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1 Exercices

1.1 Exercise 1: A special case for the relation between 4y and 2

(Amemiya 3.3) Suppose Xy 4, «a, where « is a constant. Prove that Xy BN

Solution

For any € > 0 we have that

P(| Xy —a|<e)> Pla—e<Xny<a+e)
= P(XN§a+e)—P(XN§a—e)
But Xy -5 a implies that P(Xy < z) — 1(a < z) i.e. the cdf of a constant . This implies

that
P(Xy<a+e) —1la<a+t+e =1

PXy<a—-¢€¢) —1lla<a—¢e=0

hence,

P(| Xy —a| <€) —1<= P(|Xn—a]>€) —0

which are equivalent definitions of convergency in probability, hence X 2o



1.2 Exercise 2: Consistency of the variance estimator

Show that if {z,,} is an iid sequence of random variables with finite variance, then £ 3> | (z; — z)?

is a consistent estimator of Var(x;).

Solution:

The first term converges n probability by the LLN to E(z?).

The average inside brackets converges in probability to E(x;).

1

By the Continuous Mapping Theorem, (ﬁ Yoy $i)2 —p E(x:)%

The result follows by CT.

1.3 Exercise 3: The Delta Method

Let the positive random vector (X,,,Y;,)" be such that:

v ) () = ((0) (2 %
n — —g N , Y
f(( Y, ) <My I 0 Ozy Oyy
bution of
InX, —InY,
InX, +1nY,

asymptotically independent?

Solution:
We are going to use the Delta Method for

() -0 )) e l(0) )

and

X, _ ([ InX, -InY, Ly = Ozz Ouy
g Y, )] \InX,+WhY, )’ O\ Ony Oy

So we compute the gradient of g in order to get Gy.

)

)) Find the joint asymptotic distri-

> . What is the condition under which InX,, — InY,, and InX,, + InY,, are



1 1
dg Xn _ X, Y.
o(Xn,Yn) Y, Xl YL

so we can get Gg.easily

1 1
Go=( 7 P
Ha y

SO
InX, —InY, In p1 — In gy 0 ,
ﬁ((lan—i-lnYn) (lnux—}—ln,uy —a N 0 ,Go 2 Gy
where
GOZG/ — ( My mlﬂilym Ky o My QUzy’u_yi_ - )
n2 ny [T T

Finally, the condition is 2z = 7%,
e By



