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Log-linearization

Proposition 1 (Taylor expansion) A function f (x) continuously differentiable can
be approximated around x = xq as

Of (xo)
ox
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Proof. See any math book. =

e A variable X; can be written as

X
Xt = Xpexp [ln (f;)]

e Lets define 7y = In % (log-deviation of X with respect to X)), where Ty =0

e We can write variable X} as
Xt = Xpexp (7t)

e A first order Taylor expansion of Xy around X is obtained as follows,
Xy = Xpexp (zt) = Xo (1 +74)

when 7y is small
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e Consider now the following polynomial:
F(Xy) = Y; = (a+ X))
e This polynomial may be written as
Yi = (a+ bX§ exp (cay))

where X is a particular value for variable X¢. Taking a first order Taylor expansion to
both sides of the polynomial we obtain

Yo (1+7) = f(Xo) + f'(Xo) (Xt — Xo)

~ (a+bX5% + d(a+ x4 <cbxg—1) (X; — Xp)
bXE
a+bX¢

~ (a+ ng)d <1 + dc

e However, we know that Yy = (a + bXOC)d. Therefore we can simplify the previous
expression to obtain:
bX§ .
Tt
a+bX§

yr = dc
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Example 2 (Budget constraint) Consider the budget constraint of a household
By

L+ 9

The budget constraint may be written as

i —’iOio) (1 +gt) (1 —/z'\t) ~ By (1 +/b\t_1) +Yo(I+u) —Co(1+ct)

= Bi_1+Y —Cy

By By -~ By ~ By ~~
— 1 —by —1t — —byiy =
L+ 1419 1 412 1+ 12

By + Bybi—1 + Yy + YoGi — Cp — Coéy

We know that in steady-state 1_%0 — By —Yy+ Cy=0. Assuming that gﬁt ~ 0 we

have that: . ‘
(L+i9) Yo (1+1p)Co
t — t

By "’ By
Remark 3 Usually, vartables and equations are approximated around their steady-

state values. Thus, in the example By would correspond to the steady-state level of
By.

b = (1+740) by + iz +
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Remark 4 Typically is assumed that the product Ty could be meglected as it is of
second order

141,

Remark 5 For the case of the interest rate, variable /z'\t s defined as: In T

Remark 6 For the case of the inflation rate, variable 7y is defined as: In (—Piéﬁ;l)
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Example 7 (Euler equation) The log-linearization of the Fuler relies on some par-

ticular assumptions. Consider the first order condition for consumption

Ct+1)1 Py .
ety LA
6<(% fﬁ4< 2

B —1

This condition may be written as

|1
BE exp llnCt—lnCtHJrln( aakl )] =1
14749

Assume that In (1_1:7;21) and In Cyi1 are jointly normally distributed.

Remark 8 If x is normally distributed then E |exp(x)] = exp(E [x] + Var(x)/2)

Example 9 Take logs in the previous expression and rewrite it as

L
1 = 1nﬁ+ln{Etexp [lnC’t—lnCt+1+ln< Rkl )]}
14749

Vi
= 1nﬁ+ln{exp [EtlnCt—EtlnCtHJrEtln( ikl )

L+
1 L+
—Var |1 —InC
3 CLT(D(1+7TH1) ) Hl)]}

(1)

(2)
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Lets define up11 = %Va’r (ln (1};:;) — In Ct_|_1).

The linear expression for the Fuler equation is given by,

AN

P =— (it — Eﬁtﬂ) + EiCpi1 — upt1

where ¢; = In %, 1+ = In 111?, 71 = In 7= The term uzyq is usually neglected as

it 1s of second order.
Other way to obtain this approxrimation is:

~1
. C P, :
L= 5|5 (%) AL i)
= BE; [exp(ct — Ct+1>1+7zr?) exp(iy — 7rt+1)}
1 ) AN AN /-\ AN
= p (Jfr%) Ly [GXP(Ct —Ct41 T 7Tt+1)}
= By |exp(ct — Gy + 0t — ﬂﬂ)]

By |1 +7¢ —Cpyp +ig — ﬂﬂ}

Q
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Example 10 (NKPC) The problem of a firm is to maximize profits

- Pi(z) = MCyy4(2)

max 03] iEt {/\ -
P(2) — < ) t,t+1 Pt+z'

Yt+z‘(z)}

—€
subject to Yi(z) = (Eéz)) Ct where MCt (z) are nominal marginal cost for firm z.

The optimal resetting price is
e 2im0(08) Et {At,t—H’M CiriPlip }
_ : C,..
SRR D () o! {At,t—i—ipta_i P:}

where subscript z was dropped due to the symmetric adjustment of all firms setting

Ptnew —

(3)

price in t.
Linearizing each component of the expression:

Ptnew ~ P (] 4 ﬁ?ew)
Cri _ 14 As et MClos
At,tﬂ‘M Ct+z‘Pf+Z-P—H_ ~ AMCP1C t,t+/z\ Atﬂ
t+i +(€ = )Pt + Cri

Cray _ ~ N .
Ay t+7;Pt€+Z-—+ff ~ APIC (1 + Aggi + (€ = Db + Ct+z‘)
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Therefore:

©,)
P Z@ﬁ)zEt {At,Hz’PtEH%}

1=0

~ PNew\ pe— 10 (1_i_/\new> E, <Z<ﬁ¢>z

_ 1 D
~ PNew A pe 10 t + B
(1&;5 B¢

and

© @)

€
c—1 Z(¢6) L {At t+zMCt+th+@
1=0

‘ AMCPICOE, (Z(ﬁ@ (

6_
1=0

1
1_6¢—|—Et

€ — 1

AMCP Lo (

(1 + Aggi + (€ = DPri + Gy

Citi }
Py

> (8o (

1=0
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Using the fact that the steady-state inflation rate is zero (P"" = P) and P =
MC(e —1)/e, we can obtain:

e = 1—@3§3¢ﬁ1%{M0H&
0

= (1 —9¢08) <mCt +Dt) + OBEDIY

where mcy = ]\/4615 — pt s the log deviation of real marginal cost with respect to its
steady state value.
The aggregate price level is:

1
1

P=[(1= @) By + o (Py) |
Log-linearizing this e:vpressian of the price level we get:
= (1= ¢) Py + ébr—1
Combining with the previous expression we get
pt—Dpt—1 = (1 =) P + (¢ — 1) pr—1
= (1-¢)(1—¢B) (mey +pr) + (1 — @) 9BEDLT + (¢ — 1) P
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Now, we can expressed expected optimal price as Etﬁ?ﬁ" = ﬁEﬂrtH + pr. Then,

T = (1 —=¢) (1 = ¢B8) (mcy + i) + ¢BE w41 + (1 — ¢) 98Dt + (¢ — 1) Pr—1
= (1—¢)(1—¢B8)met+ ¢fEm 1 + (1 — @) my

Finally, we obtain an expression for the NKPC
(1-9¢)(1—¢p)

T = mey + BEmi

¢




