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PROBLEM 9.1

k) y @ x=0
d -
(c)a\—;‘f@x_o

9.1 throngh 9.4 For the loading shown, determine (a) the equation of the elastic curve
for the cantilever beam 4B, (b) the deflection at the free end, (c) the slope at the free
end.

SOLUTION
‘DZMK =0 "‘M°+M = o
ﬁ:ol |\/\-= Mo
2
“zo] EI%;(Y = M= M,
EI L = Mox 4+ €
[x=1, ¥ =0] 0= ML +C, C =~ Mol
Ely = IM '+ Cix + C,
[x=L,y=-ol O = +M L - ML+ C,
C,= =M, L*
j’i‘%f(xa"?“ + L7)
= ...L”—"——(L'X)z et
2EL
- Mb - 2 - _M__OL‘.
N T (L-e) 2EX ! -
dy __ M. (). s oM g = - ML
:;f —'-E-:.[-.-(L x) = EY (L o) ET
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PROBLEM 9.2

9.1 through 9.4 For the loading shown, determine (a) the equation of the elastic curve
for the cantilever beam 4B, (b) the deflection at the free end, (c) the slope at the free
end.

SOLUTION

DZM; =0 -M - P(L-x) = O
[x=0, yz0] = - P(L-x)
Ix=0,4= o] EI 'j—;’; = - P(L-x)7 -PLaPx

\4 P
v 4 EI"',‘ = -Plx + 4Px" + C,
C:’ZA
B

Tl L-x—-l [1=o’§’°]

O=-030~ C,
C.::C)

Ely= - *}Psz+-GLPx3 + Ox + C,

[.x=0,j=o] o= -0+40+0 + C, ¢, =0
z
(a) Efastic corve j‘-‘-—%(&_-X) et
& - - B (2L-%)
. _PL? - R o
(L) y @ x: L Ye ° -G—él-f(3l. L) = SET
I
Yo * 3£t ¢ =
oy > dy) _ _ PL _ _ P
(o)) v @x=1L 7})3- -2_&?'(21 L) = %
. BL
O * ZET X -




PROBLEM 9.3 9.1 tllrougle 9.4 For the loading shown, defcmﬁnc () the equation of the elastic curve
for the cantilever beam 4B, () the deflection at the free end, (c) the slope at the free
end.

SOLUTION

[x-L=£=0] 0= -¢wl® 4+ ¢
C, = #wlt
EIf"ﬁ r ~dwxt + twid
EIy = —zrwx'+ Zwlix 4 C,
Ex=t, yzol 0= ~Zwll e dtwit+0, = ©

Co(F-ddwl = - 2wl

(a) Efastic corve Y h?fﬁ( xt - yPa 3L") et
. .. 3wkt wl , wi -
. . owid . owi?®
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9.1 through 9.4 For the loading shown, determine (a) the equation of the elastic curve

PROBLEM 9.4 for the cantilever beam AB, (b) the deflection at the free end, (c) the slope at the free
i end.
Y tiy
' SOLUTION
M 1*‘”" AZE -0
C{ —i Ra - fwl = ©
3 L B
g o - Ful
A
weX wex® DZM, = O
T TTIT] eM I'_%_{ZL w M- FT =0
giA 3 l/) LA K] D M, = - dwt’
%"J‘:‘; x ]V é“’o“r X 'wv
Fuk i
wX' X _
VZM; =0 FWt - duwlx + 222 4 M = O
_ 2 w,X*
M e --é-woL + %w.;'—x - ?OL—
2 3
EI %—g‘ = -éwoL‘ + %W,Lx - %-Lx-
4
El_ﬁi . —gwlix o+ Fw byt - E 4 C
l'_x:o)::Jkeo-l 0O:=-0+0-0+ (, C,= O
2 u),X‘f
ELy = -gwl™ »gw.lx - + G
[xeo,d=o] 0z -0+0 -0 +0 +C, - C, = 0
s 5
(@) Elastic curve = —E\%-L— (GLLS'X’ - T%L“i)' ELSX ) —
| woL"(\_ Lo, L) = TR AN
(b)‘y@x_rt Ye= = Fp \E T i 120 = T ex
' ) welt
Yo Tas Er -
4 . Ayl - Wl LY . _ o4 owll
) ﬁ@ =L ?ilg' T_—'}"(a"-‘i*aq) %‘_E"J':"
o - = wel® =3 I
@ g EI




PROBLEM 9.5 9.5 For the beam and loading shown, determine (a) the equation of the elastic curve for
portion AB of the beam, (5) the slope at A, {c) the slope at B.
! SOLUTION
R
P_%L_‘igw AD3M, = O
] A )
' L T L/2 1 L ik ¢ "'RaL +(%WL)("‘-§L)=
P . R
yred bebyeel ] e Ra 7 ’:‘wL
W
Uil "DM For Fo\r‘i’iov\ AR oy.}j (0 % < L)
A
T— x —J»,V DTMJ-‘-“ - 2wlx rwx)d + M = 0O
%NL A M = %wLx -é—wx"
ETY = Zwlx-fwx
ErZY - -,-ss—vw'.)f"--wa3 + C,
Ely -~ 'Lchx’ 3 “+Cx + C
(x=0, y=01 0= 0-04+ 0 + C, C,= 0
[x=1L,y =0l 0= jgwi®- Lwl'+ QL C =~ g Wit
(a) Elastic corve
l'
y = g Gebx’ -z o YA -
i{ (gLt -g% -t )
gy i_gl_ W(O_O__LL;)*_WL?‘
(L) e @ x x|, = 'E—j e Hg ET
wi =3
6 - 48ET -
d > dyl _ wf{Bys_ L3> 1) =
e Z-;@x L Z}ilg'Er(ML [ qs’-) 0
ee = O il
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PROBLEM 9.6

wl.
I’=—5"' y]

v ™ e
L‘_--l D) SM, = 0 (%‘X%) = KgL + (,WLX%) = D

9.6 For the beam and loading shown, determine (a) the equation of the elastic curve for
portion BC of the beam, (&) the deflection at midspan, (c) the slope at B.

SOLUTION

x Using ABC as a free body

:.lg-] Ke = :LS}'WL

For Por‘l‘;on B8C 0n4pj O< < L
DIM,=0 %L‘(§+x)—iwLx+(wx)§+M;o

- 3 t T
M= Zwlx-ZwX -5 wL®

2 K8
EL i—;?: = -f_wLx -~ twxt - Lwl

EL j{f - %NLXI--GLWX:"— Lwi*x + C,
EIy - Lwlx® - wx'! = Lwl’x* 4+ C,x +C,
[x:onzo] 0-0-0-0 + O + C, C,= 0
[x=L, y=ol S (k-A - W +CLvo ¢, =~ wt
() Eldastic cuvve yr-é-"i:(,%u’-f,;x‘-g%tx Lo2x) .
ﬂ'j,{’ i (& L~ 2o -5 0%~ 55 L )
B yexsd s H{EET-RE -0 - ew
:%ﬁiéa_ii_q-#“i‘:? znllﬁow&ii"
Im (LIBZOWE? \ -
@ Fexo %L‘EI(O'O'O"’OP). -
er%% I —t




PROBLEM 9.7 9. 7 For the cantilever beam and loading shown, determine (@) the equation ofthe elastic
- curve for portion A8 of the beam, () the deflection at B, (¢) the slope at B.

SOLUTION

USl‘hﬁ ABC as « Fv\ee \MAJ

AIF =0 Ra -%4+% =0 R,=0
2
"'DMA =0 -M, "(%)“i‘,)’ © Ma=

Usinj AT as a Free Lo-\) ( Portiow AR onfj)
fD'Z'MJ--o --\E}ﬂ-‘+(wx)§+m.—. o

4 M= fwl® - fwx’
R wh
w e ELGY = 4wl -dwe
.*C L \h v r)M EI-’-\J s "LWLtX 'é‘wxs + C;
S
* — [x- o,j—f o] o=0-0+C, €, =0
Vv
ELy = gwlix’ - gywx' +Cx + C,
[x=o,y=o] 0= 0-0+0 +C(, C,=0
(@) Elastic covve y *© -E-"f (%Lx -24 x¥) ~euti
N F (U= &)
L VJL" I
(k) dd}(:é \YBE wa{"_ ) (2)} {32 33\(1
i|ow LY = wil’
384 ET Y8 7 239 ET b
wil
© f4x-k B r 2y - HEVE Hrid - Wt
Sw.id - ....5.....4.L =X
48 E1 O - 4g g1 - —
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PROBLEM 9.8 9.8 For the beam shown with load P, determine (g) the equation of the elastic curve for
' portion AC of the beam, (5) the slope at 4, (c) the deflection at C.

P SOLUTION

Because ot SjMME‘}v“\j 3_}‘ =0 o} x-=

[ [

Reaction at A R, = 1P

Fov "Porh'an AC onfj , Vsing Free |ooalj AT

*DMJ=O -4Px + M = 0

M M = 4Px

[x= )%{:o] o= PG +C ¢, = ~EPL*
C

Ix=0, yro] O =0+04+ C, C, =0
(@) Efastic corve y= & (ae- Loty —a
§o & (b0m )
) X ot x=0 6A=£_-%(O-7};L‘) =-‘—$—; or rl%%‘qd
@yt x % Yoo BiR@r-r@d = Bdd e

_PLY pL2
wBer o7 tnu.r;!:l




PROBLEM 9.9 9.9 and 9.10 For the beam and Joading shown, () express the magnitude and location
of the maximum deflection in terms of wy, L, E, and /. (b) Calculate the value of the
maximum deflection, assuming that beam A8 is a W18 x 50 rolled shape and that w, =
4.5 kips/ft, L = 18 &, and £ =29 x 10° psi.

SOLUTION

Usin3 eviire beam as oo T ree loaab;

HDSMg =0 Rl +GEWLA3) =
Y
awoLL£4 ?A = %WOL
EY
[ )
TA BT Ustng AT as atree bodly DZMJ- = D
E S
Ra - Ra _-é-woLx{.(Ji-wa-)(%) + M= O
Vo X
1~
DM M - éw,Lx - é -‘:-_’9“’)63
A
J 2
T TN EIR s b
3
ET S - wolx®- &% x" 4 C,
EIy = gewolx® —pa P’ + Cx + C,
[x:O,J=O] 0=0-0 +0 + C, C,_:O .
7 w, L
'.:l—_,y=0] O = QIEWOL’-EIEWOL"" C.L“‘O C.-_ ""3'6—09—“
-
EPastic curve YT ﬁg_{i-[_x:‘ = fi’lc_:a—l.)ff ~ 3eo L*x 'g

%{ EI{ Lx* 5;';"" .sZoL"‘l

To Find .Pocu"' iow of megimow dettection set ;'i + O

18xt - 30U, + TLY =0 Xm = %
=-(|-{.1§n= T 0.2697 L* X,.= 0.5193 L —
Yoo = 21‘5 Llo.s19s L) - & @_s:ua_f-f) 52 3(0.5193 Y
v L]
= - 0.00662 %L o+ 0.00652 EMIL { —-
Data: - 4.5 k-'ps/-H' = i,saeg * 37§ PL/MJ L= 18F = 216 in
1= 800 in* for WIBxSD

Im =

2 30L%~+ J00LY-YH20 "

_ (0. 00652 )(325)(216)" N
(Rax10¢ Y(8o0 )

0.229 . -,

et

.'/—\
\_/
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PROBLEM 9.10

x

¥ , L ,

=0,y= 0] \'_x:L_,J=O]

M= - (il
E)(:OJM':.O]
[)(:LJM=O]

EI-é:{-: ™ =

W,
L

. o]

:0] O

EIL

9.9 and 9.10 For the beam and loading shown, (a) express the magnitude and location
of the maximum deflection in terms of w,, I, E, and /. () Calculate the value of the
maximum deflection, assuming that beam 4B is a W18 x 50 rolled shape and that w, =
4.5 kips/fi, L = 18 ft, and E = 29 x 10° psi.

SOLUTION

Qv
Ay

V o=

- - W

"!v,—_?(L-x)
——v{_‘l (bx - &x*) + C,

o

‘an) + Cv‘x’ + Ch

1}

1

wp (L2t L
',_—(nL" 29

-

-

1 4
- gLy ¥

O+ 0 +0 + CM
—%(%L’--‘LL"3+C\,L

c-0+y0 + 0 + C,
Wl k15— 4L+ aslfks QL+ 0

C,
C--

= Q

W, L?
L

Loy .

g4
7 ‘KLY)

.(Jeu EPRTICRE R At

Te Find Jocation ")F MG I a’e”ec.‘fiov\ sel ﬂ =

P g%~

Let z = I=

Z 2 O 0_.3395

2

Wl 5 (04267) -

wo LY

Vates:

T = for

goo in*

éLx: + 3 X!
") =
g -

Bj Nevan-?aphsoh mz“m:l
a.4807,

w, = 4.5 kips /Ft =
W 18xSo

(0.00652)(378)(21)*

d. ¥
P (o.4307)" +

A g4 -

-l =0

PR AR AR S A
b2t v 20

_ P

22 aF /dz

0.4807 . = 0.4807 L

4z (0.4807 )}

wol !
EX Y

L (0.4807Y° -
Yn =

q500 . 375 AL/

lao

0.00652

L=188H = 216 \w

0.229 .

(2gx10¢) (800




PROBLEM 9.11 9.11 (@) Determine the location and magnitude of the maximum deflection of beam AB.

(b) Assuming that beam 48 is a W360 x 64, L =3.5m and E =200 GPa, calculate the

maximum allowable value of the applied moment M, if the maximum deflection is not
yl to exceed 1 mm,
MU

2B SOLUTION

Us€n3 evtire beawm as a Free ‘:m-l)
DZIMg = o M, - Kal =O ?‘:%2

=0, y:0] [xst, y=o]

USr'nj PD"""I.UH AJ
A R M
\ +O5M, = © M- My s M=o
M.C[ 8 v L
ﬂ‘["—'- — M = —';_1*’-(x-L\
EI§}L= %(x-l_\
g
(= B EL L - M (4= Lx)0 G,
M, /L v Ely - -‘\é?(é-x?‘—-%l.x‘)*c.x +C,
Ix=0,yzol 0= 0-0+0 + C, C, = o
fxsL;y-0] o= M(F2-3) + QL O C = 4ML
. Mo 3 1 L2 dy . M z 2
j'é‘%,(%x - % Lx FAL%) ;;Y-ﬁ‘;-_(f{x Lx + 1%)

Tl:a "F'n‘rwl -poca'l‘fou O‘F MM;MUM Je;/!ec,'}r'ovl S€+ é;g = O

Ixl - Lx +3L =0 .= L- {0-GEBRL) = (1-{3)L
= O.QZZGSL el
Yo T %{(%1(0.4226533 ~(4Y0.42268 ) +(3Y0.922¢5)} = 0.064 1S ____“;«i_'- }
. - _EIynm
SO'V!'\j 'FD“ Ho Mo = 0-0G"HS L"

Data: E = 200x/0" Pa | I = 178x10° ot = (78710 m”
L"’g's"“') yh='Mm= JO_SM

M ,(Zooxw'\(l?zxlo“)(lo-ﬂ .

. > N- = 4§, N —)
(0.06'“5')(3.5')" 4$. 2 x JO° N-m 5.3 kNom

)

"
! H




9.12 (a) Determine the location and magnitude of the maximum absolute deflection in
AB between 4 and the center of the beam. (b) Assuming that beam 4B is a W460 x 113,
M, *= 224 kN'm and £ = 200 GPa, determine the maximum allowable length L of the
y heam if the maximum deflection is not to exceed1.2 mm.

PROBLEM 9.12

SOLUTION

Ds;h% AR as « Free boo\j
ZME.'-O -Z,M.,—Q,,L-‘-O

M. Using Pof‘ffc\n AT as a tree l:ouly
( )Mo SM;=0 -M,,-»Zg'—"x+M=o
F ' Y ) M
e — L ——— M = —L-E(szﬂ
R,a. RQ
Ay - Moy .
M. y er 5E = (k-2
dy . M _ oyt
CA J(j EL - He(x-x) 40
oW ey BGuc
x=o, y=0) 0= 0-0+0+C(, C,= 0
[szJy-o] o= %(%Ls_g-up cL+ 0 C, = -+ ML
@ 2 2 6\ M. z Y
:{:EP;:L (%Lx-é*"—é‘Lx) £=EIL(LX-X -'-'};L)
To Fined Joca?“;'on st momimum deflection set % = O
Wi lxa-lizo s LSOl G0 PL-ozea L =
1 -3
Yo = PE}’- {(-;-)(o.qnsz\‘-@-)(o.ansz\’—(-.l_-\(o.zusz)} = —o.one.os7s—g}i
- ML .
lym] - O.O‘CD:S?S'-ET I
. _f_EI -1 }"
So.pvlnﬁ 'Fall‘ L L = {0-0'5037‘“0
Data: E = 200210 Pa, I = &56x/O° mm® 2 556x107C m!
lyet= L 2mm = 122107 m Moz 224 10" N-m
_{(zoouo')(ssexlo")(f.zxfo")}"‘ - T
L =1 (0. oicoars Y(ZaH 103 ) | 6.0% m -




PROBLEM 9.13 9.13 and 9.14

For the beam and loading shown, determine the deflection at point C.

Use E = 200 GPa.

My=33kN.m

SOLUTION
w1o§m.3 Reactions: Ry MJ/L T B = ML
O <2 <a 9 ZM\]’ T o
| 2]
M, -
ol A ) - T+ M= o
ol M
4 M = =2 %
MLV L
B.< % < | 1M - o

D« A &£ & o« n=< L
i = SR eI - Ye(x-)
EI% = %(‘%X‘)*‘ C, W El';r"- M‘(&x ~La)+ Gy .(3)
ELy = =M+ Cx 46 @] EIy = P(de-4u)+CGxe 0 @
Ix=0,yz0] £&.(: 0=0+ 0 + C, ¢, = O
x=a,$-H) Esaeer: He(la )+ ¢, = Be(da-Lla) - ¢
Co= C+ Moa
(x2a,y=yd Eas@@® Mo( Lo?)+ Ly = Me (36 -1La )+ (21+ Moada + G,
Cy = = z Mo
D=L yz0d  Eq@e) %('&Lg-%l_s)ﬁc,\‘f“loan -4Ma = o
¢, = He(L1ada - ol)
Efastic corve For O=x<a y* EE'OL [éxn (’%Lz“:“'i.a‘- aL)x]
Muke x = o jczﬁ—’}'—ef[éa’»*é{.zai-—,-ae-.-aql.] T ‘]
Date. E: 20010 Pa, I 477%/0° mm' = 477!]0"»4) M,= 83 x%/c* N-m

38x10%)](2 ). m"‘/a + (3820%0.8Y/3 — (3.2)(0.8)°] _

ye= ¢
© (2eox10" Y(#.77 x5 M 3.2)

= 12,75 x j07°

= 12.75 mm —oul
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PROBLEM 9.14 9.13 and 9.14 For the beam and loading shown, determine the deflection at point C.
Use E = 200 GPa.

Y P = 20 kN

SOLUTION
let b= L-a
Recctions: ‘PA:.‘EEB.T , Re = fie- A
Be\no‘{nﬂ moments
[x=0,y=0]
[)(.-. JJJ] O< weo ™ = ]%bx
D= aﬁ!!?‘l
<%=l M= Elbx - Lix- a)]
O< % < & e X<l
E'[éj T b EIQ‘-—E{ z —E[bx-—L(x—a.ﬂ
EI ﬁi = -E(élax ) +.C, (p) EI:LV - _E[.bea_ H(x-at)se, @
EL j = —LE("GLI::X:")-} C,X +cz (2) J’: _LE[é 3‘%‘-‘("-0\3]+Csx+(}, @

fx=o0, 3:0] E7C‘t) oOr 0+0 +0C, C,= 0o
[x= O‘JJ« ﬁ] Egs. (Namd (3D -L_E(:?L,bﬁ")-l-c = —/Lé«[:,a x o] +C, C, = C,

[xza,y=y] Ers@lemd () L)+ Ca + G
B[J-Jc.ra’w o] + Lo + Cy Cy=C, =0

[x=L,yz0l Ep (4) [L‘Ms Cii(-afl4 GL = o
<, Elt@-ay-%b02] = E(t8-4b1)

Meke Xx= oo W Eq (2)
Ye ¥ EIL[ Lpods Pa-Ebla] = P(Q’Z'SE*I‘ESC‘-“ L*ab)

Data: P= 20xj0® N, E-200%i0" fa  I- 9472 10% mm' T 710 m'
L:-ZMJ a_-::lu\) b= 2 m

(o103 YL N2+ (2P0 - 3Y(H2)]

= _ 4.85xjo"*
Je * €Y (200 x10*) 9. 17x (07 (3D

e 4-35 mm l




PROBLEM 9.15

9.15 Knowing that beam AE is an S200 x 27.4 rolled shape and that P=17.5kN, L =

2.5 m, a = 0.8 m and E = 200 GPa, determine (@) the equation of the elastic curve for

portion BD, (b) the deflection at the center C of the beam.

SOLUTION

Consider on ABC On.?jJ avd considen
Sla,mme:h‘j aJeOJt C

?Atﬁa '-'P

Rew‘f Y

-

¥~

Boondary conditins © [x=0, y= 61, [x-a, yoy1, [x- o, %o, Ixo 5,
Q<% <a

EI4Y - M- Px
ET - 3P+ G

&P+ Cx + C,

o< x<l-a
M= Pa
Elﬂ‘,“ = Pax + C,

L Pax™ + Cox + Cy

Py _
ey -
(n
(2)

Ely = EIly =

+ C, = Pal -%Pal

(a) E.pa.sfc curve For Pw"'h'ow BD
J E\_i(%Paxl + Cex + C,)

: E’P:f (fax* -4alx +2a®)

L
2

& (holt - datts o) -

set % =

For deffection ot C

% & (30

EI

Data: E - 200x10" Pa

v =

I = 23.9%10° mm' = 28.9x15° m*
17.5xt0> N, L=25m, a= 08m

(7.5 x10%)(0.8)

(b) Yo~ (200x%10")(28.9x|0°)

{ Qést - %81} = -~ L976 ’rl'C)”s L]

y(_ 2 |.Q7E mw L

Ix=k .0] ~ Cyr-2Pal

C = 1 Pa* -4 Pal
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9.16 Uniformly distributed loads are applied to beam AL as shown. (4) Selecting the
x axis through the centers 4 and E of the end sections of the beam, determine the
equation of the elastic curve for portion 4B of the beam. () Knowing that the beam is
a W200 x 35.9 rolled shape and that L =3 m, w =5 kN/m, and E =200 GPa, determine
the distance of the center of the beam from the x axis.

PROBLEM 9.16

SOLUTION
L—m«—l—w——l—-—mJ 0<% <3 PIMp =0 A JDM
~wxY$Y+ M=o [
e M= fwxt L%yy
A IH'DM EI4Y = Fwx’
Wl"—J.).“L : y Elﬁ - %WXS +C.

EIy = fywx + Cix+ G,

D FTM= o0 —(wx¥E )+ 3wx- %)(x—;s) +M=0
M= -g.-wx" - % w(x_%)z

E14L = dwxt - Fwle§Y

ET dy - -sl-wxg—é-w(x--g)"’ + C,

E-Ij = ﬁ{-}wx"-%w(w—g)q +Cox + C,
Tx=0,y:0] 00+ 0+ C, =0
[-8, H-B]  Zu’+C = L + 04 G C, = Cq

ke%,y:y) g +ef e = )0+ Lef 4 C

C'} h Cz. = O
Sjmmohy \wuvwla_'rj condition [n=% ; i'i = 0}

T T N T AL T
() Edastic curve Hor Por"iow AR

- Lyt 13
j.-,-:.'—xg,{;wxhc,“c,ﬂs = g‘”f(,,.,x F %) —

' L |
(&) ‘DC’“ec‘hou at cem‘}w yc: gfr{%}w(%)q‘ 'gl'w 'I'_i""st:’ _5_;_‘le3(‘é)“ o‘k

!!l-:{ R B g - 3§ wbLY
EI 384 lo3(s fos Si1g4 ET
Data: T = 34.4%10° mm® = 34.4x10°mY | E=200x10"Pa; L= 3m
w3 5x]0° N/m
yo = 35 (Extot )31 = 39750 m | te  0.337 mm }
£ 5184 (200%10% V(314 x10°°)




PROBLEM 9.17 9._17 t?trough 9.20 For the beam and_loading shown, determine the reaction at the roller
support. j
\
SOLUTION O
Reactions arve s"m.'}l‘c.o}jj Lncleterminate. D
Booha\arsj cono\{"'funt ave shown ot Dett. F
Lk:o, y:o] [x= L)y zo] i
eh%e]  DIM=o  -Rx+wF + M=
w . |
A 'D ETLY = -dwx' + R
= g F
Ry v EId = -fwd+ iR+ ¢, -
EIy - -hwx' 1 IR A Cx 4 G
[X=°JJ:01 O ==-04+6 + O 4 Ct. Ca:o rl
Ix=t, éi:o] o= ~Zwl® + FRL° + C, C, = awl®-£R,L" D

[x-L,yrod 0= -Fwl' + ZRL> + (Zwl*- IRLIL + o
(3-§)R = (d-H)wL 4Rz 4L R

?A=%WLT | ~t F




L1

—

PROBLEM 9.18 9.17 through 9.20 For the beam and loading shown, determine the reaction at the roller
support.

SOLUTION

Reactions ave 5‘}@"‘.‘:«}]) {no\e-}ewv\{na"'e.
'Boundqwj conclition ave shown at DeFt.

Us-‘nﬂ Free Boo\j JB

ﬂ\v :DTMJ‘L. o - M + QB(L‘XB— M,, = o
M
C ) M= - M, + Ra(L-x)
3 64 M, )
L= EIé—{r M, + R(L-%)
1o X
EIZ = - Mox+ R (Lx-4x)+ G
Ely -~ —AMaut s R (A=) Cx 4 G,
[X=°_,j'-'0] O= -0+ O0-0 4.0 + C, Cz-.-o
[x=0,f;f=o__| 0= -0 + 0-0 + C, C, = o
e, ysol O ~RMLt+ Re(4L- LY
Mo
{R = %17 Re =301 ~




PROBLEM 9.19 9.17 through 9.20 For the beam and loading shown, determine the reaction at the roller

Support.

:,-'i%- Re (Lox) = 2o (x* - 317 +:u.3)

EIﬁ-;’"

}

ETy = Rllx~3) -
[X‘—'O,j‘—'o] - C, =0

[x:o)ﬁ-c)] - C, = O

[erJd:O] 0= RSLS('QL'

$Re = (@)g) L

SOLUTION

Reactions are s‘ia‘l'fc.aj/ej i defevminate.
BQUV\o!av-y c.oﬂcll“l'l'ows awne shown a.."" dPQ'P'l‘.

Us-'ns free Lwﬂl_\) Je DZMJ = O

“M o+ RalL-x) + wo (L) (L-x)
YeX (1 xY4(L-%x) = O

M= Rg(L-x) - e [20@-0"+ x(L-xV]

= Ra(l-x) - Fe]2® - 410 ¢ 20

2 xl™- 20%Y + x* ]

= Ra(L- x)_ (x -31%x +2L%)

& (e -

i
3

) -

w,L*

€

Ra(Llx-3x) =g (#x*- 105" + 2x) + C,

Px* ¢ 'x* )+ Cx + C,

£-de1)

Re

= gwlt

]

O

1




PROBLEM 9.20 :l.l;‘fp(t)?trough 9,20 For the beam and loading shown, determine the reaction at the roller

SOLUTION

Reactions ave s‘}a+n‘cqjjj incletevwminate.
Boonaiawy conditions are shown o1 fe¥t.

= %"(L-ﬂ
-5—,% W - -%(L-x)
dM . Vs - lix-gx) + R,
Ra v M= - (4L -4 + Rux

rdy - (a0 o
EI% = —%(—él.xs-f;x")-*"i?,\xl-rc.

H

EIy = —Tw"(aﬁLxS—,-;;;x‘)+g"P,x3+ Cox + C,
[xzo)jzo] 0= O +0+0 + C, C, =0,
[x-t, %01 S (LAY s dRLTAC s 0
C, = $WL?-£RL"
[x=a,3=ol S (L9l ¢ PR (WL -ARLIL = o
L

%!;WUL\‘ -

o)
k)
>
rd
=
&
-
2
"




PROBLEM 9.21

w =y (L

9.21 For the beam shown, determine the reaction at the roller support when w, = 6
kips/ft.

SOLUTION

REG\C"'[OV\S ave S+q}fq'ca1)fj}; [,,,cle{'gwmu'nq‘ie.

Bouhalqu conclidons  ave sShown ot Jett

[,(=o))(=o] [xkgl_) -‘o] .
Do Laglso) W= ow, %
N:Wo-}}: ™M 4V ? =W T —-Vyfx‘
j e 2 L=
aM W X3
o g o "V TREE R
4
R. v M = - %’f "i%:" + Pax
az W, )
EI :;{ja_ - L* é— + Qﬁx
o A
EI% ‘E’?z‘;+,_1?,.x‘+c.

D‘E L’J Y 2 OJ
(z-¢)Ra
é—'ﬁ?‘\ =

Data:

0+O*O-*C._ C.z:‘o

EWL AR C -0 C =g WL - 4R, 12
“ie el TRUH (Gwl-4RLIL = o

(2 - gt} Wl

%WUL RA = ﬁg_woL
Wo = € kips/Pt . L= 1284
Ra= H ()Y = 3 kips ~—




PROBLEM 9.22

9,22 For the beam shown, determine the reaction at the roller support when w; = 15
KN/m. ‘

SOLUTION

Reactions ave s‘la:l‘{ca,uj ivwleie.wn{na.‘}e.
%aumq\nvy conJ{-liov\s ave shown at J’e'H'

Usinj Lree l)oel‘\! Jg -‘EDZMJ- = O
L L
-Mo § T (3-8 +RL-x) =0

M= ¥ (" (3-x)d8 - Ry (Lox)

J

L
X

4 3 ¥
= -LV“%({i-Lw:gLix+7'2-¥)— Ra (L)

= v (gt ix ) - Ry

a‘{—_g

e—— L-x —3 Rg

1L

(G- 3 D) - R (L

ET S = % (L% -4+ g5%%) - Re(lx-4x7) + C,
EIy = (U agod) - R (- 80+ Cx + G
rxzo)il-i-.-o] O = O+O+c| C.’O
[’(’OJ,\/"'O‘] o = o+ 0+ 04 C, . C.= o
Iv=L,yzel (g -F+gniwl - F-€)Rel® = ©
Datal w,7 ISxIC' N/w Lz 3m

Ry = z‘%(_:swo‘)(s) = g75x/" N = 975 kN A —




PROBLEM 9.23 9.23 through 9.26 Determine the reaction at the roller support and draw the bending
moment diagram for the beam and loading shown.

SOLUTION

Reactions ave S‘}a/{'l‘ccap}j i«\o\u}ewm[na-}e,

f— - L i
fo, yrol Ef:li;;s%::lg:% 0o <;,4 1;2
lp " EI?{ =M = Kx m
Ay ye D) EIL -'f'z?,x‘*C. (2)
R E ok ‘112. ETy = eRx® * Cx +Cy @
M hen <L
& PL EI 4% = M = Rux - P(x-4) ¢
. ET j';‘ﬁ = aRXT-4P(x-£) + G )
\J EIy = dRx*-3PG-4V +Gx3C (@
-&pL
Ixeo,y=el or D+0 + C, C,= ©
D= 5, -] ARMET + C, = 2RV 0 + Ca Ca= C,
tm'ﬁ.,y‘v?l TRV CEr L - TR 0 + GiF 4 G
Cy= 0
ek, B0 ERLE-APE) 4 cy=0 Cs= $PL - £RL
[x=L, y:06 ] 11> - 2P(E) +(#P-4RLIL +0 = o
(5-PRL =G -5 P IR HF C R=£PH -
From (), with xz & M = F?A% ’3{?'— -
From (), with x= L M= Rl -gPLs - 2PL -

1
[ —



PROBLEM 9.24 9.23 through 9.26 Determine the reaction at the roller support and draw the bending
' mement diagram for the beam and loading shown.

SOLUTION

Rea.c+n‘oms ave s“'m{"n'c::- F‘@j imrzla‘t‘c\rminn'}e,

O¢y<J=

; 2
v EIJ’ =M = R )
2% 4)”3 EI;@‘( = ;R,.x‘ + C, @
e Te, EIy ~ 3R+ Cix + G @
Sexal
M i 0. 02884 wl® “ 2 .
ET Y = 1Rt dwii- 5 40, ©
EIy:= LRI -Zw-5Y +Cx + Cy @)
- 0. 0703w
[x=oax=oj o=0 +0 +C, C,= o
Ix= 4, W-P]  LRET+C = 4RET-0+ G ¢, = Cs
e 5,y 9]  ZRETHCA VG EREN-0 483+ C GGy =0
[x=t, g=o1 FRL* - WY 2 Cy= 0 Cyr Wl - ARLY
[x=1L, j’ol i1 L - W(__)'l +(J-wL‘-é-?.L=)L +0 = 0O
G-8IRl® = H'Ls'sz-c\w'“q AL AL Ra:awif =
From (0, with x= & M. = R3) = gewli= 0.02734 wL’ —
From @), with x= L Ma= RiL-4wWwE) = (& - 3wk ~ G wl®
= = 0.07031 wl ~—

location of maximom FoSf;l{ve M

L L
S<r<l Vi= Ry-w(x-%) = © N AL
L - T
X, = "i"Tzz"sL = @ L
From (4), with %= % M= P Y = -Lw(xh‘%)t

(laawq(,“,!-) r A 7y L) = 0.02884 wl® s




PROBLEM 9.26 9.23 through 9.26 Determine the reaction at the roller support and draw the bending
moment diagram for the beam and loading shown.

SOLUTION

Reactions ane S‘f'q:,'ic.a}lj indetevwinate .
+'TY\E,=O RatRg = © Ram -8
VDIM o "M~ M+ Rgl = O

Ma = Reb=M,

Ma " 0D<x=<%

Cl =) M= Kax + Ma - M.+ Rl ~ Ra>
| < ! -1y

Q ? EIAK-L = _Mo+ QB(L-XH

MA " Exﬂf, = - Mox+ R (Lx-4x*) + C,

i ELy = ~4Mx*+ Re (FLx*-4xY +Cx + C,
.QH' " L ey L M= QB(L-X\

2
Erg-'&{ = Rg(L-x)

ic Mo EI%‘E{ T Qs(Lx_-:‘Lx‘ﬁ + G
EX Yy T .RB(%LX“"&*})"’ Gx +Cy
[x:ojdfro.l O +0 +(C, =0 C, =0
[x>0,y=01] o0+ 0t +tC o ‘ ¢, - o

o 5,88 oMbt ReG-dL) RS 4 G G-t

[x= %, y7y]  -iME) + R 3B~ Re(d2—d5t") + Gk 4 C,
CyamgMl' - 4CL =g-Frg)RL" = gML®
[x=¢,y:0]  Rp(aL3-2L%) « Hks aymL* = o

(k- IR (44 dRg - £

Ea"'%%T —

MR= %Mo-_ M°= %Hg Y
M.

M = "Mo‘*s‘f_‘% T - M ey

e

L

- ‘_|
i i
J J

O

(I




PROBLEM 9.25

9.23 through 9.26 Determine the reaction at the roller support and draw the bending
moment diagram for the beam and loading shown.

SOLUTION

Keact ions ave S‘l‘a.‘l'ica)fé}j in¢5a+efond‘-+¢-.

D¢ x €%
- EI4Y = M = RyX W
R R =
ELy = gRax’ s+ Cx + C, (3)
p e ey ’
M Q. 00814wol ~Rux +4 B (x-F)a-§)14(x-%)+M = O
v EI%;“{ M= Rx-4¥(x-57 e
‘ Elﬁ = SR -—#‘%"(X"&)v* Cs (5)
- 0.0276 W, 1> EIy = gR® - S®K-5) 4G4 C @
[x=z0,y= 0] o: 0410+ C, C, = O
txz%o é\%’s{y] épa(%-)z"' CI = *PA(%'-)‘— o "'CS Cf"- C!
[X:%:y'-i] MF+%+CL:W"O+¢C{?+C' Ce=C = ©
x-e, ¥:0] 1R L - FEE) Ao Gyt g@wli-ERL
et,yzod  FRLP-EBEF s Ao 4R s0 = 0
(- DRL = (- mz )%l $Rraewl Rz dowl 1 =
From 0y with x:% [ \?A% = T.iis"gwn'-t = 0.007031 w,lL* —
2 . 3
From (), with x2 L Mgz Fowl'-3 2o (k) = -Ew, Lt
= - 0.02761 W\lL* -
Location of weximum posf')lu've M in Por‘l‘fdm CB.
MR- Bz ox-keyfBE - fE L-ouseL
Xz O.SLsO.N8EL = 0.6186L
From (4), with %= X, M, = Ri(o-ci8et)- 3 $(onger )
= 0.008143 w,L* —




PROBLEM 9.27 9.27 and 9.28 Determine the reaction at the roller support and the deflection at point C.

SOLUTION

Ke ac+ions are .s*a-h'c.mpp‘\) inale'}e,rmina']‘e.

04){4%
EILY - M = Rax-dwst
h:. - 2
EIE\‘{ ‘-'-‘-RA - Fwx® + C,
EIJ = JG'QAX -2-!;wx‘ + C,x a4 C,

%4;(,41_ (See Free b aal dia o )
DZMK_O _RA)‘*%WL(X %‘l'M"o

I - M= Rux - ywk(x-4L)

EI% - AR -Fwl(x-F) + G
ETy ~ SR X - wb(x-F) +Cix + Cy
[x=0, y=o] 0-0+04C =0 C, =0

o
Dok, f- ] AmdE) - B 0 = AR JwllE) +C,

T, = O 4 Hwld-Zpwd = Gy +azwl?

Gofsy=yl At - AWE) (G Arvl) T -‘e,(k)" Ful§P et

Cy= —gawl! +3owl® v+ Zzwll = 55 Ao wl
[x=1, %;o] %?AL’—{;WL(%‘:) + C; = 0O C, = Z?c'wL -iR1L}
x=i, y=cl -&-RAL‘--;}-\#L(‘&.-)S-e (%wt‘-}Q‘L’)L sapwl! = o
(‘&‘%)R,L’:(&% 78 B2 4 g )wl! ¥Ry = gwi Ry = - WL -
Co= Fwtf-3 vl = o
C, = *;%;wl‘ f;;wL* = - W

DJJG_&‘I’?:W\ a.+ c (j qj' .= %\

L“
s MO L ALY - H@) -t rok

_ 4l oy wt!t - _ 19wt 9 wl'
- (Gl-m g lasc) T s144 EX Ye * ¢iid EX "- -
wl." A A i -
o Yo ¥ { na('l')" (3 v ns'g
- WL"' - i wlt
- cnw 36‘8_ TS5 */7}_) i "a—“lﬁ I




e

o

—

(1

O
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PROBLEM 9.28 9.27 and 9.28 Determine the reaction at the roller support and the deflection at point C. .

SOLUTION

Reactions are sh»—‘ln‘c.jjj indeteviminate . .
HIF =0 Rariwk-4wl+Re=o Ra= - Kn
DIM= 0  -My ~(3wL)F + RgL =0
= Rl - &wL?
Evom A o C O<Nng %
EI‘%{ = M= Ma R +Fwxt

E1 ¥ = Mix+ 4Rx"r 2 wx® + C,
EIy = zMax*+ $RC s+ Fw* 4 O 2+ C,
Evom C Yo B L x<eL

I%- M= M,.+1?Ax+%wL(x~ Y-Fw(x-£) >

EI&?;‘{-: Mox + 2RuX + Fwl (= 5) - LTwix-5) + G
ETy = &Muxs £RoC +wWh(x-§) - £ 0x- §)* + Cax + O
[x=0,4 =0] oro+0 + (L =0 C,: 0
[x=eo,y: o] O + 0% O+ 0O +L, =0 C,~ o
e 4, 420 Mok - ARE+ Ew(EP= Med s 4RET Wl Y- 0 + Gy
(g5 -ch ) wt® = .m wL®
(=5, 951 AMAEY + LRV + @)
= MET v 2RAETS Jub(d)’- O +wl(3) + G

S U IR P L 4
C‘i“ aay 7 .wf)WL = 7:8"”‘

x=t,y=01 ML+ ¢R W28 e WLEEP - hw(3) 4 e P g wlt = o

L(ReL = WLt + (R + (ZL - 55 vk =55 Ywl? = ©
($-4)Rel® = (- ZIWL'  4Re = Zul  Re=Fwlt
Raz -Rs = -Ziwl
My = ReL - Fwl® -(———-)WL‘ & wl®
(b) Deflection at C (y ot x= %)
Elye= 4MEY+ $RE? + vl = $ ) () 265 2wL)(E) ¢ (z)
= (g -t e L' s - g wt! Lt

}

_\!c=1oaq—E—f" —




PROBLEM 9.29

knowing that a is equal to L/3.

SOLUTION

Rea.c+ lons oxe s+¢+.-c.d,£:, inJe+eth'na+e.

Y_x:o‘:’:f)] o+0+(, = O C,
Demo,$ =) 2RePFC, = R -0 +Cs C, = Cs
[x=a, y=y] LRua® + Coa +C, = gRa’+ 0+ Ga+ Cy C.= Cy
[x= L, §=0] AR -M(L-a)+ (=0 Ca= Mo(L-a)-1R, L2
[x=L,y=0] LR M, (L-a) +[M(-a)-}RLIL + 0 =

O0<xv<o M= Ry

EL4L = M = Rux

El%= 1 Rxt + C,

EIy = 2Rx*+Cx+C,

o.e x <L M= Rax-Mo

EIZY - Rx - M.

EI% = 2Rux’- Mo(x-a) + Cs

EXy = TR -3Mb-a) 4 Cox + Co

(-5)RL = M. [tL-all ~4(L-a)]

AR1S = M [Limal-4ltede-tat] s ¥M(U-a")
Res 8(-a) = FH[r-0] - 32!

Deflection at D (J af xT o= % )

Yo

LIERGEY+ ¢, &) - AIHEIGEY + G@®f

L]

Mo z7L
: E'LI'§ »c‘ﬂEM-L"'[Mo(L"EW' 342 0015%
M!" . 2 _ - 2 MI®
; EIL we *4-a) T mwoET

9.29 and 9.30 Determine the reaction at the roller support and the deflection at point D,




— 3

r—
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PROBLEM 9.30

9.29 and 9.30 Determine the reaction at the roller support and the deflection at point D,
knowing that a is equal to L/3.

SOLUTION

Reactions are 5"‘@4’1‘&4;;6@ mdedevninate

o< W<l

t12F, =0 RatRe-P= 0 Ra= P-Re
PIEM =0 ~Mi-Pa-RgL = O

Ma = Rl -~ Pa
O<x<a M= My+ RKux
ELZL = M= Mat Rax
ELqy = Mux + 5 Rux® +C,

EIy= zMax"+ FRax* +Cx + C,
M= MA+R‘\X- - ‘P(X'Q.)

EIZYL =M = My+ Rux - P(x-a)
!:Iﬁ = Mux + TRX - 2 P(x-aY + G4
ELy = *M.‘X‘-\- -A-?sz—g';P(x-a)s + Cyx + Cy
"J‘:‘lz O+O+ci=0 C,-o
[x“ 2 Y7 ] ©+04+0 + (=0 C,z 0
[x=c, = R]  Mea+ 40"+ C, 7 Mear+dBea®~0+C  C=C=0
[x=a,y=y]  AMeat+ 2Bl +Coa+ C,
=itﬂa‘+i@ra"-0 + Cear + Cy Cy=Cp= O
[x=L,y=0] IMUL + LR L - tP(L-a® v O +0O = O
3 (Rl - Pl + 2(P-RIL: - ¢ P(L-a)® = ©
(4-1)Rel® = P [4al?- 413 44 (L-a)*]
ZRal” =P[ﬂt",«9+,gta—"' o.+%ta-—5a]
= Pal(4L -1a)
Rg’; %(SL Q.) = —2%31—3)—(31.-‘") %P"‘ et
De‘F!ec‘hau at D (y o nra = %)
o TEMEY+ EREVE -'-{,—;—(egn_-?sn.% Lo (P-RILY
= PP{ ( "3)"’:42 )k 2|s7 EI s Yo = 2\,\"2}]} | =




PROBLEM 9.31

[x=0,y:0}
Lx= a:J~":.'t)-_l
[":!EJ %z"]

S
Ka Ke
Ll LP 3?:.

G 1
3P T&?

9.31 and 9.32 Determine the reaction at 4 and draw the bending moment diagram for
the beam and loading shown.

SOLUTION
By symmetry, R=Ry and =0 ot x-f.
MEF =0 RtR-P-0O  Ro=Ry=3P -a

Moment veachion is S"’ﬁf""fc«ﬂy indetermivete,

O<z<y M= Mat Rax = Mat £Px
EI )‘1_: MA"'%PX
B
EI 4 = Max +4Px 4 C,
[x=03ﬁ'¥=o] O_O“"C.=O C|=O
efReel Mi+dfyvo0 - o
MA: _*PL Ma = %PL?

Bj s‘ymme‘lra Mg = Ma © —é‘PLD

b))

M= M+ 5P = -gPL>4PL= gPL




]

!

-

r— C4 1 L3

- 4.]
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PROBLEM 9.32

-0, os:'ol,w L"

[x:o)f&:o]

Frowm (2},

M, =

~ L—\ooslzs\u |

o=

-

Y b Ry -0

9.31 and 9.32 Determine the reaction at A and draw the bending moment diagram for
the beam and loading shown.

SOLUTION

ﬁcaa+ions are s-}a:ll'fcaﬂj indeter minate.
Becavse of Sthe"’l‘J %:0 amd V= O

at X = '5.

Vse f:or’h'on AC o beam (0<ng )
é\_’. = -—.W = _Z_U.’!x
dx

%_’L:: V = ._Wox + R, W)
510_541‘,‘,- M-.-..J_!éx v RBax + M, (N
Erjir-l-lz-%x+lf2x+l\4x+c (2
Efy = -2 P +{R+dMat+ Cx + €, )

O+ 04 0 + C C=0
o+o+o+0+'C, C;""o

RA:—‘,‘TW‘,L T -l

feiGwlIE) s Makro = o

12
Y a = = 2
M" :‘—2(5’;“_%‘2‘)“’01— - -?6 WaL =1 0.052.08 WoL —
with x= 3
' i+ 3
S4 e (EY HEwLXE) - Ew L
= (@)Wl s \#NQL“ = 0.03125 wl* —-




PROBLEM 9,33

9,33 For the beam and loading shown, determine (a) the equation of the elastic curve,
{b) the slope at end 4, (c) the defiection at the midpoint of the span.

SOLUTION

Bouna’arj conditions at A and B are roted.

W = —WL%—(HLx—‘-{x'\

(%=, M=0) [x= L, M=ol Jx'\:" -W & (4Xz ~41x)
ezes yrel e AL (-‘* - 2L L # C
M = %(-Lx“--g—f_xg) +Cx%x+C,

Ix=0,M:0] 0= O +0+0 + C, C,= ©
[x=t,M=0] o= Ye(dur-4L')~CLvo C,= wl®

EIZY = M = .‘E’g('—é—x‘*-é—Lxsi»g-L‘x)

EI R = Y% (dx"~2Llxt +EL00) 4 G

ETy = 3% (3x° St FUER)+ Gx+ Cy

[“x-on=O] O= 0+0+0 + O + (4 G.= ©
Ix=L, y=o ] o= M(HLS-LladLt) + GL 40 N P
(@ Elastic corve: J’E_;,'f?- Loxé- L x4 LK - g5 %) -

dy _ _I_s_.LLx _LLsz L ¥
5% = g (8 ) ~sL7)

\ d L wel?
- 8 JiYL "3 ET

L.!
o 36 B ~

b Spo’)e ot end A. Set x-=

(e) Da’”ee‘h‘uv\ at mr'APo]n‘i‘.
VR L FUSTENSIENCORS (4-\3—¢<4m;

'}
w. LY \ ] _L"g _ Wl
““’"‘ suo Jeo T 9w S‘lso ET

Se+x=j; ;"‘j

f,

- 61 wol!
Je ¥ Fee EX ! -

[
[—

—




PROBLEM 9.34

(b) the slope at the free end, (¢) the deflection at the free end.

SOLUTION
- ;X
% T =W T =W, sy
_oawsl . mw
= - A7 sy v G
[X=0 V‘ Oj O = o + c‘

L ;I
TV ot - &= singl
2
= q‘:]?z_L COS% + C,_ .
x=0,M:0] Cs = —i:;’%!'-
Erd = M o= B (eos B - 0D
EIﬁ‘-: = %’-‘-’,_A %su‘a-—%’f—x) + Cy
d 3 .
Ix=L,g=0] ML (X_1).G-0 c, = g (1r-2)
BTy = Hmb] J8 L X g s
J Tt L TwE s an T2 % +Cy
[ty y=o ) L C4) + GL + G =0
4
Cy = g-ﬁ%t"" - GiL
y 2, 3
(2} E)u'l'u‘c. curve X= gio_ --'%'L cosg—f - 21’;," + #_;, (H-ZYX'L)
2w, L Trx 2 x* - . (4 -

(b)Y Spape o Free end. (x= o)

Ayl . am-2) wit® _ We L
ﬁA - AR AL = 04727 £ P
e) Deffection ot Pree end  (x=0)
2w LY §_ _ - wolL!
yo o Qe f-g 4w ™} 0. 10887 Yo

9.34 For the beam and loading shown, determine (@) the equation of the elastic curve,

L2 ?5
-”‘2
el




9.35 thorough 9.38 For the beam and loading shown, determine (a) the equation of the

PROBLEM 9.35 elastic curve, (b) the slope at end 4, (¢) the deflection of point C.
SOLUTION
DIMgro -RL+Ph:o  R-Tb

dM - v = R- Plx-a)” = BB Plieay
M = J%lﬂx - Plx-a% + M4

E1dg = £ou - Plx-ay

ELE - B yPeew’s 0,

: EIy = £x*-3:Pi-ad v Qxac,

[x: O’ y:’O] C‘ = O
5}_9 - P (t-a)® + C,L=o0

¢, =-+8(s-b2) = - R )

YT & - et E R
B Y N N L L Y S e

[x: L, yz()]

{cL) EP:.,S‘]L[C cuvve

Y. cen.{
(o) Shope at end A.

er g - 7. B
O =~ o8 (12-5) -
) Deflection at C
Bl Yo = l:%é“ a* + Ca = PG'?_“' - ff(l.‘-?h

= %%i(af—L‘QU)
o BB e

:—.P"_‘b.:_ reatt®
3EIL

C ]
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— 1 3 3 31 3
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9.35 thorough 9.38 For the beam and loading shown, determine (a) the equation of the

PROBLEM 9.36 elastic curve, (b) the slope at end 4, (c) the deflection of point C.
y SOLUTION
w
dV - Lo
A - B . Z - - W<X-3C>
Lp—le—1n dd = vV = R - wix-5)
L e
b=, Mol [x=t, Mol M = M+ Rx - wlx-5)
[g:o):f:o] [x:l.’ y:o-}

[X:L)MSO] 'QA_L-'- &W(%)z o
Ro = gwiL
EI %&{ = wbx - -}w(x-é)"

E1 4 - Ewlx - dwlegd s,

EIy = #wbX - fwlx-g) v X v G
[x=0,y=01 0= 0+0 +0 + C, C,=0
[x= L, j:o] .*J;wL"-i‘:,w(-‘i')"+C,L+o = O
C,=- &= g Iwl® = -gywi?
(@) Efastic curve
Ery e gyt a8 gk W
yr e -5 - -
Sy § L - e YL
(0 Shope at A (x=0 in &)
- _ 1 wl’? —
By = 284 EL
©@ Deflection at C (x=% in y )
wit ¢ = R SANEE S wb?
jor WS ES - Gewm)E ccEE




PROBLEM 9.37 9.35 thorough 9.38 For the beam and loading shown, determine (a) the equation of the

clastic curve, (b) the slope at end A, (c) the deflection of point C.

y SOLUTION
A CMU : B . Reactions R~ «?_3 T, Re- —"E‘-W
i S b 0< X<o. M= Rax
5 aporor: L [x=i, y=01 wey <L M= Rax ~ M.
,,_r\*:. Us-'naz s:waoﬂwd—y Fonctione
e ~ EIg. - - Rix - Mlx-a)
EIQ 4R’ -Mx-ay + ¢,
Ely = %Rﬁ’--é%(k—a)z + Cx + C,
(x=0, y=ol 0z 0-0+0+C, C,= o
[x=L,y:b] 'GLP,.LS—%M,(L-M:+C.L+O -]

CL=-g ¥+ MY ¢, = e (3= 10

@) Elastic corve Y g £ - 3 Mex-a) LONCISIADRY.
:cl;.._h‘{ x? = 8L{-a Y ﬂgbf-kﬂx} —
i'-;{ 2 Egﬁ—{sx‘- cL{x-a ) + (3L L‘)g
() shope at A (G ot x=0)
O = een.{o or -} - (-1 <3 =

(j «t x=za) |
{CL—O +(3b - L? )a..')s

(<) De'r Je.o" ton aj' C.

Je 7 esu c.-sm_i“ +3b - (b V'Y
GEIL g,aﬁ 2L~ o'~ 2ab = b"g {21:37' Za.L'lg
3%’;‘“1% (b-a) 1 —
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PROBLEM 9.38

9.35 thorough 9.38 For the beam and loading shown, determine (a) the equation of the
elastic curve, (b) the slope at end 4, (¢) the deflection of point C.

[x=L, M=0]

EI4X = M
EI - - %
Ely -~ -%&
[x=o, y-¢l
[x=L, y=0]

(o) Efastic cuvve

SOLUTION
wor 2 (b
P o=ow = -4y
dl .y s - Sx-£7 + R

o+ 0O+0 +C,

A% smml v CLio s 0

S B, s . __3%7 3
C, = (I‘H 1920 WP Sieo el
- Ny L\S, 1 ;2,8 _ 87 ¢ —
Y- ErL -(-;I; <x_2> + IWL X' = =3%a L x
d W, Lad . g B7 v
ﬁ N ETL _{_;%(x-—{) Y Gs L'x S7o L }
d -
(:;! at x=0)
- W _ 37 ] - _37 wl?® 237wl
Or 7 EIL {o tO "= E - "S5m0 EI ~ € * Sw EI -

) DE‘FIec‘l‘fon A,Jf C (j at X’%)

M
Je © ETL

< (7sx

[ 0+ LY - EH @S

L3 wolt 3wl
hsze ! ET - 1280 ET




PROBLEM 9.39 ?E)”:h?:e?].:c‘t’igzr pt:ii F%T?cgntﬁ;?g;zgaih;‘\;nﬁictcmine (a) the deflection at end 4,
y| SOLUTION
Reactions: Re>2P0 , =0
Qex<a =-P
beosysel  Desayel  gioyc3a. V--Pa2P- P
?
| LP Usinj sfnju!aw]‘,'y Fonctions
‘\ o (-]
=\ = - + APAH-a)y - -2
e N
M= =Px + 2P{x-aY - PAx-2a) + M,
Bout M=0O of x=0 M= O
ETdY = M - -Px+ 2Pdx-a) - P{x-2a> "
ED $% = - 4Px 4 P&-ad' - 4 PLx-2a)" + ¢, @
EIy = - &P +§P<lx-a) -&Px-2a) +Cx + C, @
k=a,y=0] -iPaf 4D -0 + Ca+C =0 al, + C;= LPa* (8

[x-80,y:0] -£P(saf+§Pa) - §Pa’+ (. (sa14C,70  3al, + C, = 2P (O
Eq(>- Eg(x)  2Ca= gPa’ ¢ = LPat
C,= LtPs-al = -2Pa’ |
PER-TET TS TCIL VR TCEEONNE 3§23 Hhe Zot
Ao Bfokxa ad - hx-2aY + hat ]
(@) Defleckion at A (y o x=0)

3‘=%‘ft—3§-o+o-o+ow$}= "‘%"ETQ.& 'j,=-$%§3l -
(b) DQ'F‘pew*';ov\ aj' C (\/ g'* x= ZQ.)
3
p= BRIP40 -0 ¢ A - 3. & B -

© Shpeat D (F ot x=3a)
(Y

O, = -‘;—%t gEr @ -0+ HL s -RBE e kia < -




)

-

3

R

)

— 1 3

—

s T e I s I

—

[
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PROBLEM 9.40

{b) the deflection point C, (c) the slope at end D.

SOLUTION

Swce loads seff ec’,uu',!t'lwn*‘t
Ke = © =0

M= -M,
M= =M,

0<% Qe
2o.< X< Ba
U's-'hﬁ sn'njulaw.",'y fonctious

EISL = M = =My + Malx-20)

EIH = - Mx + M{x-2ay + G
EIy - LMt EM =2+ Cx + C,
[x=3a, yro] --;J;M,,(Sa\;t+ M. +C,BaY 1 C, =0
[x=al yrol -4Ma" + 0 + Ca+( =0
Subtracting  2al, = IM.a” C, =4 M
C, = #M.a-aC = -FMa”
y= e s hde-zay Zax - £a*}
-3'—;‘ 3 x + (x-ad + %ai

(o) Detlection at A (:{ at x = o)

*Mo'—"

aC,+C,: ina

2.~ _ M.a* ) Hoqz.
B R
) Deflection ot C (y at %2 2a)
+ | 8

jor Ml t@rro F@ -5 4R

© S.?ope at D (3‘-;% od x = 3a)
- Me _ ﬁ,__
6 x BEi-a e 1 v 4} = -4 BE, GrdEr X

9.39 and 9.40 For the beam and loading shown, determine (a) the deflection at end 4,

O

8al,+C, = 4Mc




{b) the deflection at point B, () the deflection at point C.

SOLUTION

A3Fg=0  Ru-dwb =0 Ry=jwl

DIM:0 - My = (fwl)§L) =
MA="%WL‘
O<2 <5 M= —%WL‘+ LT wlx

_".-2.. < %< L (See Free ‘aoa‘»f offa.eam-m)

DZM( =0 |
M %WL"‘ .i.wLy +"'W(>< ) + M=o
C LD M = “§'WL"+§-wLx-*w(x_? \E
g"[} “*w[_ Lx‘i 'iv Usma sunﬂuja“-}y Lometions

Ej.jix M:-swL + Fwlx - Twlx-£Y
EI;; - -%wfx-ﬂ;wu‘—cw(x ;)

dx EI
&) Dcrjeo’('fou «F B (J at x= '5-._)

© De'ype.a‘I‘fau ot C (yat x= L)
UEE-TI R IOR- O mmk e )

PROBLEM 9.41 9.41 For the beam and loading shown, determine (a) the equation of the elastic curve,

[x:0, Pzl -0+0-0+C = O C=0

EIy = - £ wlixt + fwhx® -gwlx-E) + Cx 4 Gy

t¥=°,d=°] ~0+0-0+0 +(, =0 C,=0

@) Eastic curve P R T TR Ry T P -
PV SR TR TR 1x-53 Y

! s I _ 2wk
c M aaye A ooyt -dk B, petmiErd




__

L1

]

PROBLEM 9.42 9.42 and 9.43 For the beam and loading shown, determine (a) the equation of the elastic
curve, (b) the deflection at the midpoint C.

SOLUTION

B:j .sdlmhne.‘l‘w% ‘R‘ = Ril

+1 'Z'Fdzo Kot Rp-2wa = O Ka= wa,
[x:o_‘:‘zu} [I!qg_}g;p] wi) = W(x-q_>° _ W<X‘3d.>°
De=0, k=0 ] [x=4a Mm=0] Ay
i Wi = —wdt-a)®s widn-3a)°
‘3‘3 T Vo= R - wix-a) + w{x-3aY
M = Myt Rax = 3wlx-ad + 3<{x-3a>" with Ma = 0
EI% = M = wax —dwlx-ad + dwix-3ay

EI&?{ - -?'\-wa_xz - -é-w<x-a>3+ -16- w ()('3&.)3 + C‘
EIly = #wax® ~mwlx-ayt 4 Awdx-3a3Y 4 C,xa €,

Y_‘x:o)jzol 0-0+0+0+(,=z0 C, = ©
Cx =4a, ys01] Z wa(4a)® -%,W(Sa.)"+;,1;(a‘:" +C4a) = o
R - fwa

(o) qua"’c'oh o'P ef«s'h‘c curve
=—w~{laxs--"<w~a.>q+-'—(x-3a~>4 --‘”—a:‘x} —
Y EI (¢ 24 a !

(o) De-”eu‘-fon at C (J ot x= 20.)

MEAY 4 i - _ 19 wa'
Ye© %—?—{2(2\-5‘;0) + 0 —6(2)3 = -4
= M owal
jc % EI& et




9.42 and 9.43 For the beam and loading shown, determine (d) the equation of the elastic

PROBLEM 9.43
curve, (b) the deflection at the midpoint C.

¥ | SOLUTION

83 symw\e;l'rj RA T Ke
+T Ik =0 K, +Re - 2wa. = O R, = wa

C"‘*d’ y-ol W(.*‘]-“ W~ w(%—a.>° + W<X—3Q>°
, ¥*

Ixcta, M=o v )
Mol A Ly s o wdkmad = Wk

ﬁ%" =V o= R - wx + wix-ad — w{x-3a)

M = M, + Rax - dwx® +gwlx-adt - Fwlx-2a}"
EIY = M = wax - jwx® + Fwleead - fwlx-8a)’
EI g{ = 4wa.x“- -"wxs tw(x—a‘;‘_tw(x-saf‘ + C,

EIy = fwax®-gwx’ 4 z5wlx- ay! -dwlx-3a0" + Cx + C,

with Moo= o0

[x=0,y=03 0C-0+0-0 +0 + (, =0 C,= O
[x=ta, yz0T1 Lwa(da) - wHa) +&w(Ea)'-3 Hwa' + C,(4a) =

oo

L}C' T wa‘i-% -+32%- §$+‘?—L% :—l:'%ewa' C,=~-fwa’
@) Equa{'im of efastic corve

i ﬁ éo.x 29 % P ogg % a.) -5'.‘-<x_—_54>"_z‘iasxtg -

(b) Deffeof{w a:" C CJ 4,1" ¥ = 2a3
R R IR QU TAMY - £ (@}

_2'-I

Je 7

W_
EX
23 wa .
2EJ' "y
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9.44 For the beam and loading shown, determine () the equation of the elastic curve,
PROBLEM 9.44 () the deflcction at point 4, (c) the deflection at point C.
SOLUTION
D, OMg:o WSk opl.dki. o
Ra = 4w
C‘K“‘bj=01 [ = %.))' O] wix) = W w<x_ 7£~>° + W<X"L>°
wi/2 1 wifz % W) T =W o W=D - Wl LY
Y l A | M
1 T =V o aww o+ ?,(x-%‘)" + w<x—‘;-'_'>' - W(x-L)'
Rrb RO i.‘{
LEE s M= = dwd s wlle- '+ b5 - dwde-LY
EI o fwx® s Fwlle- £ 4 dwin-47 = Lwir-LY 1 C,
ETy = -fwx' + fulCe-§¥ + & wie £~ w15 + Cox 4 Ca
— L
k=%, yzol ~fwiEl+ o0 +0 -0+ C§ +C, =o
Cz z E%T;WL“ - C,%
“ Lo
[x= 2;}{ o) 'E':}W(SEL) §w wit? "'z"Ll'WLl -5 w(-%) + C, % +(—3'5'-qu‘ l%\z o
1 1
(EF-8Ye L= (F8-3-F+Fk -sm)wL® G = ggq Wit

Co (38 - 1)‘»'—““-5—»»!-‘

56
(a) 3: E'%-E"{‘a%xq‘%- %L(x‘%—'>3 + 2J,‘i'<><-——->,'l <x-L>' +£:' x 25.‘,'_ ‘S Y
&) Deflection at A (3 ot x=0)
) Ey wi’
jar-ﬁ-{a+ofo~to+c -:—,EL'% = "E'SE‘TEI
wlY
Ja=25¢ ET —
@ Deflection of C (y ot x= L)
> LY : 17 5
XC:E“:E_{—E}'-L**.-QLL%“-%'E - 0O 3E'fLL RSGLHE
. L wilg —
T 7¢8 EI




PROBLEM 9.45

9,45 For the beam and loading shown, determine () the slope at end A, (b) the
deflection at the midpoint C. Use E =29 x 10° psi.

SOLUTION

T Disteboted fuds: © WK = wo — kx

S6x125 ® wi)= ke
Data: a=4P, w,z4lips /A, k= | kip/Ft*
P’ Zka‘f‘.
DIMg=0 - gR, +@ENcH 1 @N=0 Ry -F ks
wixd= W, - kx + k(x-‘D
‘ = 4- X a<Lx-47
B kips 2 kips P '
l A_q%:-w= -4+ x-<Lx-47
—— du = 22 _ Loyt _ g - 4~y
o] s —g, = # VB - - Ay 26047
E_[j—,;‘-[: M o= Bx- 25 Exd - k- ‘{> ~2dx-1Y kip-P1
512!1= P S S e - x- 4+ C, kpft™
ETy = %x*- x4 xS - s x-)" - $4x-47 +Cix + Co ke- 42
[xzo’yzo] O-0+0 + D40 40 -;Ca_-:.o Cz___
[e8,y=0]1  (@)sY- 2@V + ()~ g4 - $0V + C6) = 0
C,7 -26.849  Kkip-¥t*
'Dq:"q E qufo PSI "2‘?“'0 lkesy I= 2.1 in*
= (203 )(a21) = G40 TxI0* kip-n = H4S) kipPHT
(@) Spope at A <§i o1 .x’O\
EI6, - 0+0+0 +0 + 0O =268 Kip 31
Op =~ %‘:59—;'1 = G030 vud -
(1) Dellection ot € (y of x= 44#)
EIJ,_ = %(4)3- %’(4)"+ u.,("\ -0 -0, =(26. 5’%)(4)+o
= ~81.73 kip-Ft*
Yo = - SR - _q3azact B
< 0.1610 i —




L]

O

PROBLEM 9.46

12kN/m Y

9.46 For the beam and loading shown, determine (2) the slope at end 4, () the
deflection at point C. Use E =200 GPa.

20 kN
SOLUTION

Ur\i'}S: Forces in kNJ ,penj—Hqs in Mm

) 8 W150 % 13.5 .+D M'D = O

- 16 Ry +(9.6 Y0.8)+(za)0.4) = ©
RA = 7.3 kN

wix) = 124x-04% = i2.dx-1.2%° KN/

R € % T mwl) = 1204 4 12 dX= 12D KN/
.gi'l =V s 48 - 12x-04) +124x-1.20 - 20{%-1.2)° kN
ET %?1 =M = 98w - G(Y—O.Q)z-r 6lx~ 127 - 204~ 1.2>' KN -
EI4Y = 2.9x® - 2{x-0.4)" + 2(x= 1.2)" - 0<x=1.25" + C, KN -
EIy= 1.63333x%% - £{x-0.4) 4 2{x- 1L2)" =~ £{x- .23+ Cx » C, Nt
lx=0, y=0] ©C-0+0-0 4+ 0 +C,=0 C, =0

[x1.6,y=01 Q.

¢3333)(1.¢)° - ‘,’;(\.2\‘4- -{-(0.4)"-— 2 (04 V. C.0eY+s O = ©
C| - ~ 3.4080. kN-m*

Doda: £ : 200x10" Pa Iz 6.8740%mm’ = . 87570 tam”’
EL = (200x10°)(c.87x107¢) = 1.374 x (0* N-m® = 1374 kN-m"
b«\sﬂo,:ea'fA (5& at x=0)
ET éﬁ = 0O-0+0 -0 -34080 KN.-m"
) - 2.4080 _ "' - ot —
O T 2.48 %0 vad 2.48%(0 rad =7
(b) DC‘?!E&‘{’;OU\ a,+ C ( .,)‘ a/'} X = l.zh_n)
ETy. = (1e3333)(1.2)°- $(0.8) + 0 -0 -(3.4080)(1.2) + 0
- - 1.4726 k”* IM3
l.4730 _ _ : -3 _
Je =~ 39 Lo ¥ (O™ m = JLON wm ¥ ~—




9.47 For the timber beam and loading shown, determine (a) the slope at end 4, (b) the
PROBLEM 9.47 deflection at the midpoint C. Use E = 1.6 x 10° psi.

3.5 in. SOLUTION

Doits 2 Forces in kips »fewﬁhs in +1.

+DIM, =0

- 7R, +(2)(5.25)+(.225)(.75) 7 ©
Ry = 1.80625 Kips

w(x) = 0.350<x=~3.5"

R R, ‘i% -w 5 —0.85(x~3.5>

g - V= 108625 ~ 1 {x=175Y - 0.35¢%-%. 5
ET4Y 3 ™M = 180625 x - 2{x- 1.718) - 0.175¢x- 3.8 kip Pt
ELE - 0.803128 x* = 1 (x-175)"~ 0.05833 (x-3.85 +C, kip $¢*
ELy -~ 0. 301042 x> - Ja-<x-l.7s)3- 0.014583{x-3.52" + C,x+ 0, kp Ft?
[x=0, y=e C,= o0
[«=7, y:01 (0.301042)(7) - -g(s.zs)’- 0.014583 (2.5 + ¢ (M + 0 = ©

C, = - 7.54729 kp- F°

Data’ E= 1.&x[0° psi = L&x(O® ksy

I- L(as)s.s) = 48.526 in

EL = (l.6xio*)(48.826) = T7.¢417 kip-in~ = 539.1% k;F.-H“
(@) Shope ot A (%},Gj x=0)

EI j”,“ = O -0O-0 - 72.547179 “"P"Hl

O = - £34779 - _jq00xto rd = 14.00 %(0 " red =% —
A 539,138

(&Y Defleclion a ¢ (j al X+ 3.5 ‘F-I\
ELy, = (0.801092)(2.6Y - 3(1.76) - © (7.54779)(3.5) + ©
= -15.297 kip-T1°

Jc. = - _15%% = -28.37x0 " ¥t = 0.3%0 in ¢ ——
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9,48 For the beam and loading shown, determine () the slope at end A, (b) the

PROBLEM 9.48 deflection at the midpoint C. Use E =200 GPa.
15.2 kN SOLUTION
3 kN/m Dnits Forces kU, ,quj-H\s in Mv"u‘-s.
I ‘+D EMB =0
ol W310 X 60 “SU Ry -(hB) e 108) = O
09m 09m Ry = 5.6667 KN
le.z wi = 3{x~1.85°
jo.% N o
L ﬁ;‘= - WGy 7 «3(x-1.85
$ 1 AM .
R Re T = V = 5.00CT ~3x-1.87 -6.2{x-3.0)°
4oy 2 2 '
EISd = M= Sece7x - ${x-187 - 6.2{x-3.¢> kN - m
EI 9 = 2.8333 x* - ${%x- 1L85% - 3.1{x-3.¢>" + C, KN-m"™
EIy = 0.93445® - $4{x- 187" = 1.0883<x-2.¢>° + Cx +C, kN.m?*
IX?—‘OJJ-.-Q:\ O~ -0 + 0 +Cp =0 C,= O
(=54, y=01  (0.944(s.4#)° - 4(2.6)7- 1.0333(1.8Y* + C,(s4)+ 0 = ©
C,= - 22.535 KN-m*

Dake: E = 200%(0" Pa, I = 129%/0%mm* = 129%/0 m"

ET = (ZOO*IOQ)C\Z‘Ix!O") = 26,8 x]0% N-m*> =« 25.8 10> IN-wm"
(o) Sfope at A (‘-‘:'e at x= O)

EIH = 0-0 -0 - 22585 KN-m

. _ 888 _ _ . .
S = 25. 8 x103 873 xI0 0.873%(0  rad ~=r —

k) Dellection ot C (:{ at %= 2.7 m)

EIy. = (oaeu)zn’ -4 (0.9)* -~ 0 «fz2.535)2.1)+ O
- 42.337 kN-m?®

- . H2.337 _ -3
yc' 25_8"0" '-quxlo ha
Ye 1.€4) wwm } ——




PROBLEM 9.49 9.49 and 9.50 For the beam and loading indicated, write a computer program and use
: it to calculate the slope and deflection of the beam at intervals AL, starting at point A

ETL =

EIg =

and ending at the right-hand support.
9.49 Beam and loading of Prob. 9.47 with AL = 3.0 in.

|.,_,|
{"\\e 'PQ.P}OLJ :Iﬂna -

§39.18  \wp.$°

0.903125 ¥ - 1 {x - 178> - 0.05833<x-2.5Y - 7.5477%

SRS D 5_r5m See SoJu‘hou\ Yo Prob. 7.47 for the
dervation of the ec!uau'f‘:'ous used (w»

k-’p-‘ﬁ -

EIy = 0.201042 x* = ${x~ 1.75>% « 0.014583Lx-2.87" - 2.54779 x  kp-Pt*

X Gh) X (D e CIO-SMJ) j (10"' 'P“) y {im)
o ] - 14_00 fo} O
32 0.25 -13.89 -3, 49 - 0,042
6 0.5 -13,5% -6.93 - 0,08%
q 0.75 -13,.06 - 10, 26 -0.123
12 l.o - 12,32 - 13.44 - 0,161
s .25 - 11.%%8 - 16,41 - 0,197
}:] .5 - 10.2% ~ 19,01 - 0.229
—p 21 I.75 - £,87 - 21.51 -0,258
24 2.0 - 7.4l - 23.5% - 0,282
27 225 - £.,98 ~ 2541 - 0,303
20 2.5 - 4,87 ~R6.5% ~031R8
a3 275 - 2,19 - 27,50 - 0.330
¥ 3,0 - 1,82 -28,1% -0,838
39 3.25 - 0.48 - 28.42 0341
__,42 2.5 O.84 - 72,37 -0.3%3490
45 2.75 2.4 - 28.60 - 0.3
yg 406 3 Yo - 27.30 - 0,28
] 425 4.62 - 26.%0 -0.31%
54 4.5 £.79 - 25,00 -0.%0
57 475 G, .29 - 23.41 -0.281
(-5 5.0 7.92 - 2{.56 - 0,259
(44 £.25 8.87 - 19.46 - 0.2%4
ce 5.5 -%3.72 - 1703 - 0.206
(AL 5.7 fo.47 - 14,61 —-0.175
12 6.0 .11 - 1.9 - 0,143
s 6.25 I, 62 - 3.06 -0.109%
18 6.5 12.60 - .1l - 0,073
81 €.75 12,24 - 3,07 - 0,087
34 7.0 [2.32 o o
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9.49 and 9.50 For the beam and loading indicated, write a computer program and use
it to calculate the slope and deflection of the beam at intervals AL, starting at point 4
and ending at the right-hand support,

9.50 Beam and loading of Prob. 9.48 with AL =0.3 m.

PROBLEM 5.50

SOLUTION

6.2 kN
I kN

See solution to Prob. .48 For the
derivation oF +he ec,oa-"'n‘cms vsed in

X

C—1

W310 X 60
the Following.
09m 09m
ET = 25.8x10°> kN-m*
Eléi - 2.8333 x* - 34{x~- LR ~3.1{x-3.¢ )’“ ~ 22.53% KN = ™
EIy = 0.99x* -3 {x- 12> - 1.03833¢x -3.¢5° - 22.535x  kN.m®
% (m) 6 (10 rad) Y Com)
O - 813 8]
0.3 - Bed - 0.26t
(' - 834 - 0.5]6
0.9 - 734 - 0.759
1.2 -5 - 0.985
1.5 - 626 - 1,187
- 1.8 ~518 - 1,259
2.1 -390 - 1.4958
2.4 -24% - 1.591
2.7 - 87 ~ &4
3.0 g1t - ].642
2.3 257 - 1.5%1
- 3.6 437 - | .ug7
2.9 o6 - 1.330
4.2 753 - LIZG
4.5 872 - 0.882
4% 960 - 0.606
K 1016 - 0.%09
54 j035 o

| (b)Y Detlection at C

(Y at )(’I';':)




PROBLEM 9.51

roller support, (b) the deflection at point C.

SOLUTION
+1§Fj: RA-\-?‘!*P’O
PDTM=0 -M, - Pz 1QL-0

My

2

Ra - POt=L°

9.51 through 9.54 For the beam and loading shown, determine () the reaction at the

F?A * P-Ka
= ?sL "‘sliPL

Reactious ave s+¢.+ec.a,uj neleterwa nd'e

Ma + Rox - PLX- 5D
M 3R - 4P{x-55" 4 C,

EI:{ > 7z M+ TR - 'é'P(x‘”ti")?. + Cx + C,
E“"a%"".l O+ 0+0 +C, 0 C, =0
[><=O,y=o:l O+0+0+0O4+C,r0 C, =

[x= b, y=2 IML s 2R - EPE)Y ror0 =
£ (Ral-2PLIC -w— R - HPL s O

G-8)Rl® =G~ + 33 )PL? 3Re =55 P

Ry = P-72P = #P
My = EPL-3PL - -ZFL
(bY Deflection ot C (y ot x= 8
Yoz BE1 % Ma o)+ oror0k
"L’{u W)+ DL = - K

O

Ra’TEP ) s
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9.51 through 9.54 For the beam and loading shown, determine {(a) the reaction at the
PROBLEM 9.52 roller support, (&) the deflection at point C.

SOLUTION
1z FJ = O £+ Ky = © Ra = - o
[u-u,yrglz ! L2 tx:L‘:‘F"J +DZMA 2O My s M- L0 M, = M°+-RBL
[x=2,%re] React ions ave s-f-a:}-a'aa.(’!j indetevminate .
M M, .
C\ JG, 7 EI‘:":—:{" =M= Myt Rox - Molx-%7
R % ETE = Muxa dRat- MG-£3 + C,
EIy - M+ LR - iM - +Cx+ C.
E){:DJ Aﬁtf—’.l O+O+O+C,-‘o C\:O
Ix=0,y=O] O+ 0+ 0+04+(, ~0 C,= O
De=t, y=t1 AML*+ ERL -EME) 40+ 0 =0
L(Mo+ R -4 Re >+ gMLY =0
(2-£)8L = (3~ H)ML R = -3 % Re= -5 -
R, - 2 M.
A 2 L
MA: Mo"‘%%"—: —Jg-Mn
(b) ‘De‘;‘ﬂec“l‘;an at C (:f W'f X‘"';'f\
oo 2 FmuErs $RET = BOEHH @GOG
= 1 ML”
= "g"fL \ —-




PROBLEM 9.53

9.51 through 9.54 For the beam and loading shown, determine (@) the reaction at the
roller support, (b) the deflection at point C.

SOLUTION

v s R- PGB - PR
B - M- By - POE) - PR
EI = 4Rt - $PG £ —4P-EY + €,

EIy » $Rux-1P-5) -4 P-4 2 O 4 L,

[wso_):’:o']

[xz0, y= ol 6+0+04+0+C, =0 C,= 0

et 20]  FRL-3PEY - 3PEV L € 0 -0

¢, - flE+dr-Rllr - f(§P-ROL
Ix=1,y:e] LRS- FPEY - EXE + F(§P-RYL 0 = o
(- IR = [EF) -GE) - rL iR = 2P R, %Pt ==
¢, = s(fp-3P)L* = -gPL"
) Deflection of C -(-3/ of x= &)
R RV O R L S

=




PROBLEM 9.54 9.51 through 9.54 For the beam and loading shown, determine () the reaction at the
roller support, (b) the deflection at point C.

SOLUTION

Wi = W o= wlx-g)°

ay _ L L

[x=0, :FC'] ["'“').75"1 ;; - W(x} = W 4+ w<x_ 2)
Ly -] 2 - o .ol l
byzo,M20] [x=t,8%=0] Ld: = N 2 Ry - wrewlx-5)

EIZL =M= R dwx®s fwlx-55"

EIS = 4Rt - wits dwle ) v e,

EIy = 2R - gwr's i dw-50"+ Cx 4+ C,
Ix=o0, y= 0] O+ 0+ 0+0+C,=0 C,= o0
[v=0,9-0]  4RL - FwlP+twE) 4 C = 0O G, gwl®-4RL
[x--LJy=o] TR - mwliadwE) + EwlP- LR+ 0 = o

G-EIRL= A+ A@) +@)wl’ dR= ghwl Rt fhwlt -
C, = ;;ngl_’ - z(& W)LY = -;;-16%"\"—3

(b) Detbection af C (y at ¥=%)

Yo B {@CEEY - v v o - ke 0§

L Y1 A A L T 11 - 12 wt 19 wl®
S eI N edd T ag asse) T &My EX Je ey ET V -




9.55 and 9.56 For the beam and loading shown, determine (a) the reaction at A, (b) the
PROBLEM 9.55 deflection at C. Use E =29 x 10° psi.
O pef SOLUTION
o i — Uvn'\'s - \':ouea VA IC;FS 5 zPeM:'*HnS i ‘F"’.
| lps /F1
k=0, y:0d &l:x.-.u..yrt‘a] = -i--ék—";%— = L5 k:’;s /-r‘f"
Dese, uza] [en 12,8 <]

| wi() = L§ 2 - Q<x-e$ - l.S(x-s)'
' -‘3{- = ~wlx) = -5 + ‘T(x-é)o-\- I.S{x—é)‘
T %& =V = R, -0+ x-67 +0.75¢t-6

EI{{ =M Bx-0.25x> + 45{x-€Y + 0.25¢x-€>

EIi'i = LR - 0.0625x" +1.5{x-67 + 0.0625{x~¢3" + C,

kip- Pt *
EIy = 2R%-0.0125x" 4 0.275{x-¢Y + 0.0125{x-6%" + C,x + C. kip-
Lx= o0, y=ol 0+0 + 0+0+0+(C, =0 C,=0
Lx= lzdsgzo] 1 R, )(2Y ~(0.0625)(12) + (1.5 WY o 0628 + C, = ©
Ci= 891 =-72R, = © kip-Ft "
[x= l.gj.-o] £, (12 ~(0.0125 X12)° +(0.375)(6\ 4 (0.0125 )(€)°

+ (891 - 12 R + 0o = O
(8¢4 - 288)R,

C

giC4. B Ra= 14175 kips ¥ ——

841 =(72X(4.175) = - 129.¢ kp-#7

Data: E = 29%10° psi = 29 x10° ksi I= 156 in"
EI = (29x10°)056) = 4.524x10° kiprin™ = 3147 kip F7

(b) 'Der}bd‘l‘ov\ ot C (j 4 2= 6D

Ely = ¢ (14.175)6 ) - (0.0125)&Y + © + 0 - (122.6 ) () + ©
= - 369.8 hip.F1*

3¢4. S

- - -3
Ye = " Fqy— =~ Meoxlo +t

Yo = 0.1392 in ¥ ~—t

P

)
-

Y

T

! i
|

U
]




9.55 and 9.56 For the beam and loading shown, determine () the reaction at 4, (b) the
PROBLEM 9.56 deflection at C. Usc £ =29 x 105 psi.
w = 43 kdpyh SOLUTION
A el e - I
: l I | Wit oo Um"i’s “  Forces in l(f[:s 5 )e\nj‘“\S i Bt

T25f " 25f ' 25ft | 25t W(K) - 4.5<X-2.5>°— 4”5<¥_7.5>o

Lx=e, y=o7) [\:=!°,§01
[0 M0 T2, 88 207) %\i s —wGd s - ‘}.5<X“2.5>°+ q-S(X-_LS)b k‘.l‘a/“
32 =V = R~ 4.5<x-25)" 1 4.5{x-7.5) kips

EI—};"; T M = R - 225KX-2.5) 4 225<x-783"  kip-
EI"‘ﬁ = ;{»Rﬂx’*_%&iﬁ-z.s)’ +£§§<x-7.5>3 + C, kip-F1*

ELy = 2Rt 80028574 B G2y + Cx v G0 kip S

[yzo)jzol 0+0+0 +0+C, =0 C, =0
[x=|o°j_£=o_] -,':QA(]DY‘-__ .2.543_5._(7.5)3+ %(2.59 +C, =0

C,= 304.69 - SOoR, kip . F*
Ix=lo,y=0] & RGo¥ - 225 (2.5)"4 225(25)" ¢+ (304.¢7-50R, ) (1o) +0 = O
(Soo - £2223R, = 24¢09q Ry = 7.3833 kips 1 —
C, = 304.69-(50)(7.2833) = - g4.45 kip.-F*
Date: E = 29x10%psi = 29%/0° ks/ | T = 199 in"
EFI = Qax/0*)(1a9) = 5.771 «i0® kip. ' = 40076 kip-$t™
(b) Deldection at € (y ot x= 5Ft)

ELy. = £(7.2833)($)° - %ii(z.s)“ + 0 -(C4.45)(S) + O = - 175,76 kip 1"

175.76

-3 .
- - T -0, . et
Yo T 7 Houre 4.3856 % {0 +1 Yo T = 0.0826 in




9.57 For the beam shown and knowing that 7 = 40 kN, determine () the reaction at £,
{b) the deflection at C. Use E = 200 GPa.

PROBLEM 9.57

SOLUTION
I Bnitst  Forces in kN, )ev\jﬂxs tw oM,
W200 X 46.1
T05m 05m 05m O5m. M2 =0 R,-Ho-40-40+Rg = 0
[u-oai:é'l [x=2, y=el QA-= 120 - RE kN
T_xao_,&:o] +DMA:.-,0 —MA - 20 - 40 - 60 & 2?5 = D
", ‘“’1 i Myz RRe~ 120 kN-m
ka ey ¢ L L] £ Reactions ove 5‘}«4’(&)17 Mo)e‘l'ev‘mma"’e.
!
dM - o o °
Cow = = - Hod®~0.5) ~ qo{x~1) ~ 40{x~ 1.5

L8 e Ve B e ey o153
EI jﬁi = Myx o é.P‘xt_on(_o_s)‘_ 20{x~ '>t - 20{x~ I.S>z +C,

ELys 4M + 1000 - 2053 - 2Ge 19 - BKx-15% 4 G 4 €,

szo,i‘izo] O+O+O+O*O4‘C|:o C[:o
1X=O,3=°] .O+D*O+O40+O+CL=O C2=o
I zj:j:o]‘ -,:—M‘(ﬂti- 10, 2V - 35?(1.5)3—%’(05 -420s’ +0+0 = 0

L]

(26 - 122)@)" + £(120-Re) (2P = 30

2.666¢7 Rg = 30 4+ 246- 160 = 110 Re = ‘”’25_ KN T
My = QX41.28)-120 = = 37.§ kN-m
Ra = 120~ 41.25 = 78.715 kN

Datat E = 200x10" Pa , I-= HE.& % )0° mm' = 45.5x107 " wm!
EL = (zoox 10"} 45,5 x I07™°) = 2100 N-m*™ = 9100 kN-m"
(b). Detlection at C (x o %z m)

Ely, = 36325000 £ - 2.5 -0-0 +0 +D
- 6.4583 kn.m®

]

G.4S83

]C: - Tron - X¢:O.7IO mml,

~ O N0 X0 m

L

]




|
|
| PROBLEM 9.58
|

70
l] CM.\ l Reactions ave .5‘l'u+t‘c411j incleterminate.
| J °
| 3 w(x) = [4 ~ 14Lx~5) kN /m
i R. L—Z,S—I[ | RC v
:] ﬂ;'z—w 2 =+ 1 {x-5>° kN / i
1] j_: = V= Ry - 14x + 14{x-8>" kv
! EI EN = M = MA + RAX - 7X1+ 7<x_5>‘ k'\)'m
] ET Y - My + £R* = x> + £{x-8)" + ¢, KN- ™
mo ELy = aMax'+ LR - Ex*s g8y + Cx 4 ¢, kN
“ [X=0, j-:=01 OC+o0+o0 +0 +( =0 ¢,=0
!
f] [x—.o,j=o] O_+O-\o-\—0+o+c‘;o C,= 0
| (o8, 3201 M@ 1RGP - v F@ 00 = o
| 32{ 38R ~ 175)+ £ (70-R) - B2 = o
] 170.667 R, = Sgoo ~ 2292 4 AL o j905.5¢ Re= 1/.536 KNt —~=
| Ma= (8)YN.536)-175 = —82.715 kN.m
1 Ry = 7o0-1i.53¢ = SB.4CY k¥
Data: E = 200 x10" Pa T = 216x0°% mm" = 216 x107% WY
EI = (200%06R1€x10°) = 43.2%x/0° N-wm® = 43200 kN.m®
(b\ De_'rjzo*l‘oh ot B CJ ar'l' X’J"')
ELy, = 3(-82.15)(s\" + & (58.49¢4)(sY - § (5)! = -/20.52 kN.m?
YE»"‘%%’;?‘" : - 4i8vi0m Yo £ 418 mm b -

- 9,58 For the beam and loading shown, determitie (a) the reaction at C, () the deflection
| at B. Use E =200 GPa,
I
e
[N 14 kN/m SOLUTION
= I Umids:  Forces in kN N ,Pmcj“\s n m,
I’___ WA4L0 X 60 +1za=o Qﬁ"-[o"'Rc_:D
M Dx=2, yzel OM 20 - M- (70)2.5)+ B8R = ©

Ma = 8R.~ 175 IN-m

— 3 O 1




PROBLEM 9.59 9.59 For the beam and loading shown, determine (@) the reaction at 4, (b) the slope at C.

SOLUTION

Reackions ave 5-|'a/+|'<:ojj-a ina'v}'ewm\'na-‘,'e.

El‘j‘—:,‘f{ = M = My o+ Rax - Molx-5)°
g.r — jm EI?!,&L = M+ 2R - M-85 +C,
f \,M, I EIJ = IMxt+ 3 R -4M, (=55 + Cx + C,
A Ke o, 4 2 01 o
(x=0, y =0 C,-= o
x=1, % =01  ML+3RL- M7 =0 Mos LM -2RiL
[x=L,y =0  FML 4+ 3R -3MEY =0
A(EMo- AR+ 2R - ML =0
(L-DRL = G-OmL’ Ry= 2 Mt -
My= $M. - 2280 = —dMm, —
@ Shpe od ¢ P oat w= L
0.7 iltti+ 448 v o+ 0 =1 - BF
| O, = t%ﬁ:’: =5 —

[




]
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L1 ]
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PROBLEM 9.60 +9.60 For the beam and loading shown, determine () the reaction at 4, (b) the deflection

at D,
SOLUTION
P IS W x) = W(X —Q>° - wix-3a S
l<a ’ % ' 24— ‘ ? |
‘F_k-_oJ:‘;:o] £x:SaJ}=o:I g—-i- T - w(x" s - w(x-q>° + w<)(... sav)o

[Kij-if‘: o) Lx=5&_u-:=o] '
%& = Ry = wi{x-a)' + wilx-3a)

EIj:t'-' M= M, + Rax- twix-a) « twin-3a)
EIS s Myx + 2R - 2wiln-a) + twix-3a3 + C,

EIX = %Mnx"-»-é-ﬁ,x‘g—i{;w(x-cc?q +7}‘—<¥-3a>*+ C,x + C,

{x:o-’ﬁ:o] O+0 +0 +0 4+ C, =0 C,= O
(x=0, y:o1 0+ 0 +04+ 010 +C, =0 .C,,=O
[x=8a, §- 0] Malsa) + £R (5a) - 2w(aY + tw(2a)® + 0 = o
SMuc + 125 R &' = 9.3333 wa’ ay
[¥=8a,y=0]  £M ()" + RGa)l - Hw@Ea)'s £(2) + 040 = ©
12.5 My + 20.8332R,a® = 10 wa' (2)
Sofvsna () and (2) s.‘wH-m.eous,Pj Ma = - 1.2333 wa' —
Ra = L2sowa * —

(b) DE‘;Pec'h‘on a.'} D (J ot ¥+ 30..)

Jo * Tz'lf{ iMy(a) + £R, BaY-Aw@) + 0+ 00l
4

[~
= [3(-12383) 4+ 202N - L()] E2 ¢ -0.907 E‘I;’
wo
Yo = 0.907 T2} —




9,61 through 9.64 For the beam and loading indicated, determine the magnitude and
location of the largest downward deflection.
9,61 Beam and loading of Prob. 9.45.

PROBLEM 9.61

SOLUTION

See solution to Prob, 9. 45 For the
devivation of the a;uaffons Used tw
+Hhe ‘Po_j,?ow{v\ﬁ .

86 X 12.5

EI = 445\ kp.#1*

EI% = By g - Rd{x-4%" - (x-'i?z — 26.84% kipPt

EIy = 235 - Lx? s g xS - -4y - F0eAY - 2684 X kip- P43
To Find Jocakion of masimum \y\) set 3—;{ = 0O, Assome O =< x< it

EI%,{ = BB, g% s x] -26.844 = © f,

X.= H.0 3.73
df/dx=s 32.33 42

Sclve Lj iteration: 3.735 Xu = 3.735 ¥ -

Ely,: %(3.7387-1@78)" + 55(3735) -Re.844)(5.788) = - 60.06 kipH*

Lo 06

1
AaS T - - 13.49xto0” ¥t

ol

Yoo = - Yo = O.161% in,

,,,,,




]
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PROBLEM 9.62 9.61 thromgh 9.64 For the beam and loading indicated, determine the magnitude and
location of the largest downward deflection.
9.62 Beam and loading of Prob. 9.46,

SOLUTION
See sofotion te Prob. 9.46 For the
I devivation oF +he equa;h‘ons used iw

M Wis0x 135 g onopp .‘mq -

EL = EI = 1374 KN-m"

EI 4 = st - 24x-047" + 2dx- 1.2 = 16<x-1.2)" - 3.4080 kN -

EIy = 1.63333x"- Li-0.9 s 4 dx- 1.2 = £{x-1.23" - 3.9080 % kN-m®

To find the Location oF wayimum lJ|_) set % = O. Assume 0.4e R, <) 2
.

4w’ - 2{(x.-0.9N" - 34080 = F.) = 0O

Solve by iteration 2. 0.8 0.858 ©0.8§7 0.8570 Awm = O.B570m —-m
/w5 8% 9,123 748

ETy =(1.€3333)(0.8570) - $(0.8570- 0.4)" -(3.4080)(0.8570 )

- 1. 914y kN« m

y = - .14y z = .393510°° m oz [.393 m ) -
137Y4




9.61 through 9.64 For the beam and loading indicated, determine the magnitude and
PROBLEM 9.63 location of the largest downward deflection,
9.63 Beam and loading of Prob. 9.47.
Z Kips 35in.

350 N/t |~—-| SOLUTION

5.5 in.

__L See Sopc)‘i‘fov\ 4o Pwob. .47 for the

derivation o the era}l’fous vseol
the -Fa)ﬂou-‘na.

EL - 539.18 kp-H*
d N a . -
ELSE = 0.903125 5" = \(x-1.75) - 0.05833<x - 8.5) - 7.54779 kip -
®
ELy = 0.301042 x* - §dx-175)" 019588 LNB. 5D TS TIT R kg P

To Find the focation &f maximum \J\) set 3{ =0, Assome L1S<%, <885
0.902125 % ~ | (% L75)" ~ 7.547.

0.09C815 A" — B.5 X + 1061029 = O

2.5 -W3.5) - (45(02046375)("’-‘.“’2‘“ « 3.390 P -
(2Y1(0.096875 )

Xpw =

EIy - (0.301042)(%.240)° - £(3.390-1.73) - (7.54779 ) (2. 340)
= - |5, 3328 Kp Fy2

15.3328 . _ |2.44x0° F =
5239.18

= = 0. 34, l‘ﬂ, * il
J




9.61 through 9.64 For the beam and loading indicated, determine the magnitude and
tocation of the largest downward deflection.

9.64 Beam and loading of Prob. 9.48.

PROBLEM 9.64

6.2 kN
3 kN/m

SOLUTION

E See solutiow to Prob. 94.48 For +he
walox 60 dewvation of the equations used in
+the Foldow I‘V\j.

EI = 25.8%10" kN-m
I f,j’(_ = 28333 %" - $4{x-1.8) - 3.1 <{x-3.a)" ~ 22.535
ET y = O.q944x>- 4 (x_ IR 8)3 - 1.03233¢x- 3.6>% - 22.535 %
To Find ocation of maxiwom \y'.\ set %Ji = O . Assura Lg< ¥,.,<3.6
E.Ii{ = 2.8333 X5 -4 (x-18)" - 22.535 = © F,
Sc,{)vfh3 L_)’ itevetion: X, = 3 2.86 2.855 ®,.* 2.85C w1 -
ik 2 158 | 1515

EI:/.., > O.944¢ X - -i!'-(x,,, - 1. - 22,535 X s
= (0.9444 X2.858)° ~ §(2.255-1.8)* - 22.635X(2.8§5) = ~ 42.507 \WN-m

yh: -.-ia_;.t.s‘o_? - —I,G”g>‘iod'm

25.8 =103 Yo 7 1848 -
B =10 .




PROBLEM 9.65

20 kNAn

9.65 The rigid bar BDE is welded at point B to the rolled steel beam AC. For the
loading shown, determine (a) the slope at point 4, (b) the defection at point B. Use'

E =200 GPa. [l
/
@
I SOLUTION D
DM = 0
WA4L0 X 85 -4.S R, + (203033151~ (8o)(1.8) = © |
R‘ - o ]II

Unitst Forces in kN, .Pewj-Has th m i
EI 9 = M« €odx-18Y = 90¢x-1.5°
" ~ 4 (20)%- 1.8

T \P%
éo

304x~ 1.8Y = 90dx-1.5% =(F)(z0){x-15)’ k

+ C, —-’l
EIys= 104x= 15D = Usn-1.6% = 75 (203¢{x- 1.5 P\'

+Cx + G “1

[x=0,y=el O+0 +60+0 +C, =0 = O —r
[x:q.s,jw] Lo X3Y ~(#s)(2Y — £(o)2) + 485C, +0 = O L
C,= 4§ kN.m" ’/\D{ |

Data: E-200x(0% Pa, I = 3150 mm' = 31S%10° w"

ET = (Ro0x10%X3/5%(07¢) = @8xio®* N.m" = G3000 kN.m"

(@) Shpe ot A (F of xr0) :
EIB, = C, = 4s kvem® -

Or T Zhess T O.TH IO rad 67 0.74x10 rad <X i

(o) Defdection of B (y ot x= 18D u
EIJ!B = (CL8) = MsULSYT €28 kN.w' J

Yo * :;;fo = .o m = 107 wm | —— ~




PROBLEM 9.66

36 kN

3 2%
2 N Ko
) 1

[x= o, j:"]

[x= 0.9, y=o]

36 kN

Fosmeosmedeosm

fe.

O+ 0+0+0+0+0 + (C,

9.66 Rigid bars are welded to the steel rod 4D as shown. For the loading shown,
determine (a) the deflection at point B, (b) the slope at end 4. Use E = 200 GPa.

SOLUTION
Untst  Dse kN For $oues) w for J’ele—hs.
_L BJ thmﬁﬁj ?‘ ‘?p
B fr""“ AZF =0 R+Re-3€-3¢:0 R3¢ kN
60 v N
EIdY: M = 36x - 3¢(x-0.3) ~36{x-06)

M ~10.8{x-0.3) +10.8<x-0.6)°

(00-w) ET &Y = 18 x>~ 18<x- 0.3)*- I8 {x-0.6)%
- 10.84x-0.3>' + 10.8{x-0.6>' +C,

(kn-w) EIJ =6t - C(x—o.3>3—c;<x-o.é.>3
- 5.4 {x-0.835" + S4{x-0.6)"+ C,x + C,

= O C2=o

(€)0.9°~(6)0.6 ¥ - (6)(0.3) ~(5.4) 0.6} + (5.4 )o3)*

+O.qc,+0 = O

C, = -{.62 kMem®

Data: E = 200x(0°

EI =~ (2o00x(0")1.08%10°¢) =

(o) De‘r,?ec‘*‘t'ou at B
EI vy,

Yo &
(b) Spape a.z'i' A

C -
.62

—rr——

2le

0.32¢4
e

EIQ,
8, = -

©¥0.3Y -0 -0 ~0 +0 «(1.62)0.3) =

Pa, I=bh®= 5)col= 1.08x10 mm’ = 1.08x)5 m"
Zléxlosm-m" = 21 kN-wm*

(j alt %= 0.3)

-0.324 KN-m

T - |.\5'oo>¢}o's ¥ Ye© 1.560 wam } —
(5’5 at x=0 )

~1.62 kKN-wm"
= ~7.50x(0°% pad O, = 7.50%(0% rad =3 <.




9.67 and 9.68 For the b d loadi
PROBLEM 9.67 G b T slone a(:ren ;A cam and loading shown, determine (a) the deflection at point
SOLUTION | P
: R
vz A 2
o= %5, b* ’g' , P=P, = Q

__ Patbt . _ % L . 4 P
Je 5 7 G%IL i 'c.EIL(CB") (%) - T 2® ET

oy » - .= P
O - E'E(ILLH’ ";.SIL(%)[L &) = -F =

Loaolima I: Case 7 M=- 5§ EL X = t
(- o0 BRI - B

Je ¥ T EETL GELIL 23 EI
(@) Defdection at C: Ye© -ﬁ;%ﬁ - zzsgg i '2%_3-?_?3
Yo ey -
(b) S.Pope at At 9 - é‘sg'é'%i = “%%3
| By %%—z_q w——




e

g

9.67 and 9.68 For the beam and loading shown, determine (a) the deflection at point

PROBLEM 9.68 C, (b) the slope at end 4,
SOLUTION
loading 12 Downward foad P af B
Use Case & oF Appevafk T with
P=P, a=3x, \p-Z‘L'JLéL)x-%‘;
For x <o, gqiven edastic corve s YT E_EI-I[X (L= b*)x |

To oL‘\-a{n G.pa.S'l‘fC cuvv e 'Fof X >

V‘epfac.e ¥ j’j L-x a.mﬂ
iw\‘e.vl‘c,‘-.q_nﬂe a and b o jef

N A CE (CE R BERVENEEE P g
3
LG - (-] - - B
o - - PR paus)lit-tusll | 5 PU
A GEIL GEIL = T8 ET
Lom[inj Io: L)Fuam‘ doeed ot C. Use Case § of Appenclin D with
Pr--P, a=z4 brg, L-L, x=a-%
o =PYaus) /) . 4 P2
Je ° ZELL T 3 ET
5. - - PGl -(L/3Y) o4 Pt
A GEIL 3 ET
a L3 3
@\ Deflection at C Ye © *-.l_%‘ fE:)'f:[ + 2:3 EI T qée 'E:‘E'T g
'PLZ s 2 Lz
(k) Spope at A 8, * -SASI.-EI 81'%_‘_ = gTTED_'f <3 —~—




PROBLEM 9.69

(b) S.pope a,+ A

9.69 and 9.70 For the beam and loading shown, determine (a) the deflection at the
midpoint C, (b) the stope at end 4.

SOLUTION
Loac‘.ina 1: Case G in APPQMAIX D
- S wit Lo owil
Je 7 T 384 ET > AT T4 ET

Loaahnﬂ - Case 7 of Appemﬁx .
Note 'va‘l’ C,e.v\"l'e\f‘ a'e‘rjec,“‘fon 'S

= - M [V - 5]
Je GEIL[(" 2
- Mal
- e g
6, = zak
A 3Ex .
B wh TS
Ye FIE EI S, * 36 EX
¥
wb L wl? __t MEel
Ye £ ‘3’?6_"51 *rEr T T8 ET
.o wit
Ye T 128 ET Y —-
wh® o owl® _ o wil
95"5‘?43_*3651 72 EI
, 4 owl’
6, 72 ET % —

A

1
H

]




9.69 and 9.70 For the beam and loading shown, determine (a} the deflection at the
PROBLEM 9.70 mldpomt C, (b) the slope at end 4.

SOLUTION

Lan'ms l: Lowd at B

Case § m Appendix D.
Ls Ha, a=a, B*?o.J X= Za
Fovr X >0, Nplpacz 4 BJ Ley awd \‘v\'}ewc,lrmnje a avel b v

e pression Por elastic covrve 3iven

y = Eal-2¥ - (1*- o ex)]

GEI\.
Ye © GEI(%L) [(20)- (16a - a.‘\(?.a.)] = - -% Ef_
== PE*&) _ _P@a)jeol-9a) _ _7. Pat
= GEEL  © T UCEIC4a) 8 Er
Loaa“nﬂ I hoad ot C Case 4 oF Appevdix D with L= 4a
P . PQ4a)? __g_ Pa’
I T"hzex 4% ET
P . _PW - -
0 ik ~- R %gf
Laaa‘ihﬂ I Load at D Case § o Appenolix'b

Lrlda , a=2a, b>a , x=2a af peintC
Ye= £ De-@-8)x]= GEI(%)[(ZQ\ -(16a*-a*)(2)]

GELL
. -l Pal
- 2 Ex
- < Ph(i*-bY) | | Po(lea- &) 3
e‘ GEIL CET (4a) = B%_—
2 1 3 3
(o) Deflection at C - N --\%?l;%- -%P - %% =-|—‘1%
- | 3
yor EEE -
: = y g . _5Pa
&) Slope at A o -fBe - Fe - g - A EE
9,=%% <z ~t




PROBLEM 9.71 9.71 and 9.72 For the cantilever beam and loading shown, determine the slope and

deflection at the free end.

SOLUTION

Loaa!ina 1: 2P downward o B.

o
n
AR AN

l.oao“nﬂ I
9,," =

Case | oF A?PQHAEK D “'fP"P_""A -fo_ Po«—‘h'ov\ BL.
op = (2PWL/2Y #-Pl."

T T 2EX EX
- . @R/ 4 PR
Jo T TZE3 ” ET

AB pemarns S+W:u'ﬂ ht.

' Lt
&' - &d - Tir
Laae o PP AP g PL?
)[A"' Xs""(’i),ea 'T&% ";-3’%‘-:" 4 T
P downwand of A, Case | &t Appencl-'w D.
PLY p pLE

- —

28T > AT T 2T

Bj superpos ition

' w_ aPpL*, 1P 5Pt
‘ " cpE 1P} _ _sp
I T N tY f TmEY CFET T CMEL -

]

.
(I D

1

]

- |

-

——

"
L J



9,71 and %.72 For the cantilever beam and loading shown, determine the slope and
PROBLEM 9.72 deflection at the free end.

SOLUTION

Loa-alma I: Coonterclockwise Coupje PL ot B.
Cose 3 of Appendix D a.ppf.eal to portion BC.
eB. = QE——K——JL sz = -L .‘P_L

@ w c ET 2 er
. o (PLY(/2Y | 4 PLY
A 2 d Je ZET g 1

AB rewmans s+m..‘3h1'.

1% e . «C i ' Lt
R o - ele 4B
Y 3
R VR < S = Jaet 5
Loa.olinﬂ il Cese 1 ot Appe.»\c“x D.

« _ PL? n_ _PL®
S = 2EI > Yo - T 3eT

Bj soper position

foae . LPBLA AR P | PY
0= &+ 6  * kg e tw B < -
2P _1 P . _zPC _ 1Pl -
SIA’J Yo' T “SEL iEI‘:HEr 73‘




AR

PROBLEM 9.73

9.73 and 9.74 For the cantilever beam and loading shown, determine the slope and
deflection at point C.

SOLUTION
Lbadinﬁ I Un."Fothj distributed downward
Pouding with w= P/L.
Cose 2 oF Appew\ah'x D.
e’ = - —L(P/L L -4 .?_é:
< GET 6 ET
(o (PLY 3
Je REI T '% _EEJL:-
Loa.cl;ha O UPwav@( con cm‘f‘v*a&”ﬂél Doocd «F P

Cose | oF Appenn“x D appﬁ(ce' o Por‘h'on AB.

G”'*' P(/i2) . 4 p1d
B 2EL T RET
n_ PP _ , PL
Je 3ET =~ 2t ET
Portion BC rewmarins S'I'V\m‘al-.f.
u o z
6." = &'+ 3ir
. o W Lo P, LB _ 5 PC
Yo 7 Yo * Z6s - E%H*lé.t% " WBET
Bj super pos | Hon
- v _ _ 2Pt Pt _ LPLY PL
O = ee_"‘er.'—eu%*L%%'“Z‘fEI‘m:fq et
' v LB st . LBl Pl
jruwt s FEEE - aEe S <

]

]

—
i

H

r




)

1

3

PROBLEM 9.74 9.73 and 9.74 For the cantilever beam and loading shown, determine the slope and

deflection at point C.
SOLUTION

Loadfng I: Downwavel distriboted foocl
w xpp/e.‘eol +o Fof"}'u‘om AB.

NN

|

R

Loa.a“nj I

_.’/

v

Case 2 of Appa.v\al'-x D a.ppj.‘ezi + Par'l‘-‘ov\ AR,
v w (L) 1wl
Ba - “Gert ¢ - E
R 0/ M B 1
Je * gET = 123 EXI

e Portion BL reweans S"’V\al\j‘s-"o

wl* /24 : | wl®
By o - ©a' T ~i Er

-

bt byt o Lwht L wlt 7 Wi
Ye T Ys (316 = REET ~ 9% &1 ~ 38¢ EI

Counteveclockwise coople '%'l: applied ot C

Case 3 ot Appe,vm“x'.D

0" -

[

Ye

L]
' =

(wiz/28yL 4 wl?®
ET A4 gr
(wk*/24)LY _ 1 wl*
2EX = 4 ET

BJ super pes (i on

3 3 3

' WL Wby ooaowld o wll A -
6.= 6.+ 9.-_'_‘ 8 g3 Y™ EXI © 4 Er
byt . ozowtt Wl Wi

Ye© Ye * Yo T T Er TARET 3¢ EI f -




PROBLEM 9.75 9,78 For the W360 x 39 beam and loading shown, determine (4) the slope at end 4, ()
the deflection at point C. Use E =200 GPa.
S kN/m SOLUTION
Units: Forces in kNJ .Pen3+|\s in wm,
Loaw‘t'na I: 8 kN/wm Um‘?orm,fj distriboted .
Case G ¢ w < SkN/MJL=3.QMJ X= 1.3 m
o, = - WL . _ @Ay _19.778
. MET 74 EX EX
e e Ty s -7 RN - S I Y s
Yo = =qagT LX'-208 s Uxle- o EI[(I.%\ GYEAN(1.2) + (3.a7(13))
= - 20.94%
ET
Loa&‘ina I 25 kN concentrated Joad of C. Case & of App-evw’;)' D
P-35kN, L= 89m, a=13m, bs2Cm, K %x=a=1L3m
R 1 Y (T (asWz.e)(3.a* - 2.6)" _ _ 32.86/
A GEI L CET (32.9) EI
. - Pa'b® | _ @3 | _ 39176
Ye SETL SET (3.9) ET
Deta: E= 200 x IOQJ I=102.0x%xi0°mm’ = i02.0 x 10 “m?

ET = (200xt0™{102.0x107) = 204%)0° N-m* = 20900 kN.wm™

©.) Sﬂope at A B,= - H'-’;—Z’%l:oaz'su = - 2.58%10° vad

B, 2.58 % 1S” voo -3 —
k) Defdection at C Ye * 20.‘;304'*-;3'{.176 = ~2.70 x/5° m

Ye 7 2.70 wmm ¥ —

.....




—

L1

/

)

—

(-

9,76 For the W410 x 46.]1 beam and loading shown, determine (@) the slope at end 4,

PROBLEM 9.76 (b) the deflection at point C, Use K =200 GPa.

14 kN

S0kN-m SOLUTION

Units * Forees (n UV,  Jdengths in wm,
Lodfnﬁ T: Moment at B

Lr 50m, = 2.5m

Cose 7 o Appew?ifx 1> M= 80 kN m | s
e, » YL . (g0)(5.0) . _66.667
A 6EL CET - ET
= _M 3 _ 12 - __280o 3 _ 2.8)] = 125
Ye GET L. OF = Lnd - GEL (sa)[‘z's g.0) (a5 ] ET
Lo'o.ai\'nj I Moment ot A Cease 1 oF Appe_nc(u‘h D
M= 8o kNew L =8O0m, x=25m
5 = ML . (8oXsio) _ 133.383
A 3el 2 EL EXL

Ye = l_;ij (Same as /Poadfnj 1)
Loagl(na I 146 kN concentrated Hoad ot C P= 140 kN
i kN
O, - ‘%}“ - _ QuoXs.e) - | _ 2i8.75
l6 £ ET
. _ PP L _ (40)(si0) . _ 3064.583
Je ° T BgEL 43 ET ET

Data: E = 200x10% Pa, I = 186%10° mm' = 156215° »"

ET = (200107 Y156 %16°%) = 81.2%/0° Nem® = 31200 kN-wm"

(@) Slope at A O 7 - =LLE7 +3:i?;‘.3333- R18.75 | _ 4 col vl pad
O, = 0.601xi0" =3 —
&) Defdection o ¢y, = 125 ;:fio-oscq.sgs e - 3.¢7%IG
Yo 5 3.67 wm v -




PROBLEM 9.77 9.77 For the car.ltilcver beam shown, determine the slope and deflection at end 4. Use
E=29 % 10° psi.

2.0in.

SOLUTION

_4:)1—&1. Bnits o Forces in ki‘:s, ,De.nj‘“rs N

Loaall'n:s I: ccncef\'l'r‘a*ta? .poaf,l a:t A

Case | of Apkendl'x D.
o = PLY | QXS 12-5
A

A c T~ zex ~ 2L =~ ET
f_PLE_ 0NEYY L 4l.6e7
| kp/Ft W *T2ET TT2EI EL

LLL% Loar)\‘u%ﬂi Un.-?omﬁ c’us"rr?bui’ed fDaJ
over For’hom BC.

Cast 2 o‘F Appe.m‘nx D d.p’)ﬁ\'ecl +D Pof“‘i'\‘ovx ‘BQ
e F = _w_':;f (' 1(,3 !3 - '4.5’

CEL ~ TCEI ET
v | )! ]\' , ]0.125
Je “g‘gl’f TTREL ET
Pev-‘l'.'cw\ AB YemainS s+r*au'3 '\“l‘__ QA" - 98" = %-I:S:

L

I3 o IO.IZS_ - \"l IQS‘
B:{ su’)ef‘l')os‘ t. HOV\
-0 no. 128, 0485 _ 1
Or = Oa + & ZA ET

. L W7 | 1025 co. 792
YT YAt ET ET

Data: E = 29“!0‘?5{ = 2‘-?)\!03 ks ¢
= #(20¥4.0Y = 10.667 WY

ET = (9x10°)(10.667) = 309.38 /o* kip-in® = 2148 kip-P™

Shpe ot A R A R e s —
Degﬁeu{'ion ot A JA =z - E-Zi)l;‘z—g_% T - 28..?10!‘“:'-s £
= 0,340 in. ¥ —




PROBLEM 9%.78 %TSZF;)N tilgﬁcantilever beam shown, determine the slope and deflection at point B. Use
=29 x psi.

2.0 in.
SOLUTION

—T
'. _0£n Units ¢ Fovees = k?s) ,pemj'”ns in +.

loacﬁ-‘nj I: Cohcev\h\*ea* Howdd ot A

!
@ 4 Case | of Appenplc,{ D.
A B cl y GEI ] - 310t
5.1- = 6£I I3>< QLXE
¥ with P= | kip, L=§F, x=3f
@ biol {/ 1(35 - )R] - - &
! B\ A LA B A .’c jﬁ GEI EI
A e— _,I' VL _le.s
33 H) - Afeer-exsa ) - g
Avodus+tua f‘ke Sf‘jn 98‘: %5_.

Loaalfnﬂ I Un."Fo(*M;Q:’ distributed Doad over For'l'l'ah B’BC.

Case 2 oF Appew-“x D a'opf{erl o Fow}f‘om BC
SRR T7 A (¢ LA [~V 1 £

ye T TgEr 8Er - - TEx
PN S (1€ R 3
L GET GEX EI

By svperpos {Hion

‘ «_ l05 . 4.5 _ IS
93: 98+93. "_"'*"E s Er

ET
. w . _J18 _ jo.125 _ _ 281§
ye * JYs t Yo ET £T ET

Data: E = 2axlo® psi = 29wjo’ kae
= & (20)40Y = 10.667 in"

" EL=z (zcru:o3)(|o.“7)= 309.33 x/0° kip-in" = 2148 kp-Ft*

S,pope 2t B €y = 2l'18 r G.9% %107 pad. > ]
De":/?ec"’fon ot B Y ¥ - g?qis_ s - 13,09 )ICIO“s 5}

= 0.8 e b —




PROBLEM 9.79 %:92%0()1' g}f):acantilever beam shown, determine the slope and deflection at end C.  Use

3N SOLUTION

SRR E Units : Forces i kN ) ! ev.j'H\S v M,
¢ 100 X 11.5 :
I-——0.75m——-—~-v— 0.5m———J T LoaA inj I: Con c.e.vdv‘o'}ed poao‘ at B

@ 3 Case | ot APFenalix: D @P}an‘ea\ o Pof'h'om AB.
z ' 2z 2 ,
g \ . 9:3 "zP;LI ___(sz)gz_fs) . - o.sEqavs
“IA 3 C I

075 ——sre—0.5 —» . _PL® __(3)(0.25Y . _ 0421875

Je T T3ET T T ZEIT ET
3 Portion BC rewmains .S'I‘N:‘fl‘\f

4 o

:4 L i - ' - .8“’375-
Iy ) c € = 8 7 - =%z

) N 0. 84375
YT Ye m (0808 = - FHE

Loaal.‘nﬂ n: Concentrated Jload ot C. Case | of Appenc)ix D.

o." - LY (3).as) . _ 2.34378
AT 28T 2EIX - EX

" L . (3)12s) . . 1.953ug
I _(3Xas)y 1953125

I T T3ET © T 3 ET
oL . o« _ 3.187%
By superfosn."':ov\ . B, = 6,+8," = ~ T
i e . _ 2796875
Yo T Yt “EL

Data: E = 200xt0" Pa, I = 2.53x/0° wm? = 2.53%10° w"

ET -(200x10*)X(2.53%15¢) = 506%10% New® = SOG kN-m"

Shpe od C e s- 2B . 63010t rad = GBS T -
Defdection ot C Y < - 3_7_;&37_5' z ~S5.53%/C m = 553 mmd =




]_

]

— [ C

1

_4

9.80 For the cantilever beam shown, determine the slope and deflection at point B.  Use
E =200 GPa.

PROBLEM 9,80

3N SOLUTION

E Um'\'s Fune&‘. o) k” Jevxj“\'\ns DL A

$100 X 115
L_075m4—l-—05m‘—l The .s)?p e awd deflection at B depend
ole on 'H\e deFormation oF Por‘hon AR.

4 (T
4 D e Re.a'oc:n3 the Force at C o an
Al equuvulem‘i‘ fovce - c.o‘.jefe s‘ys'}'em at
: B B  and adding the dorce adveadd
075 ot B ives t+he Pouim“$ I ancl.ﬂ:j
shouﬂ.
; 11:) 1.5 kN wm Loaa’;‘na 1: Case | of APPenalix D
Y/, — . PLY _@Xo.sY . _ 1.c87S
Y ) e ZEI. "7 7gx = EX
/2o _€)0,75Y - _ 0.84375
Je 35.1 3EI ET

Loow\{ni II: Case 3 ofF Appeuoiix [b)

O," + - ML . _(.5)0asY . _ 1.128
® El EI ET
oo MLE L _0.5)oeas ) . _ 0.421878
Je ZEI ET or

By super Fos? tion

M .8125
63 = ee,, + 95 = - ""_‘E'""I"""'“

- ' v _ _ |, 265625
N - Ye t Yo 7 ET
Data: E = 200x10' Pa

L |

T= 2.53xI10° wm' = 2.53210° m'

2

: (200x10" )(2.523%107¢) = 506 % 10° New*

H

06 kN-w

. 2325 _ _ -
Oa 506 5.56%10° pad

1.265625 - _ -3
“5ot 2.50 710" m

SPOPQ at B

"

556 el =y -k

2.50 smwm ‘ .

"l

De*“eo’l‘ion o B N =




PROBLEM 9.31

Laaoh‘nﬁ I Case | of Appewjix D apphez] + AB.
@ B Rel® |
?A 1 (yals = T?TSE.TE
P Rg Loaclinca I Case | a,pp}ienl +o Par'Han Ac.
. 1 @ @y - B -y B
“A C B /3233 Ls
. (v = - BEEY - -4 BL
4 t @ l Portion CB rewains S'l'Mtaid
) — .
h 0 & (Yelz 7 (Yedu + %'(@x 7 ‘E%
Loo.alina I Case | aapflee(‘ o For'Ham AD
M F l lP P(as/a)? z ELi
(; (en)m ZEI q—“
X 4 3
- /. - -
Ra ;P (Yo)m = %%—Lfﬁ é‘if%
por'Hovn DE rema('\s S"‘Mmjhf
3
(}fc.lm = (jo)m + _?l:(en)m == g"—? EE%
Svper position and constraint, = (Yo)y + Yoz + edm = ©
3 1 s
FR L - i%‘%:”'g% ? éﬁl" zﬂ" Re,";'P" -
Statics
+125= ?A—P-P+§-'P=_O 3P -
DZ Mo M, - PG -PE) (EPNL) =0 My7 £PLD m

9.81 and 9.82 For the uniform beam shown, determine (a) the reaction at A, (¥) the
reaction at 8.

SOLUTION

Consider Rg as vecdundanT and replace
foac‘imﬂ 5as+em by 1, I, and IO

7

[




e T e T

— 3 1 1 o 1 3 ml_J —
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\~__.-
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PROBLEM 9.82

9.81 and 9.82 For the uniform beam shown, determine (a) the reaction at 4, (b) the

reaction at B.

SOLUTION

@ . Loao“na I: Case | of Appendin D
=7 R
R . (YA‘I = 3EI
’ w Loading IL : Case 2 of AppendinD
4 ]l\ 9 4 Y. _ WL"
A l;rg (Yada = ~ SET
D Loa.o“hj i Case R O'FAH)QM!’;M D (Por'l’fuw CB)
&z g1, w2 g wl?
h ST PR ®m = -"gex *"H EX
( ) - W(L/Z)q - _”_W_L_._,
L | Yelw = g3 128 ET
l‘f ) Portion AL vewmains :HN\CSH'
| b MB ' Lll
m"'LT ¥R, Gdm * (dm+ 5O = @ ET
Super Posi'}fov\ and constraint Ja ® (.Y‘).r + (jnh + CXA).m = O
3 L AN y LY _ 4
%%1%"95:;"*39:?1:%?‘5'“55'?“&’0 Raw g WL T =
Statics
RO JZaWL--LwL'*?B‘O Rg= fgwl t =
DIMzo DL LEwlXE) - Moz © Mg = 7 WL D =

Beaw is ind etevminate o first clearee.

Consicler

Ra as redondant and veplace +he qiven Soading
by foadines I, I and IT.




9.83 and 9.84 For the uniform beam shown, determine the reaction at each of the three
PROBLEM 9.83 SUppOrts.

SOLUTION

Reawm 15 indeterminate 4o First deqree. Lonsplen
Rc +< be the redundant V‘en..c,‘i':“oﬂ: avv\ Ft,pfa\.ce
the foao!ins Lj -Pcuj"ngs I.0, and 111,

@ hoading I Case 4 oF Appendix D.
] _ Ry R L
né— [ 3 ’g’_ (yc..);[_ - HRET = E-!- —E&f"
e— L iR,
Lotwlina.lt Case & oF Appe-wliy D.
P, @ P T _§(ut- L
- Y-k
c ’I' ¢ — (Ye)o 7 GEI(ZL)IX () txl
2 ‘ e % ﬁ? | - —5——1"2 Efi_)[ L3 - fut - &3]
e ¢ . _upt?
- T g EL
IZP
Loaa\ins M Case &5 of Appeno“x D.

IAlt:X -—J -.l ﬁ; (yc)m = Jwice 'H\a+ o‘r Pmai\'naﬂ
a

Medm 7 - i%'%

Supwpoﬁi“on awd Cov\s‘h‘ain‘t Ye ¢ (3431 + (yc )D + (Yr_ hn = O
LY _ W PLd I /G - X K TR </ - 33
R R 5 Al S 3 i R=RP! =
Stati
atics DM = o L
Pl l’P ~R.)+ PCRY-(BPIL +(2P)Z) = ©
h

Ro=%x Pt —=

R
Ra T%P £ ot ZFJ o

Z2P-P+ FP-2P+ R =0
Pz"'%?? )

ST

[ }
L/
]

i

ﬁﬁ

]

1

1
|

1

[ER—
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R |

T
L

el
O

]

L

L]

L]

I 3!

(]

1

.

[

—
M
9

—/ 4 3

—/

F
]
L

L1

-

A
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9.%83 and 9.84 For the uniform beam shown, determine the reaction at each of the three
supports. .

PROBLEM 9.84

M,
SOLUTION

BEQV\'\ 'S S‘!‘a‘}’"ca}jj ino\e-l-e\rmn'na‘l‘z + 'F\'\r‘s"' Jﬁme.
Consider Rg 1o be the redunclant vreaction, andl
V‘P.pJ?o.cc Hhe J’oad-'nj B:; joa_alfnjs I avd IT.

P
1
rér 2 iB ”_191 Loaating It Case & o Appenafn's D,
g R 8 _ Reah | Rea/a)(L/Y 4 Rl
l,__ & e b *‘ ek = 35:1_ TTTTEELIL 2% Er
Lau’in? I: Case 7 of AppewJ:‘k D.
@ 2 Mo = gb
MCIA . ¢ (Yadp = = _'__G?.;L (x*- Ux)= _QEIL [( - &)
- 5 A = g
< ¥ ->| I EI
SQPMPO‘S;“';()” aunal éuhs+m;n+.
Ye = (ye)g + (js)v. = 0
l
S B . AL o Rz 3t )|
MG 1 T Stotics
R
M,
K 3T R SD VA=
Rl + M+ 3 b = o Raz 21t wm
T ZF -
2 3tk -0 Rez ot




PROBLEM 9.85

9.85 and 9.86 For the beam shown, determine the reaction at B.

SOLUTION

Beam ‘s secav\c\ a‘ejr-ec i-mole'f’ewmfna‘i'e- C‘wose

Re ond Mg as redundant reactions.

Loa_a\ina I: Case | oF Appenng D.

AAWAANY

NN

Re L3 R LT
(Yo): * Ze% A T
LouJ{nj T: Case 3 of Appendin D
R Mal _ _ Mal
* (_YB)J; = ZEI (es)n = EI
® ) Loaxj{uj I : Case 2 oF Appe.v\cl.‘w D
— M@ wilY wi?
(.Ys)m N -B—E‘E (ee)m = = CEI

SUP e Fos | :\ll'on awel cpns+ma'n+

2 N

Ye = (\.YB)I + (ya)_-n + ()’e)m = 0

3 _ Lz _ ,W_L'i _
=Re - Mg - Y7 = © o0
63 = ceg)l + (9;)1 + (es)_.m - O

k3 L 3 _
%E—feﬁ'ffma*%%f-o )

Soluivaj () awd (2) sfmuj-)'qweous)j
Ra = Fwlt

Mg = mwL D

A

A

L]
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Y
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PROBLEM 9.86 9.85 and 9.86 For the beam shown, determine the reaction at B.

TION
M, | SOLU

Beam is second oleJr\ec indeterwinate . Choose

Re cnd Mg as redunclant veachons.

Loao\'\'nﬁ I: Case | of Appewlix D.

/| 2
] - ®al3 _ K.
/ (k= - 38 @ - i
Loa.dinﬂﬂ': Coase B of Appendiy D.
@ M . Mal . ML
e A
g LoaA-'nj TI: Cuse 3 AﬁJ{cJ + Pol“‘};on Ac.
e _ M, (L/2)* _ M, L?
q L & g Oelw= e 7 ser
“IA c

: L
(0 = MEA - fi

POV’“)’I'DIA CB NMAI“‘\S S‘I('V‘Al.ﬂl'l‘t-
. 3 MY
Yelm * (ja)m + ii'(ec)m : %—E—f-
(es).m: = (Bdg = E %.1"'-'
Svr)é‘-" Fo'il""\'om and coms‘{'wafn‘f‘

ye = (fady + (oalu + (yedp = ©

k2 : 3 Mol™ |
3ET R@ ‘*2‘% M' + T ET o (\\

933_ lQB)I + (93)1 + (eg)m = O

- L 1L ML '
2er Cs *grMe 2T 7O | (2}

Soﬂuihj (1) awd (23 5.‘mul+aweous)~1

RB""%%J’ —
Ma'”"llfMoj et




9.87 The two beams shown have the same cross section and are joined by a hinge at C.

For the loading shown, determinc (a) the slope at point 4, (b) the deflection at point B,
Use E = 29 » 10° psi,

PROBLEM 9.87

SOLUTION

Us[ni free Boc’j AgcC

DEMy =0 18 R, - 02)(800) = ©

R = 533,33 fb.

E = 2‘?}!!0" psi
I = hbh® = dr(.25)0.25Y = 0.20345 in’

4 / ET = (2ax10°)0.20845) = &.900»10° fb-in*
f;;__,‘,'..c' " Using cantifever beam CD with foad R
vswm" Case | o APpev\Jix D
A < LS (533.33)(12)° 23 .
= o Neleo - . == 852.067%l0 n,
B 4 e = T ZeX (&YX 5.900 % [O*) . X m

Caleodorion of SA' and yg‘ a.ssunn{na $hat Po.‘n'}'c oloes not move.

Case S5 of Appemf“x D P: 80 fb, L=18 im, @t in, b=6 in,

= b(1*-b") _ _(ooXe)(i1gt-¢?) _ -3
9‘. T -%‘EIL = TG oot Y18) 21638 x (0" rad.

= . Pbla® | _ (800 )(eV(2)
Je 3EIL (3)(5.%00x(0¢)(18)

Addition ‘S.Pope and dedfection dve to movewment oF Fm‘v\'l C

= - 13.017% 10" n

& - '[y'" s - 520674187 o _ 78926 x16™° yed.
A
W o E g - e o et i

@) Shpe ot A B, = B4 + B = - 2M5x10* - 2.892¢ x0T
= _506xI0°md = 5,06xI0 A =T -
. : -3 -3
(b) Deffection at B yg= ya'+ys" = -18.017%107 = 34.7ixi0

= —Y7.7%I0 " i, = 42.7210° m 4 -




Hinge

9.88 A central beam BD is joined at hinges to two cantilever beams 4B and DE. All
beams have the cross section shown. For the loading shown, determine the largest
allowable value of w if the deflection at € is not to exceed 3 mm. Use E =200 GPa.

PROBLEM 9.88

L%

SOLUTION

Let o = 0.4 m

I | Hinge ‘

"04m 04m 04m 04m

Cantifever beams AB auwd CD.

Cases | and 2 of Appema“x D Ye =- w;.;gs" 3&r

wat gy wal
- 2% ET

Beam BCD, with L= 0.8 m, assuming Ht Poi-d'-\ B and D
dd ”D+ move .,
Case & eof Appeua[.‘.
¢ . _ Swl'
_Yc. 284 ET SR
AMH.‘MJ defdection doe +o movement o Por'n+s B awd D.

- - - -l wo!
e T Yo T Yo T T3y ET

Total deFlection at C Ye ® Ye

. _wf sl -l'la'fg
Ye T TET {284 D)

i

+ ya"

Data: E= 200x10° Pa | = LGN = B HSE XIS mm v BHSER(S” W
ET =(R00 %10 ((3.45¢x107%) = €9.2 N-m®
yc T - 3 xlo-s wy
s oW f5)0.83Y | (o) _ o et
- 3xjo T 339 9 = < RY.6F x 10 W
w = 12).8 N/m —




PROBLEM 9.89 9.89 Beam AC rests on the cantilever beam DE, as shown. Knowing that a W410 x
38.8 rolled-steel shape is used for each beam, determine for the loading shown {(4) the
deflection at point B, (b) the deflection at point D. Use E =200 GPa.

30 kN/m

SOLUTION

Dnits : Forces in kN,

Jeng%s o,

Usfnﬁ Free boc\_y ABC’ DE M, =@

44 R, - (4.4)(38)2.2) = © K. : €G.0 kN

30
: E- 200)‘[0q Pq, |
¢ L =27 %10 mm? = 127% 107 m”
Ka R

. EX = (ooxt0")(127%107) = 25.4%10° N-m’
lQ‘ 7 = 25400 KN -m"

r 4 ‘

D c Eg For s)ope and Je-‘r\)ec-"mn at C_, vse Case IJ

Appench\D “'PP’?'."'[ +to Por‘]’l‘ov\ CE of beaw
DCE.
_ R (€6.6)(2.2)" -a
O Z5T T DGsHoey ¢ O ABEMIST red

_RLE . (660022, _q 22275°
Ye= “2eT T (3X25400) *xlo ™

DeFlection ot B a.sswnina +het Po;‘n'} C does not move.

X _ Swld 943"
Vse Case & of Appendix D. (Ye), = 33‘in1 = ((?i)‘fs)?ﬂ(S‘-lol)

= ~5.7¢42 xj0~*
AG‘A.“}{OV\ G:P v!Q'P_PCG'l';OV\ « B due o mouew\eu"' O'F _?of“-f C
(Ys)s= %Y - 4.613%x/0"% m

TD+QP JC'P)eGi'I‘OV\ ®+ B

Portion DC oFf beam DCB remains s'}\M{a At

Yo © Y -ab, - ~9.2227215° - (2.2 Xc.2832%1G")

s 23 1 xi0 m  F 230 mm b -

Yo = (Ye), + (o) = = 10,3815 m = 10.38mn | -

T

| S
S




9.90 Beam AD rests on beam EF as shown. Knowing that a W12 x 26 rolled-steel

shape is used for each beam, determine for the loading shown the deflection at points
Band C. Use E=29 x 10° psi.

PROBLEM 9.90

20kps 20 kips
SOLUTION

E = 2ax)0* ks’ T= 204 in"
£EL = (27 *!0‘)(20‘1‘) = 5.9/6%/0° k:P-inl r 4/083 K-}o-#"

3 &)La ft
20 2
A >

1

TR

For e.qu;}n'Ln'ow\ of beawn ABCD R, =20 k."os.

De?kdm at Fan‘n"‘ A s opue += Be.naffntj-o'?
beaw EAF. Usinﬁ Cose 5 of

l Ja 7T FEIL T T @ieawmy C T ET
E
7‘7é7- A A" A"’S""‘""‘&' +het beam ABCD is Wﬂl‘d

VAN
7
&y - - =39 = - 135
Yo T EN - EEM pedyc - B

Aelv“'kaho.p a’e'r}eo'hon a;t B A_de ‘I‘O bewala\nf] o'P beaw\ ABCD- l)sfnj Cq;o.s-
LI Psa-zbz + pc.b [x;-(L"-L‘)X]

Ye T T TRELL GELL
.. GoyaYey | @)X R¥-(9*-8' X8 | a0 a0 _ usogy
T T @REIG (EXET(A) Bl Er EL

Addtiouad deflection ot C due to Bena‘\‘nj of beawn ABCD.

By symmetry  ye"- o' -

Totad deflection o B

472 _ 450

1 . _______72‘!9
o= Yot T g TEC ET

- _ -3
Toss © —17.825%10 £+

= 0.0 in} =

13§ 4so . _$B8§ | _ SB8S

-2
Yo Y'Y T BT Er 5y ey - 14239 107" Ft

= 0Tl in b ==




9,91 For the loading shown, and knowing that beams 4B and DE have the same flexural
P
ROBLEM 9.91 rigidity, determine the reaction () at B, (b) at E.

SOLUTION

Wnits © Forces in k{ps R pe\nﬂ'“\s in T+

For beaw ACB, 0sing Case 4 oF Appem-l-‘w .

- - ?<(2a33
AN q8ET
2 For beaw DCE, using Case 4 oF Appendix D.
¢
A (R - PX2b)*
) gl‘ lﬁ Qe = Ug exr
7%:— a G.—?g? Mq'f‘r.‘nfna afe.‘?fec*ions a:f’ C
e - 95(2:18 - (R - PYb 3
D CL . 48 ET 4% ET
‘ P . @)s)? |
’ﬁ_‘ b b } RC = 03_‘, b3 = ‘53 55)3 = 3.968 klIDS

P-R, = 6-3.968 = 2,082 kips
Using free body ACB OM,=0 20Ke- R, =0
Re= =K, = 1.984 kips i
Vsing Free body DCE OM,z0  2bRe-b(P-R) = ©

Re = £(P-R. )= 10I6 Kips -




— 1 3 3 3 3

™ /M
>

—/

(1

.1

9.92 Knowing that the rod ABC and the wire BD are both made of stecl, determine (2)

PROBLEM 9.92 the deflection at B, (8) the reaction at 4. Use E =200 GPa.

T— SOLUTION
4-mm diameter _
02m  LOKNm Let Fap be the +eusion w wive BD. The
l eponsa*fovl of the wive is
o " o X
e—0.18 m ——te— 0.18 m —>f Beam ABC is ‘SUL\je"‘}e"‘ +° ,pong Féﬁ ('I\
and w (IL) _
6&/_/
Laaahna L: Ca,s§ 4 of Appev\eh'x D.
Fao L.
. (Jedr = ez
Lo.aooiha T: Case G of Appendiv D.
s S wl!
o Tl:so (Yedu = -5%5 &7
Ai. B 'C Deflection at B
A “ ~Sao = Yo = (Yada + (ya)
_ Fapl . Fapl?® & wi
w —l@D ER C '-:Tga%-:f“ 384 EI
WL L _wi!
> 7 (E-:%'*qae.r\‘:sn ?_'3'%3&:

A= T4z B@Y - 12.5¢¢ mm = 12.56651C" w]
E = 200 8(0‘? Pa
.:QA = 719.53 xj0"7 m/N

£ T TFM. Re

E
L= 0.3 w w2 Lexod N/m

I=Fc* = () = 12560 iFmm' = 125.66%10 " "
ET = (200x0")(125.¢6x(0™") = 25.132 % |OF Nowm®

, -g (0.36)° 1 = (5¥e x 102 )(0.39)". )
[ 798307 4 @2\ (zs. 172 xIO"")] Feo (3g4)(25. 132 % 10™)

18,256 ¥{0° Fao = 12,923 x10°° I Fap = 117.74 N

(@) DeFlection cd' g SB"' -E.Ei'%g; (I!'I.?‘-l)(‘i‘lé‘% x[p" V= ‘1.3'_7}‘4 o = 0.00937 mm .(.--

B Ry=R = 3 LlwL- Foo) = &lGeo0)o.3e) - 17747 = 229 N # e




PROBLEM 9.93

9,93 Before the load P was applied, a gap &, = 0.5 mm existed between the cantilever

beam AC and the support at B, Knowing that E = 200 GPa, determine the magnitude
of ¥ for which the deflection at C'is 1 mm.

4 SOLUTION
A C ' ,“ 60 mm =
iy Let /Pev\ﬁ"”) AB = L = O.Sm
i Jength BC = o = 0.2m

B B8
‘P
)’ g

ALY
>

The )oa@a‘u‘nl

Conaider Pof“l’n’on AB of beam ABC.

Lecoues ’f-omes ? Moe Rg a.+
plus the covpde Pa. The deflection ot

is 5,_ Us:’nj Ca,ses \ and 2 of

Appevw“x .
_(P-Rg)L3 Pa L
s° - ngIB * 2ET
@GR KR - Es o
P
2 &\ The deflection ot C .:alc‘penéls on the deFormation
- of beam ABC sub_je&'l'etj o dands P and Pa.
/ L k;? * > For ﬁoao“ng I) Using Cuse | of APPQW’“XD
® (Se), = PlLra)?
P eh 3ET
Z‘A D C;l Fov. ,poaolina II, using Case | of Appevdlix D
G - Rel® . Ral®
Ye= 3%&r ©e* 2ET

A @D ¢
%)

Date: E=200x10" Pa

I = LeoXcoV = 1.08x10%mn’
= Logx10o™ m'

ET = 216 %103 New"
Se *

Sc = LD "lé—’hﬂ

L

AW

O.leéﬂm

Portion BC vewmarns sh‘m‘ih‘f

2
Ye = Yo + 0B = (%*Lis)g'g'

By superf:osfh'ow the cownweavd deFlection at C is

Flleey - (4 L2) g

Sc* "Bex

Liedp . (5« 55)Re = ETS. @)
Dsing the dofa, €95 (1) and @) becoma
0.066671 P - 0.041CTRy = 108 Y
0.1\U33 P - 0.06c67Ra = 216 @y
Sodving siwmultancously

P= 5.63x0°N = 563 kv y et

Ra - 6.42 ¥IO0° N

T

1




er}

L1

L

L1

—
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PROBLEM %.94

60kip- R

( A ¢ 8
L 1
hor b
1 ® ]
/i TRC 7%;—
6O
A 8
| ]
T-— €5 6.5
R4 3.327 e

9.94 Before the 60-kip-ft couple was applied, a gap, &, = 0.05 in., existed between the
W16 * 26 beam and the support at C. Knowing that E = 29 x 108 psi, determine the
reaction at each support after the couple is applied.

SOLUTION

L

bl W16 x 26

Unite ' Forces iu k(Ps) j&wj'H‘ls ) ‘F"'.

S = 0.05 in = Yy, ICG?*’OJ 1
E = qulo‘ps-' =z 29%J0% kst
I - 30] n?

EL = 8.729%10% kip-in* = GOGIZ kip-Pt?

Loao't'nj I : Case 7 oF Appem»'ix D
y = =g (=150

with M= 6o kip-# |, L=13F, x=6.5Ft
_ _eo]es®- 0368 | -
el “(e¥eocizrc sy =~ 10454 xi0 "t
Loﬂ-vtiﬂg I: Case 4 oF Appendix D
(W), = & L* . (2%
Je )2 48 1 (42)(60¢18)

Ui

755.07%107° Ry
Defdection ot C
Jc :(y=)| + ('y.-),_ = - Do

- 16.459%1G " + 765.07x(C0° R, = - 4.1 7xlo0*
R. = %327 kops ¢} -

5"‘«*‘1‘&5 <
‘D ZMB ENS)
-13 Ry ~ 60 - (€.5)(3.327) = 0 |
Ra = =8.779 Kips Ras 8777 kipa | - |
+)§ MA = O
3Ry — 60 + (6.5)(8.327) = ©
Re = 0.462 kips




PROBLEM 9.95

Date :

EI =

Ye7 -

9.95 A 5/8-inch-diameter rod ABC was been bent into the shape shown. Determine the
dcflesctlon of end C after the 30-1b force is applied. Use E=29 x 10°psi. and G=11.2
% 10° psi.

SOLUTION

let 30 0b = P,
Conﬁ:’a’er $orsion oF ved AB.

@ = Lt = PEIE . pL?
30 B g GJ &I Y ¢
(_Ye_)_t_ ==L 93 = _%,Lf
Consider bending of AB (Case 1, App.D)
__PrL®
Ys "TREL
o - PLB
(Yedz = Ya *~3ET
Considen bena‘inj of BC (Case I, App.D )
__PL
(Y8)m " ZET

SuPer Posf'ffom

e "~ (YB)I + (3531, 3 (js)nr
= -P13 (G_w{? +é;]§i. +:3'I_Ef)

--Er (5 +2)
T-E@Y - EE) -

0.007494 in"

G = il.2x{0° Psi 0. 014980 in?

E = 29%I10°

pPsi ,
7.2 % 16% bb-in®

@ey (2’ ( 2172.21% 103
217. 2 x1o? 167.73% 103

GT= 167.78 x10? Ab.in"

2 - .
+3-) - 0.1975 in,

Ys * 01975 in.d —

]
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PROBLEM 9.96

b=04m

9,96 Two 24-mm-diameter aluminum rods are welded together to form the T-shaped
hanger shown. Knowing that E =70 GPa and G =26 GPa, determine the deflection at.

(a) end 4, (b) end B.

SOLUTION

Consider towsion oF pod CD
@, = 2;;- . (’PGO? b
(Ya)p = ~ Q% ~ ‘"%t‘b“
(o) = @@ = B2

Con sider beuclfna of vod CD

(180 N=P)

/; - PLE
17 (Ja)g = Wadp = Okdg 3z (Cosels Aw o)
L‘-—b —>
Consider bendin o3 vod portion AC
P 3 P
f/ .. Pa’
2 Usdm *~3e1
ke— o —¥
Bj super Fosi"'fam,
Ya = (Yak + Undn +Oi)m
_ a*b 2 ol
- Pi{-2¢ -35 ~za
Ye © (Ya )y + (ys),n
_ ab b
- P{ &3 ‘:SET%
Data: G =26 xlo" Pa, J=%c'- F(a)'= 32.572xI0 mm' = 32.57210 v
£-70xi0" Pa, I =3J = 16.28¢ (o m”
GT = 846.87 N-m' EL= |j40.02 N-m"
o= 0.5 m, L= O.4m
_(o.5Y(04) _ (6.4Y (o0.5) - -3
Ya 7 ’20{ £4¢6.87 @XiMo.e2) (3 II4c.02) ) ~81.2x[0
x 3.2 mm b -
. (0.8) (08} _ (0.4} - -3
M ’80{ 246.%7 @Yo, 02) 17,89 x16~ wm

V7.89 mm | et




PROBLEM 9.97

9.97 and 9.98 For the uniform cantilever beam and loadmg shown, determine (g) the
slope at the free end, (5) the deflection at the free end.

SOLUTION

Plaze veterence +un33n+ at B. B, 0
M

DV‘a.w ET QuUe o8 Parukoja..
S i) - -t
&L & ET
X = L-4L = 3L
Bj first moment- avea theorewa
LB
Oz A= - i"w"
Bg = E,+ Sgp
w3
Or=6s-Guu= O+3ET =255 =
BJ Second moment-ares theovew
tag = XA = (BUCEEE) = -2k

A tAI; - ?%;{?' —




PROBLEM 9.98

9.97 and 9.98 For the uniform cantilever beam and loading shown, determine () the

slope at the free end, (b) the defiection at the free end.

SOLUTION

P‘pa.c,e PC)FQWC.V\C.C, +awje-«‘f’ d:l' B.

x = L-tL = FL

A Bj £ rat momenT -avea, theorewm
4 w,Ll - WEL’
z Er Qe = A = -3 £t
@g * O, eeM

Bj second moment -avea theorewm

- 3 AN
Lye = XA = (%L)(‘i'?gf‘)’ _Tuz_I

a b, = L Wbt
YA A/B 30 ET

63-70

o

:‘DEME T O ('QLWaL)% + Mgfﬁ
2} Mg = _-é-.w!-_“
Dvaw E% corve os cuhie Par«.\naﬁu.
. o
A~ - z'f %%—)L— 4

wl?
EL
= ! st el
2% ET
l
a,
]




PROBLEM 9.99

9,99 and 9.100 For the uniform cantilever beam and loading shown, determine (@) the
slope at the free end, (b) the deflection at the free end.

SOLUTION

Place vefevence %nﬁen“' at A 6, = 0.

Craw —EM'I_ oln’a.jv‘aw\ bj Pcur"'s (fure ‘f‘m'a.vnj,fcs)
ORI -

%= ()= 3a

- \ G:.
At G - -1 B
iz: Q+%Q_ = go.

By Firgt momeat-grea Fheorem
Sunc AvAs - R -aBe .-
Epz Op+ S 7 -§Ea -

B& secunrl m0men+ aven, 'H\eou"em

Lem = AX, + A_z;‘z
- (-28" ) fa)o (£ B V)= -F B2
3
Yo © tem = - % _E_of_ -




— 1 T3

]

PROBLEM 9.100

9.99 and 9.100 For the uniform cantilév.cr beam and loading shown, determine (a) the
slope at the fiee end, (b) the deflection at the free end.

SOLUTION

P,pa.c.c r‘e-rerenae 'f'anjea'f' at A- GA -0

Dvaw V (shear) and —Et% ol\'a.jwk,w\s.
. Pa’
A @) - - B

Pa 1L Pa
Az': _%‘(EIX&D = -Z'EI.
%, 7 a+rfa T 2a

%, * %o

83 Firet moment - area theorewn
} N . t
. _Pa’_1Pa ._3Pa
Oen = AvA, 7 - TREr '3;::

.3.?33 -l

6.3= 9A+@,/. T "2 ETL

Bj cecond moment -avea Fheorem

Lon = AR AT s (-EEREENG
- i Pa’
¢ ET .
Y < Lo = "2‘%—” —




M
Ex

. 9.101 and 102 For the uniform cantilever beam and loading shown, determine () the
PROBLEM 9.101 slope at point B, (5) the deflection at C.

M/ET

X >

ez,

SOLUTION

Place vefevence +a.mjen+ at A. §,=0

Dvraw % a! t'a,sv\am .

- o \7 L L
A; = (%)(E) = -;_,Lg%-

Ac CEEY - -

BJ -':iy\sf moment-avea theorem
= < 1L ML 1 -
Gaju = A+ Ay T ‘i’ﬁ*-z%& = 0
Bg = Bp+Bgn =0 -

De“’e etou ot C.

Bj second moment - avea Fheorem
[y _ L 2
ton s MR- GG ) 412

jc:t‘“:%%}: —

1




PROBLEM 92.102

9,701 and 102 For the uniform cantilever beam and loading shown, determine (@) the
slope at point B, (b) the deflection at C.

SOLUTION
Place veference -\unjeu{‘ at A. Ba=0

Draw V (shear) and -E-‘f J\‘ajrcxms.

(o) S.pope ot B

L wl®
A, .-_%(3_5“3_. )(3':) = -3 =
L . 3
A, =% _;gl,_)(%) SR T

32 2T
As""‘é"%;_; bﬂ-)"ﬁiz—fﬁ
Osn * A+ A+ Ay = "HlsyE-.TIE:
O = Or v Oen - “%%"f’fﬁ -

(b) Deflection ot C

2
Ave & 37

2
£ -2

ia; =

Z‘CM * Al ik. + Atszu. \ i
3 L !

AN AR

wl'
Ye = Len © -TZ_{E ——




9.103 For the cantilever beam and loading shown, determine (@) the slope at point 4,
PROBLEM 9.103 (b) the deflection at point 4. Use E =200 GPa.

26 kN/m

SOLUTION

:W250><28.4 Units: Forces in ltNJ }ZV\G‘)-"LS n W,

E=200xi0" Pa

I = 4o .oxj0* e | = 40.03[0-‘ - .

El = (200 »10* ¥ (40.0%10°¢) = 8.00*0° N-m
= 8000 kN.wm*

Dvraw M/EL c:‘\‘q.j\f‘am loj ?ér+5-

M, _ (18 )(z2.2) - } -3 -t
‘,;-“f'- ~Zoeo - H.95 #[O " wm
A, c 2(was )@ su95x6"
X = 3(@2)= 0.7333m

_ﬂg-_s_ .-Ml)i = -~ J1.846 wlo > wm

EI @¥goo0 )
A, = 4(-1.846x10°)2.7) = -10.662 %107

X, = T'{(ZJ) * 0.678 m

Draw refe~ence +av\3en+ at C.

B = Opt B - GA*Al*'Az = O
QAEHAt'Az

- 5.'-!‘!5!.‘0"21- V0.862x (5
= S, aIx w(o™? pad

Ba = S.22xl07 = e

XC - ch + tAJ'c

O=-0+4 An§| * Algz.

0-0 + (5445 %107* )(1.9667) - (lo.ce2x (07 Y(2.025)

= =0,8% #1067 m = 10. 88 wmm ¥ -

Ya

i

1]




-
N
A
N
\‘__1
o
"'",!
| p’
]
-
5,]
-
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9.104 For the cantilever beam and loading shown, determine (a) the slope at point 4,
PROBLEM 9.104 (b) the deflection at point 4. Use E =29 x 10° psi.

1.2 kips SOLUTION
0.3 kips/tt -

e A SR | E Bnits i Fovees in kips, Jem}“us in
AL - ws X 13 E = 29%I0° psi = 2axio® ks
aft—l-———m———l

T= 39.6 /v

(o' M JEL ET = (2a%10°)(39.€) 7 11484 %10° Kkip-in®
E(Ai = 7975 ku'p-'?‘fz
/ / Dvaw _EMI. J(aﬂraw\ by Par"‘s.
o M (.2 -3 -
é B -“l’l?rr - -1.5047 %10 .J,‘rt
~L.5047 A, =y b.5047x107)(10) * 27,5288 107"
e §.0CLT 1 3.332% | %, : Z(lo) = 3.3333 H
102 M/ET
s M, __(0.3)7Y _ -8 gy
£ Ef S~ aNTEy o.?:ucx‘to £t
A, = 1LCoq2exts® 1) = - 2.1508n15"
l L'°~“3‘6 %, = §()< 1.5
fe——  8.2% (A9
Place veFerence +am3eu‘l' ak C. 6.2 0
Y‘C‘F- +«u. c ec/n = Al + AZ s - Q.G‘? *Io-t
-t B, 6,-6, = 967 IS vaol —
A Ty = (c.ce67)7.5235%10°% ) + (8.28) 2. 1505 x 15" )
= - €7.90 xi0™* Ft
Ya = bie ® —¢7.90x10 Pt = -0.819 in. —




9,105 For the cantilover beam and loading shown, determine (@) the slope at point C,
PROBLEM 9.105 (b) the deflection at point C. Use E= 29 x 10° psi.

SOLUTION

1.5 kie¥

I.)V\i*";'. Forces v j(»‘f?S) IP&V\j-‘rLg, A 'G-l-
g = 29«10 pst = 29 »10® ksi
ir -9';%')“ = %CI-SV = 2.976¢08 in”

£T - (29xl0* }(3.97608) = 115.306 kipeint
goo. Tdkip - FH "

DPG-W 'émi: cl\'a.juf‘aw\ l'Jj Par’i‘s

_Elf z - %%(_3:,—3‘ = -3.7965 = iCT AT

A = 3(- 37496510 W2) = - 3. 7965015
%, = ¥(2) 7 0.66667 +1

M - ig*ml__iaf%’}‘(','-?’ - - 1ugorxics M
A, = 4(rasore® N3 T - 044237710
% = 4v3 = 0.23833 +t

P,'aoe v‘c-rcrex\ce ‘I'a.njewf wf A. QA =O

O = AvAL= - g4 «(O' wad
B, = 6t Oepp = 4,24 x (O red Y

Lom ® (1.2333)(- 3.74¢5% o)
4 (1667 )(-0. 42337107
= -~ 6.7 xjo~ 2 £+

yc_ = YA + (.2.\(94) + tc./A
. 0 +O - 58LxO> = T VINCNE O

= 0.0698 . | =




PROBLEM 9.106 9.106 Two C 6 x 8.2 channels arc welded back to back and loaded as shown. Knowing
that E =29 x 10° psi., determine (a) the slope at D, (b) the deflection at D.

Llkips  Likips  L1kips SOLUTION

x Dnids @ Forces in kips, ‘Penﬁ'h N
C6 X 8.2 £ = 29%10¢ psi = 2a»10% ls¢
I= @)UY = 26.2 '
ET = (24x10%)(26.2) = 759.8 %10% ki -in*
= &276 kip- i+

™ D

L—2&—‘L'ft—-“—2f——\

Draw wa dt'a,ﬁlf‘aw\ Lj Pav+s.
™M oo 0@ 6.6 -1
ETI:L T ET T Er u
| e A, - (5 =-iEE
A 73
ey g b ayn
My o ) A%
' EI ET = Ex -
-%V_ | 4.4 2.8
CE e 5L s A= 2 CE N - -EF
Re T J:S(q) = g‘ +
Ma . _ )2y . 22 -1
A, vef . tan. E% - EI I fﬁ
' . - 2.2 - 2
\;T/ A3 - -% —213(2) - —'E"I_—
- Lo/ -
4 %z ¥(2) - ¥ T
D
Place ve‘rerence -{-anjen'!' ot A. e}\ =0
eola = A+ Ay AT - "Eé-‘}""'s" = - M.S'?;z e =584 %10 pad,
B, 6, ¢ Gpn = - 5.8¥x107 yad. —
tom = (--g:—%\(“\+ (- %‘%)(‘%) A (-'-g‘fz)(sé‘\ = - 'Z’;'o 2 —‘5':13{1": = 25.02v0°
o - tom < 25.02x10” 1+ = 0.300 in ¥ -




PROBLEM 9.167

M/E

ton

r
T

ZET

= - (G2 - (

9,107 For the cantilever beam and loading shown, determine the deflection and slope
at end D caused by the couple M.

M, SOLUTION

Draw 'E% a't‘ajv*am.
Mz
S -1~}
A' ) 3ET
- - Ma
A’- RAET
. M,
Aot - T
Place refevence +anjem+ at A. QA’O
eplhz A|+ Ag'\" A‘
_U Mo
& Er
eD = GA + eﬁﬂ = — é" '%""}S" il
M 2
222 (i4a) ~(%§?)(a‘a3 = & P;.,Ia
. - .25 Ma*
yg - tDIA - *T%"EEIE' it

{——

|

o ————
N



B

~

—3 .1 L1

)

—/

)

9.108 For the cantilever beam and loading shown, determine the deflection at (@) point
PROBLEM 9.108 B, (b) point C.

SOLUTION

D\r‘&.w dEM-I a' l‘a.j Vo wn

. 1 we?

e )= -k BT

2

Az ¥ _:lz('%%)a‘ '*!i '“é%
J__w_e_?

(2 ET )a-' -
P«puCe rrperence +a.v|3en+ ai' A

@ DeMection at B.
tB/A = A ('3"0-.)*‘ A (é

(e waty(ta) .\ (- 42 Y (5a)
wat
= % Er
wa
Ya = tam = '3’%'5-5 -

(b) Deffection ot C.
tua = A (arda) + A (ardad+ Aj(a-da)

(- ¥ (Fa)+ (55 Ve

6 51‘)(%0‘) - 7% %"1—

¥
- _ 47 wal
Je © tc/ﬁ - 72 ET -




9.109 Two cover plates are welded to the rolled-sieel beam as shown. Using £ =29 x

PROBLEM 9.109 10° psi., determine (@) the slope at end C, (b) the deflection at end C.

Lhipuit 12 kips

SOLUTION

%Xﬁin.

CTor W 16X26 volledd 5+¢e-p .Se'c.'h‘av\
d = 15.6% int L =301 "
| J ‘ Fow 'H\e +W0 covewr pro)fe-s
-3t I= 2] HEGE) + EYE(52+EY)
o> M/ET A = 290.4 in’
A 4o B EI, = (23x(0*){( 301 +290.4)=17. 15! 0" kip-i i
= N1 kip-Ft*

R+ C EI (27'40 )(30I3 = 8.129 x!O k.r: m
T eoei8 kp-PH*

A.
05134

0.2023
L Dvaw "Eﬂf Jt’asf&m bJ Pdw‘fs_
25 L 02X 3 oye
A EL, ~ UAion - 0.9061x (0" T
\ | A, = - 400906752 = - 408100
\ l M. = oy . - -1
06045 ET, " Tale) = —©-3023 w10
Ais -EM;-_’: - -—L—Jﬁ—l—c‘jé 2l - —o.593a x )0 B
A vt o A, = - 4(0.5739-0.3023 YIS )(2) ~ ~0.43 72157
Lo e | st o
\ t%’.- - BhiaTen - 0.6045x o~ %
A= - - z(o. cots %10 YB8) T - 1209 (07
Ppa,ce Y‘Q'PWCQ 'h.ns eat ot A whewe Ya = O BA = O
@ Oz 6,46, = O+ A+A +A = - 573x107% rad —
(b) yc_ = j/ﬁ + LQA + tc/‘
s 0+0 - (4.080066°)6) - (04372153 )(2) - (1209t W 7.5)
= - B4Hswt - 0.418 in d e




]

1 L
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PROBLEM 9. 9.110 Two cover plates are welded to the rolled-steel beam as shown, Using E = 200 -
110 GPa, determine {(a) the slope at end 4, () the deflectiop at end 4.

30 kN/m SOLUTION

20 kN
Units: Forces kN) ,penj-H'rs v m,

A 8 C R E = 200%(0% Pa
L | | W50 X 22.3 : . .
0.8 m-—v4 12m { From A+ B I=2B.9%0" pam
= 28.94 %0 w"
io* M/EL EI = (200 n{o")(za.quo“)
. —d x € e = 5_78 ’(“' *
7//W 5.78% 0% Nowm o_m
ZANNIN pos From B+ ¢ I= Ty + 2Ad*+ 2T,
-3,%02 - /A o AP = :5'”20 = 600 e
o le - A= A 12nS -
. ‘Ad: = 10.062%10° mm "
“«(% I, = w(2e)s) = 0.00128x/0¢ mm’
-2.3080
“ I- [28.‘? + (2)(10.062) + (2)(0.00|.zr)]x,-o‘......"
fe——— 1.7 o.sL - 4R, 08¢0 mm' = H9.0Tx 107 w*

ET » (200 xto™) (49.03x107¢)z  7.808% 10° N-#"
= 9805 kNewm™

Draw M/EI a’n‘ajf‘am Lj qu'l's

-5
At B  fo-B2- - -34002x0° m

g hC  fe-gdi s -2ommeac” mY

-t

My _ (30)0.2)° | _ o 9080077 m
ET ~ (2X9308)

A, = (- 3.4c02xiot)(0.8)= -2.7682x%i0° Place veFevemce Funqent
A, = (2039807 )(1-2)= ~2.49978 xfo~° af C. B =0

Ay = 2(-2.2080 06 Y (1.2) = - 0.381 % to*

3

]

@) Shype ot A 6, = 8- = O-(A+A A= 6. 10210 md -
(\rﬂ De-rﬂeo'}n‘ow Gt,'t A

Yo7 b " (- 27682 x15* Xo.9) + (-2, 48 782107 (1.4 + (= 0.881310°)(1.7)
- = (5,03 *'“IO"'S 1 = 65.02 mm J ' ——




PROBLEM 9.111

9.111 through 9.114 For the prismatic beam and loading shown, determine () the
slope at end A, (b) the deflection at the center C of the beam,

SOLUTION

Sjmme’h(c.aﬂ beaw awel foaa‘inj.

Place veFerence tangent at C.

6 = 0 , Ye = —Lar

Reactions Ro= Ra = '%P
Bending moment at C M. = §PL
A GRS - it E

I ET
(o} S,pape ot A: Gy = O, ~ BCun
. 2 L *
0= O-kEE = ~iEr -

(o) Deflection ot '
Vo= -t = - A = ~(HEE)

_ L Pt
Yo = %8 ET -




—

(1]

9.111 through 9.114 For the prismatic beam and loading shown, determine {q) the
stope at end 4, (b) the deflection at the center C of the beam.

PROBLEM 9.112

SOLUTION

Sj mme'[’n'c.aj Leaw\ awel ﬂoaa)inj.

Place veference +‘lv\36n‘\' at C. 9:. =

v Reactions Ry = Rg = %P
1P Draw V (shear) aud M/ZET diaqrams.
k A= As 3G -4 R
*® (@) Shope ot A
ME s O s B- G = O A-A,
A‘--\\. "',-IA’/\ ) -éi%rr B

_54 (b) Detlection at C
tfk"\ 1 ' :{c_"tm.=-(A.%+A,_”%

3
PL? LB
y ) - (G5 + &ES)
b ¥ 3
— - _._L..E-%_- —-—
th //m:f fun - -mg EL
kD c




PROBLEM 9.113 9.111 through 9.114 For the prismatic beam and loading shown, determine (a) the
slope at end 4, (b) the deflection at the center C of the beam.

M, M, SOLUTION

SJMMd‘m'c.aj beaw owd ﬁoaé\(naj.
Place veference +a.nﬁe.n“ at C. 6.=0.

D\Mw E%.: a‘\‘a,ﬁram..

(o) Sﬂupe at A O

M.
A= %(—'3—@) = %-—f(L-.?a)

eﬁ: ec..-ec/A = O-A-F

2 Mo
'S A\ = = ~zgy (L-22) -
Lz \ __,/r*c? Han, (b) Deffection ot C

3 ari(k-a): F(L+2a)
jc_'-‘ ‘th ® AR
- ..é%ze-’(i_-ﬁa)#(u 2a.)

= --L-ﬁ*-(L"-Lia.‘) _—

& E1L




C

— 1 3

— 3

L ]

O

—J 3 3 C3 3 /1

1

1

—1 1

PROBLEM 9.114 9.111 through 9.114 For the prismatic beam and loading shown, determine (@) the

slope at end 4, (#) the deflection at the center € of the beam.

SOLUTION

S:{mme‘l'w‘c. beaw and ,poaplfnol.

Plece vreterence +avn3ev\"‘ at C. 6 =0

React ious Ry = B = wa

Bevw“na momen‘['

Over AB M = wax - gwa’
Over BD M = %Wa-t
Drav ET Jm.jmw. by qu'}'s .
-
‘4A— A R f.'.].l.a = —'—“—/9—'-{4
Tare t - % EX ?E
: hosodfRe s - EE
Ay te(s-a)- ree(L-2a)
(@) Shpe at A, 6~ )~ @, = O - (A +A+A)
- pwel. e - L Pt < E (BL-de)
= =77 %%t(gL-Za.) et
&) Deffection at C Yo °© -tesa
X*Za 5 S‘(z:%o.) Xy = a+~'§(%'a)'-"-';('-+2a-)
Yo 7 - tem 7 - AR - A%, - AX,
- (@2 (Ea) ¢ ($ ) (3e) - H (B (-2 g (Le2e)
g b - ()
:-??‘(%f-#&): “q_',;.gg_ﬁ(sﬁ-za.‘) st




9.115 For the beam and loading shown, determine (@) the slope at end A, (b) the
PROBLEM 9.115 deflection at the midpoint of the beam. Use £ = 200 GPa.

wy = 54 kN/m

SOLUTION

......_-ﬂ—,;;..'..,_ g _ E %m.me‘-}w].c beqm MA )D‘u’hwﬂ' l?k . Qa
2.4m—L—2.4m VR Place veference tunqent ot €. Oz o
O3 M/ET Uan ! Foree cnm kN ) ,pg_nj-{-l.s v M.

E = A00 ’(qu Pq_
- 4
T = R12%J0¢ mm? = 212x/0 ‘m

ET = (200%10" W212%16° ) = 42.4 x/0° Nem®

= 42400 KkN-wm"
+1ZF s 0 Ry+Rg~ 3(54N4R) » ©
Ra = 64.8 kW
k= 23 = 2285 kN/m®
A For At C iVI:Rx-J-kX?'
b ° A <
t At C
%k \c/ Mo_ @83X2d) | (22.s)(2)}
EI = ~ 42qve GICEXTDY

2. 6c79%103 = 1222610 W'

W

Dveraw EEE Af&j\faw\ Lj Pc-u'}s.
A = L+ (3.267907 )2 4) - HouoISxIST
A, - -+ (1 2a2eme? W2 d)s -0.73356 w07
(aA S)OPC Q..+ A eﬁ = ec - e/ = O - (A"I- A‘_)
s - OIS K10 4 0TSO T - 3,67 %1072 yadl. -

) Deflection af C Ye = - Lar ® -[(q.uonsxto")a.s)-(o_vssscxlo“)(r.qz)]

g

- 5.63%(0m = 5.63 mm ¢ —
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— 1
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9.116 For the beam and loading shown, determine {(a) the slope at end 4, (b) the
PROBLEM 9.116 deflection at the midpoint C of the beam. Use E = 29 x 10° psi.

1.6 kips 1.6 kips SOLUTION
s 8] I= @212 = 2.0 in®
e R 2 E= 2ax(0% ks
18in.—\-—|——-j—18in.—-] ET = (29« 10*X2.0) - 58xj0° kip-in®
9in. Bin

Sjmme.+f1'¢. beawm and }od\'nﬁ.

RA = QE > |6 kl‘PS

E N
), 0.4496SS]

Deraw % olfmjwaw\.-

Moy . (L6008 5 49csxio® in
ET S XD

NS
A N *‘ c A =% (0.4a¢ssxj07?)(8) = 4.4 v
as A, = (O 1aeseno?)(2) = AN (ST

. E Place reFerence -I-amjznf o C. 6. = 0
\ /E‘F.'h-r\_
C

(A Spope ot A 8,7 6.~ Bep ~ O-(A+A)Y = - 2894 wl7 pasd -

"y

Y] Dtrﬁe.e{‘fon a‘l’ C \Jc"‘-‘ tA/c. ("I‘.‘lé‘?&{()-s)(IZ)*(‘*.“69*[0.,)CW.S')

0.1542:m | -




PROBLEM %.117

(b) the deflection at the midpoint C of the beam.

SOLUTION

Symma{v\s'; beam ane ‘?oaﬁlfnj. A
My = (PW(22) = Pa

Draw M awd
A = 5w -

L
I.*

N
he M- FES
Az. = 2’-(%)&. 2-‘%

Place reference 'lunjen‘* a C.

6. =0

() S.?upe. ot A.

B, = 6.~ O, O-(A+ALAD
. -SSPl —ty
® ET

E— .
~ e el = tue= AG)+ AG A S)
4 e > 1Pa , £ Pa
g e e é% *8Er |17 1
- 28 ) -
9 ET

9.117 and 9.118 For the beam and loading shown, determine (a) the slope at end A,

)
m

i
Bl
R

_—




]

(N Ry

-

1

e T s Rl s B

(.1

-
r
i

—

—

C1

O

PROBLEM 9.118

9.117 and 9.118 For the beam and loading shown, determine (a) the slope at end 4,

(b) the deflection at the midpoint C of the beam.

SOLUTION

Sy mme Fere beam and J«mJ\'na, R, =K = 2P

Draw V, M, ancl E% J\‘aﬂl‘ﬁms-

= _ a
Al-: J?_(gE_.u;.g-)o‘ - ET
2 - 4 Bal
2:'é(§%)a' 3EI
¥ _3/Pa L Bat

Place retereunce +&.v\jen‘l‘ «t C. 6, =0

(=8 '-S-pope at A

95 = 96— ecm =0~ (A,*A.'*As)
. _uPal
& ET

(t) DeFlection ot C.
) = e = AGa)+ A (Ba) s A(Fa)

“§§.E_4_’L
= 78 EI

ve¥. tan




PROBLEM 9.119

17.5kips  17.5 kips
20 kip - ft

9.119 For the beam and loading shown, determine (g) the slope at end 4, (5) the
deflection at the midpeint C of the beam. Use £ =29 x 10° psi.

SOLUTION

20 kip - ft

E E=- 29x10° psi = 2axto' ksi

b~ Wi x 31 I= 375 in”

THL EL = (R9x10*)(3?5) 7 10.875 %10 kip-in"
= 75521 kip-¥t*

M/Ex

*-S'H—::t/:’ Ai To/EX Sjvnme'*v‘l'c bedm and Pokﬂofna-

f C; Bena“mj moments

\7 Mp = =20 kip-Ft

v " Mg = =20 + (11.5)(4) = -20 + 70 kip-Ft

s v - 20/ET Me: -20 + 70 kip- Tt

23 LA; Draw M/EI diagraw by parts.

3 A, = (W4 = 140/ET

A,z FoX2) = ldo /EIL
A E Ag= -@o)¢) = -1w/EL
T

(b) DeF)«.Hm at C
el = EI_'-{(mo)(:a-;-)

7134

7552

?.pace re'Ferewce +mnjev\‘f a-‘f C. Qc = 0
(ﬂ-) SPDPE a.+ A. 9A= ec - 94/‘

B, 0 ~(A+A,+Ay) = - 160 /ET
- — M0 . _ 2119 x)0"° ved. =

1852}
ch, ® tA/C
+(Ho)(s)-(lao)(3)} = -gi—t-
= quusxte’t £+ = 0.113% in ¥ -




]

[

[

N

]

[

—1 &3

¥_[____5__ﬁv

/M M

S

—

—

—

—
N

PROBLEM 9.120

9.120 For the beam and loading shown and knowing that w = 8 kN/m, determine (&) the
slope at end 4, ()) the deflection at the midpoint C of the beam. Use E = 200 GPa.

OkN - m SOLUTION
) x E = 200xi0" Pa
W310 X 60 B
I = 124 vio® wm! = 12a%x/07° m*

e

A .. \\
A\

ET = (200 0" Y(129%107° ) = 25.8%/0° N-m"
= 25800 KN-m*™

Sjmme'}n’c«f beaw, and jomoﬁnj.
Ry = Ra= $@0)= 40 WV

[/ M lEr
As /:L} %

A,

tﬁ"-\/ M . 200
. ET 25800

Bena‘ina momen T
4o0x - 4o - +(8)x"
At x=§

M= 200 - HO - |ooO

Draw E&f Jf‘,j"&‘"\ Lj Fq»']’s.

- -
7.7519 %107 w -

J

ek 4am Ef’ AP~ = - 18504 x0T m!

g‘% = gag2s v - 3.8760x0" m
A, - *(asax0t) () - tg.280xl0"" %, =(5(5)= 3.8333 m
A, - -0.5564)(5) z -7.7520%1077 X, =(GXY =7 25 m
Ay =-3(3.872602(58) = - 6. 4é00x o"* %, = EN5)* 8.78 m

Pﬁa,c; re.-Ference +a.w§ev\‘\' a.+ C. Gc_ = 0O

(@) S.Pope t A By 8.-6cn = O~ (A, + A,_-IAS)

9;=

b Deflection at C

1l

2.0 x10°% m

-3 . =%
-(19.380% 10" - 7.7520x (07 ~ C.4600x 1073 ) = ~5.07%I07 rad -

lfcl B tA/c

(19.380= 15 °)(3.3333) - (7.7520%(0° )(2.5) ~ (€.4¢00¥ 5" YWza5)

< 2L mm l -,




PROBLEM 9.121

0.963736

(a‘ ec = eA + euA = O

6A=“’ et °

"

(b) tA/c.

tﬂ/c.

E

W14 X 53

Ja = tm.‘ tor - sz28xic®H =

9.121 For the beam and loading shown, determine (&) the slope at end 4, (b) the
deflection at point A. Use E =29 x 10° psi.

SOLUTION

u

29 % 10% psi = 29%/0% ks

54 in*

EI =(29x10°)(S41) = 15.689 x10° ksi

- 10895) kip-Pt?

Dvaw Lem’l\'hﬂ A\'a.jwo.m "J Par‘\"

fM" = —%}—g%‘f)— = 0.963736x10"> $7

I
A' = (‘%)(O.q‘$735\l[0—a)(63t Z.Sq‘2¥'°-3
A, =-(o.ies212%15*)(6)= -0.99127¥ 107

Ax - 40.16522%)0° )(B) =~ 0.V es212 45

Place veference ot .sd'mme-l'vj Poiv\* C.

- A.n = AL-.AI
- -5
— 2.8312x0° + 0.99127 x10™ 4 O.1e5212v107° = - 1.738x(0 pasl = -

(7)(2.8512x0"Y + @)(- 0.99127x% (s )+ (2.25)(-0.165212)
= 13.4919 xj0”™°

G)(2.892 % 10" )+ (33(-0.9n27% 15" )
= g.591 « o 4t

0.063%39 in. 1} —y




o Ml w—

3 3

—

(]

1

PROBLEM 9.122

(a) Sﬂope at A.

) DeFlection ot C

9.122 Knowing that P = 8 kN, determine (a) the slope at end 4, (b) the deflection at
midpoint C. Use E =200 GPa.

P SOLUTION

200% 10" Pa
]5.6 3 iO" MMq -

X 193
w200 1

16.6 10" m*

EX = (200x10°)l6. GMO‘) T 2.22%10° Nom®
= 3320 kN.w"

Sj mme'l- re beaw and ,Poa.ol(mﬁ

Ry= Ra = P+5 = 8+85 =13 kV.
Bev\o\\"v\a momem‘f
Over AB M= - Px=® -8x
Quer BC M=e-8x+ I13(x=1)
= &({x-11 -8

Dvaw M’" a‘t‘a'jv‘am Ej Paw‘ih
A= S(E() « LS

A, =-%(F)0DY = "E&f
Aye - (ENT) - - L350
Place veference +an3e-4+ at C 8.=0
= 6 - Owx = O0- (A +A LA
_B_E_%gg_ = %25* lg—;é-?gi = B.ASHIO rud -
e T T tare

= = (A%, + AgR,)
_[(7.;: )(5("”) (lsfao 1‘7)}

= |.Ol£x!0"

3, 37!7 =

3, 37

m = [

2340

OlE mm




PROBLEM 9.123 9.123 For the beam and loading of Prob. 9.120, determine the value of w for which the
deflection is zero at the midpoint C of the beam. Use E =200 GPa.

40 kN -m w 40kN -m SOLUTION
.. o e —T ) E Sdmme«‘}ffc beaw\ G'tmgl zpoaof"na.
e W310 X 60
b 5m 1 5m { RA = QE - Sw (w " kN/m\
M/ET Be'nchns moment jn lelJ_-m_
. A5w
A, EL M= Swx - 40 - +wx"”
C NN [ A'l’ X = 5"‘4
7/ 4o /Er
Az/#/////////// g e A 26w - Ho - 12 EW
Aa i ' Dvaw E‘t.ﬂ‘f o\\‘aﬂraw\ bj qu‘fs,
A (ZSWX(S) - GE’A;S'W
A 8w _ Ho)(sy . - Zoo
\/CNP'* A, £EI ET
A - %(li:fw)fs\ . - 22.I833w
X, = 2(s)- 3.33833 m
X, * %(s)= 25 m

3T %(5) T 375 m

o]
'

Place vebevence tangent at C.
Deflection ot C is zero  Tap T Ya=Ye 7O
AR AT AR O
(825 % )(3.2333) - (32 )(2.5) - (238 )(3.95) =
130.21 w _ 500
EY Ex

So0
j20.21

= 0

3.84 kN/m B —

®
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!4 4] r_:] 1 L1
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1 L1

9. 124 For the beam and loading of Prob. 9.122, determine the magnitude of the forces
P for which the deflection is zero at end 4. Use E =200 GPa.

PROBLEM 9%.124

10kN r SOLUTION

A oo I Sjmmdv*ic beam and J?aa.aliv\j.
‘ R 1 W200 X 19.3
L7 ML 7 mrde— R,=Rag = P+5 (Pin k¥
1m m
Be,vw“na moment
M/Es 5.c Cver AR M= - Px _ kN«
_E? OUEV‘ BC M= - P‘x +(P+5 )(X-l\
A, = & (x-1) = PO
N
=~ At w27 m
g \ - _
\\\ . M= 8.5 PO
A, A} & Draw 'EMT oll'q_ﬁra.w\ \;j Paw'i'a
- 1.238
A= H(EPN= S
. : - -25F
AZ - ""RL %(') - ET
- B9y = - L1P
A 8 As (E:T)( ) ET
a”\/\ Place re-Pcremce ‘f‘awjew'}"di é
c re¥. fuu.
Jrv 7 Ye 7 ©
\yA - JB = O

tA/c. - t_s_m =0
A G+ A3(I+£-3L7) + A (3) - A,(%-I.T)- As(-,';-l.?) = 0

A+ AL(D + AB):= O

7225 _ 1.1P | 0.33338F _ Y -

EL ET Er P 2.0333 3.55 kN -




PROBLEM 9.125

M/EL
- LN}
e %, £t
A,

Ax + A X, =0

T L]
Q1 wkiL-2a) _éa_‘,a_)_ iLawL 3,

€ ETL
Let

v= all.

*9,128 A uniform rod AE is supported at two points B and D. Determine the distance
a from the ends of the rod to the points of support if the downward deflections of points
A, €, and E are to be equal.

SOLUTION
Let w = weight per onit Aenagth of vod.

SJW\me‘\'N'cJ beam cnd .Poap“'\j.
Qﬂ = Rg = 'Z"W.L

Ee\nol(na v om en'l‘ L
Ovevr AB M

..-k-W)(t

Over BCD M = - gwx =+ gwlk(x-a)
Dvaw % J{Ajf‘am Ly Faﬂ}s
M X WLQEL"O-) - L wk(L-2a)
el 2 EI ¥ T EL
My w(E), _twlt
Exr - * EI 8 Er
i M, wh (L-2a)?
A."a'.ﬁ'ai'“\’ & ET
wl?
Az = %(g—‘)("z") 48 EI
%, = a+3(§-a)- f(Lra)d

(-20)i+u)-& = 0

yod - 30 + %

So!vins for U =

L 7 = O
ivide b !
Dl\l\ e J 48 ET
= O
0.22315 2:0223 a:0223L -

P
{
e

[
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PROBLEM 9%.126

B [ D

M/EZ

ref. Yan.

*9,126 A uniform rod AE is supported at two points B and D. Determine the distance

a for which the slope at ends 4 and E is to be zero.

SOLUTION

let w =
Sdmme{‘m'wa' beaw and .Poaelt'nj.
Rs - QD = éWL

we.\‘a\x'}‘ per vnit fe.v:j'“\ ot voel .

BenA;mj moment

Over AB M = _éth

2cD M= -4wx® + gwL (x-a)

Over

Dr‘a.w E% J(a.jr\a.wx bj pau-'fS.

M 1 wi(z-a) 1 owit(i-2a)
El 2 ET 4 ET
M, _ L sz"}" = -4 wil?
"Ejf T2 Ex 2 ET
- oL wi(-2a)7
- ML = - L wt?
Az - FSL('E_;' 2 g F1T
Place veference '|‘a.nﬁem+ at C. 6.=0
GA = e‘._— ec.IA = 0 - (A."'A._\ = O
Jowl{t-2a 1" v L wi® o
Tiée  EXx ¥ Er
a . wi3
Ld+ v am’ a‘-v{e'e Ly 7#57-’1
[- 83(1-20)° = O
|- 20 = 133
b= 2(1-8)= 0.201132
g-o0.2n a= 0.2 L

-l




PROBLEM 9.127

9.127 through 9.130 For the prismatic beam and loading shown, determine (@) the
deflection at point D, (b) the slope at end 4.

SOLUTION

Reactions: Rp+ S2 1 | Rez §0)

>

Ovraw M J{ujvram-.

£ ML
A = ; .SEI)L = :E[

- M, L

Az (EEJ,) B ??;-EI

?/pﬁ-te TC‘FEI‘BW\CE +A-Y\33«’\'} 4..-.} A

tow = AT E) 2 M350

7 MeL* Met®
T Je2 ET z'eﬁf EI ¢ EI

. - Lo 4 MLt
o/a v 3 T ea px

(o) De”ec‘“fon ot D

X
Yo * Lo = f Ten

B H.,L { a H.,L"
162 EI .3 2 ET
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— 1 3
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— 31 ™M1 1

]
)

PROBLEM 9.128

rY
%
f

ey

9.127 through 9.130 For the prismatic beam and loading shown, determine (@) the
deflection at point D, (b} the slope at end A,

SOLUTION
DZMg = 0 LE-RiL+ Pt Ra- T
+DIM, = O 3%-—1’%'+ Kel=0 Re=0

Dvaw 5‘ out‘a,jram- Reterence 'f'a.ua.nw:r . 1 A.

_2 PL?
A HEEE) SR

=3 8 Ex
ton = (- 2EE)(3-8) - - £ B
(a) Dedlection at D
Yo = Tom — Xf tanm
-‘*ﬁ*%’:"f’gg zﬁsng -
(6) Sdope at A
o = -dm . WEL -




PROBLEM 9.129

@) 'De‘rapec‘l’\.oh at D

X -
yp = t»m - ']:'D tsM .

) Shope ot A

- Lo
6, =~ - T

-
T Thag

9.127 through 9.130 For the prismatic beam and loading shown, determine (a) the
deflection at point D, (b) the slope at end 4.

SOLUTION

HZM, = 0 -P,L-l-%-%"'-‘- o K-:=iP?
Do -B 4 PEH R0 ReedP

Prav V (shear) A{aarum a-ho‘g— g\.‘q,jra.m.
A= FEEYE)- L PL*

2N\ Ex 32T
LY
1GEE) - e e

A, =-L(-1t BLY(EY): -5 B

GRS o B

Place refevence +anjev\‘} «t A
lem - (Eﬁgpé)(&)
L

(‘IS ET )(2 3¢

“‘(" )('—*312

+ (‘ 728 EI "’”')
R A /SO« N

Y3 £T 2%¢ EY
5 P _ 1 PLt

o p—

etia ET 72 T

. 2 Pt
T V& T
L % EI
Topm = (3'5'%;’\(3', £) - 7z EI
5 PL
T EI 2(1'28 Ex ) -7%% ET —-

|

-

T
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PROBLEM 9.130

9,127 through 9.130 For the prismatic beam and loading shown, determine (a) the
deflection at point D, (b) the slope at end 4.

SOLUTION
OMe= 0 -RLEwLXEi=0  Ri=dwl
BQhAl'nﬂ w\omen" M: RA\( - _GL _WL_Q. x%

= 6%(L2X" Xq‘)

™/ . .
- A _&h%__l.‘ A w=L M = wol® - Lwil
v T
4\\\\\ Dvaw % a\u‘mﬁraw\ LJ pm—“fs.
TN ) .
A Bx 1 W w, LY -
CULl't. . A|_ (6 = )L = 7 EL x' - L
* - 3%tk wl® -
6EI A2= *(*%%%L)L .iL EXL X.: 'SLL
M[ﬁ z P)ace re'Fe-/‘e-v\ce +o'mjen+ 4.1‘ A.
o L
IE,A?A§+A2,_L w,l”
N wol' _ 7
- %F -w R T % BT
Yo = L6a +len
wol”
£Er
2w l?

45 ET NNT Er
= 26 wb!
2645 EI )
- wil 7 wol®\ _ g7 wel —
eus ET Hé"‘}(‘m ET 2mu¢ ET
7 w,l?
gﬁ T 3o ET -




9.131 For the beam and loading shown, determine (2) the slope at point A, (b) the
PROBLEM 9.131 deflection at pomt C. Use E=29 x 10° psi.
|
45 kips/f SOLUTION C)
E = 29 %10° ps/ = 29 %107 ker }r
I = 248 \n" N
ET = (24%10°)(248) = 7.192710° Kip-in* ]
= 499499 kip-FH? -

B ewn o‘l.nﬁ _ wo Me.w'f

7.5 Ry + (4sN7sALR) 4 (85X 50} o
Ra = 22.5492 kips §

Over AC M= R2.542% = 2.25 X~ Kp-t
Quer LB Mz 22.8492x - 2.2§x* — 8.s5lx-2.5)
Dvraw ‘EMI— Jn‘ajram bj Par'fs.
.06 &33.98
A, = 3 (26)(1E2%) = 2T
l-?é 56 .40
s -3 (2522 - Sle.do
- 1 428y _ log.2§ .
A\ *-5% A (S)( ) ET \/-)
A < 4, 06 PJa.ce r‘c‘Perence "‘ahjen"' a.'i‘ A
J‘"‘" £z Zon = A +(AXGEY + A(S) = BLLC2
£ .36 - 70,44
Avs (BE)(as) = Ty
As -'-3 (B8 (as) = -
) .5 3 51375
A = tcm = A (25 As(iqg") = TEL
t
%lm | @ Sl’ope A |
- Lem _ 214.¢2 _JoB.¢2
O = T4 - wser ¢ - EH
T - q‘_:iq.fi;z- T - 202 %167 vad it
kY De'rjeo‘lt'avs at C Ye 7 tc,,. - {3 tsM
51,375 BM42 22006 _ _ 2266 _ _ -3 p
= 0.0829 in. ¥ et




.1

L_1

(1

9.132 and 9.133 For the beam and loading shown, determine (a) the slope at point 4,

PROBLEM 9.132 (b) the deflection at point D. Use E = 200 GPa.
SOLUTION
T E ~ 200xj0" Pa

= A %0 mm’t = ThLinle € m’
£T = (200 %10*)(71.) w1674 ) = 19.22%10° N-m®
= 14220 kN-m®
DTMg= 0 -6R, +(45Wo)4+@BW2)= ©
R = 4o kW

Mo
Draw shear and Er almdraw\s.

A, = 3 (£)0.8) =
A= (82)(e9) T

"
)

N /
AN A A ¥(ENE) = £
" Place reference +aujeuf o A,
A 8 Lew = A (#5+0.58)+ A (3+075)
ta/A + Aa(z-bj = 7—:5.—5— m,
tom = A, (LS+os) + A (0.75)
1S25
® ET
t 742.5  _ 123.75 _ _ ::és.?f
@) S/'DPQ at A QAT - f/‘ = CEf - - J—EI_—S- = 14220
= —8.'70;:1()_S vadl. il

) De'F»PE¢{'l'oh ot D.

-t - X . 1528 _(2)(2F) - - 213.75
_y,, - /A L “ea ET é Etr
- - %L’Ig%f = -15.03 %0 m

15,02 wam b -

[




PROBLEM 9.133

9,132 and 9.133 For the beam and loading shown, determine (&) the slope at point 4,

(b} the deflection at point D. Use £ =200 GPa.

X

a  W460 X 113

Draw

Place reference 4‘“5e“+ ot A

Tam = A (2.9232) + A (2.75) + As(J.4ece7) + Ay(1.65) = 13.82¢ %107  m

tom = A (0.1333) + A (0.55)

(ﬂ.\ SPope aj’ A L

(LY Deffection 2t D
Yo *

o, = - Lua . -

Yo = tD/n =
2.7¢47 = 10°% ~ ;%)(m.saucd’)

SOLUTION

E = 200%10" Pe

I = 566v 10 mm' = SS6x 0% w"®

ET = (200x107)(55¢x107¢) = 1H1.2%10% Nom’
= |11200 KN-m?*

1D EMy= 0O
~ 4.4 R, +026)(2.27(3.3) + (63)(2.2)1.1) = ©

Ra = 242.85 kv 1

WDTM, =0
—(126)(2.220.1) - (€31(2.2)(3.3 ) + 4.4 Qg = O

Re 172.25 k¥ %

FI'% cl\'a,jr'am bj pqn's.

%‘-;— = -3 _—a—-_—w(‘l‘fi‘;fi'ﬂt ==2.7920%0% m'
g; = (';’f"'ij:m'” > B.4276 % 107F W'
T?}" = -3 %‘}(;%gl: = - L3710 x5 Y m™

A = ':’Eg”i"(lﬂ = &£.2785 x{o”%

A= 3 E"!'is(z.z )= -2 0109 x jo°%
Ayt 4 gx(:.z} T 3,7704 %070
Ae d D@2 - - oot 107

2.7¢47 x1o°° m

13,824 xi0™*

% t’B/A

- 4.15)([0-3 "

L]

- -3
. q = = BY%(C adl —

4,15 mm { o
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PROBLEM 9.134

the deflection at point D. Use E= 1.5 x 10° psi.

35in. SOLUTION

I=ik(35N2.5) = 123.047 i
E = 1Ls»10%psi = 1.§x 10" ke

EI = 189.57=10 Kp-in* = 12817 kip-F+"

DITMp =0 TRy -RUASI-(0LVUN) = ©
Ra = 2.8 kl“[’.
Dvaw )oeme':'nj moment cln'a.af‘um. bj Par‘i‘S.

M, = 28X = 17.6 k“P"H'
M, = - (.2 (R = - 2.6 Wip Ft
My = -~ QXS = 1o kip-Ft

M Ck.'p»-FH
o A, = L(7026) = c8.6 kip-FtT
A, - t(26) = -12.8 kipft
A, = 4 (5)(-to) = -125.0 kip- Pt *
B Draw pt‘)\effmae +a.mﬁent-“a/+ A.
Lan B, =~ tL

EI tem = A (7-2)+ A, (7-1) + A (7- %) = 110.0 kpft*

6. = - EX tem _ . _Ho.o
(@) A T T TFTL T T (e
M

s - 12.26 %161 rad

N ‘A, : 096XV = 44 kip-PAT
5.6 As= k(s.6Xs)= 14 kp-FHT

Elt,= As- §H A(E)+ A, (5-1)+ A (5-%) = 52 /83 kipe-H*

EI:(D = S2.133- é(#lo.o) - 26, 432 .ks'la-'H"
L 26438 _ . = g
Yo © TTiaeg o ¢ " 0.6 0.24% in. ¥

9,134 For the timber beam and loading shown, determine (4) the slope at point 4, (b)




9.135 and 9.136 For the beam and loading shown, determine («) the slope at point 4,
PROBLEM 9.135 . (b) the deflection at point D,

SOLUTION

OEM, =0 -RL+PL£-Pf=0 R:=0.

Draw “M‘ aoi a.j\f‘ WA,

PL

M[/EI | = -7 ZEI)( % ET
A N A;_ A r - 3ENE) - -3

' --Ezé‘—r Ppc..ce V‘e-Pe_v"ence +al4f_‘en"’ G A

Ly 1 PL?
Len = Al'(é-i) - _48%1'-

oo Ao
A//<:'/—f () e‘:_ﬂ‘.=.]_ﬂ-_ —y

48
c\ Lo L Ex
\ L

ton = A (k+d) AA%-%) r-—-:;é’é
3
Yo = Lom = Etew - - G-/ - -2 EE -
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=

PROBLEM 92.136

A B vef. fan
\/‘f \
X

9,135 and 9.136 For the beam and loading shown, determine (a) the slope at point 4,
(b) the deflection at point D,

Ton = A(5rE) s ACS 8 AR

I 1 S S
T 3 ET 8

(b) Derapec‘“on O-i‘ D.

x - _'1--'-—'--'?—‘ —— -
jb"tnu"“f“tnia‘ RS ET 2 43 ET T

SOLUTION
FDZMg=0 ~RL+(ZFwLL) = 6 Ry=Fwl
Dvraw 'g'ﬁf Aiagram by parts.
Ac- 3L g
Acs -4 (gL - -8
Ac -3 - -
Place reference 'hunjem'i ot A,
tem = A;EL *’Az.'lf;'
. otowl g owit 3 wt?
©  j¢ EX a4 ET 48 r
(@) Shope at A
orre it -
wit | owk' | 3 wlf
EI tze EX = 128 EIL
wi! 4 wi o wlkf
12€ ET
Yo 7 722 ';s’é‘v b ——




'PROBLEM 9.137

D

~te R
A Q

Ltore = As (%' 1L5) =

L) 'De'rfzo’hou 4 D

W310 X 74

9.137 For the beam and loading shown, determine (a) the slope at point C, (b) the
deflection at point D. Use E =200 GPa.

SOLUTION

£ = 2005107 Pa

I = 165 #10° mm' = 165%10"" m

£T = (Roox10")leS¥ 107 ) = 33.0%[0° N-w®
= 33000 kN~ m®

9

-*:)EMC =0
?A:

-5R, + (50)(2.5) ~(80X1.§X(0.75) = O
1.5 kN

o\{o.avr\a,m l"j Pa\ri‘s.

.75

- HE ) -
= 23 - - 1Se6.25

A, =% (B )@ ET

; 33.75
As:"é(%f“)('-s) * - TET

Place g‘eareremce, +anjen‘f et C

2
tae = A(Es)+ A, (25+%-25)
- 171 815 '
- - s .,
(a) Spope o C
o » s 17,895 _ 34375
=k SET ET
L2435 _ _ e
= - 335sg ° T 0420 red —
- 27.9¢875 ws.
ET

XD = 9{_ )‘D/(_ + t.b/c

- (34375 _ 37.968C _ _ 81.53
= - )(.5) - 2L = 2
_ . 8153 _ _ -3
22060 2-7”:0 (40}
= 2. 71 mml gl
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9.138 For the beam and loading shown, determine (a) the slope at point B, (b) the

PROBLEM 9.138 deflection at point 4. Use £ =29 X 10 psi.

16 kips SOLUTION
3.5 kipsAt .
W16 X 40 E = 20x10%psi = 29x10° Kip=
------ X T =518 in’

ET = (24x10* H(§18) = 15.022 */O° kip-in®
= 104319 kip-Ft*

1DTMg = 0 (1836) -(2.85Ws)2.s)+ 15R. = ©

R = 12.35 kN
Draw E%" o\t‘a_ﬁvo..m LJ Par+$
M, = (2.35)(1s) = 185.25 kip-Fi
M= -2@8Ys) = - 281,28 kip.FI
My = 06X = ~ 96 kipFH

A, - 3 (85.25)(15)/ET = 1889.315 /Ex
A, = -3(22125 YOS\ /EL = ~1406.25 /ET
A, =-%(2e)(e) - - 282/£1

P,pqc.e. V‘Q'FQV‘&ﬂCC +a,njen+ d-r+ B.

tepe = A (BS) + A (2150
- =-1926.5¢25 /ET
= - i8.468 x (0™ Th
-d
() Shope at B B = - tﬁ/ﬁ - }8.4Iésa>-lo - 1,23 1073 pad —
W tae = Aj(3-¢) - - nsasex
X - _ 52 & [142¢.5425
ya = tA/c, + L‘B' tB/c = ‘E—I e \TEer 3
__-ﬂg__}-_-a:?_:- = -18.48 X0 F+ = 0.221 b et




PROBLEM 9.139 9.139 For the beam and loading shown, determine (g) the slope at point. /), (b) the

deflection at point E. Use E =29 x 10° psi.

20 kips 20 kips 14 kips

WI;I;JIO

@ Shepe af D o, = lae . _ 270

SOLUTION
D vaw bemh'ns moment a]fasv*a.w\ as the
Sum of Fwo oll‘n.\al"dW\S: gne For the paiv
ot 20 k:P Poads and one For the |9 k"P
Poad. _
A = [ 2 $3)e0) + (N/ET = 3Bco/ET
A, = $(DEN/EI = -315/6x
A, = $(85N70) = -175 JEI

E = Zqﬂlu‘rsi ® Z‘?x/Os ksi

I = 3lo m?

ET - (29 xt0*)(B10) = 8.99 w{OF kip- ™
= &2430 k.‘p--?f‘-

Place veference +an3ev~f' ot D

Tap: A(4S)4 A ()= ~270/61

. _320
L qEr ET
= - 0.48054 %10 pael et

te = Ag(3-5) - -588.333 /6T - - 9.3438x0" F1

() Deflection at E

JE L‘DE eb + tE/D

11

- (§Xo. 480854 [0}

Y - 9.39238 %107 = —1).ISx10"% §4

- 0.14910 in. b ——
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PROBLEM 9.140

9.140 Knowing the beam 4D is made of a solid steel bar, determine the (a) slope at
point B, (c) the deflection at point 4. Use E = 200 GPa.

SOLUTION

200 SIO‘ PQ-
A (3oXE0) = 675K/ mm?
r G1.5%i07T m*

EI=(200x0°W62.6 210" )= 13500 New®
3.8 kN -m"

m
¥

1

DEMg =0 —(0.2)2) ~(8)(0.253(0.126 )+ 5k, = ©

Ro * O.6C75 kN

Draw E% o?fﬁ.ﬂh’*am L_y Par'}s.

1))

M, = (0.¢c75)(6.5) = 0.33375 kN-m
M, (1.2)(0.2) =

Mas =~=2(3)(0.28)* =

0.240 kN :-m

- 0.09375 kN -m

4 (0.333%)(0.5)/ET ~ 0.0834375 /E
A, = % (0.2490)(0.2)/EL = 0.02¢ /Er

Ay = % (0.09395X0.25)/ET = - 0.0078135 /EX

"Place refevence tanqent ot B.

Tore = A (3. 05)+ Ag( $:(0.25)+ 0.28) = 0.024395 /ET

(a) S.P.;pe at B =

tae = As (£ (0.20)) =
(b)Y Deflection at A

o v Lim ~ Lue e
= 0.23704 %07 -

._..__twng__

0.0243%S . _ 0.043789
L 0.5 EI ET
= = 2.61H0 %J0 " ped. —

0.0032/ET = 0.23704 %x{0°> m

(0.2Y(- 3.¢t40x1073) = 0.940 *107> m
= O. ‘?GO "o T -




PROBLEM 9.141

M/EL
eI
/ NAD
NN
A
ref

temn = A %i-i)* Az('a'i!i)

@) Defection at C

yc = tClA + 31:95

9.141 and 9.142 For the beam and loading shown, determine (a) the slope at end 4, (b)
the slope at end B, (c) the deflection at the midpoint C.

SOLUTION

Draw Beno\;nﬁ moment anel M al\‘q_ﬁwaw-.s.

ET
™ML
u‘ R(zsx)[h) N % —‘E-’.LI:
At s (VY - & BE

X
~

Aor k ()E) - 4
Place reference +anjev\"‘ at A.
A5 25) A4 AR 2D

@ BEEL) (£ EDEO (B

2 Mt
[T8 ET

(o) Sapope. at A

11

tan

: Las L
6‘2-——[@-—‘-—: -ﬁ.%f il

.(5\’ Sfope ot B

esz 6A+93,, = eA-FA-l'A +A

- _3_?_*4_e£-+_8Lu,_L+TLM_L _L.__._l—

) e EX ET £T B EX
M, L.
© ET -
= (4 Meby/a 1 Mebyfr/ )= 5 Mok’
= (FERE) @EGEY) & e
_ s ML aMelt | Mkt wmlLt
" aFr T&Er T T ET ‘24&"* ——
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PROBLEM 9.142

M
_ Pt
L‘.
M/er
L PL
“ET
1 PL
‘\\ i ; /';J/;?/
A 8

\<|tm
tc.n B Atti"z‘:) = (é‘

{c) De'F,pec“‘:'an at C

Jn 7

X,
Z‘c/n - T_& Lasa

9.141 and 9.142 For the beam and loading shown, determine {a) the s)
the slope at end B, (c) the deflection at the midpoint C, (@) the slope at end 4, (5

SOLUTION

Dveuw be,no\ina momenT cnel -Et% a’\‘ﬁ.ﬁMms.

A! - 'ﬁ'%)( ) I(. EI

&

A= 3GBENE)- B
‘Pja.c.e. \"ezrewence +av1:]e,m+ a.'l' A

e = A (:L"'"'E)*A (ﬁ!:
3
- (EEYEL G EE W)= £ EL
) SPape at A
. _ L L*
(b) Sﬂope et B
93=9+Q./A?O+A+A.,
_ P
- %EI *71' Sl’:b:r
L
= 51"'2'1 -
2 -PLS
ELN(§n) - 555
L pL} S PLY - >
77_5_% - ':'E(qf. %L-') ' "Z'*TE-‘I"E
53
cEEy -




9,143 For the beam and loading shown, determme the magnitude and location of the

PROBLEM 9.143 maximum deflection.

M, SOLUTION

D raw %:%.‘ aln'a_ﬁv*a.m

Pﬁace re'Fev\ence. +¢.mje-'\‘|‘ at A

. oL
Asd(-g2)L = - Mot

Ly o -4 ML*
tg/ntA(3)° C"E&E

o __ Lem _ L ML
M/EL A L - S EX
A s
a _ LMy X I v
A= ZEEET )% - 2T
R—Xt‘_’t eac:e}\*eatla 95+A’ =0
_L_(\:IS._,:_-!-MD—!K’. = O
6 ET 2 EIL
X ~ %L -
S Ltan ton = A% ()
_ LMoy
2 EIL L"X)
_,l_l"’l.,)(nzs
ETL
Max 1 mom Je-’-\}ee/";om
¥, - _LM.,)(-:;_
Ye b - lun: -5 ~T cEI)
} Mo /\t. 42} = 32 Moll
oo - f B0 BB




9.144 through 9.147 For the beam and loading shown, determine the magnitude and
PROBLEM 9.144 location of the largest downward deflection.

9.144 Beam and loading of Prob. 9.129

SOLUTION

LT Y

R=4:P, Zo "é‘?fa 9,=—é-ﬂ'-

By = 64+ By

M/EX , “
,’h% | = *T%% + Ay
,-;?;Ef © R (FE ) X
E‘El(lgsLt"Ji"!‘)= O
2L s g3 L=on43L -
A (3= ${F B5) &
S
24 £T s gy

- 0.00677 L) —




PROBLEM 9.145

9.144 throngh 9.147 For the beam and loading shown, determine the magnitude and
location of the largest downward deflection.

9.145 Beam and loading of Prob. 9.130

SOLUTION
+D MG - "RAL 4-(*\!\',,!_)(%!_): O Qn='\6'W.L

w, k1
™ = Q,x--};fx

Beml\'nj wrome .t

= (L2x ~ x*)
M/Ex twl® M ox=L M= dwlr-twit
Draw —"—'- cl{aﬁvam Ly Pw’l‘s
| .‘z('é'ué-;z "T!i':;}LS % = 5L
A, c h(-puby s Lt 5oy
WEL Phace reference +m3e.4+ at A.
R
m@ o= AR + AR
X Shope ot A @y = - ua . -z Wl
Aa' An(x'f"_z ) T‘f%“t
Ave ALY 7 -] 3
Om = At Ay - vé’ILS wOt - oY) “eﬂ:fﬁ%ouglﬁ'
0*-20% + 5 =0 Solving Fr v ur 0.51933
X¢ = 0.51933 ) -
A, = T'i:?;‘(o.snss)‘ = 0,0224783 _g_i_L_’) Xg= Z(0.§1133) L

Ay z-f EI

L = AgRy + AyXy =

¢
Ye = Len = T Lgy

3
L’ (0.61933 )" = - 0,0030808 Yl

ET , -X.q = :SL (0,51‘133) L
]
0.0035759 Wl
EXr
Y L‘
= 0.00%57%9 zrt - (0.51932 )(3‘0 ?'I:” )
Y
= -o,ooc.s'z%lﬁ.— = 0,008e52 L { il

r/—\\
] I_“]\JE—J —

]

—

-

[

M~
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PROBLEM 9.146 9.144. throngh 9.147 For the beam and }oading shown, determine the magnitude and
: location of the largest downward deflection.

40kN §20kN 9.146 Beam and loading of Prob. 9.132

x SOLUTION

s i RC‘;E\I‘T‘;V\ﬁ "\'o ‘H& Sl)’\)'};om ‘l‘o ?pfol)_
q.129

ET = 14220 kN-wm'
Ra = 40 kv . A =

(he

A; \\ NEL Lo © 7;;.5 -
\

,w::_;'% GA - _M

EX

Al

let K. be +he Pocation of the mantmum
det fection. Assume +hat K fies between

A 7 C. &.\ﬂ&l D.
V'PA\ “" —tﬁlﬂ eK = eh + eK/A
9
_ . 1R8.7%
il A+ Ay
- _Jaag7s , 48, €U .
ET EIX EI
— \25.75"“5 -
v o= SR 1.3128 m.
Xk = LS +U T 2.81:5 m —
Lo = A, (v+ 0.8) + A, (£0)
= 45 (1gizs) 4 (6o)(1. 3125 ) (4)(1.3125) . 133.242
E1 EX EX
S
Y © L - “I‘_!‘ Lasa
133.242 _ R.8125 (7!42.5\ . _214.80 _ _ 21Y.80
EX & Er EY 14220

= ..15,“”0";“ 2 LS mm) -




PROBLEM 9.147

M/ET
As
.A‘
P —J
2, 2 —

9.144 through %.147 For the beam and loading shown, determine the magnitude and
location of the largest downward deflection,

9,147 Beam and loading of Prob. 9.133

z SOLUTION

W460 x 113

From the SDIPI'){ fom to Prob. 9.133

EL = 11200 WN-w' | R, = 242.55 kN
Tam = 13.824:%107% m

-3
By 7 - ffﬂ : - ———»mm‘s',ﬁi'*"’-?m = - 3.1418 56" radk.

Ovevr loor*l-?on AD of +he beaw
M=z 242.856 % - 63% "~ ¥XN-m
'E—"'I- : (21812 x = 0.5668Cx*)%16° '
X,‘ _'1
O * ) EL o

= (1.0908 X, - 0.183349 x} )*/0™ rad

Oy = 6,4 0y - -3 14181077+ (1006 %" - 0O.182849 %} yx167 = o

Sofui ne For %,

Ag= [.070L%107° %,° =

Ae =0.188847 (3" X* £ —1.84837« IO-SJ Xe

Xe = R.13907 m N = 2ol ny el

4.99017 % (0% Xs =5 % 0.712302m

T M T 0.53477 m

"

tum = As;(r ¥ A,_ X = 2.5¢9¢ % (07>

b
Ye= Tum - f‘ Len

: 2.5096xl0 -

2.13%07)

(12.82¢x (5% - 15 5 (OF

i

4.4
415 rmr 4 et

i J

1
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PROBLEM 4,148

9.148 For the beam and loading of Prob. 9.135, determine the magnitude and location
of the largest upward deflection in span AC.

SOLUTION

Frow _59)-)4-\'0\/\ o'P PV‘OL}IM q.\35
Rh = 6 GA =

P

Draw M/EI all‘a.j\r'aw- . LJ Kk be ,pgca,‘{'t‘ou\
of waninmum defdection.

A

T - pL3
tas = A (%+-§-‘U) = (_ﬁ.%.j(o,cscoa L) = 0.01328

6.4'—' QA+9K/A=:;§EL"‘A=O

ET
L ,Au - *
N (% s
1 Blet o L PL
2 EI 8% ET
v g L u=0.20412 L
Xy = -'i-»u = O.704 L —
-4 BT
4% £1

ET

Yowr = 7 Lasm T 0-0‘325% ——




9.149 For the beam and loading of Prob. 9,136, determine the magnitude and location
PROBLEM %.149 ‘

of the largest downward deflection in span AB,

w SOLUTION

]:fow\ 50/’()"’{00\ o'? Pi‘bb- Q.I‘-lé-

Ox= 6, + Oy, - 6A+A"+Az'

3 3 T
oL w3 w3 e Lol
=4 gr ‘€ Er ° T @ ET

=_(%u3-ﬁ~u‘+q—'8)—‘g?‘-s - o
Mobtiplying by 48 8v* -qu*+ | = O
Sofving for U Us 0,42i535 ez 04215 L
tane = AR+ A (Bxe)

3 ) .
(895 0" ) (310) « (3 &5 0P )(3L0)

"

4 Ly
= (L 3. L4yt - wi
] w
ymc T - tA/k = - 0.005492 w"E'_JL:' = 0. 008542 —EI }

Moo ozwkh M owl? 4owl®
T S FET > ET C Zer» S -wi¥r
M(ET Let K be the focation of moximowm def dection
™, /ET b= X%
L
- M .
—— From 2= diagram
II A Mjf L . 3 wil® u*
A‘ = Q(EU)( U) - 6 'Ef-
wl® 2
My /£1 A = (BN ~EE 0

)

L

F"A"T

]

Ir_,,

O

L_J

r T

) —T

PN




PROBLEM 9.150

Def hection at A

+9,180 The cantilever AB is a beam of constant strength. It has a rectangular cross
section of uniform width b and variable depth k. Express the deflection at end 4 in
terms of P, L and the flexural rigidity EI, at B. (Hint: Since the beam is of constant
strength, Mc/I has a constant value along AB)

SOLUTION

ho

Bending moment M= - Px

M, = - PL
M= M
Folr A cans"'av\’!' 5'\"/‘8'\3‘”’! Bcam
o Mo (Mex/e)(h2) o eMex/L
s Hbhd - ht
= 6Ma
h°1

ARNC,
Moment of inertia I- i.li.thJ I.,’-.‘;l:h:

3/
L&Y = (&)
M . ML) o Moo L\“
Corvedvre g1 ° TL(ways" EL (%)
- - kL (% Va

EX.\®
I = Lam * :Xé\%a'f» )
L SR ¥
- B s -
- -3 - g ~




9.151 through 1.154 For the beam and loading shown, determine the reaction at the
PROBLEM 9,151 roller support. o7 e beam g shown, de o

SOLUTION

Remove support A aud treat R, as redundant.

Drau M/EI An‘&jrqm -F«:nl* joﬁa’$ Mo t-'u’w‘ RA.

M/ET = 4 ?-A-—L = 4 .gd...‘.':
fal A' (. ET L 2 EX

A El - - M . - L

! \ Aﬂ. - {EI )L - E-I

./’\ \\\ Place reference ‘|‘¢Mjenf at B
A.

S - Sl VN
3 e 2 ET

- M
/\B Q"%LT -
A . .

ref. dun

i

J L__} 1

1
]

J

]

—

S T S T N

C ]

[
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PROBLEM 9,152

V‘C‘F- ',’Aw\.

9.151 through 1.154 For the beam and loading shown, determine th§ reaction at the
toller support,

SOLUTION

Hewove squor‘)L 8 and +r~£'a.,+ Rg as, V‘e}Ju.nJan"'.
PDraw M/EI A.’a,jv‘a»\ -F‘o.r zpoda‘s P and Qg.
Ao HEDO - A
oLt
A 4GB - EE
Place vreference tangent at A.

Tam = A(EL)+ A, (5435

-.'_glg-iﬁe.l_x--o
S % ET 8 ET -

?e""i{'?T -




PROBLEM 9.153

9.151 through 1.154 For the beam and loading shown, determine the reaction at the

roller support,

SOLUTION

Rewove .sappo-r‘l‘ A and treat R, as redundant.
me ‘M/EI- olfa.ij.w\ ‘Fo.r 400«45 ?A anel wl,

tA /s T

——
-

Mp = - 2 w(E) - -gwit

Ac4(Bh)L - 3L

Az: é(_%gX%) =

4wl
4 ET

Place refecence +anjen+ at B

A Gy s A(5+35)

LRL* o 7 wLY
32 T 324 EI

R%:%WLT

= O

S

i

J

{
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PROBLEM 95.154

9.151 through 1.154 For the beam and loading shown, determine the reaction at the
roller support.

SOLUTION
Remove support B and treat Ry as redundant.

?epface /poam\ina L‘y e,u:’v-upen'} shown ot fg‘H‘

Deraw M/EI oet‘aav*am for joqa' W, "—V\J\Qe.
Use :Par"}‘s as shewn.

- p(Rky(y - f Bel

ET
M, = _g,waL‘
wpl?
A1=3(‘L )Lzh_LE'I'
. £ S
M3=- _é.f_:{'_ L3 = ""LwoL

Ll
Ay = T:'(‘L%"f")'* T A ET

P)ace v‘e-Percv\ce +4njev\+ a.‘f‘ A
tom A@-nm (3L) + A (22)

. LR awelt o owlY
3 ET EI 30 Ex = 0
RA - %“@L = 0.275w.L -




ol CF

9.155 and 9.156 For the beam and loading shown, determine the reaction at each

PROBLEM %.155 support.

M, SOLUTION

Remeove suppor'? C avel tread R, as recdonsdant.

CDH&{JQJ‘ ‘Hne .poo.a*S Mo aMop Rc Sepavdd.a
Papa.c.e V‘e"?eu"e.nce +&maev\"' ot A.

l&

J\)M, +

LJ h

1B iR iR

m
+ N\

/
&M
ET

- a2 XE® + 1(AERE - -2, 5 &bl

ET

tB/A =

T

2 k)
fun = - $GEXS) + 2 GEOG) - ey ks

A 'C e Ye = Lo - %’ff‘ tam = Loa-tlan = ©
LY . 3
tan (—fﬁ**)%*(é_-&)% =0
I S -
! Frowm Statics R, = —kgc.“%%? ’TLE?f —
L ?a*'%.e;*i%" ‘f’-‘—,’ff -

]

......
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PROBLEM 9.156 :u:ns:) r:yd 9.156 For the beam and loading shown, determine the reaction at each

SOLUTION

Remove surapm-'l' B aned consider Ry as redundaut.
Consider Poads Rg amd W sepqm)\'elj.

Place reference ﬁmaenf’ at A,

%9, A
=% !
! . T
A 4 I
Ra awh T%‘“’L
M/EI M/ET )
' 4wl
AJ' A ET
+ TN N\
7
MK
q [
. i Rl - N T2E
A b BN -4 B -
A 4 GBDL -2 B Eewm Albs 353+ A8
A _L(.wa-‘yﬁ- - 2 wl® 4 A (k-BRY 4+ A ~¢L)
3 2 onELZ B ET 7 Rel® _ I Rel®
Ay = 2C£EL = -k TThR ¥, 7 EL
+ %L T 'E&f'
:-.ﬁ K LS -z .st
M[/EIA v /e 2% Fr *® ET
all _&NL‘
: Ex L2
+ L}«/[ Asw2(eE: )3
' : gq;v_é_‘
I
L 1wl
tg/g = A| .('&"') + A5( )“m E—IL + ‘l":—q %‘f"
s Ly
ys * tesm - ;{33_ Tew = (“'#"‘ ‘E)QQL +(:qq _H'f.%f)
- L Rald ot owl
: E_EILL‘EEI = D ?B-:%-WLT )
Ra = dwl-5Rg = gwb-fwl-= ~dwe = Lwl | —
Rew Zwl-3+@ = &wl-dwl = £wl f -




PROBLEM 9.157

60 kN

40kN

Y DY 3
1.st—1.st‘1.5m~|

9,157 and 9.158 Determine the reaction at the roller support and draw the bending
moment diagram for the beam and loading shown.

SOLUTION

Remove so?far'l‘a:} A jand $reat K, as vedovele W,
Draw beno‘inﬁ moment a‘.‘q,ar‘am bj qu‘l’:.

4.5 P - 1 12s e
A, = 5(73")(‘*-5)' —
- -L .1.52 3 - -— &?—-D
M/ET 4sa. A, <-4 (5 )@ =
- - 4~
g \\\ - A m-a(EO0SY 7 - g
\\.\\ ™
AN >j\ - Pace reference '\'nnjenl' st B. 6Bg= O
/ ;:3 t‘A/B = A' (2.0) + A,_(l-s +2.0)
l-ﬁ * A3(3.0+ L0
| = {30.875 R, - 945 - 180§ = O
Asf *%’i- Ra = 37.037 kv ! -
M (kV-m)
ss.e MA = O
- 2 M. = (1.6 )(37.037) = 55.6 kV-w o
A C ° '
M, = (2.0)(37.637) -~ (c0X1.8) = 21,1 kM-m
-73.2 Mg =

(4.5 37,637 ) = (€0)(3) - (40)(0.5)

3

- 733 kMowo

A

[

O
—

r
L

-
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PROBLEM 9.158

-36.1

9,157 and 2,158 Determine the reaction at the roller support and draw the bending
moment diagram for the beam and loading shown.

SOLUTION

Remove sopport at B and treat Ry as redundant.
Ovaw bending moment diaqrawm by parts
A= (BB o) - %}g’
A #(EXE) - -2
M, == £ (3¥ed 7 - 54 knm
Avs3CENO - -
Place reference tanqent at AL 6, =0

tom = A (300 + A(§-8+2) 4 (0-4-0)

- 333,33 _ R346.7 _ 918 o
£EI EYX ET -~

Ry = 2.79 kv ¢

MG = O
M, = (9.79)(2) = 19.§9 kN-w
M, = (2.99)0(4) - U0)RYT 19.18 kN m

=X
>
'

= (.79 )10}~ (1oY(28) ~ 5% = -36.] kKN-m




9.159 For the beam and loading shown, determine the spring constant & for which the
PROBLEM 9.159 bending moment at B is My = -wL¥10.
SOLUTION
w

w
A ) ‘ 2 J.c.
FwL F é”’l-
FE
g A c
r a Yef. tan.

Vg~
Ra= 2wl ?®
Sjmrn&i'ru'r. beam and .po'aa.’:na. R.= R

Usineg Free bodj ABC +12FJ = O

%wL-&F’-} %wL"ZWL=D

- [
F-— ? WL

Draw E diagram by parts

2 wit wL?

A, = é(% -E_:z_)L = 3"- ET
L L?

As-3( 3 g)k - e g

Place reference ‘*av\jen‘t o 8. Qg= ©

Ye * ~ Lase
_(A,-él_.i‘ Aa'%")

o Lo wb'
- 120 EI

1

F=-kye

K - E . Fwk gy EL -

1
Ja r‘;‘,‘%é’ L

L e Using Free \boplj AR
R { ~RL+ wWLYS)-dwl =0

Of
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PROBLEM 9.160

9.160 For the beam and loading shown, determine the spring constant & for which the
force in the spring is equal to one-third of the total load on the beam.

SOLUTION

Sjmma*}m'c beawm ane «poadinj. Qc, = Q,\

Spring Porce  F = 3@wl) = Fwl
+T§%=O Ra+ F —2wL 4 R = O
?n’ Rc_ = %INL
Draw -Mr diagram % vf‘"i's
EL N paris-
2 3
Acs (B - 4
L (puky) ALY Sy
’»sr < E1
Place reference +au3en+ at B. Bg = O
Ys = = Lase
= —(A-E2L + A,-3L)
_7 wl*
72 EI
F = “kYe
._E _ FwL we EI
k Yo Twl¥ T 7 L° -
¢ § EI




PROBLEM 9.161

9.161 For the cantilever beam and loading shown, determine (4) the deflection at point
B, (b) the slope at point B.

SOLUTION

Use moment avea wmethod.

Draw % aha.jram \Dj Pdr+s.

Place veterence +a.v13ev\+ ot A 6,=0

_;i-s‘-;- Q& = 64+ Bgim = Sru
Ye = Ya+ L‘GA + tam = Laa

A,= (%‘#—;)(LM rus
T A

(@) DeNea’n‘on at B
Yo = Tan = A (£)+ AGGL)Y

LY WL wl
- %L ~vEr T mEL 0
(&) Slapc at B
63= s ~ A, +

i—%‘n 'i"ﬁ‘" = 0 —

g s I et

o E ] — 1 T




PROBLEM 9.162 3elﬂﬁezct£zrath:o ?:tagl and loading shown, determine (a) the slope at point 4, (5) the
SOLUTION
Frow S‘\'a:"u'c.s QA = ?3 = O.
Draw -E% aefaﬂf‘aw\
Mo YLy = L ML
M/EL A (Er)('-f) Y er
/\ / .’é‘.i Plece reference +am39vd' at A.
2 - £ ML
A SE— 8 tB/‘ ) 32 ET
= Mol *
tb/A A( \ 32 Er
{a) Sﬂope at A
6, - - fam  _ 5 ML
A L 32 ET

&) Deflection ot D
Yo © tom - 'x_° Lom= tom - 5 Lo

L MgL‘_ 5 Mel® 2 Ml®
REL TehET - & EX




PROBLEM 9.163
(b} the deflection at the midpoint C of the beam. Use E = 200 GPa.

| 0.5m I().I?cm'().(ln'xl 05m |

SOLUTION

USl‘Wj joiuf G as a- ‘Free bo:jj

W100 X 19.3

Feo BJ« ajm»vff‘-‘,
&'{“' :pg
GHJ ~loo = Feuy = S0 kN
A ﬂ % ? Fsux = 2 Feur = 100 k.
50 §0 Fovces in kW, Lem,#s in m
| V= &0 - So(x-o.sf - 50 {x-1.15° KN

M = §50x- 50{x-0.8>" - Sodx-11Y
+ 40{x~-0.8D° = 40 {x-11y  Klwm

Eli'i: 255 = 25¢(x-0.5% ~ 25 (¥~ LI ~H4o{x-0.5) + 40lx- 117+ C, KN- ™
ELy» 2%-Elo0.5P - Fle-10Y = 20(x-0.50" 206-1057 4 Cx 4 € M-
Ix=o0, y= 0] C,=0
[x-1.6, y= el

(35)(\ &Y (35)(: iy -(35:)(05)’-(101(1 1Y +(20)o.8Y « C, (|c) +0 = O

C. = -« .1.,78 ‘(N-M
Fov EIJB; X O.85w

ETye =(ZY oY -0 -04+0 -0 -(L7SMHo.SY = O.1CE7 kN-m’

Fov EIJ(_) X = 0.8 m

ELy. =(3)e.87 -G-8V -0 ~ @) 0.8) - 0 -(1.75 )(o.8) * ©
= = 0.8%17 kN-m3

- 4
Fovr W 100%14.3% volled steed section L= #.77%10%mm’ = 477510 " m

EI = (200 v 10"} (477 %10°°) = 954 x 10> Nem® = 959 b w’
@) Yyo- %:?54‘62" = 0NV M T 0TS wm
B Y.= __._0;;5\‘3'”_ = 0.832%(0  m T 0.882 ww |

9.163 The rigid bars BF and DH are welded to the rolled-stee! beam AE as shown.
Knowing that ¢ = 0.4m, determine for the loading shown (@) the deflection at point B,

nien S S R s N o
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PROBLEM 9.164 9,164 For the beam and loading shown, determine the deflection at point 4.

SOLUTION

Express Joading in terms of singuﬁam'-l-y

'Fuhc.‘*' |'ov15..

we 3x - 2w (x5
dV -, . AW o .
= -w s -2-,_-—x 2w, {x=-Fy

V== Bats 2wln-g) + G

[x=0, Vo]
O+O+Cl= O C\-_-,O
v 2w, t
M = "QL-‘E_!“‘XS-P w, (x - 2-57 + C,
[x=0, M= o]
o.} O +C£.=O Cg:.o
2
EI- it = M"_ “3"’%2)(3-&- W°<x—-i—>
ET S - -k Wt gwde-£Y 4 g
[X:‘L,EI%:O} —-%EWQLG)-I-ELWQ(%\&.‘.C& = O Cszz':“'wo'-s
wh
ELy = -5 25"+ gwels=-3) + Cox + Cy
[>('=L) E.T:{’Oj -—Z!(SWQL" + T‘iwo(-’;)‘ +51qW°L3-L +c* = O
Cq"-% WOL.‘

A+ Poih+ A) ¥ = O
ELy, = O+ O+ 0+ Cy = - 2L w, LY

%o W
oz wlt!
Yr T T%e EI -

—1 L1 L




PROBLEM 9.165

9.165 For the beam and loading shown, determine (@) the reaction at C, (§) the
deflection at point B. Use E=29 x 10° psi.

SOLUTION
T E = 29x10° psi = 29x10° ksi
I = 30 in*

= (29x10%)B10Y= 2.39210° kip.int
= 62430 kip. Bt*

an}.ca[} incleteruinate beam . Remave
SUPPOH' a:f‘ C awnd +rea+ R. as redundant.

W12 X 40

DV‘aw ':" a?m.jrq.v« Lj ‘oar'}'s.

For the uniFormld. vaw:‘mq Doas

k= LXKl L2 s /e

My = - ka = -4 307 = % kip T+

- (2R - BBEe

Avs 4(-E)(E) = - o
Pﬂacc reference +anjev\f at A. 6,,:0
Jn = O

Ya + GpL ¢ bem = O 4 o] A(F-12) + Az(ii-—’"s'ii)]

576 R _

1996 .8

= TEL. EL = O Re = 3.4667 kips § —a
A, = .L(IQR‘:.)(g) - 43R

ExX
- % (ﬂf-—\(zi) le K

\( tsm= Ay (%-8)0 A(J‘ g+ A(Sﬂ

2 B gl . _ 133.42
S ET ET

- 13292 . _ 3 0asxt6”

= 0.0%72 in. | g

/
L_QL__IIIL_JE[JEZUI:JE:

— 3 O

—
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9.166 For the loading shown, knowing that beams AC and BD have the same flexural

PROBLEM 9.166 tigidity, determine the reaction at B.

50 b/in.

SOLUTION

Considevy the two beams shown below,

oy W Let R, be the
';‘1 v | can"‘ac/'i' %N_e Le‘]’wge.n
”/'A | beams AC and BCD.
7
e o —
Re
S S
e— L —
Apppjinﬁ Ca,sas_ | aud 2 & Appe,vwl-'x D b cantifever beam AC
. R wa'
e 3ET SEI

Appfjim‘ Case 4 oF Appeadix D fo sfmpiz\f suPpo»'}eJ beawn BLCTD.

- - R
Je © 43 ET
Eqda‘\‘iv\'] wpressfov\s for Ye

R.a’ wat __ pg?
2ET vEL Y2 X
(ca®+ L* )R = Lwa

R. = & wa.

e =

16 + L*/a®

Da..“a_: w = ‘50 .!L/;n) o * 25 |~n‘) L= 20420 = 40 /n.

2 - (6)(s2)(25)
¢ 16 +(90/25)%

378.21 b

Usinﬁ beam BCD as a Free l:wala

DM, =0 ~ReL+ R E=o0 Re 3R> 18¢.6 /b1 =




PROBLEM 9.167

T

i
P b—O_IBO ‘

9.167 Beam DE rests on the cantilever beam AC as shown. Knowing that a square rod
of side 10 mm is used for each beam, determine the deflection at end C if the 25-N'm
couple is applied (@) to end E of beam DE, () to end C of beam AC. Use E = 200 GPa.

SOLUTION

E = 200xi0" Pa

T = $0o)(1o) = 833.33 wim'= 833.33 =107 "m
ET = 166.667 N-m"

) (Q.) Cauppe afp,pc.?fl 'l('o Leaw\ DE
AS N+ Free boe‘j DE DZM=0

F 180 P=25-0 P 138.889N
138.887N (33,884 N For beam ABC. dwaw the &L diagraw by pacts,
% - ('3’?‘-’2?2‘)_("’-"-) - joox0"" W

M

/A
7

A= k(ooxtc*)(0.12) = Gxlo™®
A= %(-250=16%) (0.3 = 3.5 x107*
XA = O GA =

Pﬁ;\,ce N‘F‘erence +anjev\+ a.+ A

Ye© Ya# Loy + Lesa
= 0+0 + A(0.180+0.080) + A, (0.200)

T ~5.99%10%m 599 mm b -

cl
I) ) Couple A d +o beaws AC
o 25Hm ple applic

Draw z-%” otn‘&.jram

/E'I T

MM 25 - -3 -1
ET ~ Tec.667 15010~ ™
~15o%i0”" Ag = (- IS’OI[O‘S)(OEO) z -4 xt07?

Ye = tcm = A;(O-'f) z 8. 75 x 10"}
= .75 vam b ——

9
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9.168 For the beam and loading shown, determine the value of P for which the

PROBLEM 9.168 deflection is zero at end A of the beam. Use E =29 x 10° psi.

8 kips

P SOLUTION

I Sj"""‘e;}r{; beaw aund ‘Poa.aifnﬂ. eﬁ = O
bt . \ soxias Ploce referevce +¢mge~\1‘ atl C.
25ft 3.75ft 375ft 254t Dra ?" J‘@jpa Ly oa +S
w I 1 wA o B
w i K- H?
M/EL M, JET Assome ET P H‘
A N\ M, = B)(2.75)= IS kip- Tt
TN | My= - (P)(28) = - 26P KipPt
A EE=TE
S 4 Mz /ET _ _ 28.138
As \A'L Al - _I'Q‘(—EL%)(3.7S§ - —E_—i—u—
s P -.433728 P
A, - -EE—I- (3.15) - “"‘E:_L
b= HCEEE)@s) - - EEE
Ar\&/ﬂ Ya = Y Tare
-l Yo = Yo+ tex

Yr- Yo G Gie - Lave = @
A, (2.5+2.8) + A (254 1.875) + A, (%-25)

- A (2.5) - A, (1.875) = 0
A(2s) + A (2.8)+ A(1exT) = ©
70.3125 _ 234375, P _ 5228333 P _
ET ET : ET
'P = 2.5 ku'P.S el




9,169 For the beam and loading shown, determine the deflection (a) at peint D, (b) at

PROBLEM 9.169 :
point E.
SOLUTION
Dvraw Lev\olu‘nﬁ moment and -EM'f a!l‘a.rara.w\s
- LynfeN - L*
A\ - %(Z?&)(E) N iLG fg}'
LN/ L .
A (EE) - R
M - PL N L >
- T= Ass 3G NE) - T'é%‘
Place veference ‘i‘o.naew‘f at A
Tem = A (FL+4-3L)0 A,_(%)-* A, (—%-%3
M/ET .22, LB PO s
= 3215:*3651*&5:‘%%
L
7 :// Lo = A (3-3)
[ : . 3
N//4///; .o P2
&8 N 324 T
(A. \A‘L \AS i L L
teon= A (3 5+8)+ AR5
_ L pt, LB . 1 BC
g ET le8 EX T~ 3N gT
() Deflection ot D
- Pt PL}
Yo = tom - B len = mier ~3 i Er
3
- -ZEL - _ o074 EE’J-;- —

(o) Deflection «F E

- Xt = Lot e
Ye = Lem = Cem v ET

2l g
_ ia pL> _ 7
FTEL 0.0198% £F —

——
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PROBLEM 9.170 9,170 For the beam and loading shown, determine the magnitude and location of the
largest downward deflection.

SOLUTION

Praw Lena\una moment and M- J\asmms
HEE) - &5
Ao (EENE) - wEE
£L A - (EIE) = KR
Place reference Yangent at A

b = AL 40 A AG D
M/ET L ——I-ELE{..LEE‘ +._.Pl3 PLS

A _%‘, 34 ET ' 3¢ EI @i ET 8: ET
Gz-é‘x . /// Shope at A
//////% o, - - La . _sBL
| | | h C 8 ET
(A, ‘A, VA

Depﬂevl‘fom S ham) mom u.f Pof'\"' K.

Be= 6+ Bun= Ou+A+As = ©
'Lu)l

assu:«-‘nj tht Poiﬂ‘f K fies betueen Dand E.

__5_1'1_, EL‘: LPLy -
ZiEr T XEL T €E ©
b= (8 -)L= %KL
Ry -.L:.,.u (-L-t-l gL
= 0.837L -=-
A, = JL Pl
%~ 34 EL

| g 42
tusm = A.(é'%"u)"’ Ay (%)= 14345% 3*\%1—5—-'? 39%1-5%7_
Mo muna Aeldecfron

X iy PPz P 328 BLD
\ tm. - -',_"(' ta/,q © ayqee: ET s¢ 8! ET ™ 34992 ET R
= - 01020'15 "EE-_%-' e

]




9.171 For the beam and loading shown, determine (@) the value of a for which the slope
PROBLEM 9.171 at end 4 is zero, () the corresponding deflection at point C.
M,
. SOLUTION
et b= L-a

Ppa.r.e v*rpcre«u\ce_ +a,,maew\‘* dv" A

M/EL Ye = ja"‘LeA"‘tm =0 +0+ Lau=0
L F . - LMot
=2 - R EIL
* 3 B A= 4 Mbyp - 3 M b
7 Mo 2" A TTL 2 EIL
- Moo
AT EL Zow s A (2+5)+ A (D)
k-3
Mo M B'b Ly Mb
= "ZL ELL Ji EXL % ETL ©
et v=T
p®>+ 30 -2+ o0
Solving for 02 U= 0.73208
2. E?'i = D.13208
a = 0.78208§ (L-a)
. _ O.,7%05% - .42265 L i
& = 0% L 0. 422
4
t M,o” _ ML
A' =% L - 0. 0893/¢6 Fr
- Nﬂ - -—-—— 4
tew = A ($a) = -0.01s8 ————El_ = 0.01258 £X Ty
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PROBLEM 9.172

20 kN

Z0

(WN-m)

A,
%N

fec

- 50 ke

W130 ® 23.8

9.172 A hydraulic jack may be used to raise point B of the cantilever beam 4BC.
Knowing that afier the 20-kN load is applied, point C is to have the same elevation as
point 4, determine (a) how much B should be raised, (b) the reaction at B after point B
has been raised and the 20-kN load has been applied. Use E = 200 GPa.

X

SOLUTION

I, = 8.80 (0 mm
= 8.80%0"¢ m”

For W {30 x 23. 8

E = 200107 Pa.
EL=(200 x10*)(8.80 %16 )= 1760 xIO° Nem®
= 1760 kN-w"
Let Ka be the Jack Force in kN.

A = 2 (3RYLEY 1.62 Ra  kN-wm®
A= 4(-e0)(3) = - 90 I
EIt,, = (.2+L2)A, +(§-3) A,
. Y
= 3838 Rg - 180 = O KN-wm
- _I8o .
Re = 3525 = 46.29C k¥
A, = 78 KNem"™
Ay= £(-603(18) = -54 kN-w®

Ay = (24 )(1.8): ~21.6 kW -w"
EItG',A = '.2 A, 4 I.Z A3 + O.‘ A‘
= 12.24 kW -
_ EItem _ 12224 - ¥
@ Yoz Lem - EX i 760 ©.ASxio wm
= 6.95 wmw b
by R = Hc.32 kv -




PROBLEM 9.C1

AT

. THFE CoNSTANTS OF

¥=O) ?:

9.C1 Several concentrated loads can be applied to the cantilever beam
AB. Write a computer program to calculate the slope and deflection of beam
AB from x = 010 x = L, using given increments Ax. Apply this program with
increments Ax = 50 mm to the beam and loading of Probs. 9.79 and 9.80.

SOLUTION

FOR EACH LOAD, ENTER
Po ) <

COMPUTE REACTION AT A

FOR { =1 TO NUMBER LQADS
Ra = Rp+ P;

COMPUTE SLOPE AND DEFLECLTION
USE METHOD OF IHTEARATICE
STARTING WITH %x=0 AND UPDATIN G
THROUGH INCREMENTS, SUPCRPOSE:
(1YDUE TOQ REACTION AT A:
G = (1/ET){ Rax/2.0 + Myx]
y - (1/ E1)(Rpx*/6.0 + RYAEY
(2) DUE TO EACH LOAD WITH (g < %«
@ ==(VEY) (P/2.0) (x- ;)
4 (/BT [P/ 6.0) (x—¢;

INTEGRATION EQVAL ZERQ

CONTINUED




PROBLEM 9.C1 CONTINUED

PROGRAM OQUTPUT

Problem 9.79% and 9.80

At A:

X

L e e
-
w

Force = 6.0 kN

Slope
radians

.000000
-.000578
-.001126
~-.001645
-.002134
-.002594
-.003024
-.003424
-.003794
-.004135
-.004447
~-.004728
-.004980
-.005203
-.005395
~-.005558
-.005699
-.005825
-.005936
-.006033
-.006114
-.006181
-.006233
-.006270
-.0086292
-.006299

Couple = -6.0 kN'm

Deflection
m

-000000
-.000015
-.000057
-.000127
-.000221
-.000340
~.000480
-.000642
-.000822
-.001021
-.001235
~-.001465
-.001708
-.001962
-.002227
-.002501
~.002783
-.003071
-.003365
-.003664
-.003968
-.004275
-.004586
-.004898
-.005213
~.005527




PROBLEM 9.C2

9.C2 The 22-ft beam AB consists of a W21 X 62 rolled-steel shape and
supports a 3.5 kips/ft distributed load as shown. Write a computer program and
use it to caleulate for values of a from O to 22 ft, using 1-ft increments, (a) the -
slope and deflection at D, (b) the location and magnitude of the maximum de-
flection. Use E = 29 X 10° psi.

SOLUTION

ENTER LOAD w, LENGTH L, o
COMPUTE REACTION AT A

Ry = w (L-a)/(2.0L)
w COMPUTE SLOPE AND DEFLECTION AT D
A §T T USING SINGULARITY FUNCTIONS
E— C = -2 (ioa)'- L B

24L
=(1/E1) (Ry07z.0 + C,)

2 < (\/EL) (R, /6.0 + Ca)
EIJ_)LE, RAX-——(X o\\q L4 / A

d
51% = ?'_ R,lx ——<x-c\> e
Ely = Rn -;—4<X"‘l> 16 v &
FRoMm BOUNDARY CONDITIOMNS:
Cz:o w 4 | z
¢ =g (LY - g Rl
COMPUTE LOCATION AND MAGNITURE GF
MAXIMUM DEFLECTION
MAXIMUM 3,;\1' 8=0: . ASSUME Y < A: z
0= Ra*"= & (mv'x, Wopa = (~2:0.C/B,Y?
IF Apmay & & TF Fpay < &, THEN
4 Ry ¥*+¢ =0 A ox = (VF—I)(— RA mow T €1 Fomo |
Ynas = *zgcn TFE %, 7 0. THEN
A BEGIN WI'TH * o= O

3

o= (/E1) (= Rp¥ -5 (¥ ¥-aY +C,)
TNCREASE »* BY SMALL AMOUMT
UNTIL B I3 APPROXIMATELY O

[?(Imax = (\/EX) (‘éf Rh)t?r ?‘f_‘;(x- a)++ C,)z)

| 3
grnax = e 'Rpﬂ"mx t C| Kmax

CONTINUED




PFoGRAM OUTPUT

—

1 {1

(.1

—/ 1 .1
@

(1

L

N R

S

I g

L.

PROBLEM 9.C2 CONTINUED

a
ft

0.
1.
2,
3.
4.
5.
6.
7.
8.
9.
10.
11.
1z2.
13.
14.
15.
16.
17.
18.
12,
20.
21.
22,

theta D

r

I

adians

.00580
.00569
. 00539
.00494
.00439
.00378
.00314
.00250
.00188
.00131
.00080
.00036
.00001
.00025
.00043
.00052
. 00054
.00049
.00039
.00027
.00014
.00004
.00000

1

I

yD
in.

.0000Q0
.068758
.133047
-189440
.235551
.269927
.291944
.3018695
.299889
.287738
.266855
.239145
.206699
.171684
.136240
.102374
.071846
.046069
.026001
.012036
.003896
.000530
.000000

Xm
ft

11.000
11.008
11.030
11.068
11.121
11.189
11.272
11.370
11.481
11.606
11.742
11.885
12.028
12.15%
12.275
12.376
12.463
12.537
12.596
12.643
12.675
12.695
12.7902

3

ym
in,

.478290
.475922
.468860
.457231
.441245
.421192
.397443
.370441
.340699

-.3087985
-.275364
-.241090
-.206700
-.172954
-.140603
~-.110339
-.082792
~.058515
-.037987
-.021604
-.009677
-.002431

.000000




PROBLEM 9.C3

aloy
e
2l

>

TT’

R
J

AT x=0,4=7,

. THE CoNSTANTS oF

INTEGRATION ARE
ZFRO

9.C3 The cantilever beam AB carries the distributed loads shown, Write
a computer program 1o calculate the slope and deflection of beam AR from
x =0 to x = L using given increments Ax. Apply this program with incre-
ments Ax = 100 mm, assuming that L = 24 m, w = 36 kN/m, and (a)
a=06m,(Mra=12m,(c)a=18m. Use E =200 GPa.

SOLUTION
ENTER w,ayL
COMPUTE REACTION AT A

RA-: WL - 20w o

Ll bwe
MR'ZWL 2

z

COMP UTE SLOPE  AND DEFLECTIQN
UsE EQUATION <¢F FELASTiC CURVE

STARTING WITH =0 ANB UPDATINSG THROUGH

INCREMENTS | SUPERPOSE!

(1) DUE TO REACTIONS AT A
6=61/EI)(*2'- Rax®+ Max]

g =(/€3) (%, Ry + 4 My )

(2) DUE TQ LGAD W
g=—(/ET) (F w ¥*)
g=- /€0 (55 )
(3YDUE TO LOAD 2w
IF x4 o
&=(/ET) (5 wx?)
L},:(I/EE)(T'; o x*)
IF % > &
8= (\/E\;\(—,'; w ¥’ -—% w (2-03%)

Y = (I E0)(5 w ¥t - f—: w (%-0)")

CONTINUED
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PROBLEM 9.C3 CONTINVED

PROGRAM QUTPUT

Problem 9.C3 (a) a = 0.6 m
At A: Force = 43.2 kN Couple = -90.7 kN'm
X slope deflection
m radians m
.00 . 000000 .000000
.10 -.000905 -.000046
.20 -.001762 -.000179
.30 -.002567 -.00039%6
.40 -.003318 -.000691
.50 -.004009 -.001058
.60 -.004638 -.001491
.70 -.005202 -.001983
.80 ~.005703 ~.002529
.90 -.006145 -.003122
1.00 -.006533 ~,.00375%6
1.10 -.006868 ~-.004427
1.20 -.007156 -.005128
1.30 -.007399 ~.005856
1.40 -.007602 -.006607
1.50 -.007769 -.007376
1.60 -.007902 -.008160
1.70 -.008006 -.008955
1.80 -.008083 -.009760
1.%0 -.008139 -.010571
2.00 -.008177 -.011387
2.10 -.008199 -.012206
2.20 ~.008211 =.013027
2.30 -.008215 -.013848
2.40 -.00821e ~-.014669
Problem 9.C3 (b) a = 1.2 m

At A: Force

X
m

.00
.10
20
.30
.40
.50
.60
.70
.80
. 90
1.00
1.10
1.20
1.30
1.40
1.50
1.60Q
1.70
1.80
1.90
2.00
2.10
2.20
2.30
2.40

= 0.0 kN Couple = -51.8 kN-m

slope
radians

. 000000
-.00052¢9
-.001055
-.001574
-.002081
~.002574
~.003048
-.003500
-.00392¢6
-.004323.
~.004687
-.005014
-.005301
-.005544
~-.005747
-.005913
-.006047
-.006150
-.006228
-.006284
-.006321
-.006344
-.006356
-.006360
-.006361

deflection
m

. 000000
-.000026
-.000106
-.000237
-.000420
-.000653
-.000934
.001262
.001633
.002046
.002497
.002982
.003498
.004041
.004606
.005189
.005787
.006398
.007017
.007642
.008273
. 008906
.009541
.010177
.010813

CONTINUED




PROBLEM 9.C3 PROGRAM OUTPUTS CONTINUED

Problem 9.C3 {¢} a = 1.8 m
At A: Force = =-43.2 kN Couple = 13.0 kN-m
X slope deflection
m radians m
.00 .000000 .000000
.10 .000111 . 0000086
.20 .000182 .000021
.30 .000215 .000041
.40 .000216 .000063
.50 .000187 . 000083
.60 .000133 .000099
.70 . 000056 .000109
.80 -.000039 .000110
.90 -.000149 .000101
1.00 -.000270 .000080
1.10 -.000398 .000046
1.20 -.000530 .000000
1.30 ~.000662 -.000060
1.40 -.000790 -.000132
1.50 -.0009%11 -.000217
1.60 -.0019021 -.000314
1.70 -.00111¢6 -.000421
1.80 -.001193 -.000537
1.90 -.001248 -.000659
2.00 ~.001286 -.0007886
2.10 ~.001309% -.000916
2.20 -.001320 -.001047
2.30 -.001325 -.001179
2.40 -.001325% -.001312

]
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PROBLEM 9.C4 9.C4 The simply supported beam AB is of constant flexural rigidity EI

and carries several concentrated loads as shown. Using the Method of Integra-
y tion, write a computer program to calculate the slope and deflection at points
along the beam from x = 0 to x = L using given increments Ax. Apply this
\ program to the beam and loading of (a) Prob. 9.14 with Ax = 0.25 m, (b) Prob.

9.15 with Ax = 0.05 m, (¢) Prob. 9.132 with Ax = 0.25m.

SOLUTION
Fok EACH LOAD, ENTER Py a
COMPUTE REACTION AT A
FOR (=] TO NUMBER LOADs:
MA - ]V]A + P(‘ G

LoAn = LOAD + Py
THEN:

Rg= Ma/L
Ry = LOAD — Ry

For LOAD P

"
A _ COMPUTE SLOPE AND DEFLECTION
R, t— a. STARTING WITH % = O AND UPPATING
A t THROUGH [NLREMENTS, SUPER PosE :
-7 (1) DUE TaQ REACTION AT A
FOR % <0y o= (1/61) (3 Rpx*)
?
EI%%: R, =(VETY (- Rp¥?)

(2) DUE TO LOA DS — CONSTAMT PART
AN CONST, -_—-—R L?
Ely-~ #R ¥ +C X +Ce FOR | To NUMBER LoADS
(ONST = (L a; )3+Cous‘r-,_
THEN | TOTAL COMTR\BUT \ON FOR CobNSTANT
ET 4__% Ry - P lx-ag)
CovsT = (METY CONST  + CoNsT,, )
ET Jj,% 1R, *-*P (¥-0)" (3) DVE TO LOADS — REF BAING PRET
ETy = 7 Ry ¥ - 7 (o)’ 0= (Ver) (7 fyx7)
= L - Liy-a
$TeE T 4= (VED) (4 Ry ¥P)
IF X =4,
=(\/Er)(zi_a Ry =5 Fi(x- a;)")

FOR x = 4

+C3Y‘+C+

FROM BOUNDARY CONDITIONS

C,=C4=0 y: (VBN Ra¥ - o Rx-ay? )
R S N
NoTE: R, FOR LOAD B
CONTINUED




PROBLEM 9.C4 CONTINUED

PROGRAM

QUT PUT

Problem 9.14

X
m

.000
.250
.500
.750
1.000
1.250
1.500
1.750
2.000
2.250
2.500
2.750
3.000

theta
rad*10**3

-6.058
-5.831
-5.150
-4.014
~-2.423
-.71¢9
.757
2.007
3.029
3.824
4.392
4,733
4,847

Problem 9.132

X
m

.000

.250

.500

.750
1.000
1.250
1.500
1.750
2.000
2.250
2.500
2.750
3.000
3.250
3.500
3.750
4.000
4.250
4.500
4.750
5.000
5.250
5.500
5.750
6.000

theta
rad*10**3

-8.703
-8.615
-8.351
-7.911
-7.296
-6.505
-5.538
-4,483
-3.428
-2.373
-1.319
-.264
.791
1.802
2.72%
3.560
4.307
4.967
5.538
6.021
6.417
6.725
6.944
7.076
7.120

mm

.000
-1.496
-2.878
-4.033
-4.847
-5.235
-5.225
-4.875
-4,241
-3.37%9
-2.348
-1.202

.000

mm

.000
-2.,168
-4.293
-6.329
-8.234
~-9.962

~11.472
-12.724
-13.713
-14.438
-14.900
-15.098
-15.032
-14.706
-14.138
-13.350
-12.365
-11.204
~9.889
-8.442
-6.886
-5.241
-3.531
-1.776
.000

Problem 9.15

X
m

.000
.050
.100
.150
.200
.250
.300
L350
-400
.450
.500
.550
. 600
.650
100
. 750
.800
.850
. 900
.950
1.000
1.050
1.100
1.150
1.200
1.250
1.300
1.350
1.400
1.450
1.500
1.550
1.600
1.650
1.700
1.750
1.800
1.850
1.900
1.9590
2.000
2.050
2.100
2,150
2,200
2.250
2,300
2.350
2,400
2.450
2.500

theta
rad*x10**3

-2.490
~2.485
-2.471
-2.448
-2.41¢6
-2.375
-2.325
-2.265
-2.197
-2.119%
-2.032
-1.936
~1.831
-1.716
-1.593
-1.460
-1.318
-1.172
-1.025
-.879
-.732
-.586
-.439
-.293
-.146
. 000
.146
.293
.439
.586
132
.879
1.025
1.172
1.318
1.460
1.593
1.716
1.831
1.936
2,032
2.119
2.197
2,265
2.325
2.375
2.4196
2.448
2.471
2.485
2,490

IR |
=l N I S e e e

.000
~-.124
-.248
-.371

[

e L

[ S e e e S

.493
.613
. 730
.B845
L8587
.065
.168
.268
.362
.451
.533
.610
.679
.741
.796
.844
.884
.917
.943
. 961
L8972
.976
,972
.961
. 943
.917
.884
.44
.796
L7741
.679
.610
.533
.451
.362
.268
.168
. 065
. 957
.845
.730
.613
.493
.371
.248
124
.000
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PROBLEM 9.C5

oy,
-
ft—
I
e
-]
-
.

4,)
7ok
ﬂ/"’fﬁ -_1:%8
1 1
RD
O —sl
=
GB = @D
fo 7 Jot (7210

9.C5 The supports of beam AB consist of a fixed support at.end A and
a roller located at point D. Write a computer program to calculate the slope
and deflection at the free end of the beam for values of a from O to L vsing
given increments Aa. Apply this program to calculate the slope and deflection
at point B for each of the following cases:

L Am w E Shape
(@ 12 fi 0.5 ft 1.6 kips/ft 29 x 10° psi W16 X 57
) im 02m 18 kN/m 200 GPa W460 X 113
SOLUTION

BEAM 15 INDETERMINATE
USE APPENDIX D AND SUPERPOSITION

DETERMINE REACTION AT D
DVE TO DISTRIBUTED LOAD

w ¢_4La3+6L%aY)
o
(%ﬂ 24FI(
DUE TO REDUNDANT LOAD:
( _ R
e T F5r

REDUNDP.NT REACTION .

siwee g, 70 :
BEI(

%),

CoMPUTE S5LOPE AND DEELECTION AT B

SUPERPOSE:
DUF TO DISTRIBUTED LOAD:
o = - Wk’
B G Er
__ wtt
?’3"" &FL

pueE TO Rp:
Pa?
B 2EI

2
Pa’ —a) X
3IEr + (L a)zsr

)
"

AL
o
i

CONTINUED




PROBLEM 9.C5 CONTINUED

PROGRAM QUTPUT

Problem 9.C5 (a)
a theta B y at B
ft rad*10+-3 in.
.0 ~3.019 .3260
.5 -2.743 .2869
1.0 -2.483 .2511
1.5 -2.238 .2183
2.0 -2.007 .1885
2.5 -1.790 1614
3.0 -1.586 .1369
3.5 ~-1.395% .1149
4.0 -1.216 .0953
4.5 -1.049 .0778
5.0 -.893 .0624
5.5 -.748 .0490
6.0 -.613 .0374
6.5 -.488 .0274
7.0 ~.373 .0191
7.5 -.266 .0122
8.0 -.168 .0067
8.5 -.077 .0025
8.0 .006 0006
9.5 .082 .0027
10.0 .152 .0037
10.5 .216 .0039
11.0 274 .0033
11.5 .328 .0020
12.0 377 . 00060
Problem 9.C5 (b)
a theta B y at B
m rad*10~-3 mm
.0 -.728 -1.6389
.2 -.624 -1.3324
.4 -.529 -1.0663
.6 -.442 .8374
.8 -.364 .6426
1.0 -.293 .4789
1.2 -,230 .3435
1.4 -.174 .2338
1.6 -.124 1472
1.8 -.079 .0813
2.0 -.040 .0337
2.2 ~.006 .0024
2.4 .023 .0149
2.6 .049 .0198
2.8 .072 .0143

s

[

-1

r

1

—-
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PROBLEM 9.C6

P

_
Ri
ot

e,

L.
L]

Ga L
L[
2 NN
M
N

A .
= P. (L—-G:)
EL

Ral

ET

DETEFRMINE

9.C6 For the beam and loading shown, use the Moment-Area Method 1o
write a computer program to calculate the slope and deflection at points along
the bearn from x = 0 to x = L using given increments Ax. Apply this program
to calculate the slope and deflection at each concentrated load for the beam of
(@) Prob, 9.76 with Ax = 0.5m, (b) Prob. 9.116 with Ax = 3in,, (c) Prob.
9.119 with Ax = 0.5 ft.

SOLUTION

ENTER M, AND Mp
FOR EACH LOAD ENTER P. AND a;
DETERMINE REACTION AT A
DUE TO MOMFENTS AT ENOS:
Rk = = (M- M)/ L
DUE TO LOADS Py
FOR [ TO NUMBER OF LoAbS
Rg = Ry + Froi/L
LOAD = LOAD + P,
(Ry), = LOAD = Rg
RA = (RA); 4 (RA)Z
SLOPE AT A
USE <SEcoNd MOMENT-AREA THEOREM

-
( -
-

TO GET TAMNGEMTIAL DEVIATION AT B
PUE TO Mh:
- 2.0 €T
tyn = Ma L/ (20 ET)

PDUE TO RA:
3
= L 6.0 FT
DUE TO LOADS Pj:

FOR { = ) TO NUMBER OF ([OADS
- 3 I
fgp = = P (L-0)Y/(6.0ET)
6y = —twn /L

DETERMINE SLOPE AND DEFLECTIONS

FOR ¥ =Q To L SUPBRPOSE:
pue TO M Aun R

9, = 04 +(MAK + Raks/20) ET
CONTINUED




PROBLEM 9.C6 CONTINUED

PROGRAM OQUTPUT

Problem 9.76

X theta
m rad*1000
.000 -.600962
.500 -1.602564
1.000 ~-2.043269
1.500 -1.923077
2.000 ~1.,241987
2.500 .000000
3.000 1.241987
3.500 1.923077
4.000 2.043269
4.500 1.602564
5.000 .600962

Problem 9.116

X theta
ft rad*1000
.000 -$.937931
.250 -8.813793
.500 -8.441380
. 750 ~-7.820690
1.000 -6.951724
1.250 -5.834483
1.500 -4.468966
1.750 -2,979310
2.000 -1.489655
2.250 .000000
2.500 1.489655
2.750 2.979310
3.000 4.468966
3.250 5.834483
3.500 6.951724
3.750 7.820690
4.000 8.441380
4.250 8.813793
4,500 8.937931

DUE TO LOADS P

DO FOR ALL 1.0ADS WITH & £X
2 .
6, = P (x-a;) /(20 ED)

A 0;)/ (6-0 ET)

Problem 9.119

y at x X theta y at x
mm ft rad*1000 in.
.000000 .000 -2.118621 .000000
.574252 .500 ~-2.222069 .013051
1.509081 1.000 -2.267586 .026549
2.524039 1.500 -2.255172 .040146
3.338675 2.000 -2.184828 .053495
3.672543 2.500 ~-2.056552 .066248
3.338676 3.000 -1.870345 .078058
2.524039 3.500 -1.626207 .08B577
1.509082 4.000 -1.324138 .097457
.574253 4.500 -.993103 .104408
.000000 5.000 -.662069 .109374
5.500 -.331034 .112353
6.000 .000000 .113346
6.500 .331034 .112353
7.000 .662069 .109374
7.500 .993103 .104408
8.000 1.324138 .097457
y at x 8.500 ° 1.626207 .088577
in. 9,000 1.870345 .078058
9.500 2.056552 .066248
.000000 10.000 2.184828 .053495
.026690 10.500 2.255172 .040146
.052634 11.000 2.267586 .026549
.077090 11.500 2.222069 .013051
.099310 12.000 2.118621 .000000
.118552
.134069
.145241
.151945
.154179
.151945
.145241
.134069
.118552
.099310
.077090
.052634
.026690
.000000

[‘ 7 [ — -
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PROBLEM 9.C7

9.C7 Two 52-kN loads are maintained 2.5 m apart as they are moved
slowly across beam AB. Write a computer program to calculate the deflection
at the midpoint C of the beam for values of x from 0 to 9 m, using 0.5-m in-
crements. Use E = 200 GPa.

1

W460 X 113

SOLUTION

ENTER LOAD P, BEAM LENGTH L AND SPACE
BETWEEN LOADS D

IWILL  SOLVE WITH MOMENT~AREA METHQOD
Ar l c f‘z DETERMINE DEFLECTION AT <
FOR % = O TO L
o X R
Rﬂ% ™ ‘!" IE O<¥ <D
= L = HAVE ONE LOAD TO LEFT OF C
JZ% Rg = Pv/L B
— Ty - *_Px?)/(6.0FL
Eare l>1_}?fc/’8/ Tt =(Ry L’ - Px )/ (6 )

tes = Rg L%/(48.0B1)

= A -

IF D<¥ = Lf2
HAVE TWa LOADS TO LEFT OF C
Ry = Pr/L + P(%-D)/L

s =(Ral?® = PX* = P(x-0))/l6.0E1)

! -
yc =7 {NB {‘-IB
P 1” 1 /2 < X & (L/2+D)
A _ y < B HAVE ONE LoAb TO LEFT OF C AND ONE
R 1’31_{’4 ]RB 7O RIGHT OF C OR AT C

CONTINUED




PROBLEM 9.C7 CONTINUED

A Clp 1[)8
l&—')( D - \
Rt ¥ R

Rg = Px/L + P(x-D)/L

*Als (RgL® - P’ P('X—D]a)/(é.o EI)

5 = (Ral 1%/ 480 -P(y—_-)/é,o/EI

|
e = 2 tarp ~ tess

g (L/z+D)<¥<lL
HAVE BOTH LOADS T0 RIGHT OF <&

- Py/L+ P(x-D)/L
, = (RyL’=Pri-P(x=) )/ (6-0E1)
%(/5 = (R, LY48.0 - P(x- & L ¥/6.
-PM'D—-EH}/G'“)/EL

|
?c -2 JCA/B '{C/B

PROGRAM QUTPUT

X RB ThetaB YC
m kN rad ram
.0 .000 .Q0000 .00000
.5 2.889 .00315 1.17881
1.0 5.778 .00624 2.32839
1.5 g8.667 .00921 3.41951
2.0 11.556 .01200 4.,42296
2.5 14.444 .01456 5.309%0
3.0 20.222 .01998 7.22872
3.5 26.000 .02499 8.94335
4.0 31.778 .02947 10.39493
4.5 37.556 .03331 11.52503
5.0 43,333 .03639 12.28492
5.5 49,111 .03859 12.66487
6.0 54.889 .03980 12.66487
6.5 60,667 .03989 12.28492
7.0 66.444 .03876 11.5%2503
7.5 72.222 .03629 10.39493
g.0 78.000 .03235 8.94335
8.5 83.778 .02684 7.22872
9.0

89.556 .01963 5.30950

]
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M

01 b

= 9% .
0y 4 = 3520

S THE COomMSTANTS OF
INTEGRATION ARE #ERO

AT v =

!

9.C8 A uniformly distributed load w and several concentrated loads P,
may be applied to the cantilever beam AB. Write a computer program to de-

termine the reaction at the roller support and apply this program to the beam
and loading of (a) Prob. 9.57a, (b) Prob. 9.58a.

SOLUTION

THE BEAM 1S

USE EQUATION GF ELASTIC (CURVE

ENTER w AND FOR EACH LOAD P, AMND ¢,

COMPUTE DISPLACEMENT AT
REACTION AT Az

INDETERMINATE

B DUE Fo LuALS

DUEF TO wr
R, = “:N\ )
My==5wa

For (= [ TO NUMBER LOADS P;
R, = Ra- P

Ma= Ma = Po¢;

FOR DISPLACEMEMNT AT 3, SVPER POSE :
PUE TO RFEACTION AT A

ET 45 :Z’ Ran.;-—Z{ MALZ
DUR TO DISTRIBYTED

ET y,ﬁ -_-qu‘ (—wL‘-r‘ W“'_"‘0~ﬁ-)

1opd <

DUVE TO P;
FoR ( =

Lo i-¢)
Brye t g
COMPUTE  DISPLACRMENT AT B DUE TO UMIT K

] To NUMBER LoAbS

i 3

(J! . EI(‘?’E')UNH -3 ;
Lo . I‘ COMPUTE REACTICN AT B

ET %:—-X + L reom FI J,Bf‘RBEI (?BJUNP‘T =0

| 2
EIE‘.% = -5 %X +L'¥4Cr -
4 ;Z 3 1 gt / Rg= %B/(gﬁ)um
Er‘j = - X +~2_—L¥+C:¥’f 2

BOUNDARY CONDITIONS GIVE (= (=0

CONTINUED




PROBLEM 9.C8 CONTINUED

PROGRAM  QUTRUT

Problem 9.57 (a)
Reaction at Roller Support
Problem 9.58 (a)

Reaction at Roller Support

47.2500 kN

11.5356 kN






