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(1) Let Q be a bounded domain in R, N > 3, with smooth boundary
0€). Consider the problem with infinite boundary condition

—Au+v’ =0, u>0 1inQ,

u(zr) — 400 when dist (z,09Q) — 0.
Assume that p > 1. Prove that this problem has a classical solution.

To do so, prove first that the approximate problem

—Aup, +ub =0, wu, >0 in Q,

up(x) =mn  on ON.
has a classical solution for all n > 0. Moreover,
Up(z) < Upy1(z) for all n.

Let

Prove that this limit indeed exists and that it defines a classical
solution of (1). To do so, use the super-subsolution method to prove
that there exist constants C1,Cy > 0 such that

Ordist (2, 890) 77 < u,(z) < Cadist (z,9Q) 71 for all z € Q.

(2) (Strauss, 1977). Consider the problem
Au—u+u? =0, u>0 inRY,

u(z) — 0 as |z| — +oo,

where p > 1, N > 2, and p < % if N > 3. Prove that there exists
a solution u, radially symmetric (u(x) = v(|x|)) for this problem.

To do so, prove that if
HL  (RY) := {u € HY(RY) / u is radially symmetric }

rad
then the embedding H! ;(RY) — LPTYRYM) is compact (Strauss
Lemma). Prove first that there is a C' > 0 such that for any u €

H! (RV) we have

rad
c N
”IJ,(iL')’ < HTHUHHI(RN) forallz e R
x| 2



(3) Let © be a bounded domain in RY, N > 3, with smooth boundary
0f). Consider the boundary value problem

N+2
Au+Iu+uN-2=0, ©u>0 inQ (1)
u=0 on O (2)
Consider the number
2 2

ueHJ (Q)\{0} (f ’ |N 2)

Denote by Sy > 0 the best constant in the Sobolev-Gagliardo-
Nirenberg inequality, that is

2
Sy:=  inf Jo [Vul”

ueCH(RN)\{0} (f]RN M%)T’

(a) Prove that if A < A1 and that if Sy(2) < Sy, then the infimum
S\ (€) is attained. To do so, consider a minimizing sequence u,, with

Jo \un\% = 1. Prove that this sequence is bounded in H}(Q2) and
that, passing to a subsequence, can be assumed to be convergent
to a weak limit u. Show that this convergence is actually strong in
H{ (), establishing first the asymptotic relations

¥ = [l [ = af¥ 4 o0(0)

/\vunP /yw? /|Vun—Vu|2+0()

with o(1) — 0 as n — oo.

(b) Prove that if N >4y 0 < A < Aq, then (1)-(2) has at least
one classical solution (Brezis-Nirenberg, 1983). To do so, accept the
fact (Aubin, Talenti, 1979) that the infimum Sy is attained at the
functions

u() = ! ,

(12 + | — wof?) "7
for any p > 0, zg € RY. Use these objects to build up test functions
that show S)\(€2) < Sn.




