
ELEMENTOS FINITOS
2-D



DISCRETIZACION DEL DOMINIO EN ELEMENTOS 2-D



ELEMENTOS TRIANGULARES



ELEMENTOS TRIANGULARES
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FUNCIONES BASE LINEALES



fi(x, y) = Ai x + Bi y + Ci

f1(x1, y1)  =  A1 x1 + B1 y1 + C1 = 1

f1(x2, y2)  =  A1 x2 + B1 y2 + C1 = 0

f1(x3, y3)  =  A1 x3 + B1 y3 + C1 = 0

FUNCIONES BASE LINEALES



fi(x, y) = Ai x + Bi y + Ci

f2(x1, y1)  =  A2 x1 + B2 y1 + C2 = 0

f2(x2, y2)  =  A2 x2 + B2 y2 + C2 = 1

f2(x3, y3)  =  A2 x3 + B2 y3 + C2 = 0

FUNCIONES BASE LINEALES



fi(x, y) = Ai x + Bi y + Ci

f3(x1, y1)  =  A3 x1 + B3 y1 + C3 = 0

f3(x2, y2)  =  A3 x2 + B3 y2 + C3 = 0

f3(x3, y3)  =  A3 x3 + B3 y3 + C3 = 1

FUNCIONES BASE LINEALES



† 

˜ U (x, y) = f1(x, y) u1 + f2 (x, y) u2 + f3(x, y) u3

† 

˜ U (x, y) = a1 +a 2 x +a 3 y

FUNCIONES BASE LINEALES

u1 = a1 + a2 x1 + a3 y1

u2 = a1 + a2 x2 + a3 y2

u3 = a1 + a2 x3 + a3 y3



† 

f1 =
(x2 y3 - x3 y2) + (y2 - y3) x + (x3 - x2) y
x3 y2 - x2 y3 - x1 y2 + x1 y3 + x2 y1 - x3 y1

FUNCIONES BASE LINEALES

† 

f2 =
(x3 y1 - x1 y3 ) + (y3 - y1) x + (x1 - x3 ) y

x3 y2 - x2 y3 - x1 y2 + x1 y3 + x2 y1 - x3 y1

† 

f3 =
(x1 y2 - x2 y1) + (y1 - y2) x + (x2 - x1) y

x3 y2 - x2 y3 - x1 y2 + x1 y3 + x2 y1 - x3 y1



† 

fi =
1

2 D
(ai + bi x + ci y)

FUNCIONES BASE LINEALES

† 

ai = x j ym - xm y j

† 

bi = y j - ym

† 

ci = xm - x j



† 

2 D = det
1 xi yi

1 x j y j

1 xm ym

FUNCIONES BASE LINEALES

† 

2 D = x3 y2 - x2 y3 - x1 y2 + x1 y3 + x2 y1 - x3 y1
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EC. DIFUSION 2-D
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˜ U (x, y; t) = uj (t) f j(x, y)
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EC. DIFUSION 2-D
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SISTEMA DE EDOS:

† 

nodos internos
Â Cij uj + Mij

du j

dt
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TEOREMA DE GREEN
(INTEGRACION x PARTES 2D):
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TEOREMA DE GREEN
(INTEGRACION x PARTES 2D):
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† 

Wi
R
Ú f j dRÏ 
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du j
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PARA LOS NODOS INTERIORES:
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GALERKIN: Wi = fi



† 

fi
R
Ú f j dx dyÏ 
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PERO:

† 

fi =
1

2 D
(ai + bi x + ci y)

† 

∂fi

∂x
=

bi

2 D

† 

∂fi

∂y
=

ci

2 D



† 

∂fi

∂x
∂f j

∂x
=

bi bj

(2 D)2
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∂fi

∂y
∂f j
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ci c j

(2 D)2

† 

fi f j =
1

(2 D)2 (ai + bi x + ci y) (a j + bj x + c j y)

† 

fi f j =
1

(2 D)2 (ai a j + (ai bj + bi aj ) x + (ai c j + ci aj ) y +

† 

(bi c j + ci bj ) x y + bi bj x2 + ci c j y 2)



PARA CADA ELEMENTO:
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PARA EL CASO PERMANENTE, COEFICIENTES CONSTANTES:
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MATRICES ELEMENTALES:
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† 

1
4 D

kx

b1 b1 b1 b2 b1 b3

b2 b1 b2 b2 b2 b3

b3 b1 b3 b2 b3 b3

ky

c1 c1 c1 c2 c1 c3

c2 c1 c2 c2 c2 c3
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+
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= 0

MATRICES ELEMENTALES:



EJEMPLO:
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INCOGNITAS



f1 u1 + f2 u6 + f3 u5 = u1
~

f1 u1 + f2 u2 + f3 u6 = u2
~
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f1 u2 + f2 u3 + f3 u6 = u3
~

f1 u3 + f2 u7 + f3 u6 = u4
~

f1 u3 + f2 u8 + f3 u7 = u5
~

f1 u5 + f2 u6 + f3 u9 = u7
~

f1 u6 + f2 u10 + f3 u9 = u8
 ~

f1 u6 + f2 u11 + f3 u10 = u9
 ~

f1 u7 + f2 u8 + f3 u11 = u11
~

f1 u8 + f2 u12 + f3 u11 = u12
 ~



f1 u9 + f2 u10 + f3 u14 = u14
 ~

f1 u10 + f2 u11 + f3 u14 = u15
~
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f1 u11 + f2 u15 + f3 u14 = u16
~

f1 u11 + f2 u16 + f3 u15 = u17
~

f1 u11 + f2 u12 + f3 u16 = u18
~
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= B.C.
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