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S U M M A R Y
The Chilean subduction zone presents a unique opportunity to study trench outer rise defor-
mation of the subducting oceanic lithosphere at different thermal ages. The shape of the outer
rise for plate ages ranging from 0 to 50 Ma is predicted by using an elastic plate model with
variable elastic thickness Te(x) as a function of the distance measured from the trench axis.
In addition, the uncertainties of our results are estimated by performing a Monte Carlo-type
analysis and we considered explicitly the sediment loading effect on the lithospheric flexure
in regions where the trench is heavily sedimented.

The results show a systematic reduction in Te of up to 50 per cent (or reduction in the
flexural rigidity D of up to ∼90 per cent) from the peak of the outer rise to the trench axis. The
reduction in Te and D observed in most of the bathymetric profiles is coincident with (i) high
plate curvatures (>5 × 10−7 m−1), (ii) strong bending moments (>1016 N m), (iii) pervasive
fracturing and faulting of the oceanic basement (as imaged by high-resolution bathymetry
data) and (iv) reduction in crustal and mantle seismic velocities. The reduction in flexural
rigidity towards the trench suggests a weakening of the oceanic lithosphere and is interpreted
to be caused partially by fracturing and a likely increase in fluid-pore pressure. In general,
our estimates do not show consistent increases in elastic thickness as a function of plate age.
This result suggests that either Te is independent of plate age or Te depends strongly on other
factors. These factors could include lithospheric weakening due to hydro-fracturing and the
loading history of the plate prior to subduction.

Key words: Elasticity and anelasticity; Subduction zone processes; Dynamics of lithosphere
and mantle; Lithospheric flexure; Fractures and faults.

1 I N T RO D U C T I O N

Bending of oceanic plates prior to subduction is largely due to the
negative buoyancy of the sinking plate (slab pull). Because the cold
slowly deforming interior of the plate is stiff and behaves elastically,
the plate is able to transmit stresses for several thousand kilometres
(e.g. Capitanio et al. 2009). A consequence of the plate bending
is the formation of a prominent fore-bulge (the outer-rise) prior
to subduction of the oceanic plate. The wavelength and amplitude
of the outer rise depends on the rheology and stress state of the
oceanic plate. The shape of the outer rise has been modelled using a
mechanically strong lithosphere, loaded on the arcward side of the
trench axis, overlying a weak astenosphere. Hanks (1971), Watts &
Talwani (1974), Parsons & Molnar (1976), Harris & Chapman 1994,
Levitt & Sandwell (1995) and Bry & White (2007) have successfully
modelled the flexure of the lithosphere prior to subduction using

an elastic rheology with constant flexural rigidity D = ET 3
e

12(1−ν2)
,

which is a measure of the resistance of the lithosphere to flexure
in response to loading. The Young’s modulus, E, and Poisson’s
ratio, ν, are material properties commonly treated as constant. With
this assumption, D depends entirely on the elastic thickness Te. It
has been determined, however, that the elastic model with uniform
Te or D cannot adequately replicate near-trench bathymetry for
steeply dipping sea-floor characterized by extremely high curvatures
(Turcotte et al. 1978; Judge & McNutt 1991).

Sharp bending and inelastic behaviour of the flexed lithosphere
occur when bending stresses exceed the yield strength of the litho-
sphere. This process results in brittle fracture of the upper part of
the lithosphere and ductile flow of the lower lithosphere so that
the estimated elastic thickness is much less than the true me-
chanical thickness (Ranalli 1994). Turcotte et al. (1978), for in-
stance, used an elastic-perfectly plastic model to explain the steep
slope of the lithosphere within the trench. They found that the
oceanic lithosphere behaves elastically seaward of the outer rise, but
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towards the trench the lithosphere deviates from elastic behaviour
and an elastic-perfectly plastic model more adequately explains the
increase in curvature ratio when stresses exceed the yield strength of
the rock. Alternatively, Judge & McNutt (1991) used an elastic rhe-
ology with variable flexural rigidity to successfully model the high
curvatures when they greatly reduced the flexural rigidity towards
the trench. Thus, strong bending near the trench tended to make the
lithosphere substantially weaker and thinner. More realistic rheolo-
gies such as multilayer fragile–elastic–ductile have incorporated the
effects of inelastic yielding using a yield strength envelope allowing
any Te measurement to be converted to the true mechanical thick-
ness Tm (i.e. Te at zero curvature) (Goetze & Evans 1979; McAdoo
et al. 1978; Bodine & Watts 1979; Bodine et al. 1981; McAdoo
et al. 1982; McNutt & Menard 1982; McNutt 1984). Following the
method of McNutt & Menard (1982) Tm can be estimated based on
Te and curvature given the yield strength envelope which unfortu-
nately depends upon extrapolation of laboratory data by more than
10 orders of magnitude.

Deviation from elastic behaviour of the oceanic lithosphere has
been attributed to faulting in the outer rise region. For example,
observations of seafloor bathymetry and seismic reflection data at
several subduction zones reveal that subducting plates suffer sig-
nificant crustal-scale faulting while entering the trench (Masson
1991; Ranero et al. 2005) as well as large tensional earthquakes
(Christensen & Ruff 1983; Ranero et al. 2005). These processes in-
dicate that the subducting plate undergoes permanent lithosphere-
scale deformation, hydration and weakening prior to subduction.
Judge & McNutt (1991) and Billen & Gurnis (2005) argued that
inelastic lithospheric deformation of the subducting plate occurs
from the outer rise trenchward, which results in the reduction in
plate strength or flexural rigidity from the peak of the outer rise
towards the trench axis as plate bending becomes stronger. Judge &
McNutt (1991) studied trench-outer rise deformation off northern
Chile where the oceanic plate age is 45 Ma and they found that
Te was reduced by 50 per cent while off of Peru on the younger
oceanic plate (30 Ma) the elastic plate thickness was reduced only
by 20 per cent. Billen & Gurnis (2005), on the other hand, stud-
ied the plate strength within the Kermadec Trench by using a vis-
cous model and they found a clear reduction in flexural rigidity
by 3–5 orders of magnitude (decrease in Te of more than 15 km).
This reduction in Te suggests that the plate has little or no elastic
strength within the trench (Billen & Gurnis 2005). Despite these
strategies to explicity or implicity include inelastic deformation
in flexural models, the magnitude of the reduction in the effec-
tive elastic thickness is still uncertain and nearly nothing is known
about the relationship between reduced Te and thermal age of the
plate.

One appropriate place to study the elastic properties of the
oceanic lithosphere at different thermal ages is the Chile subduction
zone. Here the age of the oceanic Nazca Plate where it enters the
trench is 0 Ma at 46◦S and 50 Ma at 18◦S. In this region, swath
bathymetry data have imaged dense sets of bending-related faults
parallel to the trench axis indicating the brittle behaviour of the upper
part of the lithosphere (Grevemeyer et al. 2005; Ranero et al. 2005;
Contreras-Reyes et al. 2007, 2008a). Recently published seismic
refraction profiles have shown a systematic decrease in crustal and
mantle seismic velocities in the outer-rise region which have been
interpreted in terms of extensional bending-related fracturing and
hydration of the oceanic lithosphere (Contreras-Reyes et al. 2007,
2008a; Ivandic et al. 2010). The region of low crustal and mantle
velocities and fractured topography of the seafloor is confined in
the outer rise area where bending stresses exceed the yield strength

of the lithosphere resulting in deep penetrating bend faults (Ranero
et al. 2005; Grevemeyer et al. 2005; Tilmann et al. 2008). Thus,
the permeability and porosity structure of the oceanic lithosphere is
expected to be strongly altered and characterized by pathways for
percolation of seawater and serpentinization of the oceanic man-
tle (Ranero et al. 2005). The continuous increase in fracturing and
fluid pore pressure may result in a weakening of the plate and thus
a reduction in its elastic capacity.

The main aim of this study is to investigate variations in elastic
thicknesses within the incoming-oceanic lithosphere caused by the
increase in bending moments near the trench off Chile at different
thermal ages. Our focus is to explore the existence of plate weak-
ening at the outer rise related to bending-related faulting and its
relationship with thermal age. We study the long wavelength outer
rise topography of the incoming oceanic Nazca Plate along the Chile
trench using bathymetry and published seismic reflection profiles
perpendicular to the trench axis. We used the classical elastic plate
model to keep the data analysis relative simple. However, our anal-
ysis is different from previous studies for the following reasons:
(1) we present an alternative strategy of equation solution by finite
differences and a semi-inversion technique of Te, (2) we used a vari-
able flexural rigidity D = D(x) to simulate the yielding associated
with the decreased strength of the lithosphere near the trench, (3) in
regions where the trench is heavily sedimented we predict the top
of the oceanic basement using seismic data and include the effect of
sedimentary loading, and (4) we calculate the uncertainties of our
Te estimates by using the Monte Carlo method. Finally, we interpret
the results in terms of inelastic processes and thermal age of the
oceanic plate.

2 G E O DY NA M I C S E T T I N G

The oceanic Nazca Plate currently subducts beneath South America
at a rate of ∼6.6 cm yr−1 (Angermann et al. 1999), but probably
moved at mean rate of ∼8.5 cm yr−1 during the past several mil-
lion years (DeMets et al. 1990). The Nazca Plate was formed in
the north of the Juan Fernández Ridge (JFR) at the Pacific-Nazca
spreading centre (East Pacific Rise) more than 35 Myr ago (Tebbens
et al. 1997), whereas south of the JFR it was created at the Nazca-
Antarctic spreading centre within the past 35 Ma (Herron et al.
1981) (Fig. 1). The age of the oceanic Nazca Plate (Tebbens et al.
1997; Mueller et al. 1997) along the Peru-Chile trench increases
from 0 Ma at the Chile Triple Junction (CTJ) to a maximum of
50 Ma around 20◦S (Fig. 1). North of this latitude, the continental
margin changes its orientation from NNE to NW, a feature known
as the Arica bend. Further to the north, the plate age decreases
along the trench up to ∼28 Ma at 5◦S (Fig. 1). Fracture zones cut
the Chile Rise (the southern part of the Nazca-Antarctic spreading
centre) into several segments (Fig. 1), resulting in abrupt changes
in thermal state along the plate boundary. These segments bounded
by these FZs are roughly parallel to the trench strike (Fig. 1).

The southern central Chile trench between 34◦S and 45.5◦S is
heavily sedimented as the result of sediments delivered by the rivers
and rapid glaciation denudation of the Andes (Thornburg et al. 1990;
Bangs & Cande 1997; Voelker et al. 2006). Within the trench, tur-
bidites migrate to the north as the seafloor depth becomes deeper
with the plate age (Fig. 1). Fig. 1(b) shows the depths of the seafloor
and top of the oceanic basement at the Chile trench axis between
20◦S and 48◦S. The seafloor is only 3 km deep in the vicinity of the
incoming Chile Rise, where the plate age is 0 Ma. As the oceanic
plate becomes older to the north, the seafloor depth increases rapidly

C© 2010 The Authors, GJI, 182, 97–112

Journal compilation C© 2010 RAS



Outer-rise flexure modelling off Chile 99

Figure 1. (a) Geodynamic setting of Nazca, Antarctic and South American plates. These plates meet at the Chile Triple Junction (CTJ), where the Chile
Rise is currently subducting at ∼46.4◦S. The oceanic Nazca Plate is segmented by several fracture zones, resulting in a strong variability of the age of the
subducting plate. Dotted red lines are the bathymetric profiles used for flexural modelling. Bathymetric map based on GEBCO bathymetric data (Sandwell &
Smith 1997). (b) Depth of the trench axis along the Chilean trench. The seafloor depth was taken from the global bathymetric grid of Sandwell & Smith (1985).
Trench fill thicknesses were computed by a linear interpolation of trench-fill thickness published in seismic lines (Kopp et al. 2004; Flueh & Grevemeyer 2005;
Contreras-Reyes et al. 2007; 2008a; Scherwath et al. 2009; Bourgois et al. 2000). (c) Plate age of the oceanic Nazca and Antarctic plates at the trench axis.
The age of the oceanic lithosphere were taken from the global grid of Mueller et al. (1997).

reaching ∼5.8 km at 33◦S (Fig. 1). The trench fill thickness between
34◦S and ∼45◦S ranges between 1.5 and 2.5 km, while north of the
JFR sedimentary thickness is only about 500 m (von Huene et al.
1997). Further northward, the trench deepens progressively to 8 km

off Antofagasta at ∼22◦S and has little sediment fill (Fig. 1). The
JFR behaves like a barrier for trench turbidites transport separat-
ing a sediment-starved trench axis to the north from a sediment-
flooded axis to the south (von Huene et al. 1997). The shallow and
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Figure 2. High-resolution bathymetric image of the seafloor off (a) north Chile (Ranero & Sallares 2004), (b) north-central Chile (Clouard, 2002, private
communication) and (c) south-central Chile (Scherwath et al. 2006). In every region, bathymetric mapping shows the SE-NW trending topographic pattern of
the tectonic fabric formed at the spreading centre, which is overprinted by bend faults. The rough basement topography is evident for every region except south
of Juan Fernández Ridge (33◦S) where the thick sediments cover the basement topography.

buoyant Chile Rise ‘displaces’ sediments to the north, thus confin-
ing between these two main oceanic features a thick sedimentary
cover along the southern central Chile trench (Fig. 1).

North of the Valdivia FZ, the seafloor spreading fabric of the
incoming plate strikes approximately 45◦ obliquely to the trench
axis. In the outer rise area the seafloor fabric generated at the
spreading centre and cross-cutting normal faults caused by plate
bending are well imaged in multibeam bathymetric data (Fig. 2);
whereas bend-faults strike approximately parallel to the trench axis
and form a new fabric (Ranero et al. 2005). Multichannel seismic
reflection data suggest that the smooth trench area mapped in the
bathymetric data is caused by sediment filling the trench south of
the JFR (Voelker et al. 2006). Under the trench fill, multichannel
data reveal bending-related faults cutting across the crust–mantle
boundary into the upper mantle (Diaz-Naveas 1999; Grevemeyer
et al. 2005). Reduced crustal and mantle velocities have been im-
aged off Chile using seismic wide-angle data off Antofagasta (22◦S)
(Ranero & Sallares 2004), off Valparaı́so (33◦S) (Kopp et al. 2004),
off Concepción (38◦S) (Contreras-Reyes et al. 2008a) and off Isla
de Chiloé (43◦S) (Contreras-Reyes et al. 2007), and have been in-
terpreted as fracturing and hydration of the upper part of the brittle
oceanic lithosphere.

3 A NA LY S I S S T R AT E G Y

3.1 Data compilation

To study the flexure of the plate seaward of the Chilean trench,
we extracted bathymetric profiles perpendicular to the trench axis
from global data sets of bathymetry (Sandwell & Smith 1997) and
high-resolution swath-mapping bathymetry where available (von
Huene et al. 1997; Flueh et al. 2002; Flueh & Grevemeyer 2005).
The extracted bathymetric profiles are plotted and labelled in Fig. 1
from oldest to youngest oceanic lithosphere. Profiles 01–05 cross a
sediment-starved trench whereas profiles 06–09 cross a thick trench
basin with up to 2.5 km of sediments (Voelker et al. 2006). Pro-
files 06–09 were chosen to be coincident with the locations of
seismic profiles as follows: P06 (Flueh & Grevemeyer 2005), P07
(Contreras-Reyes et al. 2008a), P08 (Contreras-Reyes et al. 2007)
and P09 (Scherwath et al. 2009). The idea is to model the top of
the oceanic basement instead of the seafloor topography to take
into account the effect of sediment loading (see Section 3.3 for
further discussion). In general, we avoid extracting profiles near
high oceanic features, like seamounts, that are unrelated to plate
flexure (Fig. 1). To correct data for non-normality, distance values
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Figure 2. (Continued.)

were multiplied by cos θ , the angle between the profile and trench-
perpendicular azimuths.

We extracted the plate age along each profile from the global age
grid of Mueller et al. (1997) to correct the increase in seafloor depth
with age by computing the depth anomaly, which is the difference
between the observed bathymetry, and a theoretical depth given by
the age subsidence model of Parsons & Sclater (1977). Each point
was corrected as follows:

d(t) = 2500 + 350
√

t [m] if t < 20 Ma and

d(t) = 6400 − 3200e−t/62.8 [m] if t ≥ 20 Ma

The extracted profiles are shown in Sections 3.4 and 4. Short-
wavelength features that are evident in high-resolution bathymetry
(Fig. 2) are related to faults that formed in the outer rise region
due to plate bending. Despite the presence of irregular bathymetry
that masks the elastic behaviour of the plate, the bathymetry data
indicate a clear long wavelength signature (outer bulge). The south-
ernmost profiles P06–P09 are situated where the trench is heavily

sedimented. This broad sediment cover obscures most obvious fea-
tures of lithospheric flexure. Therefore, we model the basement
reflector taken from seismic reflection data instead of the bathymet-
ric data. Profiles P06–P09 are characterized by a high lithospheric
deflection at the trench axis and an outer rise lacking any topo-
graphic expression. The shape of these profiles is influenced, at
least in part, by the heavy sediment loading.

3.2 Flexural modelling

The flexure of the oceanic lithosphere at trenches has been mod-
elled by many authors as an elastic plate acted upon by a hydrostatic
restoring force g(ρm −ρw)w, where w is the plate flexure, g is aver-
age gravity and ρm and ρw are mantle and water density, respectively
(Fig. 3) (e.g. Caldwell et al. 1976; Turcotte & Schubert 1982; Levitt
& Sandwell 1995; Bry & White 2007). If the applied load comprises
of a horizontal force F and a bending moment M the deflection w of
the plate is governed by the following ordinary differential equation:

−d2 M

dx2
+ d

dx

(
F

dw

dx

)
+ (ρm − ρw)wg = q(x), (1)

where q(x) is the load acting on the plate and the bending moment
and shear force V are related to the negative curvature of the plate
κ = − d2w

dx2 by the flexural rigidity D by

M = −D
d2w

dx2
(2)

and

V = dM

dx
− F

dw

dx
. (3)

The boundary conditions are as follows:

(i) w → 0 as x → +∞ (no flexure away from the load);
(ii) dw

dx → 0 as x → +∞ (first order stability condition);

(iii) M |x=0 = −Mo = −D d2w

dx2 |x=0 (bending moment—Mo ap-
plied at x=0);

(iv) V |x=0 = −Vo = dM
dx |x=0 (shear force—Vo applied at x=0).

Unfortunately, Vo and Mo cannot be independently measured.
According to Bry & White (2007) we also believe that it is very
important not to fix these unknown parameters in advance (contra
Jordan & Watts 2005, who calculated the size and shape of the load
from topography alone and then invert for Te and the position of the
plate break). Instead, Vo and Mo are permitted to vary and we find
that there are significant trade-offs between Vo, Mo and, Te which
both moderate the shape of the misfit function and affect the location
of its global minimum. In this way, the vexed matter of surficial and
subsurficial load characterization is sidestepped (Section 3.4).

Caldwell et al. (1976) conclude that even a large horizontal load
F will not have a strong effect on the deformation of the plate,
and F cannot be determined from bathymetric profiles with any
precision. Tectonics regimes landward of subduction zones do not
show evidence for large compressive stress (≥500 MPa) (Molnar
& Atwater 1978) and in many cases are sites of extension and
spreading. Therefore, we do not include the horizontal force as a
parameter in our flexural modelling (i.e. F is set to zero).

In the case of constant flexural rigidity with q = 0 and F = 0,
there is an analytical solution of (1) given by (e.g. Turcotte &
Schubert 1982)

w(x) = α2e−x/α

2D

[
− Mosin

(
x

α

)
+ (Voα + Mo)cos

(
x

α

)]
(4)
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Figure 3. (a) Bending of the lithosphere at an ocean trench due to the applied vertical shear force Vo, horizontal force F and bending moment Mo. ρm, ρs and
ρw are the mantle, trench-sediment and water density, respectively. (b) Schematic representation of topography (xo, xb, wb, α) defining the deflection curve
w(x).

M(x) = −e−x/α

[
Mocos

(
x

α

)
+ (Voα + Mo)sin

(
x

α

)]
(5)

V (x) = e−x/α

α

[
− Voαcos

(
x

α

)
+ (Voα + 2Mo)sin

(
x

α

)]
(6)

where α = ( 4D
(ρm−ρw)g )1/4 is the flexural parameter.

To include in our flexural model the effect of sediment loading
at the trench basin, we incorporate q(x) = (ρs − ρw)ghs(x), where
ρs and hs are the sediment density and thickness, respectively. Our
approach is to study possible spatial variations in the strength of
the lithosphere (i.e. Te). Therefore, it is convenient to solve (1) and
(2) by the method of finite differences which allows D to vary with
position along the profile (see Appendix for a detailed description
of this method).

3.3 Sediment loading

The flexure of the oceanic lithosphere seaward of trenches may
not be only caused by the forearc load associated with the nega-
tive buoyancy of the subducting plate, but also by extra loads such
as seamounts or sediments. Our finite difference method allows
explicit inclusion of extra loads within the term q(x) (eq. 1), and
therefore it differs from the most commonly used flexural modelling

with q(x) = 0 (e.g. Caldwell et al. 1976; Parsons & Molnar 1976;
Turcotte & Schubert 1982; Levit & Sandwell 1995; Bry & White
2007). As explained in Section 3.1, we avoided extracting bathy-
metric profiles near seamounts and we focused on the effect of thick
sediments in our flexural modelling using seismic reflection data in
areas where the trench is sedimented by thick turbidites (profiles
06–09). We assume that the top of the oceanic crust corresponds
to the shape of the lithospheric flexure caused by both the forearc
shear force and sediment load. The sediment loading is computed
as q(x) = (ρs − ρw)ghs(x), where the sedimentary thickness hs(x)
is obtained from the seismic reflection profiles. Density values and
other parameters are shown in Table 1. Fig. 4(a) shows the sedi-
mentary thickness along profile P08, which represents a large load

Table 1. Values of parameters and constants used in flexural
modelling.

Name Symbol Value Unit

Young’s modulus E 70×109 Pa
Acceleration due to gravity g 9.81 m s−2

Poisson’s ratio ν 0.25
Mantle density ρm 3300 kg m−3

Sediment density ρs 2000 kg m−3

Water density ρw 1030 kg m−3
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Outer-rise flexure modelling off Chile 103

Figure 4. (a) Trench fill thickness hs(x) which defines a sediment loading q(x) = (ρs − ρw)ghs(x) over the lithosphere as shown in Fig. 3(a). (b) Solid curves
show the flexure of the lithosphere for an elastic plate with Te = 50 km with a starved trench. The dotted curves show the flexure of the lithosphere with
the same elastic thickness but including the sediment loading caused by thick sediments as shown in (a). The grey curves correspond to the flexure of the
lithosphere with a removed sediment cover and isostatically corrected this unloading effect on the lithosphere. The same as in (b) for (c)–(e) but with Te = 40,
30 and 20 km, respectively. Numeric values used for calculations are shown in Table 1.

on the oceanic lithosphere that deforms under its weight. Fig. 4(a)
also shows the top of the oceanic basement, which is derived from a
seismic reflection profile off Isla de Chiloé (Contreras-Reyes et al.
2007). The resulting flexure caused by the forearc shear force and
sediment load is computed solving (1) with q(x) = (ρs −ρw)ghs(x)
(Section 3.2).

To explore the effect of sediment loading for different values of
Te on the lithospheric flexure w(x), we compare the flexure for a
sedimented and starved trench. w(x) for an elastic plate with con-
stant Te of 50, 40, 30 and 20 km and empty trench sediments are
computed and plotted in Figs 4(b)–(d) (black solid curves). Those
curves are compared with the deflection of an elastic plate with
identical elastic thicknesses but loaded by the trench fill with sed-
iment thickness hs(x) as is shown in Fig. 4(a) (dotted curves in
Figs 4b–d). The results show that this thick trench fill (Fig. 4a)
produces a flexure with extra amplitude ≥500 m high and an extra
wavelength 50–100 km long. We also test the effect of sediment
density ρs, and we considered lateral variations in ρs as a function
of the sedimentary thickness or equivalently as a function of the
distance from the trench axis x. For example, sediment density be-
tween 0 and 500 m depth was tested with 1700 kg m−3 and between
500 and 2200 m with 2100 kg m−3. Results show that w(x) is not
significantly sensitive to ρs within that range, and 2000 kg m−3 is a
representative value.

Some authors have removed the sediment cover and isostatically
corrected this unloading effect on the lithosphere (e.g. Caldwell
et al. 1976; Bodine & Watts 1979; Adam et al. 2005). Our new
flexural modelling approach, in contrast, allows calculation of w(x)
for any sediment trench fill distribution and is independent of Te.
To compare these different approaches, we have removed the sedi-
ment cover and isostatically corrected this unloading effect on the
lithosphere using the correcting term hs(x) (ρs−ρw )

(ρm−ρw ) (Caldwell et al.
1976; Adam et al. 2005). Grey lines in Figs. 4(b)–(d) show the
corrected flexure by isostatic unloading which corresponds to the
seafloor depths that would have without the sediment load. In some
cases the shape of the outer rise was considerably altered by re-
moving the sediments. As we expected, the isostatic correction is
only a good approximation for thin elastic thickness (Te ≤ 20 km),
and it overestimates the rise amplitude w(x) for thick sedimented
trenches and elastic plate with Te ≥ 30 km. Thus, the thicker Te and
hs the worse is the isostatic correction. Thus, it is more convenient
to explicitly use the sediment load in eq. (1) independent of Te and
the hs(x)-distribution.

In conclusion, the flexure of the lithosphere due to sediment
loading is relevant for thickly sedimented trenches causing con-
siderable deflection of the lithosphere. To include this effect we
modelled the top of the basement along seismic profiles in-
stead of the bathymetry in regions characterized by sedimented
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104 E. Contreras-Reyes and A. Osses

Figure 5. (Left) Topography along profiles P01–P09 (grey line). Profiles are arbitrarily shifted vertically for presentation. Black lines correspond to the average
flexure model (see text for details). Profiles are numbered according to the numbering scheme shown in Fig. 1. RMS misfit of flexural models is also shown.
(Right) Average Te(x) models (black line). Grey area denotes the uncertainty-region of Te(x) (see text for details).

trenches (profiles P06–09) and we included explicitly the sedi-
ment load effect in our flexural modelling. The results are shown in
Figs 5(f)–(i), where the adjusted flexure (grey curve) corresponds
to the top of the oceanic crust obtained from seismic reflection
profiles.

3.4 Model uncertainty

The overall objective of the modelling is to establish a set of parame-
ters m = (Te(x), Vo, Mo) whose sensitivity characterize the flexural
behaviour of the oceanic plate experiencing bending at subduc-
tion zones. Therefore, we wish to find the space solution of m
minimizing the squared RMS (root mean square) error WRMS(m)

between the bathymetric data zi and the predicted flexure w(m)

WRMS(m) =
√√√√ 1

N

N∑
i=0

|wi (m) − zi |2, (7)

N is the number of points along the profiles and w(m) is computed
using eq. (1) with variable flexural rigidity D(x).

The first step consists of finding a reference model mo, which is
constructed by fitting the shape of the outer rise seaward of its peak
xb assuming a constant Te (Fig. 3). That is, we forward modelled the
bathymetric profiles seaward of xb using (4). Landward from xb the
flexural rigidity can vary freely in a number of segments, which are
arbitrarily defined (see Judge & McNutt 1991). Once obtained, a
reference model is defined by the parameters mo = (T o

e (x), V o
o , Mo

o ).
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Figure 5. (Continued.)

These are perturbed by ±50 per cent, and the root mean square
WRMS(mo + δmo) is calculated to explore the solution space. A
reliable solution is achieved if the computed flexure w(mo + δmo)
reaches the condition χ 2 ≤ 1, where χ 2 is given by

χ 2 = 1

N

N∑
i=1

(
w(m)i − zi

	zi

)2

, (8)

χ 2 = 1 means that the model error is equal to the data uncertainty
	zi .

Bathymetric data ‘uncertainties’ 	zi are taken to be 1.1 times
the minimum value of WRMS (Bry & White 2007). Once a set of
solutions that met the condition χ 2 ≤ 1 was obtained, we computed
the average and standard deviation for each parameter. The standard
deviation of 	m = (	Te(x),	Vo, 	Mo) as a function of the average

C© 2010 The Authors, GJI, 182, 97–112

Journal compilation C© 2010 RAS



106 E. Contreras-Reyes and A. Osses

Figure 6. Sensitivity of flexural model to elastic thickness Te, bending moment Mo and shear force Vo at the trench axis. (a) The dotted line denotes
the bathymetric data and the grey area represents the predicted flexural models due to possible variations in the reference parameters (i.e. w(m + δm) =
w(T o

e (x) + δT o
e (x), Mo + δMo, Vo + δVo)). (b) RMS misfit of flexural models w(mo + δmo) as a function of perturbed parameters mo + δmo. (c) Grey curve

indicates the bathymetric data and black lines represent the solutions m̂ which reached the condition χ2 ≤ 1. (d) and (e) show the direct comparison of w(x)
associated to constant Te of 20 and 40 km versus a variable Te(x) which is characterized by a reduction in Te from 40 to 20 km within 70 km of the trench axis
as shown in Fig. 5(a).

estimated parameter (T e(x), V o, Mo) are computed from

	Te(x) = ±
√√√√ Nf∑

i=1

(
T̂ i

e (x) − T e(x)
)2

Nf
, (9)

	Mo = ±
√√√√ Nf∑

i=1

(
M̂i

o − Mo

)2

Nf
, (10)

	Vo = ±
√√√√ Nf∑

i=1

(
V̂ i

o − V o

)2

Nf
, (11)

where T̂ i
e (x), M̂i

o, V̂ i
o and Nf are the ith estimated parameters and

number of solutions which reached the condition χ 2 ≤ 1, respec-
tively.

We illustrate the presented strategy in Fig. 6. We plot the cal-
culated flexure w(mo + δmo) associated with perturbations of a

reference model mo (grey area in Fig. 6a). The RMS misfit of all
these possible solutions are plotted in Fig. 6(b) where horizontal
variations represent perturbations in Te(x) while vertical variations
represent perturbations in Mo and Vo. We found that there are signif-
icant trade-offs between Vo, Mo and, Te(x) which both moderate the
shape of the misfit function and affect the location of its global min-
imum. The combination of parameters which satisfy the condition
χ 2 ≤ 1 are selected and their associated flexure w(x) are plotted and
compared with the respective bathymetric profile (Fig. 6c). Using
these solutions, average values T e(x), Mo and V o and their respec-
tive standard deviation 	Te(x),	Mo and 	Vo are computed using
(9), (10) and (11), respectively. Average distribution and standard
deviation for Te(x) are plotted in Fig. 5 for each studied bathymetric
profile. Mo ±	Mo and V o ±	Vo values are summarized in Table 2.

Most uncertainties in Te range between ± 1 and ± 3 km, whereas
	Mo and 	Vo are in a range of ±(0.1–0.5) × 1016 N m and
±(0.1–0.5)×1012 N, respectively. The estimated uncertainties 	Mo

and Vo are typically less than 20 per cent of the mean value of both
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Table 2. Results after Monte Carlo realizations.

Bathymetric profile Age (Ma) T M
e (km) T m

e (km) Mo(×1016 N m) Vo(×1012 N)

P01 48 40.8 ± 2.57 21.1 ± 1.7 2.23 ± 0.18 2.08 ± 0.15
P02 41 27.4 ± 1.68 18.2 ± 1.12 0.37 ± 0.11 1.02 ± 0.12
P03 40 31.7 ± 2.10 22.3 ± 1.4 0.63 ± 0.11 0.24 ± 0.13
P04 39 39.40 ± 2.49 23.5 ± 1.67 1.74 ± 0.19 1.03 ± 0.17
P05 38 36.53 ± 3.08 25.9 ± 2.06 1.04 ± 0.18 0.43 ± 0.17
P06 35 25.88 ± 1.511 14.2 ± 0.49 1.37 ± 0.2 0.19 ± 0.1
P07 30 30.20 ± 2.13 18.5 ± 1.42 0.25 ± 0.10 0.69 ± 0.10
P08 14.5 29.83 ± 0.68 15.8 ± 0.45 0.48 ± 0.04 0.17 ± 0.03
P09 6 15.00 ± 1.40 13.8 ± 1.20 0.29 ± 0.05 0.17 ± 0.09

Note: Age: crustal oceanic age at the trench axis, T M
e : elastic thickness seaward of the outer rise, T m

e :
elastic thickness at the trench axis, Mo: bending moment at the trench axis and Vo: vertical force at the
trench axis are shown.

Vo and Mo, whereas uncertainties of Te(x) are less than 10 per cent
of the average value of Te(x) (see Fig. 5 and Table 2 for further
details).

4 R E S U LT S

The topographic profile modelling results for the 50–0 Ma oceanic
lithosphere at the Chile trench are shown in Fig. 5. The estimated
solutions fit the long-wavelength features of the bathymetric data
well, whereas, the high-frequency features give an indication of the
roughness of the basement topography. The distribution of the de-
rived elastic thicknesses are characterized by a systematic reduction
towards the trench for each profile (Fig. 5). The reduction in Te be-
gins 50–100 km from the trench axis (in the vicinity of the peak of
the outer rise) and ranges between 10 and 50 per cent. The reduction
in Te is accompanied by an increase in curvature which suggests
inelastic yielding of the lithosphere. The values of Te found in this

study should reflect the amount of thinning that the lithospheric
plate is expected to undergo when it is bent to high curvatures.

The adjusted estimates of elastic thickness seaward of the outer
rise T M

e and at the trench axis T m
e are summarized in Table 2 as a

function of the plate age. The results reveal only a weak dependence
of elastic thickness on plate age (Fig. 7). This suggests that either
Te does not consistently depend on plate age or that it may also
depend on other factors. On the other hand, the flexural wavelength
of the outer rise seems to increases with plate age. For example, α is
extremely long along P01 (∼300 km) where the plate is oldest, while
for plate ages ranging between 45 and 30 Ma α is roughly constant
with a value of 150 km (Fig. 7b). For profiles P08 and P09 where the
plate ages are 14 and 3 Ma, respectively, α decreases substantially
to values of only 30–50 km, which shows a local and narrow ‘outer
rise’ (Fig. 7b). However, this short flexural wavelength is unlikely to
be only due to the low flexural rigidity, but also due to the combined
effect of relative low Te and heavy sediment loading in the trench
basin.

Figure 7. (a) Elastic thickness seaward of the outer rise (black dot-bars) and at the trench axis (white dot-bars) as a function of plate age near the trench.
Isotherms are based on the cooling plate model of Parsons & Sclater (1977). Ages of the oceanic crust have been determined from magnetic anomalies using
the age grid of Mueller et al. (1997). (b) Flexural wavelength of the outer rise off Chile compared to the plate age.
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5 D I S C U S S I O N

5.1 Reduction in the elastic thickness of the oceanic
lithosphere

5.1.1 Robustness of flexural results

To study the robustness of our flexural results, we conducted inde-
pendent forward modelling seeking elastic models that fit the data.
As an example, we show the flexural modelling for profile P01 in
Figs 6(d) and (e). The best fit is achieved with the Te(x) distribution
presented in Fig. 5(a) and is characterized by a decrease in Te from
40 to ∼20 km within a narrow region. For comparison, we also
plot the flexure associated with a constant elastic thickness of 40
and 20 km. None of these computed flexures accurately predict the
steep deflection at the trench axis nor the flexural wavelength. w(x)
with Te = 20 km overestimates the deflection and underestimates
the flexural wavelength, whereas w(x) with Te = 40 km underesti-
mates the deflection and overestimates the flexural wavelength. We
therefore conclude that a reduction in Te is needed to get enough
high amplitude at the trench axis to simulate the steep bend and
an appropriate flexural wavelength of the outer rise shown by the
bathymetric data. We also test perturbations of Mo and Vo and the
results did not change significantly. Similarly, the rest of bathymet-
ric profiles were first examined with a constant Te and we came
to the conclusion that most of the Chilean outer rise region suffers
from extremely high curvature and sharp bending, and a reduction
in Te is needed to get high enough amplitudes near the trench axis
to mimic the steep bending of the subducting Nazca Plate.

5.1.2 Elastic and mechanical thicknesses

If strong bending moments exceed the strength of the plate, it will
yield rather than flex, and the lithospheric flexure will be character-
ized by extremely high curvatures. A reduction in Te is required to
model the high curvatures observed along the studied bathymetric
profiles (Fig. 5) and we can consider that the reduction in Te “sim-
ulates” inelastic deformation. Many authors have suggested that
elastic thicknesses calculated for plates with such large curvatures
underestimate the true mechanical thickness Tm of the plate because
inelastic failure effectively reduces the thickness of the layer which
can transmit elastic stresses. The true mechanical thickness Tm (i.e.
Te at zero curvature) is a rheological boundary at the base of the
high strength mechanical lithosphere (McNutt 1984), and it can be
estimated using the ratio of Tm to Te against curvature (McNutt &
Menard 1982). Although the conversion into mechanical thickness
has adherents and detractors and further technical analysis of this
matter is beyond the scope of this study, we can interpret Tm in this
flexural study as Te seaward of the peak of the outer rise, where the
plate curvature is negligible. Thus, the reduction in Te needed to
model the extremely high curvatures near the trench is interpreted
as a consequence of inelastic deformation which might be caused
by hydro-fracturing weakening mechanisms. Yielding is in accord
with seismic reflection and bathymetry data that suggest the pres-
ence of normal faults in the outer rise region (see Section 5.2 for
further discussion).

5.1.3 The role of the Young’s modulus

So far, we have quantified the reduction of the flexural rigidity
D towards the trench only in terms of the parameter Te and held
constant the Poisson’s ratio ν and Young’s modulus E. However,

reduction in D might also be due to reductions in E, which is
directly proportional to D. The Young’s modulus can be described
in terms of Poisson’s ratio, P-wave velocity Vp and density ρ via

E = ρV 2
p (1 + ν2). (12)

It is worthwhile to quantify reductions in Vp and ρ and in-
creases in ν due to percolation of fluids within the mantle to check
their impact on E and hence on the flexural rigidity. According to
Christensen (1996), dry peridotite rocks have typical seismic ve-
locities faster than 8.2 km s−1 at 200 MPa (oceanic typical Moho
depths). With increasing degree of serpentinization seismic veloc-
ities are forced to change to ∼4.7 km s−1 in serpentinite. Partially
serpentinized peridotites have seismic velocities that fall between
these limiting values. A typical value for hydrated upper mantle ve-
locity in the Chilean outer rise is Vp = 7.8 km s−1 (Contreras-Reyes
et al. 2008a). On the other hand, theory predicts that for increasing
fluid-content, the shear wave velocity Vs decreases faster than Vp

resulting in the increase in Poisson’s ratio (i.e. ν is more sensitive
to the presence of fluids than Vp only). A seismic study of the com-
pressional and shear waves in the southern-central Chile outer rise
reports a relatively high Poisson’s ratio of about 0.28 interpreted in
terms of hydrated upper mantle off Isla de Chiloé (Contreras-Reyes
et al. 2008b). In addition, the infiltration of water also has an impact
on the bulk density of mantle rocks, which results in a reduction in
ρ. For offshore Antofagasta (Chile at ∼23◦S), Ranero & Sallares
(2004) reported a low mantle density of 3150 kg m−3 which was in-
terpreted in terms of water percolation leading to mineral alteration
and hydration of the mantle. If we consider these values of Vp =
7.8 km s−1, ν = 0.28 and ρ = 3150 kg m−3 as ‘hydrated’ upper
mantle against ‘normal’ unaltered upper mantle seaward of the outer
rise with Vp = 8.1 km s−1, ν = 0.25 and ρ = 3300 kg m−3 we may
infer that E is reduced by about 17 per cent implying a reduction in
D of ∼16 per cent (assuming a constant elastic thickness of 30 km).
On the other hand, if we keep E fixed then a small reduction in Te

from 30 to 28 km (∼7 per cent) results in a drastic reduction in the
flexural rigidity by the same amount (∼16 per cent), and hence D is
about three times more sensitive to Te than E. So, we conclude that
the reduction in the flexural rigidity towards the trench detected in
this study is mainly due to a decrease in Te rather than E.

5.2 Plate weakening mechanisms

The large curvatures and reduction in Te observed along the Chile
trench suggest that high strains develop due to strong bending,
which exceeds the yield strength of the lithosphere resulting in
inelastic deformation and the loss of strength of the lithosphere.
A large portion of such high strains is associated with brittle de-
formation in the upper extensional part of the lithosphere as is
evidenced by horst and graben structures and numerous extensional
faults imaged by seismic reflection lines and swath bathymetric
data (Ranero et al. 2005). Normal faults exist along the entire Chile
trench, with an average offset of several hundred metres except in
northern Chile where offsets of over a kilometre exist. South of
the JFR the fractured oceanic basement in the outer rise region is
masked by thick sediments. However, seismic reflection data re-
vealed outer rise bending-related faults cutting at least 6 km into
the uppermost mantle (Grevemeyer et al. 2005). Seawater may enter
through these fractures into the crust and upper mantle resulting in
the serpentinization of the mantle (Ranero et al. 2005). Hydration
and fracturing of the upper mantle is also indicated by a decrease
in mantle velocities below the outer rise as seen off Antofagasta
at 22◦S (Ranero & Sallares 2004), off Valparaı́so at 33◦S (Kopp
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Figure 8. (a) Velocity-depth model off Peninsula de Arauco at ∼38◦S modified from Contreras-Reyes et al. (2008a). Isotherm computations are based on the
cooling of a semi-infinite half-space model (Turcotte & Schubert 1982). (b) Bending Moment M(x) obtained along P07 from flexural modelling. Note that
reduction in crustal and mantle velocities are fairly coincident with the increase in bending moment.

et al. 2004), off Arauco at 38◦S (Contreras-Reyes et al. 2008a) and
offshore Isla de Chiloé at 43◦S (Contreras-Reyes et al. 2007). The
increase in fluid pore-pressure and fracturing degree are efficient
mechanisms for weakening of the lithosphere resulting first in a
weakening of molecular bonds within crystals and second in a re-
duction of the confining pressure and hence the reduction in the
overall rock strength (e.g. Brace & Kohlstedt 1980). A previous
spectral isostatic study also inferred significant weakening of the
oceanic Nazca Plate approaching the trench in terms of low Te val-
ues (Tassara et al. 2007). They further speculated that along-strike
variation in the strength of subducting plate could be related to vari-
ations in the degree of hydration and serpentinization of the oceanic
upper mantle.

Contreras-Reyes et al. (2008a) reported a region of low crustal
and mantle velocities in the trench outer rise region off southern
Arauco at 38◦S interpreted as a fractured and hydrated lithosphere.
The low-velocity zone extends through ∼10 km of the uppermost
mantle and is coincident with the 450◦C isotherm (Fig. 8). They
further discuss that the maximum depth of water infiltration is con-
trolled by the neutral surface because fluids cannot penetrate into
the compressional regime underneath the neutral surface. Seno &
Yamanaka (1996) studied focal mechanisms earthquake data and
conclude that a good proxy for the neutral surface corresponds to
the isotherm of 450 ◦C, which is roughly coincident with the limit of
the low-velocity zone shown in Fig. 8. Thus, the brittle lithosphere
could be described in terms of an upper extensional part which may
be weakened by hydration and fracturing simultaneously, and a dry
compressional part affected by faulting as is shown by compres-
sional events at depths larger than 20 km depths (Christensen &
Ruff 1983). Fig. 8 shows the predicted bending moment obtained
by the P07 modelling profile compared with the projected seismic
profile published by Contreras-Reyes et al. (2008a). The maximum

depth of low mantle velocities increases towards the trench reaching
its maximum a few kilometres seaward of the trench. It is striking
that as the bending moment increases the depth limit for hydra-
tion also increases, suggesting a progressively deeper penetration
of faults towards the trench, and hence perhaps a large degree of
plate weakening.

5.3 3-D effects

Bathymetric profile P01 (Fig. 5a) is quite striking because it has a
very high peak of the outer rise (wb ∼ 650 m) larger than observed
in most outer rises. This high peak occurs in the region of the Arica
bend, where the strike of the trench axis changes over 45◦ within
200 km. Here the sharp turn in the trench may be affecting the
shape and amplitude of the outer rise (Judge & McNutt 1991). Con-
sequently, the predicted maximum bending moment and flexural
wavelength from our flexural model are also large (15–20×1016 N m
and ∼300 km, respectively). It is important to point out that the high
amplitude and bending moment is likely associated to 3-D defor-
mation of the outer rise in the region of the Arica bend, where the
flexural parameters may be overestimated from our 1-D flexural
modelling. Three dimensional effects may induce tearing or a sub-
stantial degree of twisting of the subducting plate (Judge & McNutt
1991).

5.4 Relation of Te and plate age

It is widely accepted that the elastic thickness increases as the
oceanic lithosphere becomes older, cooler and stronger away from
the spreading centre (e.g. Watts 1978; Caldwell & Turcotte 1979;
McNutt & Menard 1982). When a plate is loaded, its flexural re-
sponse is a function of its strength at the time of loading. Thus, Te is
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most often interpreted as the depth to an isotherm. Elastic plate stud-
ies indicate two distinct populations of Te: those for seamounts that
approximate the 200–400 ◦C isotherm (Watts et al. 1980) and those
for trenches that approximate the 600◦–800◦C isotherms (Caldwell
& Turcotte 1979; McNutt 1984; McAdoo et al. 1985) according to
the cooling plate model of Parsons & Sclater (1977) which delim-
its the base of the mechanical lithosphere. However, other authors
have recently claimed no consistent increase in Te as a function of
plate age (Bry & White 2007). Inconsistencies have usually been
attributed to thermal anomalies such as thermal resetting McNutt
& Menard (1982) or inadequacy of the purely elastic plate model
for describing the mechanical behaviour of the oceanic lithosphere
(McNutt & Menard 1982; Turcotte et al. 1978).

Our new elastic results show no systematic increase in Te with
plate age suggesting either Te does not depend on plate age or
it is influenced by other factors such as plate-loading history and
the degree of weakening. Weakening represents the plate’s memory
of previous deformation, that influence subsequent stress distribu-
tions and new deformation (Mueller et al. 1996). Unfortunately, the
loading history and the degree of inelasticity that the lithosphere
has undergone are largely uncertain.

One could expect that if the plate is older and therefore more
rigid it should be able to resist weakening more effectively. How-
ever, several examples in Fig. 5 shows that reduction in Te for plate
ages older than 40 Ma is up to 50 per cent, which is larger than
the reduction in Te for plate ages younger than 30 Ma. We inter-
pret this large reduction in Te for older plate in terms of brittle
failure processes which likely act deeper for older plates. That is,
because the transition-depth from brittle to ductile within the litho-
sphere increases as the age increases (e.g. Mueller et al. 1996) then
the volume available for fracturing and hydration also increases.
We speculate that this critical transition-depth would be directly
related to hydro-fracturing and hence weakening. This may explain
why old plates may experience a larger amount of weakening than
young plates. Young plates, in contrast, are characterized by a shal-
lower brittle–ductile transition, and therefore the amount of brittle
deformation and weakening that they may be expected to suffer ow-
ing to bending stresses is smaller than older and colder plates. The
latter shows a complex relationship between Te and plate age. On
the one hand, old plates are thicker and more capable of supporting
tectonic stresses, but on the other hand, older and colder plates are
likely to experience more weakening and hence a more pronounced
reduction in Te.

6 C O N C LU S I O N S

This work leads to the following conclusions:

(i) The results show a systematic reduction in Te towards the
trench reaching values up to 50 per cent thinner than seaward of the
outer rise. The reduction in Te is coincident with high plate curva-
tures, strong bending moments, pervasive fracturing and faulting of
the oceanic basement as is imaged by high resolution bathymetry
data and reduction of crustal and mantle seismic velocities.

(ii) The reduction in Te and hence weakening of the oceanic litho-
sphere is interpreted to be caused by fracturing and a likely increase
of fluid-pore pressure in the outer rise region, where hydration may
be an effective plate weakening mechanism only in the extensional
regime of the plate where the water infiltration is confined.

(iii) The results indicate that it is difficult to relate the strength of
subducting plates to their age and old plates appears to experience
more weakening than young plates.
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A P P E N D I X A : F L E X U R A L M O D E L L I N G

The flexure of a rigid lithosphere overlying a fluid-weak asteno-
sphere is governed by equation (1), which can be re-written with
variable elastic thickness for x ∈ [0, L] in the form of a first-order
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system with variable coefficients as follows:

dw

dx
= z, (A1)

dz

dx
= −D−1(x)M, (A2)

dM

dx
= R, (A3)

dR

dx
= −F(x)D−1(x)M + 	ρgw − q(x), (A4)

where 	ρ = ρm − ρw (see Section 3.2 for details). Eqs (A1)–(A4)
can be re-written in the condensed form as follows:

dS

dx
+ P(x)S = Q(x), (A5)

where S = (w, z, M, R)t is the augmented state, Q(x) =
(−q, 0, 0, 0)t is the right-hand side, and

P(x) =

⎛
⎜⎜⎜⎝

0 −1 0 0

0 0 D−1(x) 0

0 0 0 −1

−	ρ 0 F(x)D−1(x) 0

⎞
⎟⎟⎟⎠ (A6)

The eq. (A5) are discretized using centred differences at N equidis-
tant points x1, . . . , xN in [0, L], that is xn = (n − 1)	x, 	x =
L/(N − 1), n = 1, . . . , N . If we denote by Sn the corresponding
approximation of S(xn), and Pn = P(xn), Qn = Q(xn), then the
centred scheme reads

Sn+1 − Sn

2	x
+ Pn Sn = Qn, n = 2, . . . , N − 1.

That is −Sn−1 +2	x Pn Sn + Sn+1 = −2	x Qn , so if we arrange the
unknowns as (S1, S2, . . . , SN ) the corresponding finite difference
system is a 4N × 4N tridiagonal block matrix. At x1 = 0 and
xN = L we prescribe the following boundary conditions (Section 3)

wN = 0, zN = 0, M1 = Mo, R1 = Vo + F(0)z1.

We need two other equations at the right side of the interval [0, L]
that we establish using left differences at xN

zN − zN−1

	x
+ D(L)−1 MN = 0,

MN − MN−1

	x
− RN = 0

and two other equations at the left side of the interval [0, L] that we
re-write as right differences at x1

z2 − z1

	x
+ D(0)−1 M1 = 0,

w2 − w1

	x
− z1 = 0

with this, we have as many unknowns (4N ) as equations: 4(N − 2)
centred differences, four boundary conditions and four supplemen-
tary equations. (4(N − 2) + 4 + 4 = 4N ). The final system has the
form

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1

−I 2	x P2 I

−I 2	x P3 I

. . .
. . .

. . .

−I 2	x PN−1 I

AN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

S1

S2

S3

...

SN−1

SN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B1

2	x Q22

	x Q3

...

2	x QN−1

BN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where

A1 =

⎡
⎢⎢⎣

−1 −	x 0 0 1 0 0 0
0 −1 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 −F(0) 0 1 0 0 0 0

⎤
⎥⎥⎦

AN =

⎡
⎢⎢⎣

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 −1 0 0 0 0 	x D(L)−1 0
0 0 −1 0 0 0 1 −	x

⎤
⎥⎥⎦

and

B1 = (0, −	x D(0)−1 Mo, Mo, Vo)t , BN = (0, 0, 0, 0)t .

Once the system is solved, an approximation of the flexure w and
the bending moment M is obtained at each point xn of the interval
[0, L] from the first and third components of Sn, n = 1, . . . , N .
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