1 0
D(1-8)81+ > (1-8)84=1-6+48 =1+36",
=0 T=k*

which can be made arbitrarily close to 4 by choosing 6 close to 1.

8.4 Problems

8.4.1. (a) Suppose (01, 02) is an MPE of the fisheries game from Example
satisfying o (s) + o (s) < s for all s. Prove that the profile
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remains an MPE of the dynamic game where payoffs are given

by
log ai, ifa; +ap < s,
ui(s,a) = 1 N .
og{al+a25}, ifa; +a» > s.
(b) Prove that
a'(s)—l_és i=1,2
1 - 2 _ 6 ’ - &y
does indeed describe an MPE of the fisheries game described in
Example

8.4.2. What is the symmetric MPE for the fisheries game of Example [8.1.2
when there are n players, and the transition function is given by

q(s,a) = amax{0,s — >;ai},
where & > 17?

8.4.3. (a) In the MPE calculated in Example [8.1.2] for what values of the
discount factor does the stock of fish grow without bound, and
for which values does the stock decline to extinction?

(b) This MPE is inefficient, involving excess extraction. To see this,
calculate the largest symmetric payoff profile that can by achieved
when the firms choose identical Markov strategies, and prove
that the efficient solution extracts less than does the MPE.

(c) Describe an efficient subgame perfect equilibrium for this game
(it is necessarily non-Markov).

8.4.4. Consider the asynchronous move prisoners’ dilemma from Section
8. 1]

(a) Suppose x = —%. For some values of 9, there is a Markov per-
fect equilibrium in which players randomize at E between E and
S, and play S for sure at S. Identify the bounds on 6 and the
probability of randomization for which the described behavior
is an MPE.

(b) Suppose that the initial action of player 1 is not exogenously
fixed. The game now has three states, the initial null state and
E and S. At the initial state, both players choose an action, and
then thereafter player 1 chooses an action in odd periods and
player 2 in even periods. Suppose x > 1 and 6 satisfies (8.1.2).
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coalition 1’s payoff 2’s payoff 3’s payoff

{1,2} 9 3 0
{2,3} 0
{1,3} 3 0 9

Figure 8.4.1: Payoffs to players in each pairwise coalition for Problem
The excluded player receives a payoff of 0.

Prove that there is no pure strategy MPE in which the players
choose E.

8.4.5. (A simplification of Livshits (2002).) There are three players. In the
initial period, a player i is selected randomly and uniformly to pro-
pose a coalition with one other player j, who can accept or reject.
If j accepts, the game is over with payoffs given in Figure If
J rejects, play proceeds to the next period, with a new proposer
randomly and uniformly selected. The game continues with a new
proposer randomly and uniformly selected in each period until a
proposal is accepted. Thus, the game is potentially of infinite hori-
zon, and if no coalition is formed (i.e., there is perpetual rejection),
all players receive a payoff of 0.

(a) Suppose 6 < 3/4. Describe a stationary pure strategy Markov
perfect equilibrium. [Hint: in this equilibrium, every proposal
is immediately accepted.]

(b) Suppose 6 > 3/4. Prove there is no Markov perfect equilibrium
in stationary pure strategies. There is a stationary Markov per-
fect equilibrium in behavior strategies. What is it? [Hint: The
randomization is on the part of the responder.]

(c) Suppose 3/4 < 6 < +/3/4. There are two nonstationary pure
strategy Markov equilibria. What are they? [Hint: if 6 < /3/4,
then 62 < 3/4.]

(d) Suppose 3/4 < 6 < 4/3/4. Construct a non-Markov perfect
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8.4.6.

8.4.7.

8.4.8.

8.4.9.

8.4.10.

equilibrium in which in the first period, if 1 is selected, then
1 chooses 3.

Consider the model of Section[8.2] but assume the buyer’s valuation
v can only take on two values, 2 and 3. Moreover, the seller’s beliefs
assign probability « to the value 2. The seller’s cost (value) is zero,
and the buyer and seller have a common discount factor 6 € (0, 1).

(a) What is the unique perfect Bayesian equilibrium of the one pe-
riod model (in this model, the seller makes a take-it-or-leave-it
offer to the buyer)?

(b) Suppose x = % The two period model has a unique perfect
Bayesian equilibrium. What is it? [You may assume that any
rejection in the first period results in a posterior that assigns
at least probability % tov =2]

As in the model of Section there is an uninformed seller with
cost zero facing a buyer with value uniformly distributed on [0, 1].
Suppose the seller has a rate of continuous time discounting of s
(so the seller’s discount factor is 85 = e "2, where A > 0 is the time
between offers), while the buyer has a rate of continuous time dis-
counting of 7 (so the buyer’s discount factor is 5z = e "4, Solve
for an equilibrium of the infinite horizon game in which the unin-
formed sellers makes all the offers. What happens to the initial offer
as A — 07?

Reconsider the two period reputation example (illustrated in Figure

i with p > % Describe all of the equilibria. Which equilibria

survive the intuitive criterion?

Describe the equilibria of the three period version of the reputation
example.

Consider the following stage game where player 1 is the row player
and 2, the column player (as usual). Player 1 is one of two types wj
and wy. Payoffs are:

L R L R
T|2,3]0,2 T|3,3]|1,2
B|3,0(1,1 B|20|0,1

Wn wWo
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8.4.11.

The stage game is played twice, and player 2 is short-lived: a differ-
ent player 2 plays in different periods, with the second period player
2 observing the action profile chosen in the first period. Describe all
the equilibria of the game. Does the intuitive criterion eliminate any
of them?

This is a continuation of Problem[7.6.11} Suppose now that the game
with the long-lived player 1 and short-lived player 2’s is a game of
incomplete information. With prior probability p € (0,1), player 1
is a behavioral type who chooses T in every period, and with prob-
ability 1 — p, he is a strategic or normal type as described above.
Suppose p > % Describe an equilibrium in which the normal type of
player 1 has a payoff strictly greater than 2 for large 6.
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Chapter 9
Bargaining|

9.1 Axiomatic Nash Bargaining

A bargaining problem is a pair < S,d >, S € R? compact and con-
vex, d € S and 3s € S such that s; > d; for i = 1,2. Let B denote
the collection of bargaining problems. While d is often interpreted
as a disagreement point, this is not the role it plays in the axiomatic
treatment. It only plays a role in INV (where its role has the flavor
of a normalization constraint) and in SYM. The appropriate inter-
pretation is closely linked to noncooperative bargaining. It is not
the value of an outside option!

Definition 9.1.1 A bargaining solution is a function f : B — R? such
that f(S,d) € S.

9.1.1 The Axioms

1. INV (Invariance to Equivalent Utility Representations)

Given < §,d >, let < §’,d’ > be the bargaining problem given
by, for some (o, Bi)7 1, &; > 0,

S" = {(cx181 + B1, X282 + B2) 1 (51, 82) € S}

and
d; = x;d; + Bi, i=1,2.

ICopyright December 7, 2011 by George J. Mailath

185



186 CHAPTER 9. BARGAINING

Then
fi(S,,d,) = O(ifi(S,d) + Bi! i= 1!2

2. SYM (Symmetry)
Ifd, =d, and (51,52) € S = (s5,5;) € S, then

f1(S,d) = fo(S,4).

3. IIA (Independence of Irrelevant Alternatives)
If ScTand f(T,d) € S, then

f(§,d) = f(T,d).
4. PAR (Pareto Efficiency)
IfseS, tesS, ti>s;,i=1,2, then
f(S,d) + s.

9.1.2 Nash’s Theorem

Theorem 9.1.1 (Nash) If f : B — R? satisfies INV, SYM, IIA, and
PAR, then

f(S,d) = argmax (s —dy)(s2—dp) = fN(S,d).
(d1,d2)=<(s1,52)€S

If s; + s, < 1, then player I's Nash share is

*_l—i-dl—dz
Sl—#

(which is (9.4.1)).

Proof. Leave as an exercise that fV satisfies the four axioms.

Suppose that f satisfies the four axioms. Fix < S, d >.

Step 1: Let z = fN(S,d). Then z; > d;, i = 1,2. Apply the
following affine transformations to move d to the origin and z to
(1/2,1/2): | p

. i
=Gy PTGy
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(51,52)

x.y:

AT

x+y=1

Figure 9.1.1: Illustration of step 2.

Denote the transformed problem < §’,0 >.
INV implies
fi(8,0) = i fi(S,d) + Bi
and

FYS',0) = cuf ¥ (S,d) + B = 3.

Note that fi(S,d) = f¥(S,d) if and only if f;(S’,0) = 1/2.

Step 2: Claim - A(s],s5) € S’ such that s; + 55 > 1.

Suppose not. Then convexity of S impliest = (1—-¢)(1/2,1/2)+
£s’ € S'. Moreover, for € small, t,t, > 1/4, contradicting fN(S’,0) =
(1/2,1/2) (see Figure 9.1.1).

Step3: Let T = {(51,52) € R?:s1+ s, < 1,|s;| <max{|s1|,|s:|:s €S'}}
(see Figure[9.1.2). Then, SYM and PAR, f(T,0) = (1/2,1/2).

Step 4: Since S’ C T, IIA implies f(S’,0) = (1/2,1/2). ]
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%)

g
/
N | —
N—

e’

—max{|s;|,|sy]:s" €8}

Figure 9.1.2: The bargaining set T.
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9.2 Rubinstein (1982) Bargaining

Two agents bargain over [0,1]. Time is indexed by t,t =1,2,.... A
proposal is a division of the pie (x,1 — x), x = 0. The agents take
turns to make proposals. Player I makes proposals on odd t and II
on even t. If the proposal (x, 1 —x) is agreed to at time ¢, I's payoff
is 6! 'x and II’s payoff is 55! (1—x). Perpetual disagreement yields
a payoff of (0,0). Impatience implies 6; < 1.

Histories are ht € [0,1]7 1.

Strategies for player I, T} : Uy 0aal0, 11871 = [0, 1], T : Ut evenl 0, 11
— {A,R}, and for player II, T} : Uts2 even[0,11¢°1 — [0,1] and T3 :
Ut 0aal0, 1] — {A, R}.

Need to distinguish between histories in which all proposals
have been rejected, and those in which all but the last have been
rejected and the current one is being considered.

9.2.1 The Stationary Equilibrium

All the subgames after different even length histories of rejected
proposals are strategically identical. A similar comment applies
to different odd length histories of rejected proposals. Finally, all
the subgames that follow different even length histories of rejected
proposals followed by the same proposal on the table are strate-
gically identical. Similarly, all the subgames that follow different
odd length histories of rejected proposals followed by the same
proposal on the table are strategically identical.

Consider first equilibria in history independent (or stationary)
strategies. Recall that a strategy for player I is a pair of mappings,
(T, T?). The strategy T} is stationary if, for all h! € [0,1]*"! and
ht e [0,115°Y, T} (ht) = T} (h!) (and similarly for the other strate-
gies). Thus, if a strategy profile is a stationary equilibrium (with
agreement), there is a pair (x*,z*), such that I expects x* in any
subgame in which I moves first and expects z* in any subgame
in which II moves first. In order for this to be an equilibrium, I's
claim should make II indifferent between accepting and rejecting:
1—x*=06,(1 - z*), and similarly I is indifferent, so z* = 6;x*.
[Consider the first indifference. Player I won’t make a claim that
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II strictly prefers to 1 — z* next period, so 1 — x* < 6,(1 — z*). If
II strictly prefers (1 — z*) next period, she rejects and gets 1 — z*
next period, leaving I with z*. But I can offer I a share 1 — z* this
period, avoiding the one period delay.] Solving yields

x*=(1-082)/(1-05:102),
and
z*¥ =011 -062)/(1 —06162).

The stationary subgame perfect equilibrium (note that backward
induction is not well defined for the infinite horizon game) is for I
to always claim x* and accept any offer > z*, and for II to always
offer z* and always accept any claim < x*.

9.2.2 All Equilibria

While in principal, there could be nonstationary equilibria, it turns
out that there is only one subgame perfect eq.

Denote by i/j the game in which i makes the initial proposal to
Jj. Define

M; = sup {i’s discounted expected payoff
in any subgame perfect eq of i/j}

and

m,; = inf {i’s discounted expected payoff
in any subgame perfect eq of i/j}.

Claim 9.2.1 m; > 1 - 6;M,.

Proof. Note first that i must, in equilibrium, accept any offer >
0iM;. Suppose m; < 1-06;M;. Then there would exist an eq yielding
a payoff u; < 1 — §;M; to j. But this is impossible, since j has a
profitable deviation in such an eq: offer 6;M; + &, € small. Player i
must accept, giving j a payoff of 1 — 6;M; — & > u;, for € sufficiently
small. |
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Claim 9.2.2 Mj <1- 6imi.

Proof. i only accepts an offer if it is at least 6;m,.
If i does reject, then i offers no more than 6;M;. So,

M; < maxq1l-6;m;, 5§MJ'
if i accepts  jf  rejects

= MJ' < 1—6imi.

The first claim implies

Mj < 1_51'(1_5ij)
(1-1464) M. < (1-96;)

= M= 755 M =065,
This implies
1-6:)  (A-9)
mi= 1 51(1 —0i0;) B (1-0i0;)
and so (1-5)
M- Y5
m; = M; (1—61‘6j)-

9.2.3 Impatience

In order to investigate the impact of reducing the bargaining fric-
tion intrinsic in impatience, we do the following:

Time is continuous, with each round of bargaining taking A
units of time. If player i has discount rate 7,

0; = e A,
Player 1’s share is then

1 - 52 1 —e A

* — —
XA = 5, T 1= mmn
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and so
1 _ e—?’gA
: " L
lmx™(4) = lm— s
, roe A
= lim 2
A=0 (1] + 1p)e~(n+r)A
o+

where I'Hopital’s rule was used to get to the second line.
Note that the first mover advantage has disappeared (as it should).
The bargaining is determined by relative impatience.

9.3 Outside Options

Player II has an outside option of value (0, b). Suppose player II can
only select outside option when rejecting I’s proposal, and receives
b in that period. See Figure for the extensive form.

Claim 9.3.1 m, > 1 — 6; M;.
Proof. Same argument as Claim [9.2.1] ]

Claim 9.3.2 M, <1- b, M, <1- 52m2.

Proof. M; < 1 — b (since II can always opt out). M; < 1 — d,m.
follows as in case without outside option (Claim [9.2.2). ]

Claim 9.3.3 m; > 1 —max {b,6,M>}, M, <1 — 6;m;.

Proof. If b < §,M,, then the argument from Claim [9.2.1] shows that
m; = 6-M,. If b > 6,M>, then II takes the outside option rather
than rejecting and making a counterproposal. Thus, II’s acceptance
rule is accept any proposal of a share > b, and take the outside
option for any proposal < b. Thus, I's payoffs is 1 — b.

M, <1 - 6,m,; follows as in case without outside option (Claim
9.2.2). [ ]
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I
x €1[0,1]
I
Q R A
(0,b) (x,1 —-x)
x' €[0,1]

(01x7,02(1 —x"))
x" €[0,1]

N

Figure 9.3.1: The first two periods when II can opt out only after rejecting
I’s proposal.
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Claim 9.3.4 b < 62(1—61)/ (1- 6162) — m; < (1—6J)/ (1- 5152) =<
M;.

Proof. Follows from the Rubinstein shares being equilibrium shares.
|

Claim 9.3.5 b < 52(1—61)/ (1 — 5152) = m; = (1—51)/ (1 — 6162) =
M;

Proof. From Claim[9.3.2] 1 — M; > d,m,, and so from claim [9.3.1]
1-M;>26,(1-6;M;),andsoM; <(1-0>2)/(1-05,6>) and so we
have equality.

From Claim[9.3.1 m, > 1-67 (1 — 85) / (1 — 6162) = (1 = 61) / (1 — 6:62),
and so equality again.

From Claim 6>M, > 6-(1 —61)/ (1 —6,82) = b, and so
by Claim [9.3.3) m; > 1 - 6,M, > 1 — 6> (1 —6;m,). Thus, m; >
(1-062)/(1—-0616>2), and so equality.

Finally, from Claim

M, <1-0m; =1-6:(1-0632)/(1—=0102)=(1-01)/(1—-06102).
n

Thus,if b < 6,(1-67)/ (1 — 6:0>), equilibrium payoffs are uniquely
determined. If b < 62(1 — 61)/ (1 — 610>), then the subgame per-
fect equilibrium profile is also uniquely determined (player II never
takes the outside option). If b = 6,(1 — 61)/ (1 — 6,6>), then there
are multiple subgame perfect equilibrium profiles, which differ in
whether player II takes the outside option or not after an unaccept-
able offer.

Claim 9.3.6 b > 6>(1 —61)/ (1 —=6:62) = m; <1—-b <M, m, <
1—61(1—b)SM2.

Proof. Follows from the following being an equilibrium: I always
proposes 1 — b, and accepts any offer of at least 6, (1 — b); II always
proposes 6; (1 — b) and accepts any claim of no more than 1 — b,
opting out if the claim is more than 1 — b. |
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Claim 9.3.7 b > 62(1 — 61)/ (1- 6162) = m; =1- b = M, m, =
1-6,(1-b)=M,.

Proof. From Claim[9.3.2] 1 — M; > b, i.e,, M; < 1 — b, and so we have
equality.

From Claim[9.3.1, m, > 1 — 6; (1 — b),and so we have equality.

From Claim[9.3.6] 1 - b > m; and so (1 — 62)) / (1 — 6152) > m,.

We now argue that 6,M, < b. If 6,M> > b, thenm; >1—-6,M, >
1-6,(1-06mp;)andsom; > (1 —-95>) /(1 —-056;:6>),acontradiction.
ThLIS, 52M2 < b.

From Claim [9.3.6/and [9.3.3} 1 — b = m; = 1 — max{b,5-M,} =
l-bandsom; =1-b.

Finally, this implies M, < 1 -6 m; = 1 -6, (1 —b), and so
equality. [

Thus, if b > 6,(1-61)/ (1 — 6:0>), equilibrium payoffs are uniquely
determined. Moreover, the subgame perfect equilibrium profile is
also uniquely determined (player II always takes the outside option
after rejection):

b>52(1—51)/(1—5152)@b>52[1—51(1—b)].

Remark 9.3.1 If I can only select outside option after I rejects (re-
ceiving b in that period), then there are multiple equilibria. The
equilibrium construction is a little delicate in this case. In fact,
there is no pure strategy Markov perfect equilibrium. There is, how-
ever, a behavior strategy Markov perfect equilibrium.

¢

9.4 Exogenous Risk of Breakdown

Suppose that after any rejection, there is a probability 1 — 0 of
breakdown and the outcome (d;,d,) is implemented. With prob-
ability 0, bargaining continues to the next round. No discounting.
Note that since always rejecting is a feasible strategy, d; < m; < M;.

Claim 9.4.1 m; = 1 - QMi —(1-20) di.
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Proof. Note first that i must, in equilibrium, accept any offer >
OM; + (1 - 0)d;. Suppose m; <1 - 0M; — (1 —0)d;. Then there
would exists an eq yielding a payoff u; <1 -60M; — (1 -0)d; to
j. But j can deviate in such an eq, and offer OM; + (1 - 0)d; + ¢, €
small, which i accepts. This gives j a payoff of 1-0M;— (1 —0) d,—
€ > uj, for & sufficiently small. (]

Claim 9.4.2 M; <1 -0m; — (1 - 0) d,.

Proof. In eq, i rejects any offer < Om,; + (1 — 0) d; and then i offers
no more than M; + (1 — 0) d;. So,

Mj < max{l—@mi— (I—Q)di,G[QMj+ (1 —9) dJ] + (1-9)61]}
= Mjsl—Qmi—(l—G)di,

SinceMj<92Mj+(1—92)dj<:>Mj<dj |
The first claim implies

M, < 1-0(1-6M,-(1-0)d;)-(1-0)d;

N M'<(1+9dj_di) '<(1+9di—dj)
= (1+60) ' (1+0)
This implies
(1+9dj—di) _1+9di—dj_
m;>1-20 110 -(1-0)d;= 1+ 0 = M;
and so
e = M = 1+9di—dj
P +0)
Now, we are interested in the payoffs as 0 — 1, and
. 1 +di—dj
13 2 )
so that I’s share is l+d —d
* = % 9.4.1)

For much more on bargaining, see Osborne and Rubinstein! (1990).
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9.5 Problems

9.5.1. Two agents bargain over [0, 1]. Time is indexed by t,t =1,2,...,T,
T finite. A proposal is a division of the pie (x,1 — x), x > 0. The
agents take turns to make proposals. Player I makes proposals on
odd t and IT on even t. If the proposal (x,1 — x) is agreed to at
time t, I’s payoff is 6 'x and II's payoff is 65! (1 — x). Perpetual
disagreement yields a payoff of (0,0). Impatience implies 6; < 1.

9.5.2.

The game ends in period T if all previous proposals have been re-
jected, with each receiving a payoff of zero.

(@)

(b)

(d)
(@)

(b)

Suppose T odd, so that I is the last player to make a proposal.
If T =1, the player I makes a take-it-or-leave-it offer, and so in
equilibrium demands the entire pie and II accepts. Prove that
in the unique backward induction equilibrium, if there are k
periods remaining, where k is odd and k > 3, I’s proposal is
given by

T-1
Xk =(1-52) > (6162)" +(6162)7, T=(k-1)/2.

r=0

[Hint: First calculate x; (the offer in the last period), x», and
x3. Then write out the recursion, and finally verify that the
provided expression satisfies the appropriate conditions.]

What is the limit of x; as T — ?

Suppose now that T is even, so that II is the last player to make
a proposal. Prove that in the unique backward induction equi-
librium, if there are k periods remaining, where k is even and
k = 2, I’s proposal is given by

T-1
Y= (1-82) > (6162)", T=k/2.
r=0
What is the limit of yr as T — o0?

Give the details of the proof of Claim [9.3.4l (A few sentences
explaining why it works is sufficient.)

Give the details of the proof of Claim [9.3.6 (A few sentences
explaining why it works is sufficient.)
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CHAPTER 9. BARGAINING

9.5.3. We will use the finite horizon bargaining result from question[9.5.1

9.5.4.

to give an alternative proof of uniqueness in the Rubinstein model.

(@) Prove that in any subgame perfect equilibrium of the game in
which I offers first, I's payoff is no more than x, for all k odd.
[Hint: Prove by induction (the result is clearly true for k = 1).]

(b) Prove that in any subgame perfect equilibrium of the game in
which I offers first, I's payoff is no less than yy, for all k even.

(c) Complete the argument.

There is a single seller who has a single object to sell (the seller’s
reservation utility is zero). There are two potential buyers, and they
each value the object at 1. If the seller and buyer i agree to a trade at
price p in period t, then the seller receives a payoff of 51 p, buyer
i a payoff of 51 (1 — p), and buyer j # i a payoff of zero. Con-
sider alternating offer bargaining, with the seller choosing a buyer
to make an offer to (name a price to). If the buyer accepts, the
game is over. If the buyer rejects, then play proceeds to the next pe-
riod, when the buyer who received the offer in the preceding period
makes a counter-offer. If the offer is accepted, it is implemented.
If the offer is rejected, then the seller makes a new proposal to ei-
ther the same buyer or to the other buyer. Thus, the seller is free
to switch the identity of the buyer he is negotiating with after every
rejected offer from the buyer.

(a) Suppose that the seller can only make proposals in odd-numbered

periods. Prove that the seller’s subgame perfect equilibrium
payoff is unique, and describe it. Describe the subgame perfect
equilibria. The payoffs to the buyers are not uniquely deter-
mined. Why not?

(b) Now consider the following alternative. Suppose that if the
seller rejects an offer from the buyer, he can either wait one
period to make a counteroffer to this buyer, or he can immedi-
ately make an offer to the other buyer. Prove that the seller’s
subgame perfect equilibrium payoff is unique, and describe it.
Describe the subgame perfect equilibria. [Cf. Shaked and Sut-
ton| (1984).]
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Chapter 10
Appendice

10.1 Section 2.5.1t Trembling Hand Perfec-
tion

Definition 10.1.1 An equilibrium b = (b,,...,b,) of a finite exten-
sive from game I is extensive form trembling hand perfect if there
exists a sequence {b*}, of completely mixed behavior strategy pro-
files converging to b such that for all players i and information sets
h € H;, conditional on reaching h, for all k, b;(h) maximizes player
i’s expected payoff, given b*, and b*(h') for h’ + h.

Theorem 10.1.1 If b is an extensive form trembling hand perfect
equilibrium of the finite extensive from game T, then it is subgame
perfect.

Remark 10.1.1 When each player only has one information set (such
as in Selten’s horse), trembling hand perfect in the normal and ex-
tensive form coincide. In general, they differ. Moreover, trembling
hand perfect in the normal form need not imply subgame perfec-

tion (see problem (10.2.1).

ICopyright December 7, 2011 by George J. Mailath

199



200 CHAPTER 10. APPENDICES

Remark 10.1.2 Note that trembling hand perfect in the extensive
form requires players to be sensitive not only to the possibility of
trembles by the other players, but also their own trembles (at other
information sets). The notion of quasi-perfect drops the latter re-
quirement:

Definition 10.1.2 (van Damme|(1984)) A behavior strategy profile
b is quasi-perfect if it is the limit of a sequence of completely mixed
behavior profiles b™, and if for each player i and information set h
owned by that player, conditional on reaching h, b; is a best response
to b"; for all n.

¢

Theorem 10.1.2 Suppose b is a extensive form trembling hand per-
fect equilibrium of a finite extensive from game I'. Then, bis sequen-
tially rational given some consistent system of beliefs u, and so is
sequential.

Proof. Suppose b is trembling hand perfect in the extensive form.
Let {b*}, be the trembles, i.e., the sequence of completely mixed be-
havior strategy profiles converging to b. Let u* be the system of be-
liefs implied by Bayes’ rule by b* (since b* is completely mixed, u* is
well-defined). Since the collection of systems of beliefs, [ [,c..y, A(h),
is compact, the sequence {u*} has a convergent subsequence with
limit y, and so u is consistent. Moreover, a few minutes of reflec-
tion reveals that for each i, (b;, b'ji) is sequentially rational at every
information set owned by i, i.e., for all h € H;, given uX. Since best
replies are hemicontinuous, for each i, b is sequentially rational at
every information set owned by i, i.e., for all h € H;, given u. That
is, b is sequentially rational given u.

|

10.1.1 Existence and Characterization

This subsection outlines Selten’s (1975) original definition and proves
the equivalence between the different definitions.
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Let n : US; — (0,1) be a function satisfying > ;s n(s;) < 1 for
all i. The associated perturbed game, denoted (G, n), is the normal
form game {(R],v1),..., (R}, v,)} where

R! = {0, € A(S) : 0i(si) = n(s;), Vs; €S}

and v; is expected payoffs. Note that o is a Nash equilibrium of
(G, n) if and only if for all i, s;, 5] € Sj,

Vi (Si,0-i) < Vi (s],0-1) = 0i(s;) =n(s;).

Definition 10.1.3 (Selten| (1975)) An equilibrium o of a normal form
game G is (normal form) trembling hand perfect if there exists a se-
quence {ny}, such that ni(s;) — 0 Vs; as k — o and an associated
sequence of mixed strategy profiles {o*}, with o* a Nash equilib-
rium of (G, ny) such that o* — o ask — o .

Theorem 10.1.3 Every finite normal form game has a trembling
hand perfect equilibrium.

Proof. Clearly (G, n) has a Nash equilibrium for all n. Suppose {n,.}
is a sequence such that n,,(s;) — 0 Vs; as m — o. Let 0™ be an
equilibrium of (G, n,,). Since {o™} is a sequence in the compact set
[1;A(S;), it has a convergent subsequence. Its limit is a trembling
hand perfect equilibrium of G. [

Remark 10.1.3 If o is not trembling hand perfect, then there exists
& > 0 such that for all sequences {n}, satisfying ny — 0, eventually
all Nash equilibria of the associated perturbed games are bounded
away from o by at least ¢ (i.e., 3K so that Vk > K and V o* equilib-
rium of (G,ny), |o*—0o | = ¢).

¢

Definition 10.1.4 (Myerson|(1978)) The mixed strategy profile o is
an &-perfect equilibrium of G if it is completely mixed (oi(s;) >
0 Vs; € S;) and satisfies

Si € BRi(0_;) = 0y(s;) < &.
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Theorem 10.1.4 Suppose o is a strategy profile of the normal form
game G. The following are equivalent:

1. o is a trembling hand perfect equilibrium of G;

2. there exists a sequence {¢y : &, — 0} and an associated sequence
of &x-perfect equilibria converging to o; and

3. there exists a sequence {o*} of completely mixed strategy pro-

Z’les converging to o such that o; is a best reply to Ufi, for all

Proof. (1) = (2). Take & = maxges, i Nk (Si).

(2) = (3). Let {o*} be the sequence of & -perfect equilibria.
Suppose s; receives positive probability under o;. Need to show
that s; is a best reply to ¢*,. Since & — 0 and o}(s;) — oi(s;) > 0,
there exists k*(s;) such that k > k*(s;) implies O'l-k(Si) > 0i(8;)/2 >
&x. But 0¥ is g-perfect, so s; € BR; ((Tfi). The desired sequence is

{O‘k k> I_c}, where k = max {k*(s;) : 0;(s;) > 0, i}.
(3) = (1). Define ny as

of(sy), if oy(s;) =0,
Nk (si) = .
1/k, if o;(s;) > 0.

Since o* — o, there exists k’ such that k > k' implies > cs. Nk (si) <
1 for all i.

Let m = min {o;(s;) : 0;(s;) > 0, i}. There exists k" such that,
forall k > k", ‘Uik(Si) — oi(s;) ’ < m/2. Suppose k > max {k’,k"",2/m}.
Then O'ik(Si) > nk(si). [If o;(s;) = 0, then immediate. If o;(s;) > 0,
then o (s;) > oi(s;) —m/2 >m/2 > 1/k.]

Since o; is a best reply to o*,, if s; is not a best reply to o*,,
then o;(s;) = 0. But this implies that o is an equilibrium of (G, ny)
(since s; is played with minimum probability). |
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10.2 Problems

10.2.1. By explicitly presenting the completely mixed trembles, show that
the profile L is normal form trembling hand perfect in the following

game (this is the normal form from Example [2.3.4):

4 r

L| 2,0 2,0
-1,1 4,0

B| 0,0 51

Show that there is no extensive form trembling hand perfect equi-
librium with that outcome in the first extensive form presented in

Example [2.3.4
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