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Over the past decade the study of quantum fields in curved space-time has attracted
considerable attention. With the formulation of the AdS/CFT correspondence the possibility
has emerged that theories such as QCD can be formulated effectively as non-interacting
quantum field theories in curved space-time. With string theory inspired choices of the space-
time metric one has been able to describe non-perturbative phenomena such as confinement
and chiral symmetry breaking with their associated phase transitions and a series of specific
issues has been addressed concerning the spectrum of QCD, the dynamics of Wilson loops
or thermodynamic properties of the quark-gluon plasma such as its viscosity. Our studies



are intended to improve and extend our understanding of the peculiar properties of the
dynamics of quantized fields, in particular of gauge fields, in static space-times.

Studies of quantized gauge fields in curved space-times have been carried out almost
exclusively in the (general) covariant Lorenz gauge. The explicit covariance of the resulting
formulation is achieved at the expense of keeping redundant quantum fields. In static space-
times the existence of a timelike Killing vector singles out the time direction and the Weyl
(temporal) gauge becomes a natural choice for a canonical formulation of gauge theories in
terms of physical degrees of freedom only, e.g. in terms of transverse photons or gluons.
In the first part of this work we will carry out the canonical quantization of gauge fields in
arbitrary static space-times in the Weyl gauge with the Gaufl law acting as a constraint on
the space of physical states. The Gaufl law will be implemented explicitly for the Maxwell
field coupled to external currents and for scalar and spinor QED. An essential element in
this construction is the metric-dependent separation of vector fields into longitudinal and
transverse components with the longitudinal degrees of freedom described by the eigenstates
of the longitudinal conjugate momentum, i.e. of the longitudinal electric field operator. The
coupling of the Maxwell field to external time dependent c-number currents is treated in
detail and the time evolution operator is constructed without invoking perturbation theory.
The coupling to charged scalar and spinor fields is also briefly discussed. First steps in the
quantization of non-Abelian gauge theories will be carried out and the strategy for resolving
the Gaufl law constraint will be indicated for specific space-times.

In the application of the general formalism we will study the dynamics of electromagnetic
fields in Rindler space. Rindler spaces play a special role in the study of quantum fields in
curved space-times. On the one hand, a Rindler space can be viewed as space-time under
the influence of a static, homogeneous gravitational field like the field close to the horizon
of a Schwarzschild black hole. On the other hand, according to the equivalence principle,
a Rindler space can be be interpreted as part of a Minkowski space (Rindler wedge) as
seen by a uniformly accelerated observer. This equivalence offers the unique possibility
to relate explicitly the Heisenberg field operators in Rindler space to those in Minkowski
space and to connect creation and annihilation operators in the two spaces via a Bogoliubov
transformation. In this way the Minkowski-space vacuum is seen to differ from the Rindler-
space vacuum |1, 2, 13] by an acceleration induced thermal radiation of Rindler particles [3]
(Unruh effect).

Besides important conceptional issues concerning e.g. the classical and quantum me-
chanical aspects of the Unruh radiation and its detection, its relation to Hawking radiation,
the Casimir effect in Rindler spaces or the absence of radiation in the frame where a uni-
formly accelerated external charge is at rest (for a discussion of some of the open issues
cf. [4]), investigations have also addressed the phenomenological relevance and experimental
verification of the Unruh effect (for a review cf. |3]). Among various topics we mention the
depolarization of charged particles by acceleration (cf.[d]), the acceleration induced decay
of particles [T, I§] or the description of the thermalization in relativistic heavy ion collisions
in terms of the Unruh effect [9]. Experimental developments in atomic physics and optics
afford new opportunities for experimental investigations of the Unruh radiation. Despite
the phenomenological relevance of electrodynamics most of the investigations of the Unruh
effect have been carried out in the context of scalar field theory. The rather few applications
to the Maxwell field are mostly based on the quantization in the (covariant) Lorenz-gauge
(cf. [10,111,112,113]). In related problems, Gupta-Bleuler quantization in a modified Feynman
gauge |14] and the Weyl gauge in a semiclassical calculation [15] have been used.



After a short review of the properties of quantized scalar fields in Rindler space, we
will apply the general quantization scheme in the Weyl gauge to electromagnetic fields in
Rindler spaces and will construct explicitly the expansion of the gauge field in terms of the
transverse eigenmodes of the Maxwell equation. We will identify a symmetry related to
scale transformations which is peculiar to Rindler spaces and has important implications for
the spectrum of scalar and gauge field theories. The vector character of the gauge field and
its gauge dependence make the relation between the Heisenberg field operators in inertial
and accelerated frames intricate. The central result of the analysis of this relation is the
expression of the creation and annihilation operators of the transverse degrees of freedom
in Rindler space in terms of the corresponding operators in Minkowski space. Based on
this result, a complete solution of initial value problems related to external currents will
be given. Equipped with these tools we address the issue of bremsstrahlung of charges at
rest in the accelerated frame and consider the case that the external charges are switched
on adiabatically. The dynamics of the longitudinal degrees of freedom will be studied in
a calculation of the Coulomb interaction of two charges at rest in uniformly accelerated
frames. In comparison to the dynamics of scalar fields we will find significant differences in
the dynamics of both the longitudinal and the transverse components of the gauge fields.
We will indicate consequences of our results for the structure of uniformly accelerated atoms
and discuss possible implications for the phase structure of Yang-Mills theories and QCD in
Rindler spaces.

II. CANONICAL QUANTIZATION OF THE ELECTROMAGNETIC FIELD IN
STATIC SPACE-TIMES

A. The electromagnetic field in Weyl gauge

Here we carry out the canonical quantization of the Maxwell field in a static but otherwise
general d + 1 dimensional space-time. A static metric has the following structure (i,7 =
1,...,d)

ds® = goo(x)dx’da® + gij(x) da'dr? , x = (2',... 2%). (1)

The Lagrangian of the Maxwell field A coupled to a conserved external current j is given by
a [ gupgua (0u Ay — 0, A4)(0,A0 — 05Ap) — 6" Aydu | (2)

with the associated equations of motion
1919"79* (0,46 — 854,) = /19 5% = 0. (3)

The antisymmetry of the field-strength implies current conservation

1 .
—=0u\/|glj" =0.
Vgl

The canonical quantization is most conveniently carried out in the Weyl gauge

Ap(2°,x) = 0. (5)



In this gauge, the Gaufl law (A = 0 in Eq. (3])) reads
9 (V191 9% A") + /gl 5° = 0. (6)
The components of the conjugate momentum II*(z) and the Hamiltonian are given by (cf.

Eq. @) or

T — _ 00 5 A

900, 9197 Qo A", (7)
_ d i _ d I 1T
H—HA+/d v/ |g]gi; A" HA—/d :)5{——7001_[1'[ +V[A]}, (8)
2Vlglg
with the energy density of the magnetic field
1 o

VI[A] = 1 919" "' (0iA; — 0;A:) (O A — B Ay) . (9)

In the Weyl gauge, the Gaufl law (@) is not an equation of motion but rather constrains the
longitudinal electric field

G =0Il"—/|gli" = 0. (10)

The quantization in the Weyl gauge is standard. We postulate canonical commutation
relations

T (2%, %), A, (29, x')] = %5@-5@( .y (11)

No redundant degrees of freedom are present in this formulation though a residual gauge
symmetry still exists. It is easy to verify that the Gaufl law operator (I0) commutes with
the Hamiltonian

[G,H]=0. (12)

Thus, the generator of time independent gauge transformations G, can be diagonalized
simultaneously with the Hamiltonian. One defines as the space of physical states |¥) the
space of eigenstates of G with eigenvalue 0,

GIW) = 0. (13)

B. Transverse gauge fields

The invariance under time independent gauge transformations can be exploited to further
simplify the formalism. The strategy now depends on the details of the theory as well as
on the properties of the metric. In the canonical formulation of the Maxwell theory or
of QED in flat space the reduction to “Coulomb gauge” is natural. In this formulation
static charges are not coupled to the radiation field. We will show in the following sections,
that this implementation of the residual gauge symmetry can be achieved for the Maxwell
field coupled to an external current and for QED in an arbitrary static space-time by an
appropriate generalization of the concept of longitudinal and transverse fields. To this end
we introduce a decomposition of vector fields into longitudinal and transverse components
which generalizes the flat space definition to static curved space-time and define the following

projection operators on transverse and longitudinal fields
1 ; o1
L0 Q=0 0, (14)

Pi=g,+0 NG

J



with the Laplacian

A= —09,0". (15)
The projection operators satisfy the standard requirements
P.PL =P, Q.Q,=Q,, P,+Q,=6d, P,Q =0, (16)
and . .
0Py =0, 0;,Q%=0;. (17)

We also note the hermiticity of the Laplacian (IH)

[ arx) Sgx) = [ desgx) gl

As in flat space, these properties guarantee the orthogonality of longitudinal and transverse
components of vector fields

/ddej-Vj(x) QisWk(x) =0, (18)
and
/dd:BP;-Vj (x) Wi(x) = /ddeé-Vj(x) P WF(x) . (19)
We denote the transverse components of gauge and electric fields by
Al=pLA TI'=PIV. (20)
This definition of the transverse fields and the canonical commutation relations imply

A

(2, ), A, (2, x)] = & (g0(x — %) — 09 Dx. X)) (21)

i
with

D(x,x') = <X|%|X,>. (22)

Evidently, this is the generalization of the transverse commutation relations of electric and
gauge fields in flat space.

C. Maxwell field and external currents
1. Decoupling of external currents

We first consider the Maxwell field coupled to an external current. This system is de-
scribed by the Hamiltonian (8])

H= /ddx{ — —LOOH’HJ + V[A] + v/ |g|gijAZ]]}. (23)
2V lglg

In this case of a c-number current, the terms linear in the gauge and electric field operators
can be eliminated by a unitary transformation and the Hamiltonian can be formulated in
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terms of transverse degrees of freedom only. We define a transformation which shifts fields
and conjugate momenta

W = @) = i d%e(-raxtAfpr) iAW = A+ oy, WITW =T + p' . (24)
The Hamiltonian transforms as follows
H =WTHW —iWTo,W | (25)

and the Gauf law in the transformed space of physical states becomes
0= W (o — /gl ) WIe') = (0011 — v/[gl 1° + 0up') ) (26)

Acting on the transformed states

[¥) = W), (27)
the electric field operator is decomposed accordingly into transverse and longitudinal com-
ponents

. 1 ,
) = (I =& 5 (VIgl 1 = 0") ) 10 (28)
For computing the time derivative we rewrite W

i [ gd.TTk S rad ki [ad k
W:ezfdxl_[akezfdxAkp 62fdxakp‘ (29)

A straightforward calculation yields the following decomposition of the Hamiltonian

H' = Hy+ Hy + h(t). (30)
into the Hamiltonian of the uncoupled Maxwell field H,
1 1 NP A
:/ﬁ%(——%————dmv+vmg, (31)
2 9] g%

the contribution Hi, linear in A and II

S ( 1 0
II (Pi—azz Vgl )} ,

H, = /d x [v\g Agg* + 9] 9% g7 fij Fro+p' Ai =TTy —

919
(32)
and the c-number contribution to the Hamiltonian A(t)
h(t) = ddx{ glasi* + 1V 1ol 00" fis e — s (5 — ' Il o)
— gz.] ggg ijJ k€ — 2\/700]9 A g|Jo
A 1] 1 i 7
-(pz- |9|]0> + a0+ ( l91° = 0kp") + 5 (B —pai)}- (33)

We have introduced the c-number field strength of the auxiliary gauge fields «
Jij = aiaj - ajai )

and have denoted the time derivatives of the auxiliary gauge («;) and electric (p') fields by
a dot. The auxiliary fields are used to make H; (B2) vanish. The terms linear in A; do not
contribute if

V0glit + (19l "¢ fij) + 5 =0, (34)

7



or written in terms of transverse and longitudinal components

] 1 : i o i ik j
Plo = =0y VIali" = Eig(x), 7' =—VIgli' = a(Vlglg"g" fij) + ' % L gl . (35)

The longitudinal electric field if acting on the transformed states (cf. Eq. (28])) is given by
the integration constant E&)

') = (T + By (x)) [0). (36)
Vanishing of the terms linear in IT requires

di:aiQ_;<z X Iglj> (37)

Vlglg®

where (2 is an arbitrary function. Here the gauge freedom arises, since the projection on the
transverse conjugate momentum II leaves the longitudinal component of o undetermined.
We differentiate this equation with respect to time, use Eq. (34]) and current conservation
(Eq. @) to derive the following wave equation

g 66" + /g %02 + /19| 5" + A (\V/]9] 9% " fi;) - (38)

With the gauge choice €2 = 0, this wave equation is nothing else than the equation of motion
@) in the Weyl gauge.

Thus provided the auxiliary functions are chosen to satisfy the equations of motion (34]) and
(37 the Hamiltonian is a sum of the Hamiltonian of the Maxwell field formulated in terms
of transverse degrees of freedom and of a c-number contribution accounting for the effect of
external currents

H' = Hy+ h(t). (39)

For solutions of the equation of motion (84]) and (37) the c-number part h(t) ([B3) simplifies
1 A : :

o) = 5 [ de{ iglans* - oy + VIl (10)

It is advantageous to eliminate the longitudinal component of the auxiliary field with the
following choice of the gauge function €2

'__i, 1 N zl -0 _} d -k . -0
0= Aaz(mgm(p o <VIdli") h<t>—2/dx{mau + Vgl ) (@)

Besides the standard coupling of the transverse gauge field to the current and the instanta-
neous Coulomb interaction energy he(t), an additional term arises from the coupling of the
charges to the transverse electric field

h(t) = /d fv{\/l?aw + Igj
helt) = 5 [ d'av/lgli' 5

f =i} he(t), (42)

l9l5° - (43)

\/700
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The appearance of the equations of motion ([B8]) of the Maxwell field coupled to an external
current for the auxiliary fields had to be expected. In the classical context our procedure
amounts to decompose the field in a homogeneous solution (A, , IT*) of the Maxwell equations
and an inhomogeneous solution (o, p').

The Maxwell equations for the auxiliary fields o; and p* imply a useful identity for the
exponent ®(t) of the unitary transformation (24]). We decompose the exponent of W into
transverse and longitudinal contributions

B(0) = [ dte( Ty + p"41) = 8(0) + 2 (1), (44)

use Eq. (B3] to rewrite ® (), transform to Heisenberg operators and derive with the help
of the equations of motion ([B]) and (38])

d - d,. . A - d i 1
£®H = /d T Ami/ |97 +/d 21T, lg|5° 0 \/7 = (45)
In the first term, only the transverse component of the current
3i i il :
Jt= (g + 0" 5 0)V1gl * (46)

couples to the transverse component of the gauge field (cf. Eq. (I9])). The second term couples
static charges to the radiation field. It arises since in general, in a static metric, like in the
Schwarzschild or the standard AdS metric

d—1
ds® = %(dmo 2 Z dz'? — du®) (47)

the ratio of conjugate momentum to electric field varies in space.
The above expressions simplify if the coordinates can be chosen such that the metric satisfies

9:(v/1g19™) = 0. (48)

In this case, as in flat space-time, the equation of motion (38))

0=—+/1g]g"&" + J" + 0, (\/1g] g% ¢" f1;) , (49)

does not couple radiation field and static charges (cf. Eq.[45])). The expression for the energy
(cf. Eq. (42])) contains the standard coupling of transverse gauge field and current and the
electrostatic interaction (cf. Eq. (43))

) == [ d'av/Igland* + ho(t). (50)
helt) == [ o/ [ @t Igbl 0D Ex) . 6D

The transverse part ® of the exponent of the unitary transformation is given by the coupling
of the transverse gauge field to the current

d - N A
- P = - / dirAgJ". (52)

9



Presence or absence of coupling of the time component of the current to the radiation
field is not an intrinsic property of the particular static space-time. It depends on the
choice of the coordinates. If the condition (48] is not fulfilled one may construct a time-
independent coordinate transformation x* — 2% which decouples charges from the radiation
field, provided it satisfies the constraint

/1

o'} o) e

1
oo,

up to a multiplicative constant. For instance, as is easily verified, the coordinate transfor-

mation
,,,/3

(t,r,9,0) — (t,p,0,p) with P:/ dr'm’

applied to the Schwarzschild-metric [16] with Schwarzschild-radius 2M or the coordinate
transformation

o = cos(v)

(¥, u) — (2", v = u™"?)

applied to the AdS metric (47)) decouple static charges and radiation field. This decoupling
does not necessarily simplify the calculation. In the case of the Schwarzschild metric, for
instance, the coordinate transformation cannot be inverted in closed form which prevents
an explicit formulation of the dynamics. Another simple example for such a coordinate
transformation will be discussed for the Rindler space in Sec.[V Al

For the sake of comparison we compile here the relevant results for a scalar field coupled to
an external source

1
£ = VIgl{ 51000 0,6 - m?6*] - po}. (54)
In analogy with Eq. (24]) we define the following unitary transformation

w=e?" o) = /ddﬁ(—m + ¢p) = /ddfﬂ 1919% (—da + ¢a), (55)

with the conjugate pairs of field operators ¢, m and auxiliary fields «, p solving the inhomo-
geneous field equations

1919”3 + 0;(/|glg” 9;) + /|glm e + V/]glp = 0. (56)

The exponent p(t) satisfies
d
Lot =— [ae\/iglpo. (57)

After decoupling the external source by the transformation w, the Hamiltonian (cf. Eq.(25]))
is given by

Hsc/ — ch + hsc(t)’ (58)
with

W) = 3 / doy/glpa. (59)

10



2. Time evolution

To illustrate in this general context the consequences of our results we consider a typical
initial value problem as it arises when external sources are present. More detailed issues will
be addressed later in the application to Rindler space.

We assume that the external current is vanishing beyond some time in the past

J(t,x) =0 for t<t,.

We calculate the time evolution of the state |¢(fp)) by transforming this state at ty into
the primed basis (Eq. (27))), let it evolve under the influence of H' (89) and transform back
to the unprimed basis at time t. We furthermore require the auxiliary fields to satisfy the
initial conditions

Oél(to, X) = pz(to, X) =0.

Thus the time evolution is given by
() = W (E) e 0l D () (60)
and the expectation value of a gauge invariant observable O(IT*, flz) by

(WO|OAL A)|(t)) = (& (to)|Onli(to)) .

with the Heisenberg operator
O = MEIWHHOIL, AW (1) e~ Holt=t0)

g A7 i ]- . N ~
:(9< ;1+p—ag lg| 7°, AZ-H—l—ozi), (61)
where we have used the transformation properties (24]) of gauge and electric fields, the
Gaufl law in the original basis (I0) and, in integrating the equation of motion (35]) of the
longitudinal electric field, we have dropped a time independent integration constant. The
Heisenberg operators are defined with respect to H

AL

i %
]‘_AIH _ eiH()(t—to) ]TA[ e—iHo(t—t())

Ai b A,

Expression (61]) summarizes the results of our discussion. Gauge and electric fields are given
by the sum of the standard operator valued solution of the homogeneous Maxwell-equations
and a special classical solution of the inhomogeneous Maxwell equation.

D. Quantum Electrodynamics

1. Scalar QED

Here we briefly discuss the necessary modifications of the formalism if the gauge field is
coupled to a charged matter field rather than to an external current. We first consider the
case of a scalar charged matter field with the action of the coupled system given by

1
S = / dz/|g| [— 1 (0" A" — 0" A*)(0, A, — 0, A,) + (0" +ieA”)¢T(8u —ieA,) —ngngb] )
(62)

11



The quantization of the gauge field in the Weyl gauge proceeds as before. The canonical
momentum of the scalar field is given by

oL

o= 9= _ 0 Ayt
and the GauB law constraint keeps its form (0]
Gluy) = (011" = V/Igl 1)) = 0. (63)
with the following definition of the charge density
. . €
' = —i—= (¢’ —m9). (64)

V1ol

The resulting Hamiltonian in the Weyl gauge (cf. Eq. (8]))

H=Hy+ / ddx{ ﬁgoo wim — /Jg] [(0F +ic A1 (2, — ieA)6 — m619) }

still contains longitudinal gauge field components. As above they can be eliminated by an
unitary gauge fixing transformation which we choose as follows

w=exp1i ddx\/@joiaifli : (65)
A

with j° given in (64). This transformation acts on both the gauge and matter field. The
transformed electric field reads

' = wil'ew = IT' — a@% 913 (66)
and thus in the space of the transformed physical states
|¥p) = wltp)
the Gaufl law operator vanishes
G'[iy) = I [¢y,) = 0. (67)

The transformation w rotates the phase of the matter field, with the gauge function con-
taining the longitudinal field operator

wipw = e a0y winw = a0 7
and eliminates the longitudinal component of the gauge field from the covariant derivative
w! (8a - ieAa)¢w — miendpA” (8a - ieAa)qb.

Unlike in the case of the Maxwell field coupled to an external current, here the unitary
transformation is time independent and we find for the transformed Hamiltonian

H/:’LUTHUJZHA—I-}LC

+/ddzz{ \/ﬁgoo mlr — \/E[(ﬁl + ieA) 't (8; — ieA;)p — ngngb} } : (68)

12



with the transformed Hamiltonian of the Maxwell field (Eq. (IEI))

U 95w ol
H:4 = UJTHAUJ = /ddl'{ = 00 ] _l']O |g gzy(

l9lg

14

=3

il e V[A]} . (69)

/ 00
and the Coulomb-energy operator
1 g¥
he = ——/ddx ( ix V1917°) (95 VIgli”) - (70)
2 Vgl g™
We thus have achieved a canonical formulation of scalar QED free of redundant degrees of

freedom. We note that also in this dynamical treatment of the current, static charges do
couple to the transverse electric field in general static space-times.

2. Spinor QED
For the coupled system of the Maxwell and a charged spin 1/2 field with action
1 Ty .
S = / d'a/lgl{ = (A" = ¥ A (D, A, = 0,4) + D[i(V, —ieAy) —m] v}, (T1)

we proceed analogously. The space-time dependent ~ matrices satisfy the anticommutation
relations

{7} = 29", (72)
and the covariant derivative V, is given by
Vy=0,-T

with I',, determined by the “spin connection” [17]. Here we neither need the explicit expres-
sions for the v matrices nor for I', (for details see for instance [18]) and only mention that
I',, can be chosen time-independent for static metrics. From the action (7I) we read off the
expression for the time component of the current (cf. Eq. (2))

3 =—eg® Py (73)
The conjugate momentum is given by
m=i/]glg”v",
and the following equal-time anticommutation relations are postulated
1
{wa(xoa X)> wﬁ(xoa X/)} = 700 5&6 6(X - X/) : (74)
l9lg

After elimination of the longitudinal gauge field components by the unitary transformation
([63) with the charge density given in Eq. (73)) the final form of the Hamiltonian reads

H = 1, + / d%e/Igl & [V iV, — ieAr) +m +ig™ Tl (75)

and the Gauf law constraint (67)) insures the vanishing of the longitudinal component of the
conjugate momentum in the space of physical states.

13



E. SU(N) Yang-Mills fields in Weyl gauge

The first step in the above procedure is straightforwardly generalized to Yang-Mills gauge
fields. Starting from the action (with the summation convention applied also to the color
labels a, b, ¢)

5= [aioVil] - gove ) (70
with the field strength components
F, = 0,A% — 0,A% + gyn fALAS, a=1,... N> -1 (77)
one easily verifies that in the Weyl gauge
A =0,
the formal expression for the conjugate momentum ([7l) remains unchanged
. oL .
11t = - _ 00 On A%t 78
aaOA? ‘g| g 0 ) ( )

and so do the commutation relations
1 (2®, x), Ab(a®, )] = %5@52-]-5(); .y
Also the structure of the Hamiltonian is the same as in (8))
H= /dd S 95 ppaiped V[A]} , (79)

9] g
with the magnetic field energy given by

1 % a
VAl = 1 l9lg kgﬂF T34 (80)
The Gauf} law is implemented as constraints on the physical states
GU,) =0, G = (Didae + gyar f7 AT (81)

As in electrodynamics, the components of the Gaufl law operator commute with the Hamil-
tonian

(Ge H] =0,

and satisfy, as in flat space, the commutation relations

[G*(x), G*(y)] = igym f*°G*(x)d(x —y) - (82)

Together with the commutation relations (82)), the vanishing commutator of Hamiltonian and
Gaufl law operator indicates, as in the Maxwell case, the possibility of eliminating degrees
of freedom. In Yang-Mills theory, the appearance of Gribov horizons prevents an explicit
construction of the Hamiltonian in the Coulomb gauge by elimination of the longitudinal
fields already in flat space. Depending on the structure of space-time axial gauges may be
more appropriate. The Rindler space or the AdS metric, for instance, singles out one space
direction and no further reduction of the symmetry occurs if the axial gauge is defined with
respect to this direction. With the technique of elimination of redundant degrees of freedom
by unitary transformations the Gauss law constraint (8I)) can be fully implemented [19, 120]
and the gauge field component with respect to the particular space direction disappears.
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III. SCALAR FIELDS IN RINDLER SPACE
A. The wave equation

In order to prepare our discussion of gauge fields, we sketch in this section the treatment
of scalar fields in Rindler space and its connection to scalar fields in Minkowski space. We
follow here closely the treatment given in [1]. We consider a scalar field in a frame which is
uniformly accelerated in the 1-direction with respect to an inertial frame (coordinates (¢, z)).
Coordinates in the accelerated system can be chosen to be related to the coordinates (t, z')
in the right Rindler wedge

Ry = {a"||t|] <2'} (83)
in the following way
1 a& _: 1 1 aé
t(r, &) = e sinhar, z(1,§) = o coshar . (84)
The range of 7, ¢ is
—o00 < 7,6 < 0. (85)

The metric of the Rindler space-time with d — 1 transverse directions (x) is given by
ds? = ¥ (dr* — d¢?) — dx3. . (86)

The action of a self interacting scalar field reads

S = % / dr d¢ d* 7w, {(0:9)% — (0e0)? — (MP¢* + (V19)? — 2V (9)) e} . (87)

The equation of motion for a non-interacting scalar field
[83 — A, +m? | 6 =0, (88)

with the Laplacian
Ay =0 + V7, (89)

is solved with the ansatz . .
¢ — 6—20.)7 e'lkJ_XJ_ S0(5) )

With
mi =m®+ k7, (90)
the wave equation for ¢ reads
d290 2 2af 2
_d—£2+mLe Y =w. (91)
In terms of the variable m
=% (92)
a
the eigenfunctions
p(z) = ke (z) (93)



are (appropriately normalized) MacDonald functions
1 .
kin(2) = — /2psinhmp K, (2), (94)
T

which form a complete orthonormal set

B. Hamiltonian and scale transformations

According to the action (87), the momentum conjugate to the scalar field ¢ is
T =0,0, (96)

and the Hamiltonian of a free scalar field in the accelerated system reads
1
Hy =5 [ ded® o, {m + @) + (m* + (V.0)") ). (o7)
We quantize the scalar field by requiring canonical commutation relations

1
[77-(7-7 57 XJ_)v ¢(T7 5/7 X/J_)] = ; 6(£ - 5/) 5(XJ- - X/J_) : (98>
The creation and annihilation operators defined by the normal-mode expansion of ¢

dv dk,
2w (2) (@172

satisfy standard commutation relations

O(1.§x1) = (a(w, kp)e ™I ol (w, k)™ ) ke (2) - (99)

[a(w, k), a' (W, K))] =6(w—w)o(k, —K,). (100)

With the help of the orthogonality relation (95]) the Hamiltonian (97) can be expressed in
terms of creation and annihilation operators

chz/dd_lkl/ dwwaT(w,kL)a(W,kL)- (101)
0

The energies of the elementary excitations, the “Rindler particles”, are independent of the
transverse momentum, giving rise to an infinite degeneracy of all eigenstates of H¢ including
the vacuum. This degeneracy is a consequence of a symmetry. We consider first the case
of a massless field. For m = 0 and vanishing V(¢) the action (87) is invariant under the
transformation

consisting of a translation in £ and a rescaling of the perpendicular coordinates x|

E=E64+&, x| =e%x,. (103)
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The limit of infinitesimal transformations determines the generator of the symmetry

d—1
Q:/dgdd_lxﬂr(f,xﬁ {65+a<T+XLVl>}¢ (104)
The Hamiltonian H{S,,_, the components i # 1 of the momentum operator
Pi=i [ ded e w(e x)00(E %) (105)

and the generator () form the algebra
[Hie0, Q) =0, [P,Q) = —ials, [Py Hifpso) =0 i#1. (106)
Furthermore Hgf,,_, and () commute with the generator of rotations
MY =a'PP — 2P, [MY H, o] = [M7,Q]=0,i,j=2,....d—1,

and thus by applying rotations and the transformations (I02), a stationary state with a given
perpendicular momentum can be transformed into a stationary state of the same energy and
with arbitrary perpendicular momentum.

By the coordinate change 2! = ¢* /a, the transformation (I02I03) can be converted into
a scale transformation in all spatial coordinates 2* with the standard form of the commutator
between the generator of the scale transformations ) and P;. As a special property of Rindler
space, the transformation ([I02]) does not affect the time coordinate and leaves therefore
the (dimensionful) Hamiltonian invariant under scale changes. Expressed in terms of the
Minkowski-space coordinates (84]), the transformation (I02]) becomes the standard scale
transformation of the fields in the Rindler wedge of the Minkowski space including the
scaling of the time coordinate. Unlike the Rindler space Hamiltonian, the Minkowski space
Hamiltonian changes under these transformations and no degeneracy in the spectrum results.

The energies of the Rindler particles do not depend either on their mass. After Fourier
transform in the perpendicular coordinates the following transformation of the fields

O(1, &, k1) — o7, € + &, Ak )ki)y(ky), (107)
with
m? 9,
MN(K?2) = e 208 4 — (e72% — 1), ~*(ky) = ‘ det — (A(ki)/@) , (108)
k7 Ok
leaves the action invariant. The generator of the symmetry is non-local
d—1
Q:/dﬁdd_lxlw(ﬁ,xl) {8§+a< +XJ_VJ_>¢

ta m2<d;_3 n XJ_VJ_> /dd—lylg(‘xl _ yJ_|)¢(7-’§’yJ_)} ,

with the non-locality determined by the static propagator

(52 1

90 = qran s
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C. Unruh temperature

Up to this point we have discussed the quantized scalar field with its excitations, the
“Rindler particles”, as a field theory in a space with a simple but non-trivial metric. The
main interest in studying this field theory is its relation with the corresponding theory in
Minkowski space. Starting point for connecting the dynamics in inertial and uniformly
accelerated systems is the requirement that the value of a scalar field is the same in inertial
(¢) and accelerated (¢) frames

o(1,&,x1) = (t,x) . (109)

t7x:tix(T7§)

In the inertial frame we have the standard normal-mode expansion

d(k)e—iwkt-i-ikx + dT(k)eiwkt—ikx) )

9= | T

By projecting Eq. (I09) on the normal modes of the field ¢ in the accelerated system (cf. [21])
and with the help of the identity (cf. [22])

dz 2 Q i
iy % ikz _ - ne . o 11
/0 . Q( Je \/ T b 72 cos — (6k ar — - ) (110)

k
k =sinh(fx —ar), sinhf = A (111)
my

with

the relation between creation and annihilation operators in the two frames

/ 1 ¢’ P e%d(k‘l, ki) + 6_%dT(k1> k)|, (112)
\/m 27r2wk

is obtained. With this result the average particle number in the Minkowski space vacuum
|0as) as seen by the accelerated observer is easily computed

a(Q k) =

(Onrlaf (9 ke (2, K, )[0nr) = - —5(2 — )o(ke, — K, (13)

eTa — 1

The particle number exhibits a thermal distribution. In comparison with thermal distribu-
tions in Minkowski space the thermal distribution of “Rindler particles” does not suppress
states of arbitrarily large transverse momentum k. Furthermore there is no degeneracy
related to the motion in the direction of the acceleration. There are no modes of excitations
incoming from positive . For various applications, regularization of the infinities related to
the degeneracy of the energy with respect to the transverse momenta is required and the de-
tailed form of the resulting distribution will depend on this regularization of the ultraviolet
momenta. The regularization may be achieved by introducing a sharp ultraviolet cutoff as
used e.g. in the calculation [23] of the entropy of a scalar field in Rindler space. An effective
regularization [10, 24, [25], affecting also the infrared properties, is obtained by modifying
the Rindler space and introducing an infinite barrier which confines the system to & > 0.
In Minkowski space this corresponds to an accelerated “mirror”. Such boundary conditions
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break the scale invariance of the action (cf. Eq. (I02)) and therefore lift the degeneracy of
the eigenstates of the Hamiltonian. For instance, the requirement for the eigenfunctions ¢
[@3) to vanish at £ = 0 can be satisfied only if (for m = 0) this point is in the classically
allowed regime of the Schrodinger-like equation (QII). This implies roughly

w? > ki.

Thus the boundary condition results in a connection between the energy and the transverse
momentum. With this regularization, and for £ > a~!, the local distribution becomes
Planckian [10] provided the “improved” energy momentum tensor is used.

As has been shown in [3] (cf. [26], [5]) the thermal distribution arises due to the elimination
of the degrees of freedom in the left Rindler wedge

R_ = {a"|a' < —|t]}. (114)

After this elimination, the dynamics in the right Rindler wedge is described by the density
matrix
p=poe I ppt = tre I (115)

with the Rindler space Hamiltonian (I0T)).

IV. ELECTROMAGNETIC FIELDS IN RINDLER SPACE
A. Canonical formalism

Here we apply the canonical formalism developed above to the Maxwell field in Rindler
space-time. The Rindler metric (86]) singles out the 1-direction and in the following we will
refer to the d spatial components (with 2! = ¢) with small and to the d — 1 perpendicular
components with capital Latin letters. The simplicity of the metric (8] gives rise to signif-
icant simplifications in the expressions of the relevant operators of the quantized theory. In
particular, with

lglg™ =1,

it belongs to the class of metrics (48)) where static charges do not couple to the transverse
electric field. In the transformation (cf. Eq. (53)) to the frequently used coordinate z'! =
e /a (cf. [1],[2]) this simplifying feature gets lost and charge densities either external
or associated with matter fields couple to the radiation field. On the other hand, this
coordinate transformation makes the construction of longitudinal and transverse gauge fields
identical to that in Minkowski space. We will now discuss the details of the quantized non-
interacting Maxwell field in Rindler space using the metric (86). As shown in Sec.[LCT]the
coupling to external charges can be accounted for by including the classical solutions to the
corresponding inhomogeneous equations of motion (34]) and (37) and will be addressed in
Sec.IVElL In Rindler space, the explicit form of the action of the Maxwell field (cf. Eq. ()
reads

d
5 = % / drdgd'r, {e (@A) — 0140 + 3 [(00Ar — 1A
1=2
d
(WA — 81A1)2] — e N (A, — 8JA1)2} , (116)
J>1=2

19



and, in terms of transverse fields, the Hamiltonian (31]) is given by

d d d

1 . .

Hy =5 /dgdd—lm{e%ﬁnw + P+ (Fy 46 ZFEJ)} , (117)
1=2 I1=2

J>I
with R R
Fij - 8214] - 8JAZ .
To complete this explicit formulation of the dynamics we have calculated the canonical com-
mutators (2I]) and sketch here the calculation for i = j = 1. Using the identity (cf. Eq. (IT))

1 1
1+ 0 N e* 0?2 | (118)

and the completeness relation of the eigenfunctions of the Laplacian A, of the scalar wave
equation (89) (cf. Eq. ([@F])) we obtain

2

1 N e A"k ik (x, —x')) a /
[ (7, 2"), Ay (1, 2)] = —i z“e Yo dw — ke (2)kie(2), (119)

(2m)d-1 w?

with the variable z defined by (cf. Eq. (02))

k g
J— a . I 2

This integral, and similar ones for the other commutators, can be evaluated in closed form.
For d = 3 for instance, we obtain

~ ~

) , -1/2
[I' (7, 2"), Ay (1, 2)] = QL«CJ’2“5V2L <s4 + 4s2elEFE )/a2> (121)
ma

with the geodesic distance

1/, ae'\ 2
32:?<6£—€§) +(x — %)), (122)

Using similar identities, the commutator of the other components of the transverse gauge
fields and the conjugate momenta can be calculated.

B. Normal modes of transverse gauge fields

The equation of motion of the transverse fields are obtained by transverse projection of
the equations of motion (3)) (or more easily from Eq. (49]) by the substitution &* — A*)

PA — N A =0, (123)
PAT — AAT — 202591 AL = 0, (124)
with the Laplacian A of the scalar wave equation (89)). With the ansatz
A 1 -
Al=a"+ — 0'9 A", (125)
Vi
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the equations of motion (I24)) of the perpendicular components AT of the transverse gauge
fields turn into the wave equation of a scalar field

o*a’ — Aa' =0. (126)

The normal mode expansion of A! satisfying the equation of motion ([I23]) for a vanishing
current is essentially that of a scalar field (Eq. (O9))

dw d¥ 'k, a?
V2w (2m)@=1/2 ok

To derive the normal mode expansion for the perpendicular components we observe that the
transversality condition (cf. Eqs. (I720)) applied to Eq.(I25]) yields

Ai(r,€,x1) = a1 (w, ko Jem ks 4 h.c.] Phe(z).  (127)

ora’ =0, (128)

which, as in flat space can be implemented by defining creation and annihilation operators
with respect to a transverse basis ef(k;), L =2,...,d — 1 of polarization vectors with
the properties

d d d-1
/ krk
D kpef(ki) =0, Y ef(ki)er (ki) =6pu, > er(ky)el(ky) =4 — % . (129)
1=2 1=2 L=2 1
The normal mode expansion
- dw d¥ 1k,
Ap(r,6,x1) = V2w (27T)(d—1)/2
- ak d s
: H Z eF(ky)ag(w, k) + iTlal(w, kL)zd—}k,% (z)ewrtikixs 4 h.c.] . (130)
L=2 WrL o

is thereby expressed in terms of the d — 2 unconstrained amplitudes ar, L = 2,d — 1.
With the above choice of the normalization in Eqgs. (I27]) and (I30), and requiring standard
commutation relations for creation and annihilation operators

[ai(wukl)va}(wluklj_)] :(51-'5((4)—(4)/) 5(kJ_ _k,J_>7 Zaj = 17"'7d_ 17 (131)
the commutation relations of the transverse gauge fields (cf. Eq.(I19])) as implied by the

canonical commutation relations (II) and the definition of the transverse gauge fields (20)
are satisfied.

C. Hamiltonian and scale transformations

In terms of the creation and annihilation operators, the Hamiltonian is given by
d—1
Hy = /dd—lkl /dwwz ol (w, K )ag(w, kL) (132)
i=1
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The same degeneracy with respect to the transverse momenta occurs as for the scalar field
(cf. Eq. (I01))) and can be analyzed following the discussion in Sec.[TIBl The transformation
of the Maxwell field leaving the action ([I6]) invariant is given by (cf. Egs. (I02]), (I03]))

Aro(r,&,x1) — VR A o(r 8 X)),
A €x1) — VR A (1 ¢ X)) (133)
The perpendicular components A; carry the same weight as the scalar field (I02)). The

identity
QAT €, x ) — TRy Al(r ¢ X))

guarantees that under the symmetry transformation, longitudinal and transverse compo-
nents of the gauge field do not mix. The generator of the symmetry transformations,

: i d—1 1
Q:/dgdxL > [0 +a("- +xuVL) A —aTl'Ar
i=1

the Hamiltonian and the perpendicular components of the momentum operator

d

Pr=i [ dg o, Y 6 x)0 Ak € x0)

k=1

satisfy the commutation-relations (I06]). Together with the rotations in the perpendicular
coordinates, these transformations are responsible for the degeneracy of the stationary states.

The basis for extending the symmetry considerations to interacting gauge fields is the
behavior of the (gauge-) covariant derivative under the scale transformations (Egs. (I33)),

and (103))

O —ieAy (7,8, x1) — 0 —ié(§) Au(r, ¢, X))
Or —ieA;(7,6,x1) — (0] —ie(&) Ar(r,¢,x))) , (134)

with the “running coupling constant”
6(&) = eld=Hato 2 (135)

Under the combined transformation of the scalar (I02)) and the gauge field (I33)) the action
of scalar QED with a massless scalar field is thus reproduced up to a change in the coupling
constant

S[Av ¢7 6] - S[Av ¢7 é(£0>]

In the 4-dimensional Rindler space (d = 3), the combined transformation of scalar and gauge
fields leaves the action invariant. The same argument applies for massless fermions coupled
to gauge fields with action (cf. [24], [27])

S = /defdd_lxlwi{vo (80 — ieAO) + 4 (01 + g — ieAl) + %At (81 — ieAI) }w,

with v denoting here the flat space Dirac matrices. The transformation of the fermion
fields

(1, €,%x1) — T2y (1 ¢ X)), (136)
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combined with the transformation of the gauge fields yields

Finally we may apply this reasoning to SU(N) gauge theories and use the transformation
(I33)) for each color component of the gauge field with the resulting transformations of the
field strength components (77)

F(?l (T7 57 X1, gYM) - e(d—3)0«50/2F611 (Tlv £/7 XlJ_v gYM (£O)> ) (138)

with
Gy (&) = 4% goy,

The transformation of the other components of the field strength F;, Fi;, FT; differ in their
weights, with e(@=%)90/2 in (I38) being replaced by e(@~1Dak0/2 eld=1)ato/2 pld+1)aco/2 yegpec-
tively. Similarly if massless fermion fields are minimally coupled to the gauge fields each of
their color components 1* is subjected to the transformation (I36) with the total change in
the action given by

S[A, TPaQYM] - S[A, %@YM(&O)] . (139)

Thus, in 4-dimensional Rindler space, the combined transformation (I38[136]) leaves the
action of QCD (with massless quarks) invariant.

D. Unruh temperature of the radiation field

Following the method outlined in Sec.IIICl we derive the relation of the gauge field
operators between inertial and accelerated frames. We denote with A;(¢,xz,x,) the gauge
field in the inertial system in the Weyl gauge

Ao(t, Z, XJ_) =0.

Under the coordinate transformation (84]) the ¢ > 2 components of the gauge field remain

invariant, while ~ ~ . .
Al = ¢ A, sinh ar , Al = e*?A; cosh ar . (140)

The transformed field A” can be identified with the gauge field A defined in the accelerated
system only up to a gauge transformation. In particular for the comparison with A we have
to transform A” to the Weyl gauge. This is achieved by the gauge transformation

A; = AZ - aMX(T> 67 XJ_) 9 (141)

with 0,, denoting the derivatives with respect to the coordinates 7, £, x . The gauge function

(T, €,%1) = / dr' A (r,€,%0) + x(0) (6, %1) (142)

is determined only up to a 7—independent arbitrary function x( reflecting the residual
gauge invariance in the Weyl gauge. At this level the transformed fields A’ can be identified
with the gauge fields A

Ay(r,€,x1) = ALt x) . (143)

t7x:tix(T7£)
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For translating this identity into a relation between the creation and annihilation operators,
we have to eliminate the longitudinal components. The Gaufl law requires in the space of
physical states (with 0 denoting the partial derivatives with respect to ¢, x)

= —0p 2(2) =0,
i.e. the longitudinal gauge field is time independent and can therefore be written as
Al = 9w, x1) . (144)
The transverse field satisfies the covariant transversality condition
d, A" = 0.

We write the components of the gauge field after the coordinate transformation to the
accelerated frame (I40) as

Ar— A Ay Al = 9, (145)

where fl;j denotes the transformed components of the part of the gauge field which is trans-
verse in the inertial frame. After gauge transformation to the Weyl gauge (141))

AL = AZ 6 8 A” uX(O)(gaXJ_)

= A+ O\ =0, = (A”+80A) duX(0)(€,%1) (146)

8

we arrive at .

A:; = AZ - 8 a AN MX(O) (6, XJ_) . (147)
Here the term 0, x(0)(§,%1) appears as an yet undetermined, possible zero mode when in-
verting Oj. Accordmg to Eq. (I47), and after adjusting properly this 7 independent gradient
(i.e. subtracting the 7-independent longitudinal field in the accelerated frame), the trans-
verse field in the accelerated frame is given in terms of the transverse field in the inertial
system. We therefore identify the transverse components of the fields appearing in Eq. (I43))

Ailr €,x1) = Al(t,x) (148)

tx=tx(1,€)

The explicit expressions for the transverse gauge fields transformed from the inertial to the
accelerated frame are

~

Al (€, 7,x)) = 894, (t(7,€), (7, €),x1) — Oee /T dr' Ay (t(€,7'), 2(€,7'),x, ) sinh ar’,
(149)

;1}(5’ T, XJ_) = AI (t(Ta 5)’ ZL’(’T, €)> XJ_) - alefa /T dT’Al(t(ga 7,)7 l’(f, 7_/)’ XJ_) sinh aT/> (150)

with the standard normal mode expansion of the transverse gauge field in the inertial frame

d

A,
x) /\/Qw (27 d/2[A

-1
EM ) (ky, K e r I 4 e (151)
=1
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The d — 1 dimensional transverse basis &*(k) is defined in analogy with Eq. (I29), and
the annihilation a(k1, k) and creation &R(kl, k) operators satisfy standard commutation
relations.

From this point on we may proceed along similar lines as in the case of the scalar field
and project Eq. (I48) onto the normal modes of the transverse gauge fields in the acceler-
ated system (cf. Eqs. (I27) and (I30])). Here we give the details for the i = 1 component of

Eq. (I48). Projection of A; yields (cf. Eq. (I20))

- . (d-1)/2,,2
[ et o) 5 bp e = BT

Vo (al(Q, kL)e_mT + aJ{(Q, —kL)emT) )
1

(152)
Projecting the right-hand side of (I48) and using the definition G]ZQI) we obtain

. dk, 1
ded® g A (¢ —k e~kixs / ! (k1, k1 )aa (ki k
/ 5 L 1(’X) t,x=t,x(7,& )2’2 @ \/% \/ﬂzel b J_ b J_)

cosh ar dz RN dz SRz
{ - /0 = k()™ - demhaT/O —k%() )
dz

d7' sinh a7’ sinh(fy — aT')/ — k;a(2) “‘””(T/)Z} + (h.c., k; — —k;). (153)
0

a T

The quantities k and fy are defined in Eq.(IIT]). The above expression contains two divergent
integrals over z near z = 0. However, a partial integration of the second one with respect
to 7 gives an integrated term which cancels the first one leaving a convergent integral over
z. This contribution together with the other convergent term gives

2 > dk 1 Wi a>
ded ™ ) Ay (t L ==
/ ed e, (1, ) =

d—1 .
I _
— {sm—(  — QT — ?>6/1\(k1,k¢)aA(k1,kl)

k ) -tk x) _

t,x=t,x(7,£) 22

af2sinh T

0 _
+sin— (= o+ ar = )&k, —k)ah (b, —kl)}. (154)

Identification of Eqs. (I52)) and (I54]) establishes the relation between the creation and an-
nihilation operators in the two coordinate systems,

dkl WEk i%ﬁk

w/asmhw /V27T V2w ki

Z [ezael (k1 k1 )an (ki ko) — e 36 @8k, kl)ag(kl,—kg].
A=1

al(QakJ_) =

The relation of the perpendicular gauge field components are obtained in a similar manner.
The final result for the relation between the creation and annihilation operators in the inertial
and the accelerated frames (cf. the corresponding expression (I12)) for the scalar field) reads

dky

\/m/\/ﬁx/ﬂ

(k) = i By [egab(kljkﬂ +e %Bj(k;l,—kl)] . (155)
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The appearance of the 2 systems of polarization vectors, the d—2 dimensional basis of polar-
ization vectors el'(k, ) in Eq. (I29) and the d — 1 dimensional basis &*(k;,k, ) in Eq. (I5),
made the following redefinition of the creation and annihilation operators necessary

d—1 d—1
bL(k’l,kJ_) = é?(k’l,kl)e%(kj_)d/\(k’l,kl), 2 S L Sd—l, (156)
=2 A=1
and the rescaling
d—1
~ w _ ~
bi(ki, k) = k—f &Mk, k1) an(ki, ki), (157)
A=1

resulting in a system of creation and annihilation operators with standard commutation
relations

[0i(k1, ko), BY(K),K))] = 6;6(ky — K)o(ky — X)) d,5=1,....d—1. (158)

As a consequence, the result (II3) for the scalar field applies directly to the Maxwell field
and we find for the average particle number for the d — 1 degrees of freedom in the inertial
frame ground state

/ 1 /
(OM\CLI(Q, ki )a; (2, K'\)|0y) = %Tléij S(Q—-0)o(k, —K)). (159)

e Ma —

With the relation (I55]) between the Rindler and Minkowski space creation and annihilation
operators, we can proceed as in the case of the scalar field [3],]26]. The relation of the left
Rindler wedge operators with the Minkowski operators differs from the relation (I53]) only
in the sign of the phase Q8 /a. Given these two sets of equations the Minkowski vacuum
can be expressed in terms of correlated product states in R, and R_

|0M> = HNa Ze—wnaﬁa/a|na>+ ® |na>— ) Na =V 1-— e—27rQa/a . (160)

The structure of this relation is the same as for the scalar field [26]. The index a specifies
besides transverse momenta k; and energy Q (cf. Eq. (I53)) the d — 1 polarization states.
For observables built exclusively from degrees of freedom in R, , the matrix elements are
given in terms of the density matrix (I15]) with the Hamiltonian (I32) of the Maxwell field.
We illustrate this result by computing the energy density of the Maxwell field. As for
thermal expectation values we calculate the expectation values in the Minkowski vacuum by
assuming the operators to be normal ordered with respect to the Rindler vacuum. Using the
normal mode expansion of the gauge fields (I27), (I30) the properties of the polarization
vectors (I129) and the above relation between Rindler and Minkowski space creation and
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annihilation operators we find for the electric and magnetic energy densities (cf. Eq. (ITT))

d
1 A R
(O Hel0) = (0 : {62051112 +ZH12} - |0as)
1=2
2

1
= (d—1)a? 20Dt / dwm [wz + a—(d — 1)} I(d—2,w)

2
1 d d
(Onm|HB|0M) = §<0M‘ : Z {F121 +62“§ZFI2J} 2 0ar)
1=2 J>I
2
= (d—1)a%%e daﬁ/dw%[wu%(d—1)(d—2)]1(d—2,w),
(161)
with (cf. [22))
o af)y a2 I w_y T2(H2) ‘ I+XA  wy?
I\ w) = 2u)(%)AH/O P () de = (55 simbr = 2 P( —l—za> ,

and (2, denotes the volume of the A-dimensional sphere. For d = 3 our result for the energy
density
1 2 2
<0M|HE +HB|0M> = —ze_zag/wdwﬂ (162)
T

e27r; _

agrees with the results obtained in [10], [25] and with the result for classical random radiation
in [28]. The spectrum differs from the Planck spectrum, i.e. the density of states is not that
of black-body radiation. In agreement with earlier findings [11] we note that as a result of
the integration over k; (cf.[29]) and the property
2
(4 + i)

‘F(1+iu)‘2

| |
2 —1 M oemy

(163)

the characteristic Bose-Einstein denominator is replaced in odd space-time dimensions d + 1
by the Fermi-Dirac denominator 1 + exp(27rw/a) .
From Eq. (I6I]) we conclude that the action density

(Oulslons) = OulHs = Huloy) = =B Dset-ne [ L —ria—2.0) (160

vanishes for d = 3, is positive for d = 2 and negative for d > 4. Thus in Rindler space,
the Maxwell field develops in general a non-vanishing photon condensate. In 5 and higher

dimensional Rindler spaces the photon condensate is dominated by the magnetic fluctuations
as is the case for the gluon condensate in (4-dimensional) QCD [30].

E. Gauge fields coupled to external currents

Here we discuss the relation between the gauge fields in inertial and accelerated frames if
external currents are present. This is an important topic when comparing the observations
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of inertial and accelerated observers. In particular the absence of bremsstrahlung for the
co-accelerated observer has been a central issue in this discussion.

As above we start with the identification of the Heisenberg operators in the Rindler space and
in the right Rindler wedge R, of Minkowski space. According to the results of Secs.ILCT]
and [IC 2 the identification of the fields involves on the one hand the Heisenberg operators
of the Maxwell field in the absence of sources and on the other the (c-number) solutions of
the classical Maxwell equations coupled to the external currents. Therefore the identification
(T4]) of the transverse gauge field operators remains valid together with the relation (I55)
between creation and annihilation operator. The c-number part is obtained by solving the
equations of motion (#9) for the classical transverse gauge field &' which in Rindler space

read (cf.Eqgs. (I23), (124)

agAl_Asdl _ 2a§ 1+81A8( 2a£]1)’

02a — Aa' —2a0e*0' 6" = 1+81Aa( e 57).

The c-number solutions of the Maxwell equation in the two frames are easily identified. We
may for instance solve the equations of motion in Minkowski space, perform the coordinate
transformation to Rindler space, carry out the necessary gauge transformations to the Weyl
gauge and compute the transverse gauge field and the electric field. In this procedure it
is essential that in the space of physical states, the eigenvalue of the longitudinal electric
field operator is a solution of the Maxwell equations. Furthermore the gauge freedom of the
auxiliary fields « (Eq. (37)) and the freedom in the choice of the time independent integration
constants E&) (x) in Eq. (B3) and xo(w, k. ) to be derived below (Eq. (IG8])) are essential for
establishing the relation between the classical fields in Minkowski and Rindler spaces.
Given the general structure (6I)) of the Heisenberg field operators after decoupling of the
external currents and given the relation (I53) between Minkowski and Rindler space creation
and annihilation operators, it is obvious that at the level of fields or bilinears of fields
the classical considerations concerning the relation between Minkowski and Rindler space
observables are essentially unchanged. In the case of the energy momentum tensor the
classical result is modified only by an additive contribution from the Unruh radiation of
the free Maxwell field. In particular, the resolution of the equivalence principle paradox
concerning the absence of radiation in a co-accelerated frame given in [31] remains valid
(cf. also [32]).

The interplay between classical and quantum fields becomes more subtle in the time
evolution of the states. For this purpose it is convenient to express the unitary transformation
W (24) in terms of the amplitudes of the normal modes introduced in Sec.IVBl We start
with the identity (@3] (cf. also Eq. ([@Q))

d . .
e e / dée* d o Agt (165)

Written in terms of the normal mode expansions (127, I30) this equation reads

d(I) L
— /dw/dd lkl al(w,kL)e_WTJZ(T,w,kl) +h. c.),
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with

~

) dd-1y N 022
— WKIX)
J(T,U},kj_) - \/—/ 27]' (d 1/26 /0 dZ kii
k d
(%Z.} (Ta Z,XJ_) _l_ik_IjI(Ta Z,XJ_) %) kl%(z) ) (166)
3L dd ‘x ik az ¢ L I
JH(rw, k) = \/_/ /2 o LXL/dZE ;el(kl)j (7,2, %1 ) ki (2) .
(167)
Integration over time and transformation back to Schrodinger operators yields
d—1
—/dw/dd_lkl Z <ai(w,kl)xi(7,w,kl) + h. c.) ,
i=1
with ;
(T, w, k) = / dr' €T Jir w, kL) + X (w, ke (168)

The arbitrariness in the time integration of d g reflects the ambiguity in the choice of Green’s
function. The choice x{(w, k) = 0 corresponds to the retarded and

Yo(w, ki) = —/ dr' e Ji (' w, k)

to the advanced propagator.

The time evolution in the longitudinal and in the transverse sector of the Hilbert space are
independent of each other. The unitary transformation W (24]) is a product of operators
acting separately on the state vectors in the corresponding sector

W(r) = ®@e®0 - |y(1)) = [d(1)) [t (7)) 4

with [¢(s)) being eigenstates of the longitudinal electric field. Since |ty (7)) is a state with
vanishing electric field we conclude that at time 7

. 1
Ol (7)) = =0' % 50(r, 6% 1) (7))

i.e. the longitudinal electric field is given by the Coulomb field generated (instantaneously)
by the charge density j°.
With the ground state as the initial state we find

e HMemirm0) = C(y)exp { — i / dwd® kLY al(w, kX (rw, k1) bO), - (169)
i=1
where C(x) arises from normal ordering exp ®
1 -1 i 2
C(x) = exp{ 5 | dwd™ kY (w0, k)| } (170)
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By projection of the time evolved ground state on the relevant Fock components, the associ-
ated probabilities and henceforth the photon production rates are easily calculable without
having to invoke perturbation theory in the coupling.

Formally the above expression together with the definition (IG8]) of x apply to the time
evolution in Minkowski space as well, with the Fourier components given by

7L . zkx _ _
J (t,k)_/—(%)m T ;ef L=1,...,d—-1. (171)

The study of the time evolution is pertinent to the issue of bremsstrahlung generated by
a uniformly accelerated charge and observed either in the inertial or in the co-accelerated
frame. The probability to observe the system at the time 7 in a state characterized by
the occupation numbers m,, with « standing for w, k; and the polarization, is given by

(cf. Eqgs. (115), (160))
P(0y — {ma}) —tr[H|ma (me|p(T ] H./\/'ZZe mnalafapr |2 (172)

After a straightforward calculation one obtains the following closed expression for these
matrix elements

w(na,ma)

— (_s Na+Ma _l| a‘2
My o, = (i)t moemabel” (10 — §)! (e — K0!
k=0

na!ma! -1 b ma—k . *n
( k') Xaa ana k’ (173)

with
1(ng, my) = Min (ng, my) -

Expression (I72)) together with the matrix elements (I73]) contain the complete information
about the time evolution. In the perturbative limit only the term k = u(n,, m,) is retained
and the one photon emission and absorption probabilities become

|Mna+l,na|2 ~ (na + 1) |Xa|2a |Mna—1,na|2 ~ na|Xa|2' (174)

Most of the discussion on the connection between Rindler and Minkowski space have
been carried out in the context of scalar field theory. We conclude this section by compiling
the equations relevant for such studies. According to Eq. (1), the exponent of the unitary
transformation w (B3]) satisfies in Rindler space the differential equation

d;’i — —/e2afd§ dz pp = — /dwdd_lkl (a(w, Ei)e ™ p(r,w, ki) + h.c.) ,
-

where we have used the normal mode expansion in Eq. (@9) and have introduced
Kk P T 175
p(r,w ki) = \/_k;2 azaz W € zg(Z)P(T, Z,X1). (175)
Carrying out the time integration and transforming back to Schrédinger operators we find

(1) = /dw Ak, <a(w, ki )x(r,w, k1) + h.c.) ,
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(1w, k) = / dr’ ei“(T_T/)p(T',w, ki) + xo(w, ky)e™™. (176)

The c-number contribution to the energy (B9) is given by

1
hSC(T) = 5 / 62[1& dé- dd_lxlp(Tu 57 .CL’J_)O((T, é-v 'TJ_) ) (177)
with the solution a of the inhomogeneous wave equation (cf. Egs. (88]) and (89))

[83 — Ay +m? e2a§] a=—ep. (178)

F. [Initial value problems and bremsstrahlung

Important for understanding the relation between physics in Rindler and Minkowski
spaces is the issue of bremsstrahlung of a uniformly accelerated charge. While observed
in an inertial frame, a co-accelerated observer will measure a static electric field rather
than photons. In the context of classical physics [31] this puzzle has been resolved by
the observation that the radiation is emitted into a region which is inaccessible to the co-
accelerated observer. In a quantum mechanical treatment and considering the static charge
as a limit of an accelerated charge, some remnant of the radiation has been found to persist
[12,133] and to get enhanced by the divergence of the occupation probability (cf. Eq. (I59))
in the infrared limit. The net result is an emission and absorption rate of photons in the “co-
accelerated ” frame whose sum is identical to the production rate in the inertial frame. This
method has been applied also to the case of a uniformly accelerated scalar source |34], [35]
and has been extended in a calculation of the emission rate of a Unruh-DeWitt detector [36].
We will verify these results within our approach and in order to avoid difficulties associated
with an “eternal” acceleration we will analyze the relation between the physics in Rindler
and Minkowski spaces in the presence of a uniformly accelerated charge by formulating an
appropriate initial value problem.

1. Scalar radiation

We assume a pointlike scalar source to be located at the fixed position £ = 0, x;, = 0

(cf. Fiq. (I75))

plr k) = aoo(rpee k1) = T2 b b o) G (179)

with its strength
q(7) = qoo ()
being turned on in the interval
To <7 <79+ 07, (180)

with
o(r) =0forr <m, ofr)~lforr>m+0ir
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For times later than 79 + 07, o(7) may differ from the asymptotic value by exponentially
suppressed corrections as is the case with the following ansatz

o(t)=0(t—1) (1—e ™) X~ 1/07.
In perturbation theory, the rate of emission of one particle with frequency w, is given by
(cf. Eq. (I74))
k

— (0 + 1) @ plwas k1) 20(7) / ar

70

d|Xa

sinwe (1 — 7") do (1)
dr '

7y (Wa, ki) = (na +1)

Wa dr’

(181)
We have used xo = 0 and carried out an integration by parts. In this way the integral
effectively extends only over the time interval (I80). At asymptotic times 7 >> 75 + d7 only
frequencies w, < 1/d7 contribute, i.e. turning on the source affects only long wavelength
modes and we can write

o Sinwy (T — 79)

7y (wa, k1) & 2(na + 1) g5 p(wa, k1) — 21(Ng + 1) @3 p(wa, ki )20 (ws) . (182)

Wa

At this point we essentially can follow the arguments given in [35]. We note that for w < a

(cf. Eq. (24), (I73))
V2w

plw, ki) — WKO(I{?J_/CL), (183)

27)
and therefore the rate r(w,, k) vanishes. However the divergent occupation probability in
the Unruh heat bath compensates the infrared decrease of the rate. The total rate observed
long after the source has been switched on is given by

0o 0 2
—zTTw/a —zZTNpwW/a q
r (k) :/0 a1 = €70 37 (e oK) =~ B fa) (18
ne=0

Due to the infrared enhancement by the Unruh heat bath, the emission rate remains affected
at arbitrary late times by the process of turning on the source. The absorption rate r_
(cf. Eq. (I4))) is identical to the emission rate and, in agreement with the result of [35] the
total rate r = r, +r_ can be shown to coincide with the one particle production rate. This
is a straightforward calculation in Minkowski space with the scalar source given by (here
the corrections from switching on the source are negligible for sufficiently late times)

k)= — L gemyEE L
Cr) B s

2.  Photons

In Weyl gauge, the source of the radiation is the spatial part of the current. If generated
by a point charge at rest at £ = 0 in the accelerated frame the only non vanishing spatial
component of the current in the inertial frame is given by

a’t

1
tr, X)) = go—————
7 1) =w 1+ a?t?
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From Eqs. (ITT]) and (I68) it is straightforward to derive the following expression for y!

—zkt’+ik1 t'2+;15 2

\/1 + a2t’2

From here on we follow the computation [33] of the total emission rate of photons with given
transverse momentum k. By integrating the above expression over the 1-component of the
photon momenta and dividing by the proper time during which the charge is accelerated we

obtain ) - 002 L ,
1 2 dy Rl
m/_wdkl\x (t, k1, kL)) _7(%)%)[(1( a)‘ . (187)

Changes in r(k,) due to switching on or off the current are negligible if the acceleration
lasts for a sufficiently long (proper) time 7'(t).

In electrodynamics, current conservation requires a more complicated procedure for com-
paring photon emission and absorption rates in accelerated and inertial frames. We adopt
the dipole arrangement of |12, 133] with the following current in the accelerated frame

7" = qoo(T)e *[6(§) = 6(¢ — L)o(x1), ' = oo (T)e ™ 0(E)O(L — €)d(x1), (188)

with the time dependence o(7) to be specified later. In the limit L — oo, the normal mode
component of the current defined in Eq. (I66) is given by

5 20 (1) |1 . 7w
Jt k —————/—sinh — M (k 189
(Tawv J_) (27‘(‘) dJ2r1 a Sl p ( J_,CU) ) ( )

k 2 r*d
Mbsw) = ~Kiy () + 2 [~ L), (190)
a ark; JkL 2z

a

(k)| = % (186)

(2m)92k k2

r(kl) =

with

which implies (cf. Eq. (I68) with xo = 0) the following expression for x?

queiwr 1
XI(T7w’kJ_) = f(T,u))W aSth;M(lﬁ?l, ) y (191)
where f(7,w) is defined as
f(r,w) :/ dr'e™™" 5(7'). (192)

After including the occupation probabilities of the Rindler photons in the Minkowski vac-
uum, the photon emission rate (cf. Eq. (I8T)) becomes

1 [ 1
relhs) = 1 [ i kP (1 — ) (193)
T Jo 1—e @
It is now easy to verify that the choice of the time dependence
o(1) = V2cos BT (1)0(T — 1), (194)

and taking the consecutive limits 7" — oo and E — 0 reproduces the result obtained in
[12,133]

2
k
q(] ‘Kl(—l)2

: (195)



which, after multiplication with a factor of 2 accounting for the process of absorption of
photons, agrees with the inertial frame result (I8T).

For interpretation of this correspondence between the results for the total rates in the
inertial and accelerated frame as an effect of switching on and off the coupling to the radiation
field the modulation of the current is not necessary. This can be verified with the following
choice for o ()

o(t)=|1- e_A(T_TO)z] [1 — e_’\(T+T°)2] O(t +70)0(10 — 7). (196)

This parametrization guarantees that no discontinuities in time and space component of the
current occur when turning on or off the coupling. Furthermore we require

ME> 1,

such thag in a time interval of size 27y and up to exponentially suppressed corrections
(~ e %70)  the time component of the current is constant and non-vanishing while the
spatial component vanishes. Up to such exponentially suppressed contributions, we obtain

for f(r,w) (cf. Eq. ([I92) and [22])

. d [T _ . d (w 3 W
f(T,w)%Q)\[zcoszO%\/;e /4’\+81nw70@<X1F1(1;§;—ﬁ)>}.

Assuming A to be chosen sufficiently large in comparison to the relevant frequencies this
expression simplifies
AW |f(rw)? = 4sin® wr, (197)

and assuming furthermore the total time 27y of non-vanishing o(7) to be large on the scale
of the acceleration ary > 1, the w integration in (I93) can be carried out in closed form
and yields a result identical to (I95)). In agreement with [12, 133], the time averaged total
rates for the parametrizations (I94) and (I9€]) coincide with the time averaged emission
rate (I87) of a uniformly accelerated charge in Minkowski space as expected on the basis of
the invariance of the coupling term in the action [ ddx\/ﬁ j*A, under general coordinate
transformations.

In addition to the time averaged rate we can determine the time evolution of emission and
absorption probabilities under the influence of a current whose time component is turned
on at the time —7, and turned off at 7. Furthermore we assume the time (1/v/A) needed
for turning on or off to be much smaller than the total time where the charge is turned on
(o(7) &~ 1). Since ultimately we are only interested in small frequencies (cf. Eq. (I97)) we
do not need to further specify the details of the time dependent coupling goo(7) (Eq. (ISS).
For w? < A, Eq. (I92) yields

f(r,w) = 0(1 + 1) [e“™ — e “™f (1 — 7'0)] ) (198)

For 7 > 75 we reproduce the result (I97]) and therefore the correct value for the total
rate independent of the details of the process of turning on and off the charge. Unlike
the rate of scalar radiation (I82)) which remains constant after turning on the charge, the
electromagnetic rate (~ 9,|f(7,w|?)) is different from zero only during turning on or off the
charge where the spatial 1-component of the current is non vanishing. For —7p < 7 < 79
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and for w < a the probability for observing a photon emitted with energy w and transverse
momentum k is given by (cf. Eq. (I91]))

dq? k
X (w0, k) [P = (ny + 1)Wff)d+lf(f(f) , (199)
if the initial state contains n, photons. This probability exhibits a linear divergence with
vanishing photon energy which is further enhanced by the occupation probability of the
Unruh heat bath. The divergence disappears in the process of switching off the charge and
the finite value of the averaged rate ([I95]) results. (Details of the time evolution can be
studied using the parametrization (I96]).) In the time interval —7y < 7 < 7 a co-accelerated
observer measures a surplus of Rindler photons of small but finite energies in the Unruh heat
bath due to spontaneous emission. The probability for this surplus diverges like w™! with
decreasing photon energy. As far as the origin of this divergence is concerned we cannot
rule out at this point that, although independent of the details of the switching on and
off processes, it is related to the particular class of parametrizations (I88). Nevertheless,
within this class of parametrizations the divergence is unacceptable. It signals a failure of
the perturbative treatment of the coupling to the external current and one might expect on
the basis of the non-perturbative expression (I73]) that a summation of higher order terms
will cure this problem. In this context it also may be worthwhile to examine the quantum
mechanical consequences of the modification of the retarded Green’s function method in the
calculation of the classical radiation field of a uniformly accelerated charge [37],[31].

G. The interaction energy of static charges in accelerated frames

In this section we discuss the physics associated with the longitudinal degrees of freedom
in Rindler space. As the radiation field, also the Coulomb field in Rindler space generated
either by external charges or charged matter fields differs in a characteristic way from that
in Minkowski space. Starting point for our discussion is the expression (51I) for the Coulomb
energy of static charge according to which the interaction energy of pointlike charges eq, es,
located at &;,x, and &, 0, respectively, is given by

Vo = —e1eaD(&1,%x1,62,01), (200)

with the Green’s function associated with the Laplacian (IH) defined in Eq. (22). In Rindler
space, after a Fourier transform in x,; this Green’s function satisfies

o1 0 2 no__ / (,)_1 at®”
<v%;%—kL)g(v,v)—avé(v—v), v = et

with the solution
g(v,v") = —av I (k v )vs Ky (kivs) . (201)

The integration over k; can be expressed in terms of Legendre functions of the second kind
(cf. [22])

dk .
D(£17Xl7£270l) = _aU1U2/(27T7)d_J_1]1(kJ_U<)K1(kJ_U>> elkLXL

— (2;:;3/2 [_ AV =1 —(d—3)/2(u2 _ 1)—1/4Q§—1 W . (202
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with

¢* = 2010, (203)
The variable u is given by
2
s
with
s* = (v1 —v)* + %3, (205)
the geodesic distance (cf. Eq. (I22])). With this result, the interaction energy (200) of two
oppositely charged sources e; = e = —ey can be written as

o—iE(d-2) 2

—(d— 41
T 03/27d/2 (d-3 (u? — 1)~ =21 Qi) (), d=2. (206)

a_IVC =

The above dimensionless quantity depends on the geodesic distance s (208]) and in addition,
due to the loss of translational symmetry, on the variable ¢ [203)). If we vary the geodesic
distance, with the “center of mass” of the charges

¢ = %exp a(& + &)

kept fixed, the variable ¢ defines the scale in which the dimensionful quantities, the geodesic
distance
s
§5=—,
¢

and the charges e;, e; are measured. This suggests to introduce the dimensionless coupling

constant

2
o €

running with the value of the center of mass. This definition is in accordance with the
definition (I33]) of é determined from the scaling properties of the action of the Maxwell

field
a

() e

The appearance of an effective scale set by one of the coordinates in curved spaces is rem-
iniscent of the AdS/CFT duality where the scale is set by the coordinate transverse to the
4-dimensional Minkowski like space [38], [39].

In the limit of small geodesic distances the above expression reduces to (cf. [40] Ch. III)

1 d é2
—1
Vo o ~mpap LG -Vgm 423,
1 . . 5
- 2%7T62 1ns+2—§1n2 d=2, (208)
and we find for large geodesic distances
(5 +5)
-1 27 3) 22.-d1
a Ve — A , d>2. (209)
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FIG. 1: The interaction energy (206) (solid lines) for d = 1, 2,3 and the small distance approxima-
tion (208) (dashed lines) as a function of the geodesic distance s. Up to an additive constant the
small distance approximation coincides with the interaction energy of static charges in the inertial
system. The curves for d = 1 and d = 2 are shifted by 0.5

Up to additive constants, the interaction energies coincide for small distances of the charges
with the corresponding expressions for charges at rest in inertial systems while at large
distances the interaction energies of charges at rest in accelerated systems are suppressed
by three powers of 1/s. For d = 1, an elementary calculation yields

=2

aWe = % WVt e, d=1. (210)

Again, the small distance limit coincides with the flat space result. Figure[l shows the
interaction energies in inertial and accelerated frames for d = 1,2, 3. It displays the faster
decrease with s of the interaction energies in the accelerated frame for d > 2 which in
particular implies a change from the logarithmic rise of the interaction energy for d = 2
to a power law decay. For d = 1 the increase of the interaction energy is enhanced by the
acceleration.

We finally remark that the above calculation is independent of the quantum state of the
transverse gauge degrees of freedom. We have used Gauf§’ law which is valid for any physical
state. In particular our calculation applies equally to the ground state in the inertial and to
the ground state in the accelerated system.

It is instructive to compare the interaction energy of static charges coupled to the Maxwell
field with that of static sources coupled to a massless scalar field. According to Eqs. (IT1)
and ([IT8), the energy arising from the coupling of static sources to the scalar field is given
by

1 /
h* = 5/62ll§ dé‘dd—le/€2a§ dg/dd_lxlj_p(é-va_)Ds(gaXl7§/7X/J_)p(£/7X/J_)7

with the scalar Green’s function (cf. Eq. (89))

Dy(6.%1,€.%)) = (6. xul 5 1€.%).
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Therefore the interaction energy of two pointlike sources of strength ¢;, go reads

Vie = 1¢2Ds(&1,%1,82,01) . (211)

Unlike in Minkowski space, interaction energies of static sources coupled to scalar or vector
fields are not given in terms of the same Green’s functions. They exhibit different spatial
dependences. The Laplacians A; (89) for scalar and A () for vector fields are related to
each other by

2
Ay=A+ -0,
v
and a similar calculation as in (202)) yields the following ratio of propagators
d/2—1
D, 0 1 QL (u
(E1,%1,6,00) _ . d12/21( ) _ em EHe) (1 4+ 5% 1+ 5V2 + 32). (212)
D(&,x1,8,01)  d’vivy Q1?2_ (u)

We observe that the dependence of the interaction energy of scalar sources on the distance
(8) coincides at small distances with that of static charges, and thus with the flat space
result. At large distances the interaction energy is suppressed with respect to the flat space
result by only one power of §.

For d = 3, as for all odd spatial dimensions, the interaction energy can be expressed in
terms of elementary functions. We find from (200) (cf.|22])

e 1+ 32
Vo=—a|l - — ) . 213
o= (1 ) 219)

The modification of the asymptotics by acceleration would change significantly the spectrum
of atoms or molecules. In particular one would expect that a hydrogen atom should exhibit
only a finite number of bound states separated from the threshold by a finite gap. The effect
of the acceleration should be most strongly pronounced in “Rydberg” atoms i.e. atoms in
highly excited and very weakly bound states, (cf.[41] for a study of Rydberg atoms in the
Schwarzschild metric). In low lying states and in the perturbative limit aap < 1, with ap
the Bohr radius, the modifications of the kinetic energy are actually dominant. This can be
easily verified using the following Hamiltonian for the hydrogen atom in Rindler space

1

1
H = —m(ez"§ - 1)
2m

5 (0 + €*0%) + €*D(£,%1,0,0,) . (214)

For energies small in comparison to the electron’s rest mass, this effective Hamiltonian is
derived from the scalar field action (62) and the expression (f0) for the interaction energy
of a static proton with the charge density of the (scalar) electron (64]). Besides x; = 0, for
simplicity &proton = 0 has been assumed.

The suppression of long range forces by acceleration may also be of relevance for Yang-
Mills theories and QCD and could be taken as an indication for deconfinement by acceler-
ation. It has been actually argued 9] that the Unruh effect provides a new mechanism for
thermalization through the deceleration occurring when two relativistic heavy ions collide
and, for instance, could trigger restoration of chiral symmetry. On the basis of our results
one might conjecture that in Rindler space a confined phase in Yang-Mills theories or a
chirally broken phase in QCD does not exist at all. The thermal distribution of photons (cf.
Eq. (I59)) or of massive scalars (cf. Eq. (IT3)) is independent of the value of the transverse
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momenta and mass of the “Rindler particles” resulting in an ultraviolet divergence of the
entropy which requires regularization [23]. This degeneracy can be expected to remain true
as far as the elementary excitations of interacting theories (cf. [42], [23]), for instance the
“Rindler pions” in QCD, or “Rindler glueballs” in Yang-Mills theories are concerned. In
turn, the existence of a confined phase in Yang-Mills theories in Rindler spaces appears to
be incompatible with the expected degeneracy of the ground state, the large contributions of
the one-particle states to the entropy or the missing gap in the spectrum. As far as the issue
of thermalization in relativistic heavy ion collisions is concerned, it is not straightforward
to apply these considerations without having studied the changes in the dynamics if the
acceleration does not last forever.

V. CONCLUSIONS

In this work we have presented the canonical quantization of gauge fields in static space-
times and have applied the formalism to the electromagnetic field in Rindler spaces. The
existence of a timelike Killing vector in static space-times makes the quantization of gauge
fields in the Weyl gauge very similar to that in flat space-time. For electromagnetic fields,
we have developed a general scheme for treatment of the Gaufl law which appears in the
Weyl gauge as a constraint on the physical states. The two crucial elements in this con-
struction are the definition of metric dependent transverse and longitudinal fields and the
decoupling of the longitudinal degrees of freedom. This decoupling is achieved by a unitary
gauge fixing transformation and enables explicit determination of the stationary states of
the longitudinal degrees of freedom. We have shown that in general static space-time the
time component of currents either external or generated by charged matter fields is coupled
to the radiation field and have discussed the possibility to eliminate this coupling by a suit-
ably chosen coordinate transformation. A complete construction of the stationary states
and an explicit non-perturbative solution of initial value problems has been given in case
the electromagnetic field is coupled to external currents only. As far as further formal de-
velopments are concerned it would be interesting to consider alternatives to the elimination
of longitudinal degrees of freedom. The decoupling of these degrees of freedom is one par-
ticular option for resolving the Gaufl law constraint. As in flat space and depending on the
metric or on prescribed boundary conditions elimination of other degrees of freedom may
be more practical, for instance, the elimination of a particular component of the gauge field
(cf. [43]). Such an alternative could be promising for curved space-times like Rindler or AdS
spaces where one of the spatial directions is singled out and, most likely, will be necessary for
resolving the Gauf} law in non-Abelian gauge theories. Furthermore it appears promising to
extend our formal development and include stationary space-times [44][45] where the basis
of the canonical quantization in the Weyl gauge, the existence of a time-like Killing vector,
persists. If successful, such an extension would permit applications to metrics like the Kerr
metric.

Using the tools developed for gauge fields in general static space-times we have studied
the dynamics of the electromagnetic field in Rindler spaces. We have constructed the normal
modes of the transverse gauge fields and expressed the Hamiltonian in terms of the associated
creation and annihilation operators. We have identified the symmetry which is responsible
for the degeneracy of the energy eigenvalues with respect to the momentum components
perpendicular to the direction of the homogeneous gravitational field and have shown that
the Rindler space Hamiltonians of a non-interacting scalar and of the Maxwell field are

39



invariant under scale transformations. We have extended these symmetry considerations to
scalar and spinor QED with massless charged matter fields and to SU(N) QCD with massless
quarks and found that in 4-dimensional Rindler space these interacting systems exhibit at
the tree level this exact symmetry. It remains to be seen which signatures of this symmetry
will be left after accounting for the quantum effects of the interactions.

Observed in a uniformly accelerated frame, Minkowski space-time appears as a Rindler
space. We have studied in detail the ensuing relation of quantized electromagnetic fields
in Rindler and Minkowski spaces and have established the relation between the creation
and annihilation operators of the corresponding transverse fields. We have derived non-
perturbative expressions for transition rates for photon emission and absorption induced
by external currents and, for the sake of comparison, the corresponding transition rates for
massless scalar fields. The absence of radiation of a uniformly accelerated charge in the
co-accelerated frame has been an important issue in the discussion of the Unruh effect. It
has been argued that the rate of response, i.e. the sum of absorption and emission rate,
must be the same in inertial and accelerated frames. This conjecture is supported by our
results for both scalar and electromagnetic sources. The time evolution of emission and
absorption amplitudes differ significantly for scalar and electromagnetic radiation. In par-
ticular, after turning on the charge, the amplitude for photon emission exhibits an infrared
divergence which disappears after the charge is turned off while the rate of scalar radiation
remains constant after turning on the source. Additional investigations, in particular of con-
tributions from higher order perturbation theory are necessary. For further clarification of
bremsstrahlung processes, an analysis of the dynamics of appropriately constructed Unruh-
DeWitt detectors for gauge fields seems to be mandatory. So far almost all investigations of
the response of uniformly accelerated detectors have dealt with scalar radiation (for a survey
cf. [5]). A dipole-detector coupled to the electromagnetic field has been introduced in [11]
and used in a study of an accelerated hydrogen atom [46] for a comparison of atomic level
shifts arising from coupling to scalar and gauge fields respectively. A similar Hamiltonian,
for instance of a harmonic oscillator with a dipole coupling to the electric field, could be
used as a model of an “electromagnetic” detector. For such a detector coupled to a scalar
field non-perturbative results are available [47]. Our method of decoupling gauge fields and
external currents by unitary transformations is actually very similar to the method of so-
lution applied in [47] and should be readily generalizable as long as the dynamics remains
bilinear in all degrees of freedom.

Besides the initial value problem associated with bremsstrahlung, Rindler spaces offer
the opportunity for analytical studies of other non-trivial properties of quantized gauge
fields. We have computed the photon condensate which appears in a uniformly accelerated
system in space-time dimensions different from four and have investigated the electrostatic
interaction of two charges at rest in Rindler space. While in comparison with Minkowski
space the short distance behavior of the interaction energy is the same, its asymptotics
is suppressed by three powers of the distance. For the interaction energy of two sources
coupled to a massless scalar field we obtain in comparison with Minkowski space again the
same small distance behavior and also an asymptotic suppression however by one power
of the distance only. As for the density of states of the transverse degrees of freedom we
thus also find a significant difference between scalar and longitudinal degrees of freedom.
The asymptotic suppression of the electrostatic energy changes qualitatively the spectrum
of the hydrogen atom. Together with the expected absence of a gap in the spectrum and the
degeneracy of the one-particle states this asymptotic suppression of the electrostatic energy
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can be taken as a hint that non-Abelian gauge theories in Rindler spaces may not exhibit
confinement.

Although we have concentrated the discussion on gauge fields in Rindler spaces or equiv-
alently gauge fields in uniformly accelerated systems, extensions to general stationary accel-
erated frames (|48, 49]) appear to be feasible and of particular interest for the experimental
verification of the Unruh effect. One also can expect analytical results from a study of the
Unruh effect for gauge fields in AdS spaces (cf. [50]).
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