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• Born interpretation: 

– The probability of finding the particle in the space 

volume dV, at the time t, is given by:

|ψ(x, y, z, t)|2dV  ⇒ �whole space |ψ(x, y, z, t)|2dV = 1

(normalization)

• ψ(x, t) also has to be:

– Continuous and single valued on x.

– Idem with its spatial first derivatives.

Interpretation of the Wave Function



• A rigorous demonstration using matrix mechanics 

gives:

• In QM there are pair of physical quantities (called 

conjugates) for which this relation holds, e.g.:

Heisenberg Principle

For an experimental demo: Nature 371, 594 - 595 (13 October 2002) 



• What does exactly ∆q mean?

Heisenberg Principle

∆q is the standard deviation 

of the probability density



• What does exactly ∆q mean?

Heisenberg Principle

∆q is the standard deviation 

of the probability density

The Heisenberg principle 

applies to quantites whose 

standard deviation are not 

independent. It happens 

when those quantites are FT 

related.



• Narrow potential barrier (V1 < E < V2 ):

Potential Barriers

where

Constants A, B, C, D, F are obtained from continuity and normalization.

In particular:

SE is written for every 

region, from which:



• Narrow potential barrier (V1 < E < V2 ):

– Transmission from I to III

Potential Barriers

As comparison, Bohr radius = 0.05 nm



A Particle in a 1D Potential Well

• Infinite well:

V = 
0 for 0 < x < d

∞ elsewhere

From continuity, i.e. Ψ(0) = 0 = Ψ(d), we get: 

Ψ = (2/d)1/2 sin(nπ x/d)



The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– We have to solve the time-independent SE:

– Given the symmetry, we use it in polar coordinates:
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The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– Full solution by separation of variables assuming:

Ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ)

– Some algebra (and convenient election of constants) 

gives:

Y(θ, φ)

Independent of V



The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– Azimuth angle part:

– Polar angle part:

but

where:

|m| ≤ l



The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– (Total) angular part depends on two integer numbers:

– After normalization (R and Y are normalized 

independently):

Y(θ, φ) = Θ(θ)Φ(φ) =



The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– Radial part

whose solution is (see any book on Q.M.):

where:

with (a is the Bohr radius)



The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– Radial part

whose solution is (see any book on Q.M.):



The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– Total solution:

– After normalization:

– Notice that the w.f. depends on 3 integers (or quantum 

numbers) but the energy only in one of them. I.e. 

several w.f.’s can have the same value of energy. This 

is called DEGENERACY.



The Hydrogen Atom

• Electron moving in the electric field of the 

nucleus:

– The ground state (level with lowest energy) is:

= a

|ψ100 (r)|2 Highest probability 

of finding the 

electron at r = a



Spin & Exclusion Principle

• It exist another quantum number describing the 

electron in an atom: SPIN number. It represents 

the rotation of the electron over its own axis. It can 

be obtained by solving the relativistic SE.

• Therefore, an electron inan atom is completely 

specified by 4 quantum numbers:

• The exclusion principle says that no 2 electrons 

can have the same quantum numbers.



Exclusion Principle

• This applies for any atom, which permits to 

construct the following table:
where:

l

0

1

2

3



http://www.youtube.com/watch?v=1loyjm4SOa0

http://redbeer.wordpress.com/


