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mẍ(t) + k1(x(t) − l) + k2(x(t) − l)3 = u(t).

|u(t)| ! 1.

x(0) = x0

ẋ(0) = y0

x = l u(t)
|u(t)| ! 1 u

u(t)

m = 1 kg k1 =
1 N.m−1 l = 0 m l = 0

k2 = 0
k2 = 2

(x, ẋ)

{
ẋ(t) = y(t),

ẏ(t) = −x(t) − k2x(t)3 + u(t),

x(0) = x0, ẋ(0) = y0.

A =
(

0 1
−1 0

)
, B =

(
0
1

)
, X =

(
x
y

)
, X0 =

(
x0

y0

)
, f(X) =

(
0

−k2x3

)
.

Ẋ(t) = AX(t) + f(X(t)) + Bu(t) , X(0) = X0.

k2 = 0



k2 = 2

u(t) = 0

ẍ(t) + x(t) + 2x(t)3 = 0,

x(·)

x(t)2 + x(t)4 + ẋ(t)2 = .
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u(t) = −ẋ(t)

ẍ(t) + x(t) + 2x(t)3 + ẋ(t) = 0.
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u(t) = −(x(t)2 − 1)ẋ(t).

ẍ(t) + x + 2x(t)3 + (x(t)2 − 1)ẋ(t) = 0.
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n m
I A B r

I L1
loc

Mn( ) Mn,m( ) Mn,1( ) n Ω
m x0 ∈ n

∀t ∈ I ẋ(t) = A(t)x(t) + B(t)u(t) + r(t),
x(0) = x0,

u
I Ω ⊂ m

u
x(·) : I → n M(·) : I → Mn( )

ẋ(t) = A(t)x(t) Ṁ(t) =
A(t)M(t) M(0) = Id. A(t) = A I M(t) =
etA x(·) u

x(t) = M(t)x0 +
∫ t

0
M(t)M(s)−1(B(s)u(s) + r(s))ds,

t ∈ I
u u

t *→ x(t) n

x0

x1 ∈ n u
x0 x1 T

x0

x1 C(u)



x(t)

x1 = x(T )x0

C(u)

x1 = x(T )x0

k2 = 0



∀t ∈ I ẋ(t) = A(t)x(t) + B(t)u(t) + r(t),
x(0) = x0,

x0

T > 0

Acc(x0, T ) = {xu(T ) | u ∈ L∞([0, T ],Ω)},

xu(·) u

Acc(x0, T )
T u

Acc(x0, 0) = {x0}

n

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t)

Ω ⊂ m T > 0 x0 ∈ n t ∈ [0, T ]
Acc(x0, t) t [0, T ]

Acc(x0, t) Ω
x1

1, x
1
2 ∈ Acc(x0, t) λ ∈ [0, 1]

λx1
1 + (1 − λ)x1

2 ∈ Acc(x0, t) i = 1, 2
ui : [0, t] → Ω xi(·) ui

xi(0) = x0, xi(t) = x1
i , x′

i(s) = A(s)xi(s) + B(s)u(s) + r(s).



x0

Acc(x0, T )

x1
i = xi(t) = M(t)x0 +

∫ t

0
M(t)M(s)−1(B(s)ui(s) + r(s))ds.

s ∈ [0, t] u(s) = λu1(s) + (1− λ)u2(s) u
L2 Ω Ω x(·) u

A(x0, t)

x(t) = M(t)x0 +
∫ t

0
M(t)M(s)−1(B(s)u(s) + r(s))ds ∈ Acc(x0, t).

λx1
1 + (1 − λ)x1

2 = M(t)x0 + (1 − λ)M(t)x0

+
∫ t

0
M(t)M(s)−1(B(s)(λu1(s) + (1 − λ)u2(s)) + λr(s) + (1 − λ)r(s))ds

= x(t)

λx1
1 + (1 − λ)x1

2 ∈ Acc(x0, t) Acc(x0, t)

Ω

AccΩ(x0, t) x0

t Ω

AccΩ(x0, t) = Acc (Ω)(x0, t),

(Ω) Ω Acc∂Ω(x0, t) =
AccΩ(x0, t) ∂Ω Ω



T > 0 f ∈ L1([0, T ], n)
{∫

A
f(s)ds | A ⊂ [0, T ]

}

n

x1
1, x

1
2 ∈ Acc(x0, t) λ ∈ [0, 1] λx1

1 +
(1 − λ)x1

2 ∈ Acc(x0, t) i = 1, 2 ui :
[0, t] −→ I

x1
i = xi(t) = x∗

i + M(t)yi,

x∗
i = M(t)x0 +

∫ t

0
M(t)M(s)−1r(s)ds, yi =

∫ t

0
M(s)−1B(s)ui(s)ds.

C =
{

XA =
(∫

A M(s)−1B(s)u1(s)ds∫
A M(s)−1B(s)u2(s)ds

)
| A ⊂ [0, t]

}

n × n

X∅ =
(

0
0

)
, X[0,t] =

(
y1

y2

)
.

A ⊂ [0, t]

XA =
(
λy1

λy2

)
.

Ac A [0, t]

XA + XAc =
(

y1

y2

)
,

XAc =
(

(1 − λ)y1

(1 − λ)y2

)
.

s ∈ [0, t]

u(t) =
{

u1(t) t ∈ A,
u2(t) t ∈ Ac,

∫ t

0
M(s)−1B(s)u(s)ds = (

∫

A
+
∫

Ac

)(M(s)−1B(s)u(s)ds) = λy1 + (1 − λ)y2.



u Ω
Acc(x0, t)

AccΩ(x0, t) =
Acc (Ω)(x0, t) Ω

Acc(x0, t)
(x1

n)n∈ Acc(x0, t)
n un x0 x1

n t
xn(·)

x1
n = xn(t) = M(t)x0 +

∫ t

0
M(t)M(s)−1(B(s)un(s) + r(s))ds.

un Ω
(un)n∈ L2([0, t], m)

(un)n∈
u ∈ L2([0, t], m) Ω

u ∈ L2([0, t],Ω)
(xn(·))n∈ L2([0, t], n)

ẋn = Axn + Bun + v A B v
L∞ [0, T ] (ẋn(·))n∈
L2([0, t], n) H1([0, t], n)

C0([0, t], n)
(xn(·))n∈ x(·)

[0, t]

x(t) = M(t)x0 +
∫ t

0
M(t)M(s)−1(B(s)u(s) + r(s))ds,

lim
i→+∞

x1
ni

= lim
i→+∞

xni(t) = x(t) ∈ Acc(x0, t),

t Acc(x0, t) ε > 0
δ > 0

∀t1, t2 ∈ [0, T ] |t1 − t2| ! δ ⇒ d(Acc(t1), Acc(t2)) ! ε,

Acc(t) = Acc(x0, t)

d(Acc(t1), Acc(t2)) = sup

(
sup

y∈Acc(t2)
d(y,Acc(t1)), sup

y∈Acc(t1)
d(y,Acc(t2))

)
.

0 ! t1 < t2 ! T



∀y ∈ Acc(t2) d(y,Acc(t1)) ! ε,

∀y ∈ Acc(t1) d(y,Acc(t2)) ! ε.

y ∈ Acc(t2)

∃z ∈ Acc(t1) | d(y, z) ! ε.

Acc(t2) u ∈ L2([0, T ],Ω)
u x0 x(t2) = y

x0 y = x(t2)

Acc(t2)
Acc(t1)

x(t1)

x(t)

z = x(t1)

x(t2) − x(t1) = M(t2)x0 +
∫ t2

0
M(t2)M(s)−1(B(s)u(s) + r(s))ds

−
(

M(t1)x0 +
∫ t1

0
M(t1)M(s)−1(B(s)u(s) + r(s))ds

)

= M(t2)
∫ t2

t1

M(s)−1(B(s)u(s) + r(s))ds

+ (M(t2) − M(t1))
(

x0 +
∫ t1

0
M(s)−1(B(s)u(s) + r(s))ds

)

|t1 − t2|
t *−→ M(t)

r = 0 x0 = 0 ẋ = Ax + Bu, x(0) = 0,

x(t) = M(t)
∫ t

0
M(s)−1B(s)u(s)ds,

u



r = 0 x0 = 0 Ω = m

t > 0 Acc(0, t) n

0 < t1 < t2 Acc(0, t1) ⊂ Acc(0, t2)

x1
1, x

1
2 ∈ Acc(0, T ) λ, µ ∈ i = 1, 2

ui xi(·) xi(t) = x1
i

x1
i = M(t)

∫ t

0
M(s)−1B(s)ui(s)ds.

s ∈ [0, T ] u(s) = λu1(s) + µu2(s)

λx1
1 + µx1

2 = M(t)
∫ t

0
M(s)−1B(s)u(s)ds = x(t) ∈ Acc(0, t).

x1
1 ∈ Acc(0, t1)

u1 [0, t1] x1(·)
x1(t1) = x1

1

x1
1 = M(t1)

∫ t1

0
M(s)−1B(s)u1(s)ds.

u2 [0, t2]
{

u2(t) = 0 0 ! t ! t2 − t1
u2(t) = u1(t1 − t2 + t) t2 − t1 ! t ! t2

.

x2(·) u2 [0, t2]

x2(t2) = M(t2)
∫ t2

0
M(t)−1B(t)u2(t)dt

= M(t2)
∫ t2

t2−t1

M(t)−1B(t)u2(t)dt u2|[0,t2−t1] = 0

= M(t2)
∫ t1

0
M(t2)−1M(t1)M(s)−1B(s)u2(t2 − t1 + s)ds s = t1 − t2 + t

= M(t1)
∫ t1

0
M(s)−1B(s)u1(s)ds

= x1
1

x1
1 ∈ Acc(0, t2)

Acc(0) = ∪
t!0

Acc(0, t)
n

n



ẋ(t) = A(t)x(t) + B(t)u(t) + r(t)
T Acc(x0, T ) = n x0, x1 ∈ n

u x0 x1 T

x1x0

A B t

Ω = m

ẋ(t) = Ax(t)+Bu(t)+ r(t) T

C =
(
B,AB, . . . , An−1B

)

n

C C = n

T x0

T x0

C n

Φ : L∞([0, T ], m) → n

u *→
∫ T
0 e(T−t)ABu(t)dt



C < n
Φ C
ψ ∈ n\{0} ψC = 0

ψB = ψAB = . . . = ψAn−1B = 0.

a0, a1, . . . , an−1

An = a0I + · · · an−1A
n−1.

k

ψAkB = 0,

t ∈ [0, T ]
ψetAB = 0.

u

ψ

∫ T

0
e(T−t)ABu(t)dt = 0,

ψΦ(u) = 0 Φ
Φ

ψ ∈ n\{0} u

ψ

∫ T

0
e(T−t)ABu(t)dt = 0.

t ∈ [0, T ]

ψe(T−t)AB = 0.

t = T ψB = 0 t
t = T ψAB = 0

ψB = ψAB = · · · = ψAn−1B = 0,

ψC = 0 C < n

C n Φ
Φ(L∞) = n u T

u

x(T ) = eTAx0 +
∫ T

0
e(T−t)A(Bu(t) + r(t))dt,



T x0 ∈ n

Acc(T, x0) = eTAx0 +
∫ T

0
e(T−t)Ar(t)dt + φ(L∞) = n,

x0

x0 = −e−TA

∫ T

0
e(T−t)Ar(t)dt.

T

Acc(T, x0) = φ(L∞),
n Φ

C n

x0 = 0 r = 0
Acc(0)

r = 0 0 ∈
◦
Ω

Acc(x0, t) t
exp(tA)x0

A

r = 0 0 ∈
◦
Ω

A
A

n

m = 1

b ∈ n Ω ⊂ 0
ẋ(t) = Ax(t) + bu(t) u(t) ∈ Ω

n

(A, b)
A 0



ẋ1 = A1x1 +B1u1 ẋ2 =
A2x2 +B2u2 P ∈ GLn( ) A2 = PA1P−1

B2 = PB1

x2 = Px1

(B2, A2B2, . . . , A
n−1
2 B2) = P (B1, A1B1, . . . , A

n−1
1 B1),

(A,B) A ∈ Mn( ) B ∈ Mn,m( )

(A,B) (A′, B′)

A′ =
(

A′
1 A′

3

0 A′
2

)
, B′ =

(
B′

1

0

)
,

A′
1 ∈ Mr( ) B′

1 ∈ Mr,m( ) r
(A,B) (A′

1, B
′
1)

r C
(A,B) n

F = C = B + AB + · · · + An−1B

r
A G F n (f1, . . . , fr)

F (fr+1, . . . , fn) G P
(f1, . . . , fn) n F

A

A′ = PAP−1 =
(

A′
1 A′

3

0 A′
2

)
,

B ⊂ F

B′ = PB =
(

B′
1

0

)
.

(A′
1, B

′
1)

(A,B)

m = 1 (A,B)
(Ã, B̃)

Ã =





0 1 · · · 0

0 · · · 0 1
−an −an−1 · · · −a1




, B̃ =





0

0
1




,



ai A

χA(X) = Xn + a1X
n−1 + · · · + an−1X + an.

n

x(n)(t) + a1x
(n−1)(t) + · · · + anx(t) = u(t).

(f1, . . . , fn)
(A,B) (Ã, B̃)

fn = B

Afn = fn−1 − a1fn, . . . , Af2 = f1 − an−1fn, Af1 = −anfn.

f1, . . . , fn

fn = B, fn−1 = Afn + a1fn, . . . , f1 = Af2 + an−1fn.

(f1, . . . , fn) n

{fn} = {B},
{fn, fn−1} = {B,AB},

{fn, . . . , f1} = {B, . . . , An−1B} = n.

Af1 = −anfn

Af1 = A2f2 + an−1Afn

= A2(Af3 + an−2fn) + an−1Afn

= A3f3 + an−2A
2fn + an−1Afn

= Anfn + a1A
n−1fn + · · · + an−1Afn

= −anfn

An = −a1An−1−· · ·−anI
(f1, . . . , fn) (A,B) (Ã, B̃)

m > 1
(A,B) (Ã, B̃)

Ã =





Ã1 ∗ · · · ∗

0 Ã2

∗
0 · · · 0 Ãs




,



Ãi

G ∈ Mm,s( )

B̃G =




B̃1

B̃s



 ,

B̃i

i 1

mẍ(t) = u(t).

mẍ(t) + kx(t) = u(t).

{
m1ẍ1 = −k1(x1 − x2) − d1(ẋ1 − ẋ2) + u,

m2ẍ2 = k1(x1 − x2) − k2x2 + d1(ẋ1 − ẋ2) − d2ẋ2.

{
ẍ1 = −k1x1 − d1ẋ1 + l1u,

ẍ2 = −k2x2 − d2ẋ2 + l2u.

Iω̇(t) = u(t).

L
di

dt
+ Ri +

q

C
= u,

q(t) =
∫ t

i





dq

dt
= i,

di

dt
= −R

L
i − 1

LC
q +

1
L

u.

R L e
k1, k2 J

f Γ = k2i
Γc θ






u = Ri + L
di

dt
+ e,

e = k1θ̇,

J θ̈ = kl2i − f θ̇ − Γc,



d

dt




i
θ
θ̇



 =




−R/L 0 k1/L

0 0 1
k2/J 0 −f/J



+




1
0
0



u +




0
0

−Γc



 .

{
ẍ = −k1x + k2(y − x),
ÿ = −k2(y − x) + u.

α
(

ẋ
ẏ

)
=
(

2 α− 3
0 2

)(
x
y

)
+
(

1 1
α2 − α 0

)(
u
v

)

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t)
T

C(T ) =
∫ T

0
M(t)−1B(t)B(t)TM(t)−1T

dt,

T
x0

T x0 T

C(T ) = C(T )T xTC(T )x " 0 x ∈ n

C(T )
x(t)

x(T ) = x∗ + M(T )
∫ T

0
M(t)−1B(t)u(t)dt,

x∗ = M(T )x0 + M(T )
∫ T

0
M(t)−1r(t)dt.

C(T ) u(t) = B(t)TM(t)−1T
ψ ψ ∈ n

x(T ) = x∗ + M(T )C(T )ψ,



ψ = C(T )−1M(T )−1(x1 − x∗)
C(T ) ψ ∈ n \{0}

ψTC(T )ψ = 0
∫ T

0
‖B(t)TM(t)−1T

ψ‖2dt = 0,

ψTM(t)−1B(t) = 0 [0, T ] u

ψT

∫ T

0
M(t)−1B(t)u(t)dt = 0.

ψ1 = M(T )−1T
ψ u

ψT(xu(T ) − x∗) = 0,

xu(T ) ∈ x∗ + ψ⊥

M(t) = etA

C(T ) =
∫ T

0
e−sABBTe−sAT

ds.

C(T1) C(T2)
T

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t)

A,B, r C∞ [0, T ]

B0(t) = B(t), Bi+1(t) = A(t)Bi(t) −
dBi

dt
(t).

t ∈ [0, T ]

{Bi(t)v | v ∈ n, i ∈ } = n,

T

A,B, r [0, T ]
T

∀t ∈ [0, T ] {Bi(t)v | v ∈ n, i ∈ } = n.



ẋ(t) = A(t)x(t) + B(t)u(t)

A(t) =




t 1 0
0 t3 0
0 0 t2



 , B(t) =




0
1
1



 ,

{
ẋ(t) = −y(t) + u(t) cos t,

ẏ(t) = x(t) + u(t) sin t,

m n A ∈
Mn( ) B ∈ Mn,m( ) ẋ(t) = Ax(t)+
Bu(t) f : → C∞

t ∈
A(t) = A + f(t)I,

I n ẋ(t) =
A(t)x(t) + Bu(t)





Acc(x0, t)
n

ẋ(t) = A(t)x(t) + b(t)u(t) + r(t),

u Ω ⊂ m

x0 x1
n x1 x0

x0 x1

x0 x1

t∗

x1 = x(t∗)x0

t∗ t < t∗ x1 /∈ Acc(x0, t)
x1 x0 t∗

t∗ = inf{t > 0 | x1 ∈ Acc(x0, t)}.
t∗ Acc(x0, t)

t {t > 0 | x1 ∈ Acc(x0, t)}

t = t∗ Acc(x0, t) x1



x0
x1

Acc(x0, t)

Acc(x0, t)

x1 ∈ ∂Acc(x0, t
∗) = A(x0, t

∗) \
o

Acc(x0, t
∗).

x1 Acc(x0, t∗) t < t∗

t∗ x1 Acc(x0, t) Acc(x0, t)
t t∗

x1 x0

x0 x1

(M1(t))0"t"T
n t

u Ω x0 M1(T )
[0, t∗] x0 M(t∗)

u [0, t]
u x(t) ∈ ∂Acc(x0, t)



ẋ(t) = A(t)x(t) + B(t)u(t) + r(t), x(0) = x0,

Ω ⊂ m T > 0
u [0, T ]

p(t) ṗ(t) = −p(t)A(t)

p(t)B(t)u(t) = max
v∈Ω

p(t)B(t)v

t ∈ [0, T ] p(t) ∈ n

p(0) x1

Ω =
[−a, a] a > 0
u(t) = a (p(t)B(t)) ϕ(t) = p(t)B(t)

tc u(t)

ϕ

AccΩ(x0, T ) = Acc (Ω)(x0, T )
Ω u [0, T ] x

u x(T ) ∈ ∂Acc(x0, T ) Acc(x0, T )

x(T ) Acc(x0, T ) pT

y1

x(T )Acc(x0, T )
pT

∀y1 ∈ Acc(x0, T ) pT (y1 − x(T )) ! 0.



Acc(x0, T ) u1

y(t) y1 = y(T )

pT x(T ) " pT y(T ).

∫ T

0
pT M(T )M(s)−1(B(s)u(s)+r(s))ds "

∫ T

0
pT M(T )M(s)−1(B(s)u1(s)+r(s))ds.

p(t) [0, T ] ṗ = −pA p(T ) = pT

p(t) = p(0)M(t)−1 pT = p(T ) = p(0)M(T )−1

∀s ∈ [0, T ] pT M(T )M(s)−1 = p(0)M(s)−1 = p(s),

∫ T

0
p(s)B(s)u1(s)ds !

∫ T

0
p(s)B(s)u(s)ds

p(t)B(t)u(t) < max
v∈Ω

p(t)B(t)v.

[0, T ] u1(·) [0, T ]
Ω

p(t)B(t)u1(t) = max
v∈Ω

p(t)B(t)v.

u1(·) [0, T ]

u1 Ω
u1

u x(·) u

∀y1 ∈ Acc(x0, T ) p(T )(y1 − x(T )) ! 0.

x(T ) ∈ Acc(x0, T )
y1 Acc(x0, T ) x(T )

p(T ) p(T )(y1 − x(T )) > 0
x(T ) ∈ ∂Acc(x0, T ) u

u [0, T ] u [0, t]
t ∈ [0, T ] p(t) Acc(x0, t)



p(T )

y1

x(T )

u T
M1 M1 ⊂ n

p(T )
Acc(x0, T ) M1

n ẋ(t) =
Ax(t) + Bu(t) B ∈ n |u(t)| ! 1 (A,B)

A
n − 1 +

A
+

n
x(n) + a1x

(n−1) + · · · + anx = u, |u| ! 1.

u(t) = λ(t) λ(t)

λ(n) − a1λ
(n−1) + · · · + (−1)nanλ = 0.

p′(t) = −p(t)A(t)
A λ(t)

λ(t) =
r∑

j=1

Pj(t)eλjt,

Pj nj −1 λ1, . . . ,λr

r −A
n1, . . . , nr n = n1 + · · ·+ nr

λ(t) n − 1



A

λ(t) =
r∑

j=1

(Pj(t) cosβjt + Qj(t) sinβjt)eαjt,

λj = αj + iβj Pj , Qj

tkeαit

λ(t)

k2 = 0

x(0) = x0, ẋ(0) = y0

x(T ) = 0, ẋ(T ) = 0
T

{
Ẋ = AX + Bu

X(0) = X0
A =
(

0 1
−1 0

)
, B =

(
0
1

)
.

(B,AB) = 2 A

0 u |u| ! 1
X0 0



u = 0
ẍ + x = 0

X0 0

u(t) = (p(t)B),

p(t) ∈ 2 ṗ = −pA p = (p1, p2) u(t) =
(p2(t)) ṗ1 = p2, ṗ2 = −p1 p̈2+p2 = 0 p2(t) = λ cos t+µ sin t

p2(t) π

π ±1
u = −1

{
ẋ = y,

ẏ = −x − 1.

u = +1 {
ẋ = y,

ẏ = −x + 1.

X0 0

(x + 1)2 + y2 = = R2

(−1, 0)
2π x(t) = −1 + R cos t, y(t) = R sin t

x(t) = 1 + R cos t y(t) = R sin t
(1, 0) 2π

X0 0
(−1, 0) (1, 0)
t −t

0 X0

0
X0



p(0)
p(0) p(t) t

u(t)

p1(0) = 1, p2(0) = 0 p2(t) = − sin t ]0,π[ u(t) =
(p2(t)) = −1 0

π Γ−
0

−1 +1

x

y
Γ−

p1(0) = −1, p2(0) = 0 p2(t) = sin t ]0,π[ u(t) =
(p2(t)) = +1 0

π Γ+

0

−1 +1

x

y

Γ+

p(0) p2(0) > 0
Γ+ p2(t) = 0

p2(t)
−1 π p2(t)

M
(−1, 0) π

N
p2(t) M N

(−1, 0)



x

y

+1
−1−3

M

Γ−

Γ+

N

M
Γ+ N Γ+

(−1, 0)
Γ− (−2, 0)

0
W W

Γ−
Γ+

x

y

Γ−

Γ+ W

+1 +3 +5

−1−3−5

W

0 Γ+ Γ−
Γ+

(−1, 0) W
W
(1, 0) W

0 X0

0



x

y

Γ−

Γ+ W

+1 +3 +5
−1−3−5

0 Γ+ Γ−

X0 = (x0, y0)

x

y

WΓ+

Γ−

0

X0



ẋ = y + u, ẏ = −y + u, |u| ! 1.

x = 0

x = 0
y(t) = −u(t) |y| ! 1 (0, y)

|y| ! 1 x = 0, |y| ! 1
u(t) = −ye−2t

M1 = {(0, y) | |y| ! 1}.

Ẋ = AX + Bu

A =
(

0 1
0 −1

)
B =
(

1
1

)
.

A 0 −1
0 M1

M1

ẋ = −y − u, ẏ = y − u, ṗx = 0, ṗy = px − py,

u(t) = (px(t) + py(t)) px(t) = = px py(t) =
px + (py(0) − px)e−t px + py

u

x(0) = 0, |y(0)| < 1 px(0) = ±1 py(0) = 0 px(t) + py(t) =
±(2 − e−t) u + px = −1
u(t) = −1 t " 0

u = −1 x = 0 y = 1

Γ− = {(−2et + 2t + 2, 2et − 1) | t " 0}.
(0, 1)

px(0) = cosα py(0) = − sinα 0 ! α ! π

u(t) = (2 cosα− (sinα + cosα)e−t),

t " 0

e−t =
2 cosα

sinα + cosα
.



0 ! α < π
4

2 cosα
sinα+cosα > 1

u(t) = +1 +

π
4 ! α < π

2 t(α) " 0
t(α) [π4 , π

2 ] [0,+∞[
−1 [0, t(α)[ +1

π
2 ! α ! π +

u(t) = −1 +

(0, 1)
Γ− u = +1
Γ+ Γ−

Γ− ∪ Γ+

x, y u(x, y) = −1 +1
(x, y) W Γ− W Γ+

W = Γ− ∪ M1 ∪ Γ+

x

y

Γ+

Γ−

u = −1

u = +1
M1

2

ẋ1 = x2, ẋ2 = 2x2 + u, |u| ! 1.

(0, 0)
(a, 0) a ∈ a > 0

ṗ1 = 0, ṗ2 = −p1 − 2p2,

u = (p2) p1 =
p2(t) = − 1

2p1 + λe−2t p2(t)



u = ε = ±1

x1(t) = −ε

2
(t − t0) +

1
2
(x2(t0) +

ε

2
)(e2(t−t0) − 1) + x1(t0),

x2(t) = −ε

2
+ (x2(t0) +

ε

2
)e2(t−t0).

x2 = ± 1
2

x1

x2

− 1
2

1
2

Γ

Γ
u = +1 u =

−1 Γ u = +1
Γ Γ x2 > 0 u = −1 Γ

Γ x2 < 0
(a, 0) a > 0 u = +1

Γ x2 = 1
2

u = −1 a > 0
x2 = 1

2





n

ẋ(t) = A(t)x(t) + B(t)u(t), x(0) = x0,

C(u) = x(T )TQx(T ) +
∫ T

0

(
x(t)TW (t)x(t) + u(t)TU(t)u(t)

)
dt,

T > 0 t ∈ [0, T ] U(t) ∈ Mm( )
W (t) ∈ Mn( ) Q ∈ Mn( )

t A B W
U L∞ [0, T ]

L2([0, T ], m)

x0 ∈ n

x0 C(u)

x(T )

‖x(t)‖2
W = x(t)TW (t)x(t), ‖u(t)‖2

U = u(t)TU(t)u(t), g(x) = xTQx,



C(u) = g(x(T )) +
∫ T

0

(
‖x(t)‖2

W + ‖u(t)‖2
U

)
dt.

Q,W,U

Q W (t)
Q = 0 W = 0

u = 0

0

[t0, T ] L2([t0, T ], m)

ẋ = Ax+Bu+ r g n

C1

T = +∞

U

∃α > 0 | ∀u ∈ L2([0, T ], m)
∫ T

0
‖u(t)‖2

Udt " α

∫ T

0
u(t)Tu(t)dt.

t *→ U(t)
[0, T ] T < +∞ c > 0
t ∈ [0, T ] v ∈ m vTU(t)v " cvTv

(un)n∈ [0, T ]
C(un)

α > 0
u ∈ L2([0, T ], m) C(u) " α‖u‖L2 (un)n∈

L2([0, T ], m)
u L2 xn x

un u [0, T ]
t ∈ [0, T ]

xn(t) = M(t)x0 + M(t)
∫ t

0
M(s)−1B(s)un(s)ds



x(t)
(xn) x [0, T ]

t ∈ [0, T ]

x(t) = M(t)x0 + M(t)
∫ t

0
M(s)−1B(s)u(s)ds,

x u
un ⇀ u L2

∫ T

0
‖u(t)‖2

Udt ! lim inf
∫ T

0
‖un(t)‖2

Udt,

C(u) ! lim inf C(un) (un) C(u)
u

C

t ∈ [0, T ]
f(u) = uTU(t)u m

U(t) xu(·)
u t ∈ [0, T ]

xu(t) = M(t)x0 + M(t)
∫ t

0
M(s)−1B(s)u(s)ds.

u xu(t) t ∈ [0, T ]
W (t)

u x(t)TW (t)w(t)
x(T )TQx(T )

u

g
n

r(t)

T = +∞ g = 0

[0,+∞[



u T > 0 u
x0 0 [0, T ] u 0 ]T,+∞[

0
[0,+∞[

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t)

[0,+∞[

C(u) =
∫ +∞

0

(
‖x(t)‖2

W + ‖u(t)‖2
U

)
dt.

T > 0
[0,+∞[

A(·) B(·)
L2 [0,+∞[ W (·) U

0 t

ẋ(·) L1 x(t)

A B W (·)
U

0 t

‖ẋ(t)‖ ! ‖A‖‖x(t)‖ + ‖B‖‖u(t)‖ ! Cste(‖x(t)‖2 + ‖u(t)‖2),

ẋ(·) L1

x u
p(t)

t ∈ [0, T ]

ṗ(t) = −p(t)A(t) + x(t)TW (t)

p(T ) = −x(T )TQ.

u t ∈ [0, T ]

u(t) = U(t)−1B(t)Tp(t)T.



u x [0, T ]

x0

u L2([0, T ], m)

upert(t) = u(t) + δu(t),

xpert(t) = x(t) + δx(t) + (‖δu‖L2),

δx(0) = 0 xpert ẋpert =
Axpert + Bupert

δẋ = Aδx + Bδu,

t ∈ [0, T ]

δx(t) = M(t)
∫ t

0
M(s)−1B(s)δu(s)ds.

C(·) L2([0, T ], m)
u

dC(u) = 0.

C(upert) = g(xpert(T )) +
∫ T

0
(‖xpert(t)‖2

W + ‖upert(t)‖2
U )dt,

Q W (t) U(t)

1
2
dC(u).δu = x(T )TQδx(T ) +

∫ T

0
(x(t)TW (t)δx(t) + u(t)TU(t)δu(t))dt = 0,

δu
u

p(t)

ṗ(t) = −p(t)A(t) + x(t)TW (t), p(T ) = −x(T )TQ.

p(t) = ΛM(t)−1 +
∫ t

0
x(s)TW (s)M(s)ds M(t)−1

t ∈ [0, T ]

Λ = −x(T )TQM(T ) −
∫ T

0
x(s)TW (s)M(s)ds.



∫ T

0
x(t)TW (t)δx(t)dt =

∫ T

0
x(t)TW (t)M(t)

∫ t

0
M(s)−1B(s)δu(s)ds dt

=
∫ T

0
x(s)TW (s)M(s)ds

∫ T

0
M(s)−1B(s)δu(s)ds

−
∫ T

0

∫ t

0
x(s)TW (s)M(s)ds M(t)−1B(t)δu(t) dt.

p(t) − ΛM(t)−1 =
∫ t

0
x(s)TW (s)M(s)ds M(t)−1,

Λ
∫ T

0
x(t)TW (t)δx(t)dt = −x(T )TQM(T )

∫ T

0
M(t)−1B(t)δu(t)dt−

∫ T

0
p(t)B(t)δu(t)dt.

x(T )TQδx(T ) = x(T )TQM(T )
∫ T

0
M(t)−1B(t)δu(t)dt.

1
2
dC(u).δu =

∫ T

0
(u(t)TU(t) − p(t)B(t))δu(t) dt = 0,

δu ∈ L2([0, T ], m)
t ∈ [0, T ]

u(t)TU(t) − p(t)B(t) = 0,

p(t) u

dC(u) = 0.

C u
C

r(t)
g

C1 n

p(T ) = −1
2
∇g(x(T )),



T = +∞

lim
t→+∞

p(t) = 0.

H : n × n × m →

H(x, p, u) = p(Ax + Bu) − 1
2
(xTWx + uTUu),

p n

ẋ =
∂H

∂p
= Ax + Bu,

ṗ = −∂H

∂x
= −pA + xTW,

∂H

∂u
= 0,

pB −uTU = 0

n = m = 1 ẋ = u
x(0) = x0

C(u) =
∫ T

0
(x(t)2 + u(t)2)dt.

x u

ẋ = u, ṗ = x, p(T ) = 0,

u = p ẍ = x

x(t) = x0 + p(0) t, p(t) = x0 + p(0) t.

p(T ) = 0

x(t) = x0

(
− T

T
t

)
.

ẍ = u, x(0) = ẋ(0) = 0.



T

C(u) = −x(T ) +
∫ T

0
u(t)2dt.

ẋ = y, ẏ = u, ṗx = 0, ṗy = −px,

px(T ) =
1
2
, py(T ) = 0.

u(t) =
T − t

2

x(T ) =
1
6
T 3.

C(u) = −x(T )2 +
∫ T

0
u(t)2dt,

u(t) = x(T )(T − t) x(T ) = T 3

3T 3−6

T > 0 x ∈ n

ẋ(t) = A(t)x(t) + B(t)u(t), x(0) = x,

CT (u) = x(T )TQx(T ) +
∫ T

0

(
‖x(t)‖2

W + ‖u(t)‖2
U

)
dt.



ST x

ST (x) = inf{CT (u) | xu(0) = x}.

x ∈ n

x u

u(t) = U(t)−1B(t)TE(t)x(t),

E(t) ∈ Mn( ) [0, T ]

Ė(t) = W (t)−A(t)TE(t)−E(t)A(t)−E(t)B(t)U(t)−1B(t)TE(t), E(T ) = −Q.

t ∈ [0, T ] E(t)

ST (x) = −xTE(0)x.

u

u(t) = K(t)x(t),

K(t) = U(t)−1B(t)TE(t)

ẋ = Ax + BU−1BTpT,

ṗ = −pA + xTW,

x(0) = x p(T ) = −x(T )TQ

u = U−1BTpT.

p(t) = x(t)TE(t) E(t)
p

(x, p) E(t)

p E(t)

Ė = W − ATE − EA − EBU−1BTE, E(T ) = −Q.



E(t)
Q

[0, T ]

p1(t) = x1(t)
TE(t) x1

ẋ1 = Ax1 + Bu1,

u1 = U−1BTEx1

ṗ1 = ẋT
1 E + x1

TĖ

= (Ax1 + BU−1BTEx1)
T
E + x1

T(W − ATE − EA − EBU−1BTE)

= −p1A + x1
TW.

(x1, p1, u1)
x1 x1 = x

u1 = u p1 = p p = xTE u = U−1BTEx

x(t)

d

dt
x(t)TE(t)x(t) =

d

dt
p(t)x(t) = ṗ(t)x(t) + p(t)ẋ(t)

= (−p(t)A(t) + x(t)TW (t))x(t) + p(t)(A(t)x(t) + B(t)u(t))

= x(t)TW (t)x(t) + p(t)B(t)u(t).

u

uTUu = (U−1BTEx)
T
UU−1BTEx = xTEBU−1BTEx = pBu.

d

dt
x(t)TE(t)x(t) = x(t)TW (t)x(t) + u(t)TU(t)u(t),

ST (x) = x(T )TQx(T ) +
∫ T

0

d

dt
x(t)TE(t)x(t) dt.

E(T ) = −Q x(0) = x ST (x) = −xTE(0)x

t *→ E(t) [0, T ]

E(t) [0, T ]
0 < t∗ < T ‖E(t)‖ +∞ t t∗

α > 0 t0 ∈]t∗, T ] x0 ∈ n

‖x0‖ = 1
|x0

TE(t0)x0| " α.



x(·)
[t0, T ] x(t0) = x0

ẋ = Ax + BU−1BTpT, x(t0) = x0,

ṗ = −pA + xTW, p(T ) = −x(T )TQ.

x(T )
T t0 x0

0 ! t0 < T ‖x0‖ = 1 x(t), p(t)
[0, T ]

p(t0)x(t0) t0
p(t) = x(t)TE(t)

p(t0)x(t0) = x0
TE(t0)x0,

E(0)
Q

Q
t ∈ [0, T ] W (t)

E(0)

x0 x0
TE(0)x0 = 0 x0 = 0

ẋ = Ax + Bu, x(0) = x0,

min x(T )TQx(T ) +
∫ T

0

(
‖x(t)‖2

W + ‖u(t)‖2
U

)
dt,

−x0
TE(0)x0 = 0

t U(t)
u(t) = 0 [0, T ] Q x(T ) = 0

x(·) ẋ = Ax, x(T ) = 0
x(·) x(0) = x0 = 0

W (t)

ẋ = 1
2x + u

n = m = 1

C(u) =
∫ T

0
(2e−tu(t)2 +

1
2
e−tx(t)2)dt.



E(t) = − 1 − ete−T

et + e2te−T
, u(t) =

1
2

1 − ete−T

et + ete−T
x(t), ST (x) =

1 − e−T

1 + e−T
x2.

C(u) =
∫ T

0

(
‖x(t)‖2

W + ‖u(t)‖2
U

)
dt + lim

n→+∞
n‖x(T )‖2

x(T ) = 0 F (t) =
E(t)−1 [0, T ]

F (T ) = 0

T > 0 t ∈ [0, T ]
x ∈ n

ẋ = Ax + Bu, x(t) = x,

CT (t, u) = g(x(T )) +
∫ T

t

(
‖x(t)‖2

W + ‖u(t)‖2
U

)
dt.

S (t, x)

ST (t, x) = inf{CT (t, u) | xu(t) = x}.

x ∈ n t ∈ [0, T ]
x u

u(s) = U(s)−1B(s)TE(s)x(s),

s ∈ [t, T ] E(s) ∈ Mn( ) [t, T ]

Ė = W − ATE − EA − EBU−1BTE, E(T ) = −Q.

s ∈ [t, T ] E(s) t ∈ [0, T ]

ST (t, x) = −xTE(t)x.

ST (t, x) = x(T )TQx(T ) +
∫ T

t

d

ds
x(s)TE(s)x(s) ds.

E(T ) = −Q x(t) = x ST (t, x) = −xTE(t)x



E(t)
n(n + 1)/2

3

ẋ = y, ẏ = z, ż = u,

CT (u) =
∫ T

0
(x(t)2 + y(t)2 + z(t)2 + u(t)2)dt.



R(t) =
(

R1(t) R2(t)
R3(t) R4(t)

)

ẋ = Ax + BU−1BTpT,

ṗT = −ATpT + Wx,

R(T ) = Id t ∈ [0, T ]

E(t) = (R3(t) − R4(t)Q) (R1(t) − R2(t)Q)−1 .

x(t) = R1(t)x(T ) + R2(t)p(T )T,

p(t)T = R3(t)x(T ) + R4(t)p(T )T.

p(T )T = −Qx(T )

x(t) = (R1(t) − R2(t)Q)x(T ) p(t)T = (R3(t) − R4(t)Q)x(T ).

p(t)T = E(t)x(t) R1(t)−
R2(t)Q [0, T ]



ẋ(t) = A(t)x(t) + B(t)u(t) + r(t), x(0) = x0,

ξ(t) n [0, T ] ξ0

ξ(t)

x(t)

ξ(t)

ξ0

ξ(T )

x0

[0, T ]

z(t) = x(t) − ξ(t),

ż(t) = A(t)z(t) + B(t)u(t) + r1(t), z(0) = z0,

z0 = x0 − ξ0 r1(t) = A(t)ξ(t) − ξ̇(t) + r(t)

C(u) = z(T )TQz(T ) +
∫ T

0

(
‖z(t)‖2

W + ‖u(t)‖2
U

)
dt,



Q,W,U r1

z1 =
(

z
1

)
, A1 =

(
A r1

0 0

)
, B1 =

(
B
0

)
, Q1 =

(
Q 0
0 0

)
, W1 =

(
W 0
0 0

)
,

C(u) = z1(T )TQ1z1(T ) +
∫ T

0

(
‖z1(t)‖2

W1
+ ‖u(t)‖2

U

)
dt,

ż1 = A1z1 + B1u,

z1(0)

u(t) = U(t)−1B1(t)
TE1(t)z1(t),

E1(t)

Ė1 = W1 − A1
TE1 − E1A1 − E1B1U

−1B1
TE1, E1(T ) = −Q1.

E1(t) =
(

E(t) h(t)
h(t)T α(t)

)
.

E, h,α

Ė = W − ATE − EA − EBU−1BTE, E(T ) = −Q,
ḣ = −ATh − Er1 − EBU−1BTh, h(T ) = 0,
α̇ = −2r1

Th − hTBU−1BTh, α(T ) = 0.

ξ n [0, T ]

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t), x(0) = x0,

C(u) = (x(T ) − ξ(T ))TQ(x(T ) − ξ(T )) +
∫ T

0

(
‖x(t) − ξ(t)‖2

W + ‖u(t)‖2
U

)
dt.

u(t) = U(t)−1B(t)TE(t)(x(t) − ξ(t)) + U(t)−1B(t)Th(t),



E(t) ∈ Mn( ) h(t) ∈ n [0, T ]

Ė = W − ATE − EA − EBU−1BTE, E(T ) = −Q,
ḣ = −ATh − E(Aξ − ξ̇ + r) − EBU−1BTh, h(T ) = 0,

E(t)

− (x(0) − ξ(0))TE(0)(x(0) − ξ(0)) − 2h(0)T(x(0) − ξ(0))

−
∫ T

0

(
2(A(t)ξ(t) − ξ̇(t) + r(t))

T
h(t) + h(t)TB(t)U(t)−1B(t)Th(t)

)
dt.

u(t) = K(t)(x(t) − ξ(t)) + H(t).

ξ̇ = Aξ + r
r1 = 0

h(t) α(t)

ξ = 0 r = 0
r = 0 ξ
ξ = 0 r

[0, π
2 ]

ẋ = x + u, x(0) = 0 ξ(t) = t

ẍ + x = u, x(0) = 0, ẋ(0) = 1.

(cos t, sin t)
[0, 2π] π/2

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t), x(0) = x0,

y(t) = C(t)x(t),

ξ(t)
z(·) ξ(·)

y(t) = x(t)
z(t) = y(t) − ξ(t)

C(u) = z(T )TQz(T ) +
∫ T

0

(
‖z(t)‖2

W + ‖u(t)‖2
U

)
dt.



x1 =
(

x
1

)
, Q1 =

(
C(T )TQC(T ) −C(T )TQξ(T )
−ξT(T )QC(T ) ξT(T )Qξ(T )

)
, W1 =

(
CTWC −CTW ξ
−ξTWC ξTW ξ

)
,

A1, B1 r1 = r u
x1 ẋ1 = A1x1 + B1u

C(u) = x1(T )TQ1x1(T ) +
∫ T

0

(
‖x1(t)‖2

W1
+ ‖u(t)‖2

U

)
dt.

ξ p [0, T ]
r

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t), x(0) = x0,

y(t) = C(t)x(t),

C(u) = (y(T ) − ξ(T ))TQ(y(T ) − ξ(T )) +
∫ T

0

(
‖y(t) − ξ(t)‖2

W + ‖u(t)‖2
U

)
dt.

u(t) = U(t)−1B(t)TE(t)x(t) + U(t)−1B(t)Th(t),

E(t) ∈ Mn( ) h(t) ∈ p [0, T ]

Ė = CTWC − ATE − EA − EBU−1BTE, E(T ) = −C(T )TQC(T ),
ḣ = −CTW ξ − ATh − Er − EBU−1BTh, h(T ) = −C(T )TQξ(T ),

E(t)

−x(0)TE(0)x(0) − 2h(0)Tx(0) − α(0),

α(t)

α̇ = ξTW ξ − 2rTh − hTBU−1BTh, α(T ) = ξ(T )TQξ(T ).

C(u) = x(T )TQx(T ) +
∫ T

0

(
‖y(t) − ξ(t)‖2

W + ‖u(t)‖2
U

)
dt.

Q1

E h E(T ) = −Q h(T ) = 0

g x



ẋ = x + y + u1, x(0) = 1,
ẏ = x − y + u2, y(0) = 1.

x(t)
1 [0, 10]

ξ(t)
[0, T ] [0, T ]

ẋ(t) = A(t)x(t) + B(t)u(t),

C(u) = x(0)TQx(0) +
∫ T

0

(
‖(C(t)x(t) − ξ(t))‖2

W + ‖u(t)‖2
U

)
dt.

x(0) x(T )
x(0) Q

t ∈ [0, T ]

x̃(t) = x(T − t), ũ(t) = u(T − t), Ã(t) = −A(T − t), B̃(t) = −B(T − t),

ξ̃(t) = ξ(T − t), W̃ (t) = W (T − t), Ũ(t) = U(T − t), C̃(t) = C(T − t),

˙̃x = Ãx̃ + B̃ũ

C̃(ũ) = x̃(T )TQx̃(T ) +
∫ T

0

(
‖(C̃(t)x̃(t) − ξ̃(t))‖2

W̃
+ ‖ũ(t)‖2

Ũ

)
dt.

C̃(ũ) = C(u)
x̃(0)

ũ(t) = Ũ−1B̃TẼx̃ + Ũ−1B̃Th̃,

˙̃E = C̃TW̃ C̃ − ÃTẼ − ẼÃ − ẼB̃Ũ−1B̃TẼ, Ẽ(T ) = −Q,
˙̃h = −C̃TW̃ ξ̃ − ÃTh̃ − ẼB̃Ũ−1B̃Th̃, h̃(T ) = 0,
˙̃α = ξ̃TW̃ ξ̃ − h̃TB̃Ũ−1B̃Th̃, α(T ) = 0,



x̃(0)

−x̃(0)TẼ(0)x̃(0) − 2x̃(0)Th̃(0) − α̃(0).

x̃(0)

f(x) = −xTẼ(0)x − 2xTh̃(0) − α(0).

f
Q Ẽ(0)

f

f ′(x) = 0 x = −Ẽ(0)−1h̃(0)

t ∈ [0, T ]
E(t) = −Ẽ(T − t), h(t) = −h̃(T − t),

ξ(·) [0, T ]
p [0, T ]

ẋ(t) = A(t)x(t) + B(t)u(t),

C(u) = x(0)TQx(0) +
∫ T

0

(
‖(C(t)x(t) − ξ(t))‖2

W + ‖u(t)‖2
U

)
dt,

Q

u(t) = U(t)−1B(t)TE(t)x(t) + U(t)−1B(t)Th(t),

x(T ) = −E(T )−1h(T ),

Ė = CTWC − ATE − EA − EBU−1BTE, E(0) = Q,
ḣ = −CTW ξ − ATh − EBU−1BTh, h(0) = 0,

−h(T )TE(T )−1h(T ) +
∫ T

0

(
ξ(t)TW (t)ξ(t) − h(t)TB(t)U(t)−1B(t)Th(t)

)
dt.

x(T ) = −E(T )−1h(T )



F (t) = E(t)−1 Ḟ = −FĖF

Ḟ = BU−1BT + AF + FAT − FCTWCF, F (0) = Q−1.

z(t) = −F (t)h(t)

ż = (A − FCTWC)z + FCTW ξ, z(0) = 0.

x(T )
z(T )

ż = (A − FCTWC)z + FCTW ξ, z(0) = 0,
Ḟ = BU−1BT + AF + FAT − FCTWCF, F (0) = Q−1.

ẋ(t) = A(t)x(t) + B(t)u(t), x(0) = x0,

y(t) = C(t)x(t) + v(t),

u v
x0 ξ(t)

y(t)
x(T )

u v x0

x(0)TQx(0) +
∫ T

0
(‖w(t)‖2

W + ‖u(t)‖2
U )dt.

ẋ(t) = A(t)x(t) + B(t)u(t),
y(t) = C(t)x(t),

C(u) = x(0)TQx(0) +
∫ T

0
(‖y(t) − ξ(t)‖2

W + ‖u(t)‖2
U )dt,

x(0)
z(T )

u b x0

0
Q,W (t), U(t) x0, v(t), u(t)



ξ(t)

v u
W (t)

x(T )

ẋ = u, y = x + v,

ξ(t)

ż = −FWz + FW ξ, z(0) = 0,

Ḟ = U−1 − FWF, F (0) = Q−1.

Q = 1, U(t) = 1,W (t) = w2

F (t) =
1
w

+
e−wt(−1 + w)

w
.

v w
t > 0 F (t) / 1

z z(t) / ξ(t)

z(T )
x(T )

[0,+∞[

ẋ(t) = Ax(t) + Bu(t), x(0) = x0,

C(u) =
∫ ∞

0

(
‖x(t)‖2

W + |u(t)‖2
U

)
dt,

W U



W U

[0,+∞[

u(t) = U−1BTEx(t),

E ∈ Mn( )

ATE + EA + EBU−1BTE = W.

−x0
TEx0

ẋ = (A + BU−1BTE)x

V (x) = −xTEx

0 t

ẋ = Ax + Bu, ṗ = −pA + xTW, lim
t→+∞

p(t) = 0,

u = U−1BTpT

p(t) = x(t)TE E

E

x(·)
[0,+∞[ [0, T ] T > 0

[0, T ]

ẋ = Ax + Bu, x(0) = x0,

C(T, u) =
∫ T

0

(
‖x(t)‖2

W + ‖u(t)‖2
U

)
dt,

E(T, t)

Ė = W − ATE − EA − EBU−1BTE, E(T, T ) = 0.

C(T, u) = −x0
TE(T, 0)x0

T

D(T, t) = −E(T, T − t)

Ḋ = W + ATD + DA − DBU−1BTD, D(T, 0) = 0.



T D(t) = D(T, t)
D(t) +

T > 0 D(T ) = −E(T, 0) W
D(T )

T > 0 C(T, u) = x0
TD(T )x0

0 < t1 ! t2 C(t1, u) ! C(t2, u) x0
TD(t1)x0 ! x0

TD(t2)x0

x0

x ∈ n t *→ xTD(t)x

v
[0,+∞[ u

t *→ C(t, u) C(v)
x ∈ n t *→ xTD(t)x

(ei) n dij(t) D(t)

dij(t) = ei
TD(t)ej =

1
2
ei + ej

TD(t)(ei + ej) − ei
TD(t)ei − ej

TD(t)ej .

D(t) −E
t *→ xTD(t)x

D Ḋ(t)

C(u) = −x0
TEx0

V (x) = −xTEx ẋ =
(A + BU−1BTE)x V E

x(t)

d

dt
V (x(t)) = −x(t)T

(
W + EBU−1BTE

)
x(t).

W EBU−1BTE
x(t) 0= 0

u =
Kx K = U−1BTE



K

ẋ = −x + u, x(0) = x0

C(u) =
∫∞
0 (x(t)2 +u(t)2)dt −2E +

E2 = 1 E = 1 −
√

2 < 0

u(t) = (1 −
√

2)x(t), x(t) = x0e
−
√

2t.

ẋ = x + y + u1, x(0) = 1,
ẏ = x − y + u2, y(0) = 1.

C(u) =
∫ +∞

0
(x(t)2 + y(t)2 + u1(t)2 + u2(t)2)dt.

A =
(

1 1
1 −1

)
, B = U = W = Id.

E =
(

a c
c b

)
,

2a + 2c + a2 + c2 = 1,

2c − 2b + c2 + b2 = 1,

a + b + ac + cb = 0.

(a + b)(1 + c) = 0,

a = −b c = −1 a = −b
E ±

√
a2 + c2 E

c = −1

a = −1 ±
√

3, b = 1 ±
√

3.



E
a = −1 −

√
3 b = 1 −

√
3

E =
(
−1 −

√
3 −1

−1 1 −
√

3

)
,

ẋ = −
√

3x, x(0) = 1,

ẏ = −
√

3y, y(0) = 1.

ẍ + x = u, x(0) = 0, ẋ(0) = 1.

C(u) =
∫ +∞

0
(x(t)2 + ẋ(t)2 + u(t)2)dt.

E =
(
−α

√
2 1 −

√
2

1 −
√

2 −α

)
.

α =
√

2
√

2 − 1

x(t) =
2
β

e−
α
2 t sin

β

2
t,

β =
√

2
√

2 + 1

ẋ = y, ẏ = u, C(u) =
∫ +∞

0
x(t)2 + y(t)2 + u(t)2 dt,

E =
(
−
√

3 −1
−1 −

√
3

)
.

ẋ = y + u1, ẏ = u2, min
∫ +∞

0
x(t)2 + y(t)2 + u1(t)2 + u2(t)2 dt.

ẋ = −x + u∫∞
0 (x(t)2 + αu(t)2)dt α > 0 α → +∞
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M
V n

ẋ(t) = f(t, x(t), u(t)), x(t0) = x0,

f C1 I ×V ×U n I
V n U m (t0, x0) ∈ I × V

u(·) L∞
loc(I, m)

u
xu(t) J ⊂ I

t0 = 0
u ∈ L∞

loc(I, m) xu(·)
[0, te(u)[ te(u) ∈ + ∪ {+∞}

te(u) < +∞ te(u)
T > 0 T ∈ I UT

[0, T ]
[0, T ] T < te(u)

f0 C1 I×V ×U g
V u ∈ UT

xu(·) [0, T ]

C(T, u) =
∫ T

0
f0(t, xu(t), u(t))dt + g(T, xu(T )).

M0 M1 V
xu(·)

ẋu(t) = f(t, xu(t), u(t)),

xu(0) ∈ M0 xu(T ) ∈ M1 C(T, u)
T





x1 ∈ n T u [0, T ]
xu u

xu(0) = x0 , xu(T ) = x1.

T > 0 T
x0

ET : U −→ n

u *−→ xu(T )

U u
[0, T ]

T u
u



ET

f Cp p " 1
U ⊂ L∞([0, T ], m) ET

[0, T ] U
L∞([0, T ], m) ET Cp L∞

ET u ∈ U
u

t ∈ [0, T ]

A(t) =
∂f

∂x
(t, xu(t), u(t)) , B(t) =

∂f

∂u
(t, xu(t), u(t)).

ẏv(t) = A(t)yv(t) + B(t)v(t)
yv(0) = 0

xu

ET u dET (u) v ∈
L∞([0, T ], m)

dET (u).v = yv(T ) = M(T )
∫ T

0
M−1(s)B(s)v(s)ds

M
Ṁ = AM,M(0) =

U
u(·) x(., x0, u) [0, T ]

L∞ ET Cp u(·)

v(·) x(·) + δx(·)
u(·) + v(·) t = 0 x0

d

dt
(x + δx)(t) = f(t, x(t) + δx(t), u(t) + v(t))

= f(t, x(t), u(t)) +
∂f

∂x
(t, x(t), u(t))δx(t) +

∂f

∂u
(t, x(t), u(t))v(t)

+
∂2f

∂x∂u
(t, x(t), u(t))(δx(t), v(t)) + · · ·



ẋ(t) = f(t, x(t), u(t))

d

dt
(δx)(t) =

∂f

∂x
(t, x(t), u(t))δx(t) +

∂f

∂u
(t, x(t), u(t))v(t) + · · ·

δx = δ1x + δ2x + . . . δ1x v δ2x

d

dt
(δ1x)(t) =

∂f

∂x
(t, x(t), u(t))δ1x(t)+

∂f

∂u
(t, x(t), u(t))v(t) = A(t)δ1x(t)+B(t)v(t).

x(0) + δx(0) = x0 = x(0) δx(0) = 0
δ1x(0) = 0

δ1x(T ) = M(T )
∫ T

0
M−1(s)B(s)v(s)ds

M
d

dt
(δ1x)(t) =

∂f

∂x
(t, x(t), u(t))δ1x(t)

Ṁ(t) = A(t)M(t) A(t) =
∂f

∂x
(t, x(t), u(t)) M(0) = In

δ1x(T ) v(·) L∞

u(·) ET

ET L∞([0, T ], m)

ẋ = x2 + u, x(0) = 0 u = 1
t = π

2 [0, T ] T " π
2

ẋ(t) = f0(x(t)) +
m∑

i=1

ui(t)fi(x(t)),

fi
n

U
ET U L2([0, T ], m)

ET L2

L2



T u

T
Acc(x0, T ) T

x0 t = 0
T

ẋ = f(t, x, u), x(0) = x0,

f C1 1+n+m u
U Ω ⊂ m

b
b [0, T ]

∃b > 0 | ∀u ∈ U ∀t ∈ [0, T ] ‖xu(t)‖ ! b,

(t, x)

V (t, x) = {f(t, x, u) | u ∈ Ω}

Acc(x0, t) t [0, T ]

Ω V (t, x)
Acc(x0, t)

(xn) Acc(x0, t)
n un x0 xn t xn(·)

xn = xn(t) = x0 +
∫ t

0
f(s, xn(s), un(s))ds.

n s ∈ [0, t]

gn(s) = f(s, xn(s), un(s)).

(gn(·))n∈ L∞([0, t], n)
g(s)

L∞([0, t], n) τ ∈ [0, t]

x(τ) = x0 +
∫ τ

0
g(s)ds,



x(·) [0, t]
s ∈ [0, t]

lim
n→+∞

xn(s) = x(s),

(xn(·))n∈ x(·)
x(·) u Ω

s ∈ [0, t] g(s) = f(s, x(s), u(s))
n s ∈ [0, t]

hn(s) = f(s, x(s), un(s)),

V = {h(·) ∈ L∞([0, t], n) | h(s) ∈ V (s, x(s)) s ∈ [0, t]},

hn ∈ V n (t, x) V (t, x)
V L∞([0, t], n)

L∞([0, t], n)
(gn) (hn) L∞

h
V

g = h
ϕ ∈ L1([0, t], )

∫ t

0
ϕ(s)gn(s)ds =

∫ t

0
ϕ(s)hn(s)ds +

∫ t

0
ϕ(s) (gn(s) − hn(s)) ds.

f x
[0, T ] × B̄(0, b) × Ω

C > 0 s ∈ [0, t]

‖gn(s) − hn(s)‖ ! C‖xn(s) − x(s)‖.

(xn) x(·)

∫ t

0
ϕ(s) (gn(s) − hn(s)) ds →

n→+∞
0.

∫ t

0
ϕ(s)g(s)ds =

∫ t

0
ϕ(s)h(s)ds,

ϕ ∈ L1([0, t], ) g = h
[0, t]

g ∈ V s ∈ [0, t] u(s) ∈ Ω

g(s) = f(s, x(s), u(s)).



u(·) [0, T ]

x(·) [0, t] u
Ω x(t) xn Acc(x0, t)

t
t1, t2 0 < t1 < t2 ! T x2 Acc(x0, t2)

u Ω x(·)

x2 = x(t2) = x0 +
∫ t2

0
f(t, x(t), u(t))dt.

x1 = x(t1) = x0 +
∫ t1

0
f(t, x(t), u(t))dt

Acc(x0, t1) f

‖x2 − x1‖ ! C|t2 − t1|.

ẋ = x2 + u, x(0) = 0 |u| ! 1
T = π

2 u c
0 < c < 1 xc(t) =

√
c tan

√
ct

[0, T ] c 1 xc(T ) +∞

[−1, 1] u(t) ∈ [−1, 1[

x0
n =
⋃

T!0

Acc(x0, T ).

T n = Acc(x0, T )



f(x0, u0) = 0
A = ∂f

∂x (x0, u0) B = ∂f
∂u (x0, u0)
(
B|AB| · · · |An−1B

)
= n.

x0

M

m

θ

ζ2

l

ξ ξ2

m M u(t)

Ec =
1
2
M ξ̇2 +

1
2
m(ξ̇2

2 + ζ̇2
2 ), Ep = mgζ2.

ζ2 = l cos θ ξ2 = ξ + l sin θ

L = Ec − Ep =
1
2
(M + m)ξ̇2 + mlξ̇θ̇ cos θ +

1
2
ml2θ̇2 − mgl cos θ.

d

dt

∂L

∂ẋ
=

∂L

∂x
+ Fext,

{
(M + m)ξ̈ + mlθ̈ cos θ − mlθ̇2 sin θ = u,

mlξ̈ cos θ + ml2θ̈ − mgl sin θ = 0,






ξ̈ =
mlθ̇2 sin θ − mg cos θ sin θ + u

M + m sin2 θ
,

θ̈ =
−mlθ̇2 sin θ cos θ + (M + m)g sin θ − u cos θ

M + m sin2 θ
.



(ξ = ξc, ξ̇ =
0, θ = 0, θ̇ = 0)

A =





0 1 0 0
0 0 −mg

M 0
0 0 0 1
0 0 (M+m)g

lM 0



 , B =





0
1
M
0

− 1
lM



 .

n

ẋ =
m∑

i=1

uifi(x) , x(0) = x0.

fi

n

m = 2
n = 3 rg(f1, f2, [f1, f2])(x) = 3 ∀x ∈ n λ ∈

ϕλ : (t1, t2, t3) *−→ (expλf1 exp t3f2 exp − λf1)(exp t2f2)(exp t1f1)(x0).

ϕλ(0) = x0 λ 0= 0 ϕλ

0

ϕλ(t1, t2, t3) = exp(t1f1 + (t2 + t3)f2 + λt3[f1, f2] + . . .),

∂ϕλ

∂t1
(0) = f1(x0),

∂ϕλ

∂t2
(0) = f2(x0),

∂ϕλ

∂t3
(0) = f2(x0) + λ[f1, f2](x0) + (λ).

f1, f2, [f1, f2]
ϕλ 3 0



u [0, T ]
xu x(0) = x0 [0, T ] u

xu [0, T ] dET (u)
u

x0 T u
ET u

n vi dET (u).vi = ei

(e1, . . . , en) n

(λ1, . . . ,λn) ∈ n *−→ ET (u +
n∑

i=1

λivi).

x1 T x0

x(·) Acc(x0, T )
x1

x1

x(·)
u [0, T ]

u [0, T ]
xu x(0) = x0 [0, T ] T

x(T ) ∈ ∂Acc(x0, T ).

u [0, T ]

ẋ = u3 u = 0

ẋ(t) = f(t, x(t), u(t)),

f C1 1+n+m n



H : × n × ( n \ {0}) × m −→
(t, x, p, u) *−→ H(t, x, p, u) = 〈p, f(t, x, u)〉

〈 , 〉 n

p

H(t, x, p, u) = pf(t, x, u).

u [0, T ]
x(·)

p : [0, T ] −→ n \ {0}
t ∈ [0, T ]

ẋ(t) =
∂H

∂p
(t, x(t), p(t), u(t)),

ṗ(t) = −∂H

∂x
(t, x(t), p(t), u(t)),

∂H

∂u
(t, x(t), p(t), u(t)) = 0,

H

(x, u) [0, T ] dET (u)
ψ ∈ n \ {0}

v L∞

ψ.dET (u).v = ψ

∫ T

0
M(T )M−1(s)B(s)v(s)ds = 0

ψM(T )M−1(s)B(s) = 0 .

p(t) = ψM(T )M−1(t) t ∈ [0, T ]
n \ {0} p(T ) = ψ

ṗ(t) = −p(t)
∂f

∂x
(t, x(t), u(t)).

H(t, x, p, u) = pf(t, x, u)

f(t, x(t), u(t)) =
∂H

∂p
(t, x(t), p(t), u(t)),



−p(t)
∂f

∂x
(t, x(t), u(t)) = −∂H

∂x
(t, x(t), p(t), u(t)).

p(t)B(t) = 0 B(t) =
∂f

∂u
(t, x(t), u(t))

u
[0, T ] u [0, t] t ∈]0, T ]

p(t) dEt(u)
dEt(u) n

v ∈ L∞([0, t], m)

p(t)dEt(u).v = p(t)M(t)
∫ t

0
M(s)−1B(s)v(s)ds,

p(t) = ψM(T )M(t)−1 v(s) 0 ]t, T ]

p(t)dEt(u).v = ψM(T )
∫ T

0
M(s)−1B(s)v(s)ds = ψdET (u).v = 0.

(t0, x0, p0, u0)

Σ =
{

(t, x, p, u) ∈ × n × n \ {0}× m | ∂H

∂u
(t, x, p, u) = 0

}
.

(
∂2H

∂ui∂uj

)

i,j

(t, x, p) (t0, x0, p0)

ẋ = y + u, ẏ = −x + u2.

t

ẋ = f0(x) + uf1(x).
hi(x, p) = 〈p, fi(x)〉, i =

0, 1 z(t) = (x(t), p(t))

{{h1, h0}, h0}(z(t)) + u(t){{h1, h0}, h1}(z(t)) = 0,

{ , }
{{h1, h0}, h1}(z(t))





x0

x1 C(T, u)

L2

ẋ(t) = f(t, x(t), u(t)),

f C1 1+n+m n u
Ω ⊂ m

c1(x) ! 0, . . . , cr(x) ! 0,

c1, . . . cr
n M0 M1

n M1 M0 U
Ω M0 M1 f0 C1

1+n+m g n

C(u) =
∫ t(u)

0
f0(t, x(t), u(t))dt + g(t(u), x(t(u))),



t(u) " 0 x(t(u)) ∈ M1

b
u ∈ U b [0, t(u)]

∃b > 0 | ∀u ∈ U ∀t ∈ [0, t(u)] ‖xu(t)‖ ! b,

(t, x) ∈ 1+n

Ṽ (t, x) = {(f0(t, x, u), f(t, x, u)) | u ∈ Ω}

u [0, t(u)]
M0 M1 t(u)

t(u) = T M1

M0 T

ẋ(t) = f(t, x(t), u(t)),

ẋ0(t) = f0(t, x(t), u(t)),

(xn(·), un(·))

M0 M1 t
Ω

n

ẋ = f0(x) +
m∑

i=1

uifi(x) , x(0) = x0, x(T ) = x1,

CT (u) =
∫ T

0

m∑

i=1

u2
i (t)dt,

T > 0 U
L2([0, T ], m)

∀u ∈ U xu [0, T ]
∃BT | ∀u ∈ U ∀t ∈ [0, T ] ||xu(t)|| ! BT



x1 x0 T
x0 x1

(u(n)
i (t))n∈ x0

x1

x0 x1 x(n) u(n)

x(n)(t) = x0 +
∫ T

0

(
f0(x(n)(t)) +

m∑

i=1

u(n)
i (t)fi(x(n)(t))

)
dt.

u(n)
i L2([0, T ], m)

∃(nk)k∈ | u(nk)
i ⇀

k→+∞
vi ∈ L2([0, T ], m).

ẋ(nk) L2([0, T ], n)
x(nk) H1([0, T ], n)

∃(nkp)p∈ | x(nkp ) H1

⇀ x ∈ H1([0, T ], n)

H1 ↪→ C0 x(nkp ) −−−−−−−−−→ x [0, T ]

x(t) = x0 +
∫ t

0

(
f0(x(t)) +

m∑

i=1

vi(t)fi(x(t))

)
dt

x(T ) = x1





ẋ(t) = f(t, x(t), u(t)),

u(·) ∈ U [0, T ]
x(0) = x0 x(T ) = x1

C(u) =
∫ T

0
f0(t, x(t), u(t))dt,

T

ẋ(t) = f(t, x(t), u(t)),

ẋ0(t) = f0(t, x(t), u(t)),



x̃ = (x, x0) f̃ = (f, f0)
x̃0 = (x0, 0) x̃1 = (x1, x0(T ))

x0(T )
x̃0

Ãcc(x̃0, T ) =
⋃

u(·)
x̃(T, x̃0, u)

u
[0, T ]

x̃
x̃0 = (x0, 0) u

x̃(T ) Ãcc(x̃0, T )
x̃(T ) = (x1, x0(T ))

Ãcc(x̃0, T ) ỹ(T )
y0(T ) < x0(T ) u

u
[0, T ]

x

x0

x1

x0(T )

Ãcc(x̃0, T )

p̃ : [0, T ] −→ n+1 \ {0} (x̃, p̃, ũ)

˙̃x(t) =
∂H̃

∂p̃
(t, x̃(t), p̃(t), u(t)), ˙̃p(t) = −∂H̃

∂x̃
(t, x̃(t), p̃(t), u(t)),

∂H̃

∂u
(t, x̃(t), p̃(t), u(t)) = 0

H̃(t, x̃, p̃, u) = 〈p̃, f̃(t, x̃, u)〉



p̃ = (p, p0) ∈ ( n × ) \ {0} p0

(ṗ, ṗ0) = −(p, p0)





∂f

∂x
0

∂f0

∂x
0




,

ṗ0(t) = 0 p0(t) [0, T ]
p̃(t) p0 ! 0

H̃ = 〈p̃, f̃(t, x, u)〉 = pf + p0f

∂H̃

∂u
= 0 = p

∂f

∂u
+ p0 ∂f0

∂u
.

u

p(·) [0, T ] n

p0 ! 0 (p(·), p0)
t ∈ [0, T ]

ẋ(t) =
∂H

∂p
(t, x(t), p(t), p0, u(t)),

ṗ(t) = −∂H

∂x
(t, x(t), p(t), p0, u(t)),

∂H

∂u
(t, x(t), p(t), p0, u(t)) = 0,

H

H(t, x, p, p0, u) = 〈p, f(t, x, u)〉 + p0f0(t, x, u).

C(t, u) =
∫ t

0
f0(s, xu(s), u(s))ds + g(t, xu(t)),

t M1
n

ẋ(t) = f(t, x(t), u(t)), x(0) = x0,

u(·) U [0, te(u)[
x(T ) ∈ M1 x(·) [0, T ]



M1

M1 = {x ∈ n | F (x) = 0},

F C1 n p F = (F1, . . . , Fp)
Fi

M1 = {x ∈ n | F1(x) = · · · = Fp(x) = 0},

M1 x ∈ M1

TxM1 = {v ∈ n | ∇Fi(x).v = 0, i = 1, . . . , p}.

h(t, u) = (F ◦ E(t, u), C(t, u)).

h
u u

t
∂E

∂t
(t, u) = f(t, x(t), u(t)).

h

u [0, T ] h
(T, u)

dh(T, u)
ψ̃1 = (ψ1,ψ0) ∈ n ×

p+1 dh(T, u)
ψ̃1dh(T, u) = 0.

(T, u)

ψ1
∂

∂t
F ◦ E + ψ0 ∂C

∂t
= 0,

ψ1
∂

∂u
F ◦ E + ψ0 ∂C

∂u
= 0.

C0(t, u) =
∫ t

0
f0(s, xu(s), u(s))ds,

C(t, u) = C0(t, u) + g(t, xu(t)) = C0(t, u) + g(t, E(t, u)).



∂C0
∂t = f0 ∂E

∂t = f

∂C

∂t
= f0 +

∂g

∂t
+

∂g

∂x
f,

∂C

∂u
=

∂C0

∂u
+

∂g

∂x

∂E

∂u
,

(T, u)

ψf + ψ0(f0 +
∂g

∂t
) = 0,

ψ
∂E

∂u
+ ψ0 ∂C0

∂u
= 0,

(T, u)

ψ = ψ1.∇F + ψ0 ∂g

∂x
.

ψ1 = (λ1, . . . ,λp) ψ1.∇F =
∑p

i=1 λi∇Fi

T

CT (u) =
∫ T

0
f0(s, xu(s), u(s))ds + g(xu(T )).

T

hT (u) = (F ◦ ET (u), CT (u)),

u
[0, T ] ẋ = f(t, x, u) C0(u)

u [0, T ] p : [0, T ] →
n \ {0} p0 ! 0 (p(·), p0)

ẋ(t) =
∂H

∂p
(t, x(t), p(t), p0, u(t)), ṗ(t) = −∂H

∂x
(t, x(t), p(t), p0, u(t)),



∂H

∂u
(t, x(t), p(t), p0, u(t)) = 0,

H(t, x, p, p0, u) = 〈p, f(t, x, u)〉 + p0f0(t, x, u)
M1

n

λ1, . . . ,λp (T, x1)

p(T ) =
p∑

i=1

λi∇Fi + p0 ∂g

∂x
.

u T T

H(T, x(T ), p(T ), p0, u(T )) = −p0 ∂g

∂t
(T, x(T )).

n

ẋ(t) = f(t, x(t), u(t)),

f : × n × m −→ n C1

[0, te(u)[ +

Ω ⊂ m M0 M1
n

U u
M0 M1 t(u) < te(u)

u [0, t]

C(t, u) =
∫ t

0
f0(s, x(s), u(s))ds + g(t, x(t)),

f0 : × n × m −→ g : × n → C1 x(·)
u

M0 M1

u ∈ U x(·) [0, T ]
p(·) : [0, T ] −→ n



p0 ! 0 (p(·), p0)
t ∈ [0, T ]

ẋ(t) =
∂H

∂p
(t, x(t), p(t), p0, u(t)),

ṗ(t) = −∂H

∂x
(t, x(t), p(t), p0, u(t)),

H(t, x, p, p0, u) = 〈p, f(t, x, u)〉+p0f0(t, x, u)
[0, T ]

H(t, x(t), p(t), p0, u(t)) = max
v∈Ω

H(t, x(t), p(t), p0, v).

M1

T

max
v∈Ω

H(T, x(T ), p(T ), p0, v) = −p0 ∂g

∂t
(T, x(T )).

M0 M1
n x(0) ∈ M0 x(T ) ∈ M1

p(0) ⊥ Tx(0)M0

p(T ) − p0 ∂g

∂x
(T, x(T )) ⊥ Tx(T )M1.

u T

H(T, x(T ), p(T ), p0, u(T )) = −p0 ∂g

∂t
(T, x(T )).

M1

M1 = {x ∈ n | F1(x) = · · · = Fp(x) = 0},

Fi C1 n

∃λ1, . . . ,λp ∈ | p(T ) =
p∑

i=1

λi∇Fi(x(T )) + p0 ∂g

∂x
(T, x(T )).

t ∈ [0, T ]

d

dt
H(t, x(t), p(t), p0, u(t)) =

∂H

∂t
(t, x(t), p(t), p0, u(t)).



f f0

t H t

∀t ∈ [0, T ] max
v∈Ω

H(x(t), p(t), p0, v) = .

[0, T ]
t

p0 ! 0
p0 " 0

Ω = m

∂H
∂u = 0

(x(·), p(·), p0, u(·)) p0 = 0
p0 0= 0

Ω = m

x(·) u(·)

(x(·), p(·), 0, u(·))

p0 = 0

Ω = m

f0 = 1
g = 0 f0 = 0 g(t, x) = t



C(t, u) =
∫ t

0
f0(s, x(s), u(s))ds,

g = 0

p(0) ⊥ Tx(0)M0, p(T ) ⊥ Tx(T )M1.

M0 = {x0}
M0 = n

p(0) = 0
M1 = n p(T ) = 0

C(t, u) = g(t, x(t)),

f0 = 0

M1 = n

x(T )

p(T ) = p0 ∂g

∂x
(T, x(T )).

g p(T ) =
p0∇g(x(T ))

p0 g

g t

max
v∈Ω

H(T, x(T ), p(T ), p0, v) = 0,



u T

H(T, x(T ), p(T ), p0, u(T )) = 0.

f
f0 t

∀t ∈ [0, T ] max
v∈Ω

H(x(t), p(t), p0, v) = 0.

ẋ(t) = f(t, x(t), u(t)),

C(T, u) =
∫ T

0
f0(t, x(t), u(t))dt,

(x(0), x(T )) ∈ M,

M n × n

(−p(0), p(T )) ⊥ T(x(0),x(T ))M.

x(0) = x(T )

M = {(x, x) | x ∈ n},

p(0) = p(T ).



ci(x) ! 0
i = 1, . . . , p ci : n → C1

p(·)

p(t) = p(T ) +
∫ T

t

∂H

∂x
dt −

p∑

i=1

∫ T

t

∂ci

∂x
dµi,

µi

{t ∈ [0, T ] | ci(x(t)) = 0}

C ⊂ n

g n C
C(t, u)

λ
∫ T
0 g(x(t))dt λ > 0

C x(t) C
λ

(E, d) C
E f k E x ∈ E g(x) =
d(x,C) f C
x0 ∈ C

f(x0) = min
x∈C

f(x).



λ " k

f(x0) + λg(x0) = min
x∈C

f(x) + λg(x),

x0 f + λg C
λ >k C

y ∈ E
ε > 0 f(y) + λd(y, C) < f(x0) − λε z ∈ E d(y, z) !
d(y, C) + ε

f(z) ! f(y) + kd(y, z) ! f(y) + λd(y, C) + λε < f(x0),

λ >k C x0 ∈ C
f + λg C ε > 0 z ∈ C

d(x0, z) < d(x0, C) + ε/λ

f(z) ! f(x0) + kd(x0, z)

! f(x0) + kd(x0, C) +
k

λ
ε

< f(x0) + λd(x0, C) − (λ− k)d(x0, C) + ε

< f(z) − (λ− k)d(x0, C) + ε

(λ − k)d(x0, C) < ε ε > 0
d(x0, C) = 0 x0 ∈ C C
z ∈ C f(z) " f(x0)

{
ẋ(t) = y(t),

ẏ(t) = −x(t) − 2x(t)3 + u(t),

u(t)
|u(t)| ! 1
(x0, y0 = ẋ0) (0, 0) t∗

H(x, p, u) = pxy + py(−x − 2x3 + u),



(x, p, u)

ṗx = −∂H

∂x
= py(1 + 6x2), ṗy = −∂H

∂y
= −px.

(px, py) py

px = −ṗy = 0

pyu = max
|v|"1

pyv.

py

u(t) = py(t).

±1

t∗

u(t) = (py(t)) py

{
p̈y(t) + py(t) (1 + 6x(t)2) = 0,

py(t∗) = cosα, ṗy(t∗) = − sinα,

α ∈ [0, 2π[
t *→ −t






ẋ(t) = −y(t)

ẏ(t) = x(t) + 2x(t)3 − (py(t))
ṗy(t) = px(t)

ṗx(t) = −py(t)(1 + 6x(t)2)

x(0) = y(0) = 0, x(t∗) = x0, y(t∗) = y0, py(0) = cosα, px(0) = sinα,

α ∈ [0, 2π[

x0 = 0 ẋ0 = 6

(x, y) α = 1
α = 2.5 t ∈ [0, 10]



–6

–4

–2

2

4

6

8

y(t)

–2 –1 1 2x(t)

T = 10 N = 100 h = T/N tn = nh, n = 0 . . . N
α = 1 α = 2.5

k

x(tk)x(tk+1) ! 0 |y(tk+1) − 6| < 0.5.

tk tk+1



t x(t) = 0 |y(t)− 6| < 0.5

t tk tk+1 x(t) eps
|x(t)| < eps

α α = 1 α = 2.5 α

∃t∗ | x(t∗) = 0, y(t∗) = 6,

eps |x(t∗)| < eps, |y(t∗) − 6| < eps
α

| y(α, temps(α, eps) ) − 6 | < eps

(
x(α, ·), y(α, ·), z(α, ·), w(α, ·)

)

|x(α, temps(α, eps))| < eps



α eps = 0.01

(0, 6)
(0, 0) 8.7375 s

u(t) = (y(t) − 0.1)/1.33.

(0, 6) t = 10.92
(0, 0) (0, 6)



–4

–2

0

2

4

6

y(t)

–2 –1 1 2x(t)

ẋ(t) = u(t), ẏ(t) = u(t)2,

x(t) y(t)
u(t) |u(t)| ! 1

(x1, y1)

H = pxu + pyu + p0 px py

p0

pxu + pyu2 −1 ! u ! 1 px

py u {−1, 1,− px

2py
}

(x1, x2)
0 < x2 < x1

x2 = |x1| 1
−1

x2 > x1

±1
tf = x2

c(y)

ẋ(t) = v cos u(t) + c(y(t)), x(0) = 0,
ẏ(t) = v sin u(t), y(0) = 0,

v u(t) (0x)



y c(y) > v
x(tf )

M

H = px(v cos u + c(y)) + pyv sinu.

px = −1 H(tf ) = 0

u =
(
− v

c(y)

)
.

px = 0 H(tf ) = 0 u = π
2

px = H(tf ) = 0

u =
pxv

1 − pxc(y)
,

px M

x0

t
u(t) ∈ [0, 1] u(t)f(t) f(·)

γt2f
γ > 0

ẋ = −u, x(0) = x0, x(tf ) = 0,

C(tf , u) =
∫ tf

0
u(t)f(t)dt + γt2f .

p0 = −1 f0 = uf g = γt2

H = −pu − fu

ṗ = 0 p(t) =

H(tf ) = −p0 ∂g

∂t
= 2γtf ,

−u(tf )(p + f(tf )) = 2γtf .



u(t) p + f(t)
0 1 tf

u(tf ) = 1 u γt2f
p = −2γtf − f(tf )

u(t) =

{
0 f(t) > −p,

1 f(t) < −p.

C(tf , u) =
∫ tf

0
(u(t)f(t) + 2γt)dt.

h1

ḣ(t) = u(t) − t, h(0) = 0,
u(t) ∫ tf

0 u(t)2dt tf

u(t) = 2
√

2h1
3

m

ẋ1 = x3, ẋ2 = x4, ẋ3 = α cos u, ẋ4 = α sinu,

u(t) ∈ tf + g(x(tf ))
g C1

tanu(t) =
c1 + c2t

c3 + c4t
,

c1, c2, c3, c4 ∈
tan u = p3c

p4c ṗ3 = −p1 ṗ4 = −p2

p1, p2

r(t) 0 ! t ! T
τ u(t) [0, T ]

∫ T

0
lnu(t)e−atdt.

x(t)

ẋ(t) = r(t) + τx(t) − u(t),

x(T ) > 0
T



CT (u) =
n∑

i=1

cixi(T ).

x(T ) > 0 x(T ) " 0 x(T ) = 0

x(T ) > 0 p(T ) = 0 ṗ = −pr
p(t) = 0 H = p0 lnu e−at

H
x(T ) = 0 p(T )

p0 = 1 u(t) = e−(a+r)t

p(0)

p(0) x(t)
x(T ) = 0

x(t)

ẋ(t) = 0.08x(t)(1 − 10−6x(t)) − u(t), x(0) = x0,

u(t)

∫ T

0
e−0.03t lnu(t) dt,

x(T ) > 0

r(t)

ṙ(t) = −2r(t) +
3
2
u(t), r(0) = r0,

u(t) t
0 ! u(t) ! a T > 1

2 ln 3

−r(T ) +
∫ T

0
(u(t) − r(t))dt.

u
ϕ = 3

2p− 1 ṗ = 2p− 1 p(T ) = 1
ϕ(t) tc = T − 1

2 ln 3
u = 0 [0, tc[ u = a ]tc, T ]



t w(t) q(t)
u(t)

ẇ(t) = au(t)w(t) − bw(t), q̇(t) = c(1 − u(t))w(t), 0 ! u(t) ! 1,

a, b, c a > b u(t)
T

H = p1(auw − bw) + p2c(1 − u)w

ṗ1 = −p1(au − b) − p2c(1 − u), ṗ2 = 0.

p1(T ) = 0 p2(T ) = 1
p2(t) = = 1

w > 0

u(t) =

{
0 p1(t)a − p2c < 0,

1 p1(t)a − p2c > 0.

T u(T ) = 0 p1(T )a − p2(T )c =
−c < 0
u [t1, T ] ṗ1 =
p1b − c

p1(t) =
c

b
(1 − eb(t−T )),

p1

t1 p1(t1)a − c = 0

t1 = T − 1
b

ln(1 − c +
ac

b
).

t < t1 ṗ1 = −p1(a−b) < 0 p1

u(t) = 1 [0, t1] u(t) =
0

ẋ1 = −ux1 + u2x2, x1(0) = 1,

ẋ2 = ux1 − 3u2x2, x2(0) = 0,

x1, x2 u(t)
0 < u(t) ! 1

x2(1)



H = p1(−ux1+u2x2)+p2(ux1−
3u2x2)

ṗ1 = (p1 − p2)u, ṗ2 = (−p1 + 3p2)u2, p1(1) = 0, p2(1) = 1.

]0, 1] ϕ = (p1 − p1)x1u + (p1 −
3p2)x2u2

x2(t)
t > 0

us =
(p1 − p2)x1

2(p1 − 3p2)x2
,

ṗ1 =
(p1 − p2)2x1

2(p1 − 3p2)x2
, ṗ2 =

(p1 − p2)2x2
1

4(p1 − 3p2)x2
2

.

p1(0) 0= p2(0) us(t) ∼ +∞
t > 0

u = +1
u = us

I(t)
S(t)
R(t)

r > 0 γ > 0 u(t)
u(t) 0 ! u(t) ! a

Ṡ(t) = −rS(t)I(t) − u(t),

İ(t) = rS(t)I(t) − γI(t),

Ṙ(t) = γI(t),

T

C(u) = I(T ) +
∫ T

0
u(t)dt.

u = 0

H = pS(−rSI−u)+pI(rSI−γI)+
pRγI + p0u

ṗS = pSrI − pIrI, ṗI = pSrS − pI(rS − γ) − pRγ, ṗR = 0.



pS ≡ 0 ⇒ pI ≡ 0 ⇒ pR ≡ 0

ϕ(t) = −pS(t) − 1
pS(T ) = 0 ϕ(T ) < 0

u = 0
3

ẋ1 = x2, ẋ2 = x3, ẋ3 = u,

u(t) ∈
(0, 0, 5) S2 3 C(u) =

∫ 1
0 u(t)2dt

p(1) ⊥ Tx(1)S
2

ẋ(t) = −x(t) + u(t)(1 − x(t)), x(0) = x0,

ẏ(t) = x(t) − u(t)y(t), y(0) = y0,

x(t) y(t)
u(t) 0 ! u(t) ! M

0 < x0 < 1, y0 > 0.

y(tf ) = y1

u = M u = 0 u = 0

H = px(−x + u(1 − x)) + py(x −
uy) + p0

ṗx = px(1 + u) − py, ṗy = upy.

ϕ = px(1 − x) − pyy
u(t) = 0 ϕ(t) < 0 u(t) = M ϕ(t) > 0

t = tf px(tf ) = 0 py(tf ) > 0
(x, y)

tf
px(1−x)−pyy ≡ 0

px ≡ py px(tf ) 0= py(tf )

ϕ(tf ) < 0 u = 0
[tf−ε, tf ]

ϕ(t) = −py(tf )(1 − e−t+tf + yfe−t+tf )et−tf .

ϕ(0)



ẋ(t) = v(t), v̇(t) =
u(t)

mv(t)
− µg − c

m
v(t)2,

x(t) v(t)
u(t) m µ, c

0 < a ! u(t) ! b,

x(0) =
x0, v(0) = v0 x(tf ) = xf , v(tf ) = vf

C(u) =
∫ tf

0 u(t)dt tf

ḣ(t) = v(t), h(0) = 0,

v̇(t) =
u(t)
m(t)

− g, v(0) = 0,

ṁ(t) = −bu(t), m(0) = m0,

h(t) v(t) m(t) g
b > 0 u(t)

0 ! u(t) ! umax

m1 m(t) m1 ! m(t) !
m0 umax > gm0

u = umax

u = 0

px(tf ) =
1 pv(tf ) = 0 H(tf ) = 0

ϕ(t) = tf−t
m(t) − bpm(t)

v̇ > 0 u > mg
umax > gm0 u > 0

ϕ > 0 ϕ ≡ 0 ϕ′(t) ϕ′(t) < 0
ϕ ≡ 0

u = umax u = 0



ṙ(t) = v(t),

v̇(t) =
θ(t)2

r(t)
− 1

r(t)2
+ u1(t)

c

m(t)
sinu2(t),

θ̇(t) = −v(t)θ(t)
r(t)

+ u1(t)
c

m(t)
cos u2(t),

ṁ(t) = −u1(t),

r(t) v(t)
θ(t) m(t)

u1(t) u2(t) u1

0 ! u1 ! β

r(0) = 1, r(tf ) = rf ,

v(0) = 0, v(tf ) = 0,

θ(0) = 1, θ(tf ) =
1

√
rf

,

m(0) = 1.

m(tf )

t x(t) = (x1(t), x2(t)) v(t) = (v1(t), v2(t))
m(t) θ(t) u(t)

g

ẋ1 = v1

ẋ2 = v2

v̇1 =
c

m
u cos θ

v̇2 =
c

m
u sin θ − g

ṁ = −u

c > 0 θ(t) u(t)

θ ∈ 0 ! u ! A.

x1(0) = x0
1, x2(0) = x0

2, v1(0) = v0
1 , v2(0) = v0

2 , m(0) = m0.



m1 m(t)

m1 ! m(t) ! m0.

x2(tf ) = x1
2, m(tf ) = m1,

tf

x1(tf ).

px1 , px2 , pv1 , pv2 , pm p0

λ = px2(tf )

px1(t), px2(t), pv1(t) pv2(t) λ p0

p0 = 0 λ = 0
θ(t)

θ0 λ p0

ϕ [0, tf ]

ϕ(t) =
c

m(t)
√

(p0)2 + λ2(tf − t) − pm(t).

ϕ
[0, tf ] ϕ

u(t) [0, tf ]
A 0

Atf > m0 − m1.

u

tc =
m0 − m1

A
,

A 0 tc m(tc) =
m1

θ0 = − arctan
v1(tf )
v2(tf )

.



v2(tf )2 = v2(tc)2 − 2g(x1
2 − x2(tc)) ,

tan2 θ0 =
v1(tc)2

v2(tc)2 − 2g(x1
2 − x2(tc))

.

v1(tc) = v0
1 + c cos θ0 ln

m0

m1
,

v2(tc) = v0
2 + c sin θ0 ln

m0

m1
− gtc,

x2(tc) = x0
2 + v0

2tc −
g

2
t2c − c sin θ0

(
tc ln

m1

m0
− tc −

m0

A
ln

m1

m0

)
.

θ0

x0
2, v

0
1 , v0

2 ,m0,m1, A, c, g

θ u

m F

q̈ = −µ
q

‖q‖3
+

F

m
,

q
µ

F = 0
‖F‖ ! Fmax

ve

ṁ = −F

ve
,



(q, q̇)

(p, ex, ey, L)
p (ex, ey) L

ṗ =
2
W

√
p3

µ

Tmax

m
uor

ėx =
√

p

µ

(
ex + cos L

W
+ cos L

)
Tmax

m
uor +

√
p

µ
sinL

Tmax

m
ur

ėy =
√

p

µ

(
ey + sin L

W
+ sinL

)
Tmax

m
uor −

√
p

µ
cos L

Tmax

m
ur

L̇ =
W 2

p

√
µ

p

ṁ = −δTmax|u|

W = 1 + ex cos L + ey sinL |u| =
√

u2
or + u2

o Tmax

u2
r + u2

or ! 1,
p(0) = 11625 ex(0) = 0.75 ey(0) = 0 L(0) = π

p(tf ) = 42165 ex(tf ) = 0 ey(tf ) = 0

p p̄ =
p

p(tf )
α =

√
µ

pf

ε =
√

pf

µ
Tmax

q̇ = F0(q) + urFr(q) + uorFor(q),
ṁ = −δTmax|u|,

q = (p̄, ex, ey, l) F0 Fr For

F0 =





0
0
0

α
W 2

√
p̄3/2




, Fr =





0
ε

m

√
p̄ sin L

− ε

m

√
p̄ cos L

0




, For =





2
ε

m

√
p̄3

W
ε

m

√
p̄

(
ex + cos L

W
+ cos L

)

ε

m

√
p̄

(
ey + sin L

W
+ sin L

)

0







H = 〈λ, F0 + urFr(q) + uorFor(q)〉 − λmδTmax|u|,

λ,λm) = (λp̄,λex ,λey ,λl,λm)

u2
r + u2

or = 1
λm(t)

m(t) = m0 − δTmaxt

ur =
〈λ, Fr〉√

〈λ, Fr〉2 + 〈λ, For〉2
, uor =

〈λ, For〉√
〈λ, Fr〉2 + 〈λ, For〉2

.

λm

(λp̄(0),λex(0),λey (0),λL(0))

m0 = 1500 , δ = 0.05112 −1. , µ = 398600.47 3. −2,

Tmax

Tmax = 60, 24, 12, 9, 6, 3, 2, 1.4, 1, 0.7, 0.5, 0.3 .

Tmax = 0.3

|u| ! 1 − ε ε ε = 0.1





K = NS Ω
E = (e1, e2, e3) O
R1 = (I, J,K) O Ω
K I

R G
R′

1 = (er, el, eL) G = (r, l, L)
r " R OG l L

R2 = (i, j, k) G
ζ : t *→ (x(t), y(t), z(t)) G R1 %v

%v = ẋI + ẏJ + żK i %v = |v|i j
(i, er) i j.er > 0

k = i ∧ j
R′

1 = (er, el, eL)
γ

χ %v
eL

3 (r, l, L, v, γ,χ)



!

"

#
I

J

K

$% &

"L

er

eL el

G

"

'

(

%v

))

er

eL

el

γ < 0 χ < 0

%v

er R2

%P = −mg(i sin γ + j cos γ),

g = g0/r2

%F

%D = (
1
2
ρSCDv2)i,

%v

%L =
1
2
ρSCLv2(j cos µ + k sin µ),

µ ρ = ρ(r)
CD, CL



CD CL α

µ

ρ(r) = ρ0e
−βr,

g(r) =
g0

r2
.

2m
−→
Ω ∧ q̇ m

−→
Ω ∧ (

−→
Ω ∧ q)

dr

dt
= v sin γ

dv

dt
= −g sin γ − 1

2
ρ
SCD

m
v2 + Ω2r cos L(sin γ cos L − cos γ sinL cosχ)

dγ

dt
= cos γ(−g

v
+

v

r
) +

1
2
ρ
SCL

m
v cos µ + 2Ω cos L sinχ

+ Ω2 r

v
cos L(cos γ cos L + sin γ sin L cosχ)

dL

dt
=

v

r
cos γ cosχ

dl

dt
= −v

r

cos γ sinχ
cos L

dχ

dt
=

1
2
ρ
SCL

m

v

cos γ
sin µ +

v

r
cos γ tanL sinχ + 2Ω(sin L − tan γ cos L cosχ)

+ Ω2 r

v

sin L cos L sinχ
cos γ

q = (r, v, γ, l, L,χ) µ
r = rT + h rT h

M0

M1 tf



h
v

γ
L

l
χ

ϕ = Cq
√
ρv3 ! ϕmax,

γn = γn0(α)ρv2 ! γmax
n ,

1
2
ρv2 ! Pmax.

d = 1
2

SCD
m ρv2 v

acceleration normalepression
dynamique

flux thermique

v

d

C(µ) =
∫ tf

0
Cq

√
ρv3dt.



tf

v̇ / −d

C(µ) = K

∫ vf

v0

v2

√
d
dv, K > 0,

d

rT = 6378139
Ω =7 .292115853608596.10−5 . −1

g(r) =
g0

r2
g0 = 3.9800047.1014 3. −2

ρ(r) = ρ0exp
(
− 1

hs
(r − rT )

)

ρ0 = 1.225 . −3 hs = 7143

v (r) =
5∑

i=0

air
i

a5 = −1.880235969632294.10−22, a4 = 6.074073670669046.10−15,

a3 = −7.848681398343154.10−8, a2 = 5.070751841994340.10−1,

a1 = −1.637974278710277.106, a0 = 2.116366606415128.1012.

Mach(v, r) = v/v (r)

m = 7169.602



S = 15.05 2

k =
1
2

SCD

m

k′ =
1
2

SCL

m

CD(Mach, incidence)

CL(Mach, incidence)

Mach number

incidence

2 10

40

12

ϕ = Cq
√
ρv3 ! ϕ

Cq = 1.705.10−4 ϕ = 717300 . −2.



γn =
S

2m
ρv2CD

√

1 +
(

CL

CD

)2

! γn = 29.34 . −2.

P =
1
2
ρv2 ! P = 25000

(r, v, γ) u = cos µ

dr

dt
= v sin γ

dv

dt
= −g sin γ − kρv2

dγ

dt
= cos γ(−g

v
+

v

r
) + k′ρvu + 2Ω

u |u| ! 1
CD CL

v

CD(v) =






0.585 v > 3000,
0.075 + 1.7.10−4v 1000 < v ! 3000,

0.245 v ! 1000,

CL(v) =
{

0.55 v > 3000,
0.1732 + 1.256.10−4v v ! 3000,
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ϕ = Cq
√
ρv3 ! ϕmax.



ẋ(t) = X(x(t)) + u(t)Y (x(t)), |u| ! 1,

x = (r, v, γ)

X = v sin γ
∂

∂r
− (g sin γ + kρv2)

∂

∂v
+ cos γ(−g

v
+

v

r
)
∂

∂γ
,

Y = k′ρv
∂

∂γ
,

k = 1
2

SCD
m , k′ = 1

2
SCL
m

C(u) =
∫ tf

0
ϕdt,

ϕ = Cq

√
ρ(r)v3

u = ±1

H(x, p, p0, u) = 〈p,X(x) + uY (x)〉 + p0ϕ(x),

u = (〈p, Y 〉) 〈p, Y 〉 0= 0
t *→ 〈p(t), Y (x(t))〉

〈p(t), Y (x(t))〉 = 0,

I t

〈p(t), [X,Y ](x(t))〉 = 0,

〈p(t), [X, [X,Y ]](x(t))〉 + u(t)〈p(t), [Y, [X,Y ]](x(t))〉 = 0,

[., .]
I p(t) Y (x(t)) [X,Y ](x(t))

[X, [X,Y ]](x(t)) + u(t)[Y, [X,Y ]](x(t))



(Y (x), [X,Y ](x), [X, [X,Y ]](x) + u[Y, [X,Y ]](x)) 0= 0.

[Y, [X,Y ]] ∈ (Y, [X,Y ]) (Y, [X,Y ], [X, [X,Y ]])

p(t) = 0 I
p0ϕ(x(t)) = 0 I ϕ 0= 0

p0 = 0 (p(.), p0) I

u(t) u = ±1

u = −1
u = +1

γ−γ+

γ− γ+

u = −1 u = +1
tc u(t) −1

+1
tc

tc
(r, v, γ) v

tc
r(tf ) = rT + h(tf )
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u = −1 u = +1
u = +1

t1 −1 +1
t2 +1 us us

t3 us +1

us

ϕ = ϕmax

ϕ̇ = ϕ(−1
2

v

hs
sin γ − 3g0

r2v
sin γ − 3kρv),

ϕ̈ = A + Bu,

A B

ϕ(t) = ϕmax, ϕ̇(t) = ϕ̈(t) = 0,

us(t) = −A(t)
B(t)

.



us(t)

us =
(

g0r
2v2 + 7kρv4r4sinγ − r3v4 cos2 γ − 2Ωr4v3 cos γ − 18g0hsrv

2 cos2 γ

− 6g2
0hs + 12g2

0hs cos2 γ + 12g0hsrv2 − 12Ωg0hsr
2v cos γ + 6k2hsρ

2r4v4
)

/(k′r2v2ρ(r2v2 + 6g0hs) cos γ).

us |us| ! 1

t1
ϕ̇ = 0

t1 ϕ
ϕmax



t1 =
153.5
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u(t)

n

ẋ(t) = f(x(t), u(t)),

f : n × m → n C1 u
Ω ⊂ m (xe(.), ue(.)) [0, T ]

t ∈ [0, T ] u(t) ∈ Ω

xe(0)
xe(·) y(·) = x(·)−xe(·) v(·) = u(·)−ue(·)

y(·)

ẏ(t) = A(t)y(t) + B(t)v(t),

A(t) =
∂f

∂x
(xe(t), ue(t)), B(t) =

∂f

∂u
(xe(t), ue(t)).

y(·)

Q,W,U
ξ = xe

h = 0



xe(·)
|ue| ! 1 − ε ε

ε = 0.05

t1 = 143.59, t2 = 272.05, t3 = 613.37.







−0.003

xe(·) = (re(·), ve(·), γe(·)) ue(·)
|ue| ! 0.95 x = (r, v, γ)

x(0) u = ue + v
v

|v| ! 0.05 v

W =




10−6 0 0

0 10−2 0
0 0 10



 , Q =




10−6 0 0

0 0 0
0 0 0



 U = 1010.

Q

x(·) x(0) xe(0)
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x0

S(x) x0 x

v(x) x
dx dt

S

S

(
x +

∇S(x)
‖∇S(x)‖v(x)dt

)
= S(x) + dt,

‖∇S(x)‖2 =
1

v(x)2
,

S(t, x) =
∫

γ
L(s, x(s), ẋ(s))ds,



γ (t0, x0) (t, x) L

d

dt

∂L

∂ẋ
=

∂L

∂x
.

T (x, ẋ) = (x, p) p = ∂L
∂ẋ

H(t, x, p) = pẋ − L(t, x, ẋ)

S(t, x(t), ẋ(t)) =
∫ t

t0
L(s, x(s), ẋ(s))ds

t ∂S
∂t + ∂S

∂x ẋ = L

∂S

∂t
+ H

(
t, x,

∂S

∂x

)
= 0,

H(x, S(x),∇S(x)) = 0 Ω,

S = g ∂Ω,

Ω n H n × × n

∂S

∂t
+ H(x,

∂S

∂x
) = 0 × n,

S(0, x) = g(x) n,

x̃ = (t, x) p̃ = (p0, p)
H̃(x̃, z, p̃) = p0 + H(x, p)

x(s) Ω ∂Ω
S

z(s) = S(x(s)) p(s) = ∇S(x(s))
z p

ż(s) = ∇S(x(s)).ẋ(s) = p(s).ẋ(s), ṗ(s) = d2S(x(s)).ẋ(s).



H(x, S(x),∇S(x)) = 0
x

∂H

∂x
+

∂H

∂z
∇S +

∂H

∂p
d2S = 0.

x(s) ẋ = ∂H
∂p ż = p.∂H

∂p

ṗ = −∂H
∂x − ∂H

∂z .p

ẋ(s) =
∂H

∂p
(x(s), z(s), p(s)), x(0) = x̄ ∈ ∂Ω,

ż(s) = p(s).
∂H

∂p
(x(s), z(s), p(s)), p(0) = S(x̄) = g(x̄),

ṗ(s) = −∂H

∂x
(x(s), z(s), p(s)) − ∂H

∂z
(x(s), z(s), p(s)).p(s), p(0) = ∇S(x̄),

dt
ds = 1

t = s ṗ0 = 0

ẋ =
∂H

∂p
, ṗ = −∂H

∂x
,

ż = p.
∂H

∂p
+ p0 = pẋ + p0,

p0+H = H̃ = 0 ż = pẋ−H = L z

x̄ ∈ ∂Ω (x(x̄, s), z(x̄, s), p(x̄, s))
n ∂Ω ∂H

∂n 0= 0
(x̄, s) ϕ(x̄, s) = x(x̄, s)

S(x) = z(ϕ−1(x)).

∂H̃
∂n 0= 0

g H C2 S
C2



Ω

C

∂Ω
S

∂Ω Ω t
S Ω

‖S(x)‖2 = 1 Ω,

S = 0 ∂Ω.

ẋ = 2p, ṗ = 0, ż = p.ẋ = 2.

x(0) = x̄ z(0) = 0 p(0) = n ∂Ω x(s) = x̄ + 2sn
z(s) = ‖x(s) − x̄‖

S(x) = d(x, ∂Ω),

S
C

C1

Ω

S
Ω

L∞



∂S

∂t
+
(
∂S

∂x

)2

= 0 ×]0,+∞[,

S(0, ·) = 0,

S(t, x) = 0

S(t, x) =
{

0 |x| " t,
−t + |x| |x| < t.

∣∣∣∣
∂S

∂x

∣∣∣∣ = 1 ]0, 1[, S(0) = S(1) = 0,

0 1

(Sn)
0 0

S g
H



H(x, Sε,∇Sε) =
ε9Sε ε > 0 Sε → S ε 0

ε9S
Sε

Ω n H Ω × × n

g ∂Ω
Ω

H(x, S(x),∇S(x)) = 0.

S Ω
x ∈ Ω

D+S(x) = {p ∈ n | lim sup
y→x

S(y) − S(x) − 〈p, y − x〉
‖y − x‖ ! 0}.

x

D−S(x) = {p ∈ n | lim inf
y→x

S(y) − S(x) − 〈p, y − x〉
‖y − x‖ " 0}.

S Ω
p ∈ D+S(x) ⇔ ∃ϕ ∈ C1(Ω) | ϕ " S, ϕ(x) = S(x), ∇ϕ(x) = p

p ∈ D−S(x) ⇔ ∃ϕ ∈ C1(Ω) | ϕ ! S, ϕ(x) = S(x), ∇ϕ(x) = p

S x D+S(x) = D−S(x) = {∇S(x)}
D+S(x) D−S(x) S x

Ω D+S(x) D−S(x)
Ω

S Ω S

∀x ∈ Ω ∀p ∈ D+v(x) H(x, v(x), p) ! 0.

S

∀x ∈ Ω ∀p ∈ D−v(x) H(x, v(x), p) " 0.



S

S
D±S(x) 0= ∅

S C1 S

S x Ω
S H(x, S(x),∇S(x)) = 0

S

∣∣∣∣
∂S

∂x

∣∣∣∣− 1 = 0 ]0, 1[, S(0) = S(1) = 0,

S(x) =
{

x 0 ! x ! 1/2,
1 − x 1/2 ! x ! 1.

S 1 −
∣∣∂S
∂x

∣∣ = 0
S(x) = d(x, ∂Ω)

S

]0, 1[ Sε

S |∇Sε|− 1 = ε9Sε xε Sε

∇Sε(xε) = 0 9Sε(xε) " 0

Ω n g
∂Ω H : Ω× n →

x ω : + → +

ω(0) = 0

|H(x, p) − H(y, p)| ! ω(‖x − y‖(1 + ‖p‖)).

S(x) + H(x,∇S(x)) = 0 Ω,

S|∂Ω = g,

g n H : [0, T ]× n ×
n →

|H(t, x, p) − H(s, y, p)| ! C(|t − s| + ‖x − y‖)(1 + ‖p‖),
|H(t, x, p) − H(t, x, q)| ! C‖p − q‖.



∂S

∂t
+ H(t, x,

∂S

∂x
) = 0 ]0, T [× n,

S(0, ·) = g(·),

Sε

g n H : n →

H(p)
‖p‖ −→

‖p‖→+∞
+∞.

∂S

∂t
+ H(

∂S

∂x
) = 0 n×]0,+∞[,

S(0, ·) = g(·) n,

t 0= 0

S(t, x) = min
y∈ n

(
tL
(x − y

t

)
+ g(y)

)
,

L H L(v) = supp∈ n(〈p, v〉−
H(p))

T > 0 U ⊂ m t ∈]0, T ]
x ∈ n



[0, t]

ẋu(s) = f(xu(s), u(s)), u(s) ∈ U,

xu(t) = x,

C(t, u) =
∫ t

0
f0(xu(s), u(s))ds + g(xu(0)),

x(0) t

x ∈ n S [0, T ]× n

S(t, x) = inf{C(t, u) | xu(·) (8.5)}.

S(0, x) = g(x)

t ∈]0, T ] x ∈ n

xu(·)
x = xu(t)

S(t, x) = S(t, xu(t)) = C(t, u) =
∫ t

0
f0(xu(s), u(s))ds + g(xu(0)).

t

∂S

∂t
(t, xu(t)) +

∂S

∂x
(t, xu(t))f(xu(t), u(t)) = f0(xu(t), u(t)),

∂S

∂t
(t, x) +

∂S

∂x
(t, x))f(x, u(t)) − f0(x, u(t)) = 0.

H(x, p, p0, u) = 〈p, f(x, u)〉 + p0f0(x, u).

u(·)

H(x(t), p(t), p0, u(t)) = max
v∈U

H(x(t), p(t), p0, v).

−p0 ∂S

∂t
(t, x) + max

v∈U
H(x,−p0 ∂S

∂x
(t, x), p0, v) = 0.



p0 = −1

∂S

∂t
+ H1(x,

∂S

∂x
) = 0,

H1(x, p) = maxv∈U H(x, p,−1, v)

C > 0
x, y ∈ n u ∈ U

‖f(x, u)‖ ! C, ‖f0(x, u)‖ ! C, ‖g(x)‖ ! C,

‖f(x, u) − f(y, u)‖ ! C‖x − y‖,
‖f0(x, u) − f0(y, u)‖ ! C‖x − y‖,
‖g(x) − g(y)‖ ! C‖x − y‖.

S (t, x)

∂S

∂t
+ H1(x,

∂S

∂x
) = 0 ]0, T [× n,

S(0, ·) = g(·) n,

H1(x, p) = maxv∈U H(x, p,−1, v) = maxv∈U

(
〈p, f(x, v)〉 − f0(x, v)

)

(x, p)
p(t) = −p0 ∂S

∂x (t, x(t)) S
S

Ω = m

(x, p)



ẋ =
∂H1

∂p
, ṗ = −∂H1

∂x
, x(0) = x̄ ∈ Ω, p(0) = ∇g(x̄).

(x(t, x̄), p(t, x̄))

p(t, x̄) =
∂S

∂x
(t, x(t, x̄)),

∂p

∂t
(t, x̄) = −∂H1

∂x
(x(t, x̄), p(t, x̄)).

H1(x, p) = H(x, p,−1, u(x, p)) ∂H
∂u (x, p,−1, u(x, p)) =

0

∂H1

∂x
=

∂H

∂x
+

∂H

∂u

∂u

∂x
=

∂H

∂x
,

∂H1

∂p
=

∂H

∂p
.

∂x

∂t
=

∂H

∂p
,
∂p

∂t
= −∂H

∂x
.

x0

ẋu(s) = f(xu(s), u(s)), u(s) ∈ U,

xu(0) = x0, xu(t) = x,

C(t, u) =
∫ t

0
f0(xu(s), u(s))ds,

t t ∈ [0, T ] x ∈ n

S(t, x) = inf{C(t, u) | xu(·) (8.9)}.

S(0, x0) = 0 S(0, x) = +∞ x 0= x0



C > 0
x, y ∈ n u ∈ U

‖f(x, u)‖ ! C, ‖f0(x, u)‖ ! C,

‖f(x, u) − f(y, u)‖ ! C‖x − y‖,
‖f0(x, u) − f0(y, u)‖ ! C‖x − y‖.

S (t, x)

∂S

∂t
+ H1(x,

∂S

∂x
) = 0 ]0, T [× n,

S(0, x0) = 0, S(0, x) = +∞ x 0= x0,

H1(x, p) = maxv∈U H(x, p,−1, v) = maxv∈U

(
〈p, f(x, v)〉 − f0(x, v)

)

ẋu(s) = f(xu(s), u(s)), u(s) ∈ U,

xu(0) = x0, xu(t) = x.

x ∈ n

T (x) = inf{t | xu(·) (8.11)}.

T (x0) = 0 T (x) = +∞ x 0= x0

T x ∈ n

xu(·) x0 x x = xu(t) T (x) = T (xu(t)) = t
t

〈∇T (xu(t)), f(xu(t), u(t))〉 = 1.

max
v∈U

H(x,−p0∇T (x), p0, v) = 0,

H(x, p, p0, u) = 〈p, f(x, u)〉 + p0

p0 = −1



C > 0
x, y ∈ n u ∈ U

‖f(x, u)‖ ! C, ‖f(x, u) − f(y, u)‖ ! C‖x − y‖.

T

max
v∈U

〈∇T (x), f(x, v)〉 = 1 n,

T (x0) = 0, T (x) = +∞ x 0= x0.

f(x, u) = u U n

ẋ = y, ẏ = z, ż = u, |u| ! 1.

y
∂T

∂x
+ z

∂T

∂y
+
∣∣∣∣
∂T

∂z

∣∣∣∣ = 1.





tf

(x(t), p(t))
ż(t) = F (t, z(t)) z(t) = (x(t), p(t))

R(z(0), z(tf )) = 0

{
ż(t) = F (t, z(t)),
R(z(0), z(tf )) = 0.



z(t, z0)

ż(t) = F (t, z(t)), z(0) = z0,

G(z0) = R(z0, z(tf , z0))

G(z0) = 0,

G

tf
tf

dtf

dt = 0

[0, tf ] N [ti, ti+1]
z(ti)

ti

ż(t) = F (t, z(t)) =






F0(t, z(t)) t0 ! t < t1

F1(t, z(t)) t1 ! t < t2

Fs(t, z(t)) ts ! t ! tf

z = (x, p) ∈ 2n p t1, t2, . . . , ts ∈ [t0, tf ]

c



tf
s

[t0, tf ] N
z(t)

t0 < σ1 < · · · < σk < tf
[t0, tf ] σj z σj

{
z(σ+

j ) = z(σ−
j ),

σj = σ∗
j .

{τ1, . . . , τm} = {t0, tf} ∪{ σ1, . . . ,σk} ∪{ t1, . . . , ts}.

• ż(t) = F (t, z(t)) =






F1(t, z(t)) τ1 ! t < τ2

F2(t, z(t)) τ2 ! t < τ3

Fm−1(t, z(t)) τm−1 ! t ! τm

• ∀j ∈ {2, . . . , m − 1} rj(τj , z(τ−j ), z(τ+
j )) = 0

• rm(τm, z(τ1), z(τm)) = 0

τ1 = t0 τm = tf rj

tf t0

z+
j = z(τ+

j ) z(t, τj−1, z
+
j−1)

ż(t) = F (t, z(t)), z(τj−1) = z+
j−1.

z(τ−j ) = z(τ−j , τj−1, z
+
j−1).

∀j ∈ {2, . . . , m − 1} rj(τj , z(τ−j , τj−1, z
+
j−1), z

+
j ) = 0,

rm(τm, z+
1 , z(τ−m, τm−1, z

+
m−1)) = 0.



Z = (z+
1 , τm, z+

2 , τ2, . . . , z
+
m−1, τm−1)T ∈ (2n+1)(m−1)

z ∈ 2n

G(Z) =





rm(τm, z+
1 , z(τ−m, τm−1, z

+
m−1))

r2(τ2, z(τ−2 , τ1, z
+
1 ), z+

2 )

rm−1(τm, z(τ−m−1, τm−2, z
+
m−2), z

+
m−1)




= 0.

G

G = 0

G(z) = 0 G : p → p

C1 zk

z G

0 = G(z) = G(zk) + dG(zk).(z − zk) + (z − zk).

zk+1 = zk − (dG(zk))−1.G(zk),

z0 ∈ p zk

z G

G(zk) + dG(zk).dk = 0,

dk zk+1 = zk + dk

z0 z
z

z



min
Z∈C

F (Z),

Z = (x1, . . . , xN , u1, . . . , un)

C = {Z | gi(Z) = 0, i ∈ 1, . . . , r,

gj(Z) ! 0, j ∈ r + 1, . . . ,m}.

0 = t0 < t1 < · · · < tN = tf
[0, tf ]

hi = ti+1 − ti
xi+1 = xi + hif(ti, xi, ui).

xi+1 = xi + hif(ti, xi, ui), i = 0, . . . , N − 1,

minC(x0, . . . , xN , u0, . . . , uN ),
ui ∈ Ω, i = 0, . . . , N − 1,



u ∈ (U1, . . . , UN ), u(t) =
N∑

i=1

uiUi(t), ui ∈ ,

x ∈ (X1, . . . , XN ), x(t) =
N∑

i=1

xiXi(t), xi ∈ ,

Ui(t) Xi(t)

∇F (Z) +
m∑

i=1

λi∇gi(Z) = 0,

λi

λigi(Z) = 0, i ∈ {1, . . . , r}, λi " 0, i ∈ {r + 1, . . . , m}.

∂S

∂t
+ H1(x,

∂S

∂x
) = 0,



H1(x, p) = maxu∈U 〈p, f(x, u)〉 − f0(x, u)

〈
∂S

∂x
, f(x, u)

〉
=

n∑

p=1

∂S

∂xp
fp(x, u),

∂S
∂xp

fp(x, u)
(x̄ ) ¯ = (i1, . . . , in) ∈ Zn

(tj)
h = (h1, . . . , hn) k = tj+1 − tj

S ,̄j S(tj , x̄ ) ∂S
∂xp

(x̄ )
fp(x̄ , u)

a

a+ = max(a, 0) =
a + |a|

2
, a− = min(a, 0) =

a − |a|
2

.

p ∈ {1, . . . , n} ep = (0, . . . , 1, . . . , 0) p

0 =
S ,̄k+1 − S ,̄k

k

+ max
u∈U

( n∑

p=1

(
fp(x, u)+

S ,̄k − S¯−ep,k

hp
+ fp(x, u)−

S¯+ep,k − S ,̄k

hp

)
− f0(x̄ , u)

)
.

S

+∞







(Pα)α∈[0,1] α ∈ [0, 1]
P0 P1

P0

Pα

Gα(Z) = 0, α ∈ [0, 1].

P1

0 = α0 < α1 < · · · < αp = 1 [0, 1] P1

Pαp−1

Pαi+1

Pαi (αi)

α

c(x) ! 1



c(x) ! A A > 0

α

Pα



ẋ(t) = y(t), x(0) = 0,
ẏ(t) = u(t), y(0) = 0,

|u(t)| ! 1

H = pxy + pyu + p0

ṗx = 0, ṗy = −px.

px(t) = = λ py(t) = −λt + µ
u(t) = (py(t))

u(t) = 1 [0, t1[ u(t) =
−1 ]t1, T ]

0 ! t ! t1 x(t) = t2

2 y(t) = t

t1 ! t ! T x(t) = − t2

2 + 2t1t − t21 y(t) = −t + 2t1
u = −1 u = 1

−4 −3 −2 −1 0 1 2 3 4
−3

−2

−1

0

1

2

3

x

y

! u=+1 

u=−1 

u=+1 

u=−1 

Γ

Γ = {(x, y) ∈ 2 | x =
y2

2
(y)}



x > y2

2 (y) x = y2

2 u(x, y) = +1
x < y2

2 (y) x = −y2

2 u(x, y) = −1
T (x, y) (0, 0) (x, y)

(x, y) Γ
u = +1 u = −1

(t1, T ) x = −T 2

2 +2t1T−t21, y = −T +2t1.

T = 2
√

x + 1
2y2 − y

(x, y) Γ T = 2
√

x + 1
2y2 +y

Γ T = |y|

T (x, y) =






2
√

x +
1
2
y2 − y x " y2

2
(y),

2
√

x +
1
2
y2 + y x <

y2

2
(y).

y
∂T

∂x
+
∣∣∣∣
∂T

∂y

∣∣∣∣ = 1, T (0, 0) = 0.

T−1(r) = {(x, y) ∈ 2 | T (x, y) = r} r > 0
T−1(r) r
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(0, 0) (0,−1)

hx hy x y

y(j) < 0

y(j)
T (i + 1, j) − T (i, j)

hx
+max(0,

T (i, j) − T (i, j + 1)
hy

,
T (i, j) − T (i, j − 1)

hy
) = 1.

y(j) > 0

y(j)
T (i, j) − T (i − 1, j)

hx
+max(0,

T (i, j) − T (i, j + 1)
hy

,
T (i, j) − T (i, j − 1)

hy
) = 1.

m = min(T (i, j − 1), T (i, j + 1))

max(0,
T − T (i, j + 1)

hy
,
T − T (i, j − 1)

hy
=
{

0 T < m,
T−m

hy
T > m.

hx = hy = 0.01
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max(hx, hy)1/4

hx, hy

hx = hy = 10−5
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= C ‖·‖ Mn( ) ‖AB‖ !
‖A‖ ‖B‖ A,B ∈ Mn( )

A ∈ Mn( )
A

exp(A) = eA =
+∞∑

k=1

Ak

k!
.

Mn( )
∥∥∥∥∥∥

q∑

k=p

Ak

k!

∥∥∥∥∥∥
!

q∑

k=p

∥∥∥∥
Ak

k!

∥∥∥∥ !
q∑

k=p

‖A‖k

k!
! e‖A‖.

A ∈ Mn( ) eA ∈ GLn( )
(eA)−1 = e−A

C∞

d exp(0) 0
Mn( )
A,B ∈ Mn( ) AB = BA

eA+B = eAeB .

P ∈ GLn( ) PeAP−1 = ePAP−1

A ∈ Mn( ) f(t) = etA f ′(t) =
AetA = etAA



Mn( ) n2

I,A, . . . , An2

P A P (A) = 0 [X]
A

1 A
A πA

A χA

χA(X) = (XI − A).

χA(A) = 0

πA

χA χA = n πA ! n

N ∈ Mn( )
p " 1 Np = 0 p ! n πN (X) = Xp

χN (X) = Xn

A =





0 1 0 · · · 0

0

0
0 0 · · · 0 1

−an −an−1 · · · −a2 −a1




,

πA(X) = χA(X) = Xn + a1X
n−1 + · · · + an−1X + an.

λ ∈ v ∈ n

Av = λv
λ

E(λ) = ker(A − λI) ;

A λ
= C A

χA

χA(X) =
r∏

i=1

(X − λi)mi πA(X) =
r∏

i=1

(X − λi)si ,

si ! mi si mi

λi λi

N(λi) = ker(X − λi)si .



A ∈
Mn( ) P ∈ [X]

P (X) =
r∏

i=1

Pi(X),

Pi

kerP (A) =
r⊕

i=1

kerPi(A).

kerPi(A) A pi

kerPi(A)
⊕

j ,=i kerPj(A) A

A
= C

Cn =
r⊕

i=1

N(λi).

N(λi) = ker(X − λi)si = ker(X − λi)mi .
A N(λi) λiI + Ni Ni

si A ∈ Mn( )
A = D +N D C N

DN = ND D + N

A ∈ Mn( )
πA C πA(X) =∏r

i=1(X − λi)si P ∈ GLn( )

P−1AP =




A1 0

0 Ar



 ,

Ai

Ai =




Ji,1 0

0 Ji,ei



 ,

Ji,k 1 ! i ! r 1 ! k ! ei

Ji,k =





λi 1 0

0

1
0 · · · 0 λi




,



|Ji,k| i ∈ {1, . . . , r}
ei = dim E(λi) max

1"k"ei

|Ji,k| = si



I V n

ẋ(t) = f(t, x(t)), x(t0) = x0,

f I ×V n x0 ∈ V

f x

t ∈ I x *→ f(t, x)
x ∈ U t *→ f(t, x)

(J, x(·)) J
J ⊂ I t0 ∈ J x(·)

J V t ∈ J

x(t) = x0 +
∫ t

t0

f(s, x(s))ds,



ẋ(t) = f(t, x(t)) J,

x(t0) = x0.

(J, x(·)) (J̄ , x̄(·))
J̄ ⊂ J x(·) = x̄(·) J̄

f : I × V → V

f x

∀x ∈ V ∃r > 0, B(x, r) ⊂ V, ∃α ∈ L1
loc(I, +)

∀t ∈ I ∀y, z ∈ B(x, r) ‖f(t, y) − f(t, z)‖ ! α(t)‖y − z‖,

f t

∀x ∈ V ∃β ∈ L1
loc(I, +) ∀t ∈ I ‖f(t, x)‖ ! β(t).

(t0, x0) ∈ I × V
(J, x(·))

J = I
ẋ(t) = x(t)2 x(0) = x0

x0 = 0 J = x(·) ≡ 0
x0 > 0 J =] −∞, 1/x0[ x(t) = x0/(1 − x0t)
x0 < 0 J =]1/x0,+∞[ x(t) = x0/(1 − x0t)

f
ẋ(t) =

√
|x(t)| x(0) = 0

x(t) =
{

0 t ! 0,
t2/4 t > 0.

(]a, b[, x(·)) b < sup I
K V η > 0 x(t) /∈ K

t ∈]b − η, b[

V = n ‖x(t)‖ −→
t→b
t<b

+∞.

a > inf I



V = n f
x

∃α ∈ L1
loc(I, +) | ∀t ∈ I ∀y, z ∈ n ‖f(t, y) − f(t, z)‖ ! α(t)‖y − z‖.

J = I

ψ y : [t0, t1] → +

∃c " 0 / ∀t ∈ [t0, t1] y(t) ! c +
∫ t

t0

ψ(s)y(s)ds.

∀t ∈ [t0, t1] y(t) ! c exp
(∫ t

t0

ψ(s)ds

)
.

F (t) =
∫ t

t0

ψ(s)y(s)ds G(t) = F (t)exp
(
−
∫ t

t0

ψ(s)ds

)

y0 ∈
y(.) ]a, b[

(E) y′(t) = −y(t) +
y(t)4

1 + t2
, y(0) = y0.

t ∈]a, b[

y(t) = e−ty0 +
∫ t

0
es−t y(s)4

1 + s2
ds

T 0 < T < b t ∈ [0, T ]
|y(t)| ! 1

∀t ∈ [0, T ] |y(t)| ! |y0|.

|y0| < 1 |y(t)| ! 1 t ∈ [0, b[
b = +∞

q : → C1

[0,+∞[ y′′(t)+
q(t)y(t) = 0 y(0) = y0 y′(0) = y′

0

y′′(t) + q(t)y(t) = 0 +

V (t) = y(t)2 + y′(t)2

q(t)



(E) : x′(t) = f(t, x(t))
f : × → C1

α β
C1 t ∈

α′(t) < f(t,α(t)) β′(t) > f(t,β(t))

E = {(t, y) ∈ × | α(t) < y < β(t)}.

t *→ x(t) (E) J ⊂
x(t0) = x0 (t0, x0) ∈ E (t, x(t)) ∈ E t " t0, t ∈ J

t1 = inf{t " t0 / (t, x(t)) /∈
E}. x(t1) = α(t1) β(t1)

0

0
−→
OM(t) = λ(t, t0)

−→
OM(t0).

M

→
v (M) = H(t)

−→
OM(t)

H(t)

H

H H / 2, 5.10−18 s−1

H(t) = α
t α

c =
3.108 m.s−1

n

ẋ(t) = A(t)x(t) + B(t), x(t0) = x0,

t *→ A(t) ∈ Mn( ) t *→ B(t) ∈ n

I

∂R

∂t
(t, t0) = A(t)R(t, t0), R(t0, t0) = Id,

R(t, t0) ∈ Mn( )



R(t2, t0) = R(t2, t1)R(t1, t0)
∆(t, t0) = R(t, t0)

∂∆
∂t

(t, t0) = A(t).δ(t, t0), ∆(t0, t0) = 1.

x(t) = R(t, t0)x0 +
∫ t

t0

R(t, s)B(s)ds

t0 = 0 M(t) = R(t, 0)

x(t) = M(t)x0 + M(t)
∫ t

0
M(s)−1B(s)ds.

R(b, a) = I +
∫

a"s1"b
A(s1)ds1+

∫

a"s1"s2"b
A(s2)A(s1)ds1ds2 + · · ·+

∫

a"s1"···"sn"b
A(sn) · · ·A(s1)ds1 · · · dsn + · · · .

n

ẋ(t) = Ax(t), x(0) = x0,

A ∈ Mn( ) M : t *→ etA

x : t *→ etAx0.

etA = P




etJ1,e1 0

0 etJ1,er



P−1.

etJi,k = etλi





1 t · · · etλi t|Ji,k|−1

(|Ji,k|−1)!

0

etλit
0 0 etλi




.



ẋ(t) = Ax(t)

x(t) =
∑

1"i"r
0!k!|Ji,k|

etλitkvi,k,

vi,k ∈ N(λi)
N(λi)

{
x′′ = 2x − 3y,
y′′ = x − 2y.

A =





4 0 2 0
0 4 0 2
2 0 4 0
0 2 0 4



 .

X ′ = AX eA

A : ]0,+∞[→ Mn( )
x′(t) = A(t)x(t) R(t, t0)

S(t, t0) ẏ(t) = −A(t)Ty(t)
S(t, t0) = R(t, t0)

T

A(t) =




2t + 1

t 0 1
t − t

t − 1
t 3t t − 1

t
2
t − 2t 0 2

t + t



 .

A(t)
t R(t, t0)

X ′(t) = AX(t) + B(t),

A ∈ Mn( ) t *→ B(t) + n

X +

∫ ∞

0
(‖X(t)‖2 + ‖B(t)‖2)dt < +∞.

X(t) 0 t +∞



X(·) +∞

A n
C 2ikπ, k ∈ Z B : → n

x′ = Ax + B(t)

A : + → Mn( )
T n

x′(t) = A(t)x(t), x(0) = x0.

M(t) ∈ Mn( )
M ′(t) = A(t)M(t), M(0) = Id t " 0

M(t + T ) = M(t)M(T ).

M(T )

ẋ(t) = A(t)x(t) + B(t)u(t) + r(t), x(t0) = x0.

t *→ A(t), B(t)u(t), r(t) I

A(·) ∈ L1
loc(I,Mn( ))

r(·) ∈ L1
loc(I, n)

B(·)u(·)

u(·) ∈ L∞
loc(I, m) B(·) ∈ L1

loc(I,Mn,m( ))
u(·) ∈ L2

loc(I, m) B(·) ∈ L2
loc(I,Mn,m( ))

u(·) ∈ Lp
loc(I, m) B(·) ∈

Lq
loc(I,Mn,m( )) 1

p + 1
q = 1

Ω ⊂ m B(·) ∈ L1
loc(I,Mn,m( ))

ẋ(t) = f(t, x(t), u(t)), x(t0) = x0,



f I × V × U I V
n U m

u F : (t, x) *→ f(t, x, u(t))

L∞
loc(I, m)

f C1 I × V × U

(J, x(·))

ẋ(t) = f(t, x(t), u(t)) J,

x(t0) = x0.



{
ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t),

x(t) ∈ n u(t) ∈ m y(t) ∈ p A ∈ Mn( ) B ∈ Mn,m( ) C ∈
Mp,n( )

y(t)

y(t) = CetAx(0) + CetA

∫ t

0
e−sABu(s)ds,

W (t) =
{

CetAB t " 0,
0 t < 0.



t ∈ [0, ε]

u(t) =





0

0
1/ε
0

0





=
1
ε
ei,

u(t) = 0

y(t) = CetA 1
ε

∫ ε

0
e−sABeids −→

ε→0
CetABei.

x(0) = 0 t " 0

y(t) =
∫ t

0
W (t − s)u(s)ds =

∫ +∞

0
W (t − s)u(s)ds.

f ∗ g(x) =
∫

f(x − y)g(y)dy

∀t " 0 y(t) = (W ∗ u)(t)

f ∈ L1
loc([0,+∞[, ) a ∈ ∪ {±∞}

s
s > a

∫ +∞
0 e−st|f(t)|dt < +∞

s < a
∫ +∞
0 e−st|f(t)|dt = +∞

s s > a
f

L(f)(s) =
∫ +∞

0
e−stf(t)dt.

L(f ∗ g) = L(f)L(g).

f C1

L(f ′)(s) = sL(f)(s) − f(0).

Y (s) = L(y)(s) U(s) = L(u)(s) y(t) = 0
u(t) = 0 t < 0



H

H(s) = L(W )(s) =
∫ +∞

0
W (t)e−stdt.

Y (s) = H(s)U(s)

x(0) = 0 X(s) = L(x)(s)

sX(s) = AX(s) + BU(s), Y (s) = CX(s),

Y (s) = C(sI − A)−1BU(s).

H(s) = C(sI − A)−1B

L(CetAB)(s) = C(sI − A)−1B

H(s)
s

(sI − A)−1 =
1

(sI − A)
(sI − A)T.

{
ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

H(s) = C(sI − A)−1B + D.

H(s)

H(s)

A,B,C H(s) = C(sI − A)−1B
(A,B,C)

H(s)



m = p = 1

H(s) = b0 +
b1sn−1 + · · · + bn

sn + a1sn−1 + · · · + an

A =





0 1 0 · · · 0

0 0 1

1 0
0 · · · 0 1

−an −an−1 · · · · · · −a2 −a1





, B =





0

0
1





,

C = (bn · · · b1), D = b0.

(A,B,C)
H(s) (A1, B1, C1)

H(s)

A1 =
(

A 0
∗ ∗

)
, B1 =

(
B
∗

)
, C1 =

(
C 0

)
.

H(s) =




1/(s2 − 1)
s/(s2 + s)
s/(s2 − s)



 .



ẋ(t) = Ax(t) A ∈ Mn( ) x(t) ∈
n x(·, x0) x(0, x0) = x0

0

∀ε > 0 ∃η > 0 ∀x0 ∈ n ‖x0‖ ! δ ⇒ ∀t " 0 ‖x(t, x0)‖ ! ε.

0 x(t, x0) −→
t→+∞

0

λ A λ >
0 0

A
0

0
A

λ A λ
πA N(λ) = E(λ)

ker(A − λI) = ker(A − λI)2
A λ

A



P (z) = a0z
n + a1z

n−1 + · · · + an−1z + a0,

a0 a2 a4 a6 · · · 0
a1 a3 a5 a7 · · · 0

b1 b2 b3 b4 · · · b1 =
a1a2 − a0a3

a1
, b2 =

a1a4 − a0a5

a1
, . . .

c1 c2 c3 c4 · · · c1 =
b1a3 − a1b2

b1
, c2 =

b1a5 − a1b3

b1
, . . .

n+1

P

P

an+1 = an+2 = · · · = a2n−1 = 0
n

H =





a1 a3 a5 · · · · · · a2n−1

a0 a2 a4 · · · · · · a2n−2

0 a1 a3 · · · · · · a2n−3

0 a0 a2 · · · · · · a2n−4

0 0 a1 · · · · · · a2n−5

0 0 0 ∗ · · · an





,

∗ = a0 a1 n



(Hi)i∈{1,...,n} H

H1 = a1, H2 =
∣∣∣∣

a1 a3

a0 a2

∣∣∣∣ , H3 =

∣∣∣∣∣∣

a1 a3 a5

a0 a2 a4

0 a1 a3

∣∣∣∣∣∣
, . . . , Hn = H.

a0 > 0 P
Hi > 0 i ∈ {1, . . . , n}

a0 > 0
λ P λ ! 0 ak " 0 Hk " 0

k ∈ {1, . . . , n}
n ! 3 ak " 0 Hk " 0 k ∈ {1, 2, 3}

λ P λ ! 0
a0 > 0

∀k ∈ {1, . . . , n} ak " 0.

P (z) = z4 + z2 + 1

4 a0 > 0

a0z2 + a1z + a2 a1, a2 > 0
a0z3 + a1z2 + a2z + a3 a1, a3 > 0 a1a2 > a0a3

a0z4 + a1z3 + a2z2 + a3z + a4 a1, a2, a4 > 0 a3(a1a2 − a0a3) > a2
1a4

ẋ(t) = Ax(t) + Bu(t) x(t) ∈ n u(t) ∈
m A ∈ Mn B ∈ Mn,m

K ∈ Mm,n

u(t) = Kx(t)

ẋ(t) = (A + BK)x(t),

∀λ ∈ (A + BK) λ < 0.

A1 = PAP−1, B1 = PB, K1 = KP−1.

(A,B) P
n K ∈ Mm,n χA+BK = P
A + BK P



ẋ(t) = Ax(t) + Bu(t)

P (X) = (X + 1)n

m = 1

A =





0 1 · · · 0

0 · · · 0 1
−an −an−1 · · · −a1




, B =





0

0
1




.

K = (k1 · · · kn) u = Kx

A + BK =





0 1 · · · 0

0 · · · 0 1
k1 − an k2 − an−1 · · · kn − a1




,

χA+BK(X) = Xn + (a1 − kn)Xn−1 + · · · + (an − k1).

P (X) = Xn +α1Xn−1 + · · ·+αn

k1 = an − αn, . . . , kn = a1 − α1

m " 1

(A,B)
y ∈ m C ∈ Mm,n( ) (A + BC,By)

P n
K1 ∈ M1,n( ) χA+BC+ByK1 = P K = C + yK1 ∈
Mm,n( ) χA+BK = P

y ∈ m By 0= 0 x1 = By

x2 ∈ Ax1 + B y1 ∈ m

x2 = Ax1 + By1 {x1, x2} = 2
Ax1 + B ⊂ x1 Ax1 ∈ x1 B ⊂ x1

AB = A B ⊂ Ax1 ⊂ x1,

∀k ∈ AkB ⊂ x1.



(B,AB, . . . , An−1B) = B + AB + · · · + An−1B ⊂ x1,

k ! n xk ∈ Axk−1 + B
yk−1 ∈ m xk = Axk−1 + Byk−1 Ek = k Ek =

{x1, . . . , xk}
Axk−1 + B ⊂ Ek−1 Axk−1 ⊂ Ek−1 B ⊂

Ek−1

AEk−1 ⊂ Ek−1.

Ax1 = x2 − By1 ∈ Ek−1 + B ⊂ Ek−1

Ax2 Axk−2 = xk−1 − Byk−1 ∈ Ek−1 + B ⊂ Ek−1

Axk−1 ∈ Ek−1

AB = A B ⊂ AEk−1 ⊂ Ek−1,

∀i ∈ AiB ⊂ Ek−1.

(B,AB, . . . , An−1B) ⊂ Ek−1,

(x1, . . . , xn) n

C ∈ Mm,n( )

Cx1 = y1, Cx2 = y2, . . . , Cxn−1 = yn−1, Cxn .

(A + BC, x1)

(A + BC)x1 = Ax1 + By1 = x2, . . . , (A + BC)xn−1 = Axn−1 + Byn−1 = xn.

K

A + BK



H(s)
A A

A

C = I H(s) =
(sI − A)−1B X(s) = H(s)U(s) u = Kx + v U = KX + V

X(s) = (I − H(s)K)−1H(s)V (s).

I −H(s)K

K

W (t) = etAB
W (t) −→

t→+∞
0

‖W (t)‖ t → +∞
‖W (t)‖

n

ẋ(t) = f(x(t),



f : n → n C1 x(·, x0)
x(0, x0) = x0

x̄ f(x̄) = 0
x̄

∀ε > 0 ∃η > 0 | ∀x0 ∈ B(x̄, η) ∀t " 0 ‖x(t, x0) − x̄‖ ! ε.

x̄
x̄ x(t, x0) −→

t→+∞
x̄

A
f x̄

A
x̄

A
x̄

Ω n x̄
V : Ω → x̄ Ω

V C1 Ω
V (x̄) = 0 ∀x ∈ Ω \ {x̄} V (x) > 0
∀x ∈ Ω 〈∇V (x), f(x)〉 ! 0

d
dtV (x(t)) = 〈∇V (x(t)), f(x(t))〉

x̄ Ω x̄
x̄ V Ω x̄

Ω

V : Ω → +

C1

V ∀L ∈ V (Ω) V −1([0, L]) Ω
∀x ∈ Ω 〈∇V (x), f(x)〉 ! 0
I {x ∈ Ω | 〈∇V (x), f(x)〉 = 0}

t " 0 ẋ = f(x) x(t) ẋ = f(x)
I

d(x(t), I) −→
t→+∞

0.

I x̄
x̄ ∈ Ω V : Ω → C1

V (x̄) = 0 ∀x ∈ Ω \ {x̄} V (x) > 0
V



∀x ∈ Ω 〈∇V (x), f(x)〉 ! 0 x(t)
〈∇V (x(t)), f(x(t))〉 = 0 t " 0 x(t) = x̄

x̄ Ω

{
x′(t) = sin

(
x(t) + y(t)

)

y′(t) = ex(t) − 1,

{
x′(t) = y(t)

(
1 + x(t) − y(t)2

)
,

y′(t) = x(t)
(
1 + y(t) − x(t)2

)
.

I1ω
′
1 = (I2 − I3)ω2ω3 − ω1

I2ω
′
2 = (I3 − I1)ω3ω1 − ω2

I3ω
′
3 = (I1 − I2)ω1ω2 − ω3

I1, I2, I3

g : → C1 g(0) = 0 xg(x) > 0
x 0= 0 x = 0, x′ = 0

x′′ + x′ + g(x) = 0
F (x) =

∫ x
0 g(y)dy

0 V (x, y) = F (x) + y2

2

f : n → n

y′ = f(y), y(0) = y0
n

∀t " 0 ‖y(t)‖ = ‖y(0)‖.

f(0) = 0
x′ =

f(x) − x

A ∈ Mn( )

B ∈ Mn( )
AT B + BA = −Id

B =
∫ +∞

0
etAT

etAdt



V (x) = 〈x,Bx〉
x′ = Ax

q : n → n q(x) = (||x||)
V

x′ = Ax + q(x) 0

x′ = F (x) F : n → n C1

ẋ(t) = f(x(t), u(t)),

(xe, ue) f(xe, ue) = 0

ẏ(t) = Ay(t) + Bv(t),

A =
∂f

∂x
(xe, ue), B =

∂f

∂u
(xe, ue).

v =
Ky (xe, ue)

ẋ(t) = f(x(t),K(x(t) − xe) + ue).

K

(ξ = ξc, ξ̇ = 0, θ = 0, θ̇ = 0)

k4 − k2L > 0, k3 − k1L − (m + M)g > 0, k1 > 0,
k2((k4 − k2L)(k3 − k1L − (m + M)g) − MLgk2) > k1(k4 − k2L)2.
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ẋ(t) = f(x(t)) + u(t)g(x(t)),

x u f g C∞

f(0) = 0 (x = 0, u = 0)

u(x) C∞ u(0) = 0
V ẋ = f(x) + u(x)g(x) x = 0

{
ẋ(t) = f(x(t)) + y(t)g(x(t)),
ẏ(t) = v(t),

v

W (x, y) = V (x) +
1
2
(y − u(x))2,

v(x, y) =
∂u

∂x
(x)(f(x) + yg(x)) − ∂V

∂x
(x)g(x) − (y − u(x))

(x = 0, y = 0, v = 0)
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1
thetadot

n

ẋ(t) = f(x(t)) +
m∑

i=1

ui(t)gi(x(t)),

f(x̄) = 0 V : n → +

V (x̄) = 0 ∀x 0= x̄ V (x) > 0
V
∀x ∈ n LfV (x) = 〈∇V (x), f(x)〉 ! 0
{x ∈ n | LfV (x) = 0 Lk

fLgiV (x) = 0, ∀i ∈ {1, . . . , n}, ∀k ∈ } =
{x̄}.

ui(x) = −LgiV (x), i = 1, . . . ,m x̄

F (x) = f(x) −
∑m

i=1 LgiV (x)gi(x)
F (x̄) = 0 x̄

V x̄
∇V (x̄) = 0 LgiV (x̄) = 0 i = 1, . . . ,m f(x̄) = 0

LF V (x) = 〈∇V (x), F (x)〉 = LfV (x) −
m∑

i=1

(LgiV (x))2 ! 0,

LF V (x(t)) = 0 t

LfV (x(t)) = 0 LgiV (x(t)) = 0, i = 1, . . . , m.



0 =
d

dt
LgiV (x(t)) = LfLgiV (x(t)),

LgiV (x(t)) = 0

∀i ∈ {1, . . . , m} ∀k ∈ Lk
fLgiV (x(t)) = 0.

x(t) = x̄

ẋ = x(1 − y) + u,

ẏ = −y(1 − x).

(x = 1, y = 1) V (x, y) =
1
e2 − xye−x−y





ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

x(t) ∈ n u(t) ∈ m y(t) ∈ p A ∈ Mn( ) B ∈ Mn,m( ) C ∈
Mp,n( ) D ∈ Mp,m( ) D = 0

(xu(t, x0), yu(t, x0)) xu(0, x0) = x0

T

∀x1, x2 ∈ n x1 0= x2 ⇒ ∃u ∈ L∞([0, T ], m) | yu(·, x1) 0= yu(·, x2)

x1 x2

x1 x2

∀x1, x2 ∈ n ∀u ∈ L∞([0, T ], m) yu(·, x1) = yu(·, x2) ⇒ x1 = x2,

u(t)
y(t)



T





C
CA

CAn−1




= n.

T
ẋ = Ax y = Cx x(0) = x0

x0 0= 0 ⇒ y(·) 0≡ 0 [0, T ].

T

(
x1 0= x2 ⇒ ∃u ∈ L∞([0, T ], m) | yu(·, x1) 0= yu(·, x2) [0, T ]

)

⇐⇒

(
x1 0= x2 ⇒ ∃u ∈ L∞([0, T ], m) ∃t ∈ [0, T ] |

CetAx1 + CetA

∫ t

0
e−sABu(s)ds 0= CetAx2 + CetA

∫ t

0
e−sABu(s)ds

)

⇐⇒
(
x0 = x1 − x2 0= 0 ⇒ ∃t ∈ [0, T ] | CetAx0 0= 0

)

⇐⇒
(
x0 0= 0 ⇒ y(·) 0≡ 0 [0, T ] ẋ = Ax, y = Cx, x(0) = x0

)

T

∃x0 0= 0 | ∀t ∈ [0, T ] y(t) = 0,

∀t ∈ [0, T ] CetAx0 = 0.

t = 0

Cx0 = CAx0 = · · · = CAn−1x0 = 0,







C
CA

CAn−1




x0 = 0,





C
CA

CAn−1




< n.

n
x0 0= 0

Cx0 = CAx0 = · · · = CAn−1x0 = 0,

∀t ∈ CetAx0 = 0,

T

B





C
CA

CAn−1




= n ⇔

(
CT ATCT · · · An−1T

CT
)

= n,

ẋ = Ax + Bu, y = Cx
ẋ = ATx + CTu

E : L2 → n

E∗ : n → L2

T

O(T ) =
∫ T

0
e−sAT

CTCe−sAds

{
ẋ1 = A1x1 + B1u1

y1 = C1x1

{
ẋ2 = A2x2 + B2u2

y2 = C2x2



P ∈ GLn( )

A2 = PA1P
−1, B2 = PB2, C2 = C1P

−1

x2 = Px1, u2 = u1, y2 = y1

ẋ = Ax + Bu y = Cx
˙̄x = Āx̄ + B̄u y = C̄x̄

Ā =
(

Ā1 0
Ā2 Ā3

)
, C̄ = (C̄1 0),






˙̄x1 = Ā1x̄1 + B̄1u

˙̄x2 = Ā2x̄1 + Ā3x̄2 + B̄2u

y1 = C̄1x̄1

(Ā1, C̄1)

ẋ = ATx + CTu

Ā3

A Ā1

A

p = 1 p = 1
ẋ = Ax + Bu y = Cx

ẋ1 = A1x1 + B1u y = C1x1

A1 =





0 · · · 0 −an

1 0

0

0
0 · · · 0 1 −a1




, C1 = (0 · · · 0 1).

mẍ + kx = u
y = x
y = ẋ

{
ẍ1 = −k1x1 − d1ẋ1 + l1u,

ẍ2 = −k2x2 − d2ẋ2 + l2u.

y1 = x1, y2 = x2



y = x1

y1 = x1, y2 = ẋ2

y = ξ
y = θ
y1 = θ, y2 = θ̇

ẋ = Ax + Bu y = Cx u = Ky
A + BKC

A =
(

0 1
0 0

)
, B =

(
0
1

)
, C = (1 0).

ẋ = Ax + Bu y = Cx
K = (k)

A + BKC =
(

0 1
k 0

)

ẋ = Ax + Bu y = Cx
x̂(·) x(·)

x̂(·) y(·) x̂(t)−x(t) −→
t→+∞

0

x̂(·) x(·)

˙̂x(t) = Ax̂(t) + Bu(t) + L(Cx̂(t) − y(t)),

L ∈ Mn,p( )

∀x(0), x̂(0) ∈ n x̂(t) − x(t) −→
t→+∞

0.



e(t) = x̂(t) − x(t)
x̂(·) x(·)

ė(t) = (A + LC)e(t),

e(t) −→
t→+∞

0 e(0)
A + LC

L A + LC

(A,C)
L A + LC

(AT, CT)
LT AT + CTLT

u = Kx̂

˙̂x = Ax̂ + Bu + L(Cx̂ − y).

ẋ = Ax + Bu y = Cx

K ∈ Mm,n( ) L ∈ Mn,p( ) A + BK A + LC

ẋ = Ax + BKx̂

˙̂x = (A + BK)x̂ + LC(x̂ − x)

e = x̂ − x

d

dt

(
x
e

)
=
(

A + BK BK
0 A + LC

)(
x
e

)
,



A + BK A + LC

A + BK
A + LC

ẋ(t) = f(x(t), u(t))
y(t) = g(x(t))

(xe, ue) f(xe, ue) = 0
(xe, ue)

δẋ(t) = Aδx(t) + Bδu(t)
δy(t) = Cδx(t)

A =
∂f

∂x
(xe, ue), B =

∂f

∂u
(xe, ue), C =

∂g

∂x
(xe).

K L A+BK A+LC
u = ue + Kδx̂

δ ˙̂x = (A + BK + LC)δx̂ − L(y − g(xe)),

(xe, ue)

c1 c2 u1(t) u2(t)
V (t) c(t)

d(t) = γ
√

V (t) γ u1(t) u2(t)






d

dt
V (t) = u1(t) + u2(t) − d(t),

d

dt
(c(t)V (t)) = c1u1(t) + c2u2(t) − c(t)d(t),






V̇ (t) = u1(t) + u2(t) − γ
√

V (t),

ċ(t) =
1

V (t)
((c1 − c(t))u1(t) + (c2 − c(t))u2(t)) .



t +∞

u1(t) → u0
1, u2(t) → u0

2, d(t) → d0, c(t) → c0, V (t) → V 0.

{
u0

1 + u0
2 = d0 = γ

√
V 0,

c1u
0
1 + c2u

0
2 = c0d0 = γc0

√
V 0.

(V 0, c0, u0
1, u

0
2)

A =
(
α 0
0 2α

)
, B =

(
1 1
β1 β2

)
,

α = − γ

2
√

V 0
β1 =

c1 − c0

V 0
β2 =

c2 − c0

V 0

X =
(

V
c

)

K =
(

k1 k2

k3 k4

)
u =

KX

−1
y(t) = c(t)V (t)

m
O θ x

O J
O g

u

L(x, ẋ, θ, θ̇) =
1
2
J θ̇2 +

1
2
m(ẋ2 + x2θ̇2) − mgx sin θ.



θ
O

x

m






ẍ(t) = x(t)θ̇(t)2 − g sin θ(t)

θ̈(t) =
1

J + mx(t)2
(
u(t) − 2mx(t)ẋ(t)θ̇(t) − mgx(t) cos θ(t)

)
.

y = ẋ θ̇ = ω X = (x, y, θ,ω)
(S) Ẋ(t) = f(X(t), u(t))

(Xe, ue) (S)
(Xe, ue) = (0, 0)

K = (k1, k2, k3, k4)
u = KX

−1
y = x

(0, 0)
u = ky

(0, 0)

m k
θi i = 1, 2

l
g

u

{
ml2θ̈1(t) = ka2(sin θ2(t) − sin θ1(t)) cos θ1(t) − mgl sin θ1(t)

ml2θ̈2(t) = ka2(sin θ1(t) − sin θ2(t)) cos θ2(t) − mgl sin θ2(t) + u(t) cos θ2(t)



m
m

k

a

l

θ1 θ2

u

ωi = θ̇i i = 1, 2 X = (θ1,ω1, θ2,ω2)
(S) Ẋ(t) = f(X(t), u(t))

(Xe, ue) = (0, 0)

α =
ka2

ml2
+

g

l
, β =

ka2

ml2
, γ =

1
ml2

.

(Xe, ue) = (0, 0)

K = (k1, k2, k3, k4)
(S) u = KX

k4 < 0, k3 <
2α
γ

, βγk1 + αγk3 + β2 < α2,

(αk4+βk2)(−γk4(2α−γk3)+γ(αk4+βk2)) < γk2
4(αγk3+β2−α2+βγk1).

−1
y = θ1

(0, 0)
u = k0y

(0, 0)














