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P5. (i) Pruebe sin usar inducción que

(∀n ∈ N)
n∑

k=0

(
n

k

)
(−1)k

k + 1
=

1

n + 1
.

(ii) Sea n ∈ N\{0} y definamos

Hn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
=

n∑
i=1

1

i
.

Usando (i) e inducción, pruebe que

(∀n ∈ N\{0})
n∑

k=1

(
n

k

)
(−1)k

k
= −Hn.

Indicación: recuerde que si k ∈ {1, . . . , n}, entonces

(
n + 1

k

)
=

(
n

k

)
+

(
n

k − 1

)
.
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Sol.:

(i) notemos que(
n

k

)
1

k + 1
=

n!

(n− k)!(k + 1)!
=

1

n + 1

(n + 1)!

(n− k)!(k + 1)!
=

1

n + 1

(
n + 1

k + 1

)

reemplazando esta expresión en la sumatoria, se obtiene

n∑
k=0

(
n

k

)
(−1)k

k + 1
=

1

n + 1

n∑
k=0

(
n + 1

k + 1

)
(−1)k =

1

n + 1

n+1∑
k=1

(
n + 1

k

)
(−1)k−1

=
1

n + 1

n+1∑
k=1

(
n + 1

k

)
(−1)k−1(−1)2 =

−1

n + 1

n+1∑
k=1

(
n + 1

k

)
(−1)k

=
−1

n + 1

[
n+1∑
k=0

(
n + 1

k

)
(−1)k −

(
n + 1

0

)
(−1)0

]

=
−1

n + 1

[
n+1∑
k=0

(
n + 1

k

)
(−1)k1n+1−k − 1

]

=
−1

n + 1

[
(−1 + 1)n+1 − 1

]
=

1

n + 1

(ii) Usando inducción,
n = 1:

1∑
k=1

(
1

k

)
(−1)k

k
=

(
1

1

)
(−1) = −1 = −H1

n⇒ n + 1:

Hn+1 =
n+1∑
i=1

1

i
=

n∑
i=1

1

i
+

1

n + 1
= Hn +

1

n + 1

= −
n∑

k=1

(
n

k

)
(−1)k

k
+

1

n + 1

= −
n∑

k=1

(
n

k

)
(−1)k

k
+

n∑
k=0

(
n

k

)
(−1)k

k + 1

donde en la segunda ĺınea se uso la hipótesis de inducción (reemplazando el valor de Hn) y
luego la parte (i).
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La segunda sumatoria se puede expresar como

n∑
k=0

(
n

k

)
(−1)k

k + 1
=

n+1∑
k=1

(
n

k − 1

)
(−1)k−1

k
= −

n+1∑
k=1

(
n

k − 1

)
(−1)k

k

= −
n∑

k=1

(
n

k − 1

)
(−1)k

k
−
(

n

n + 1− 1

)
(−1)n+1

n + 1

usando esto en la expresión encontrada antes para Hn+1, se obtiene

Hn+1 = −
n∑

k=1

(
n

k

)
(−1)k

k
−

n∑
k=1

(
n

k − 1

)
(−1)k

k
− (−1)n+1

n + 1

= −
n∑

k=1

[(
n

k

)
+

(
n

k − 1

)]
(−1)k

k
− (−1)n+1

n + 1

= −
n∑

k=1

(
n + 1

k

)
(−1)k

k
− (−1)n+1

n + 1

= −
n+1∑
k=1

(
n + 1

k

)
(−1)k

k

y se concluye. Notar que en la segunda ĺınea se usó la indicación.
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