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�� )XQFWLRQV�RI�RQH�YDULDEOH�$�IXQFWLRQ %$I o� FRQVLVWV�RI�WKH�GRPDLQ VHW��$��WKH�UDQJH VHW��%��DQG�D�UXOH�WKDW�DVVLJQV�WR�HYHU\�HOHPHQW�LQ�WKH�GRPDLQ��D�XQLTXH� HOHPHQW�LQ�WKH�UDQJH��:H�FDQ�VD\�WKDW�WKH�IXQFWLRQ�I PDSV�IURP�$�LQWR�%��([DPSOHV��D� /HW� `����_^ dd� [5[$ ��/HW� `����������^ )''&&&%%%$$% ������ ��7KH�JUDGLQJ�VFDOH�DW�WKH�HQG�RI�WKH�V\OODEXV�LV�D�UXOH�WKDW�DVVLJQV�D�XQLTXH�HOHPHQW�LQ�%��D�OHWWHU�JUDGH��WR�HYHU\�QXPHULFDO�JUDGH�EHWZHHQ���DQG������:H�FDQ�JLYH�WKLV�JUDGLQJ�IXQFWLRQ�D�QDPH�� * ��DQG�ZULWH %$* o� ��ZKHUH�$�LV�WKH�GRPDLQ DQG�%�LV�WKH�UDQJH��E� /HW� 55I o� EH�D�IXQFWLRQ�IURP�WKH�VHW�RI�UHDO�QXPEHUV�LQWR�WKH�VHW�RI�UHDO�QXPEHUV��VXFK�WKDW� ��� [[I  ��7KH�GRPDLQ�RI�WKLV�IXQFWLRQ�LV�5��WKH�UDQJH�LV�DOVR�5�DQG�WKH�IXQFWLRQ�DVVLJQV�WR�HYHU\�QXPEHU�LWV VTXDUH��
���� *UDSKV�RI�)XQFWLRQV�7KH�JUDSK RI�D�IXQFWLRQ� %$I o� LV�D�VHW�WKDW�DOO�RUGHUHG�SDLUV�RI�WKH�IRUP� ����� [I[VXFK�WKDW� $[� DQG� %[I ��� ��)RUPDOO\� �`�_��^��� [I\%$\[I*U  u� �([DPSOH��OHW 55I o� ��DQG� ��� [[I  ��7KHQ� `_��^��� �[\55\[I*U  u� LV�WKH�JUDSK�RI�I�
���� /LQHDU�IXQFWLRQV�7KH�JHQHUDO�IRUP�RI�D�OLQHDU�IXQFWLRQ�LV� E[D[I � �� ��+HUH�D LV�WKH�LQWHUFHSW ZLWK�WKH�YHUWLFDO�D[LV�DQG�E�LV�WKH�VORSH RI WKH�IXQFWLRQ��,W�LV�LPSRUWDQW�WR�EH�DEOH�WR�SORW�OLQHDU�IXQFWLRQV�JLYHQ�WKHLU�HTXDWLRQ��7KH�IROORZLQJ�IRUPXOD�JLYHV�WKH�HTXDWLRQ�RI�D�OLQHDU�IXQFWLRQ�EDVHG�RQ�WZR�SRLQWV�LQ�WKH�SODQH��/HW� ������� ���� \[\[ EH�WZR�SRLQWV�LQ� �5 ��7KH�HTXDWLRQ�IRU�WKH�OLQH�WKURXJK�WKRVH�SRLQWV�LV�JLYHQ�E\
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7KH�TXRWLHQW�RQ�WKH�ULJKW�KDQG�VLGH�LV�WKH�VORSH�SI�WKH�OLQH��+HQFH��ZH�FDQ�XVH�WKLV�IRUPXOD�WR�ILQG�D�OLQHDU�IXQFWLRQ�ZKHQ�JLYHQ�RQO\�RQH�SRLQW�DQG�WKH�VORSH��/HW� ��� �� \[ EH�D�SRLQW�LQ� �5 DQG�JLYHQ�WKDW�WKH�VORSH�RI�D�OLQH�WKDW�SDVVHV�WKURXJK�WKLV�SRLQW�LV�E��WKH�HTXDWLRQ�RI�WKH�OLQH�LV�JLYHQ�E\
�� �� \[[E\ �� 

���� ,QYHUVH�IXQFWLRQV��/HW�I EH�D�IXQFWLRQ��7KHQ�I KDV�DQ�LQYHUVH LI�WKHUH LV�D�IXQFWLRQ�J VXFK�WKDW�WKH�GRPDLQ�RI�J LV�WKH�UDQJH�RI�I DQG�VXFK�WKDW� [\JLIRQO\DQGLI\[I   ����IRU�DOO�[�LQ�WKH�GRPDLQ�RI�I DQG�DOO�\ LQ�WKH�UDQJH�RI�I��,Q�WKLV�FDVH��J LV�WKH�LQYHUVH�RI�I��DQG�LV�GHVLJQDWHG�E\� ��I ��
� $�PDSSLQJ�WKDW�DVVLJQV�SRVVLEO\�PRUH�WKDQ�RQH�YDOXH�WR�HYHU\�HOHPHQW�LQ�WKH�GRPDLQ�LV�FDOOHG�FRUUHVSRQGHQFH��
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7KXV [\ILIRQO\DQGLI\[I   � ���� �IRU�DOO�[ LQ�WKH�GRPDLQ�RI�I DQG�DOO�\�LQ�WKH�UDQJH�RI�I��([DPSOH��OHW� ��� [[I  ��7KHQ� ���� �� [\I  � �
���� ,PSOLFLW�DQG�H[SOLFLW�IXQFWLRQV�6RPH�WLPHV�ZKHQ�D�IXQFWLRQ�LV�GHILQHG��LW�LV�FOHDU�ZKLFK�YDULDEOH�LV�WKH�IXQFWLRQ�RI�WKH�RWKHU��IRU�H[DPSOH�� 55\ o� �� [[\ ���  ��+HUH�LW�LV�FOHDU�WKDW�\�LV�D�IXQFWLRQ�RI�[�DQG�ZH�FDOO�WKLV�IRUP�H[SOLFLW�IRUP RU�H[SOLFLW�IXQFWLRQ� 2Q�WKH�RWKHU�KDQG��LQ�VRPH�FDVHV�LW�LV�QRW�FOHDU�ZKLFK�YDULDEOH�LV�WKH�IXQFWLRQ�RI�WKH�RWKHU�YDULDEOH��)RU�H[DPSOH��ZKHQ�ZH�VHH�WKH�HTXDWLRQ� ��  � [\ ��LW�LV�QRW�FOHDU�WKDW�\�LV�D�IXQFWLRQ�RI�[��LQ�ZKLFK�FDVH�ZH�FDQ�ZULWH� [[\ ���  ��RU�[�LV�D�IXQFWLRQ�RI�\��LQ�ZKLFK�FDVH�ZH�ZULWH� \\[ �����  ���:H�FDOO�WKH�IRUP� ��  � [\ LPSOLFLW�IRUP RU�LPSOLFLW�IXQFWLRQ� ,Q�JHQHUDO��DQ�LPSOLFLW�IXQFWLRQ�RI�WZR�YDULDEOHV�LV�RI�WKH�IRUP� F\[J  ��� ��ZKHUH�F LV�D�FRQVWDQW�
���� 'HULYDWLYHV�RI�IXQFWLRQV�7KH�GHULYDWLYH RI�D�IXQFWLRQ�DW�WKH�SRLQW�[ LV�GHILQHG�WR�EH� K KK[IK ��o ��OLP� ��,I�VXFK�OLPLW�

H[LVWV��ZH�VD\�WKDW�I�LV�GLIIHUHQWLDEOH DW�WKH�SRLQW�[ DQG�GHQRWH�WKLV�OLPLW�E\� G[[GI �� RU���
 [I ��,I�I LV�GLIIHUHQWLDEOH�DW�DOO�SRLQW�LQ�WKH�GRPDLQ��ZH�VD\�WKDW�I LV�GLIIHUHQWLDEOH�IXQFWLRQ� 7KH�GHULYDWLYH�RI�D�IXQFWLRQ�DW�[�LV�HTXDO�WR�WKH�VORSH�RI�WKH�IXQFWLRQ�DW�[��,I�ZH�OHW�[ YDU\�RYHU�WKH�GRPDLQ��WKHQ�WKH�GHULYDWLYH�LWVHOI�LV�D�IXQFWLRQ�RI�[ DQG�ZH�FDOO�LW�WKH�GHULYDWLYH�IXQFWLRQ�,PSRUWDQW�UXOHV�RI�GLIIHUHQWLDWLRQ�)RU�FRQVWDQWV��D �� ����  DG[G)RU�VXPV�� ���
��
�@���> [J[I[J[IG[G r r
3RZHU�UXOH�� ��� � QQ [Q[G[G DD �
3URGXFW�UXOH�� ��
������
�@���> [J[I[J[I[J[IG[G � �
4XRWLHQW�UXOH�� ��@�> ��
������
�� ���� �[J [J[I[J[I[J [I[GG � »¼º«¬ª&KDLQ�UXOH�� ��
����
��@��> [J[JI[JIG[G  �
/RJDULWKPLF�IXQFWLRQ�� [[G[G ��OQ�  �
([SRQHQWLDO�IXQFWLRQ�� [[ HHG[G  
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���� 6HFRQG�GHULYDWLYHV�7KH�VHFRQG�GHULYDWLYH RI�D�IXQFWLRQ�LV�WKH�GHULYDWLYH�RI�WKH�GHULYDWLYH�IXQFWLRQ��6XSSRVH���[I\  DQG�WKH�GHULYDWLYH�IXQFWLRQ�LV� ��
 [I ��7KHQ�WKH�VHFRQG�GHULYDWLYH�RI� ��[I ZLWK�UHVSHFW�WR�[ LV� �
� ��G[ [IG RU� ��

 [I ��([DPSOH�� ��� [[I  ��WKH��ILUVW��GHULYDWLYH�IXQFWLRQ�RI�I LV� ����
 [[I  DQG�WKH�VHFRQG�GHULYDWLYH�LV� [[I ���

  ��

�� )XQFWLRQV�RI�VHYHUDO�YDULDEOHV�2XU�GHILQLWLRQ�RI�D�IXQFWLRQ�LQ�VHFWLRQ���ZDV�JHQHUDO�DQG�ZH�GLG�QRW�UHVWULFW�WKH�GRPDLQ�WR�EH�RQH�GLPHQVLRQDO��1RZ�ZH�IRFXV�DWWHQWLRQ�RQ�IXQFWLRQV�RI�VHYHUDO�YDULDEOHV��([DPSOHV�D� /HW� 5*50 ou�� �� ����� JUQZI0  EH�WKH�IXQFWLRQ�WKDW�GHVFULEHV�WKH�VL]H�RI�D�PXVFOH�DV�D�IXQFWLRQ�RI��Z��ZRUNRXW���Q��QXWULWLRQ���U��UHVW�WLPH��DQG��J��JHQHWLF�FKDUDFWHULVWLFV�RI�WKH�DWKOHWH��7KLV�LV�D�IXQFWLRQ�RI�IRXU YDULDEOHV�ZKHUH�WKH�ILUVW�WKUHH�DUH�DVVXPHG�WR�EH�H[SUHVVHG�LQ�WHUPV�RI�UHDO�YDULDEOHV�DQG�WKH�ODVW�RQH�EHORQJV�WR�D�VHW�RI�DOO�SRVVLEOH�JHQHWLF�FKDUDFWHULVWLFV�IRU�KXPDQ��E� /HW� 55 o��S �� ��� DSI S EH�WKH�SURILW�IXQFWLRQ�RI�D�ILUP�WKDW�GHSHQGV�RQ�WKH�SULFH�RI�WKH�ILUP¶V�SURGXFW�DQG�WKH�DPRXQW�RI�DGYHUWLVLQJ���
���� 3DUWLDO�GHULYDWLYHV/HW� ������� � Q[[I\  ��7KH�SDUWLDO�GHULYDWLYH�RI�I�ZLWK�UHVSHFW�WR� L[ LV�GHILQHG�DV

K [[I[K[[I[I QQLKL
�������������������OLP�� ��� �� ww o[

2WKHU�QRWDWLRQV�� L[\ ww � RU� ��[LI RU� ��[L[I ���([DPSOHVD� /HW� �������� ���� [[[[[[I �� ��6LQFH�WKLV�LV�D�IXQFWLRQ�RI�WZR�YDULDEOHV��WKH�WZR�SDUWLDO�GHULYDWLYHV�DUH�� ���
�� ����� [[[ [[I � ww DQG� ���

�� ����� [[[ [[I � ww �
E� ,Q�WKH�IROORZLQJ�H[DPSOH�\RX�QHHG�WR�XVH�WKH�FKDLQ�UXOH��6XSSRVH�WKDW� ��� �� [[J DQG������ �� W[W[ ��7KDW�LV�J�LV�D�IXQFWLRQ�RI� ��� [[ DQG�WKRVH�YDULDEOHV�DUH�WKHPVHOYHV�IXQFWLRQV�RI�W��)LQG�WKH�GHULYDWLYH� ��
 WJ ��6ROXWLRQ�� GW WG[[ W[W[JGW WG[[ W[W[JGW W[W[GJ ���@����>���@����>�@����> �
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���

�
���� ww�ww �6RPHWLPHV�\RX�ZLOO�VHH�WKH�GHULYDWLYH�ZLWK�VLPSOHU�QRWDWLRQV��IRU�OD]\�SHRSOH�OLNH�P\VHOI��� ��
@>��
@>�� ���� W[JW[JGWWGJ � ��

� 7KH�EROG�IDFHG�OHWWHUV�GHQRWH�YHFWRUV��7KDW�LV�� ������� � Q[[ [ �
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���� 'LIIHUHQWLDO�/HW� ������� � Q[[I EH�D�IXQFWLRQ��7KH�IXOO�GLIIHUHQWLDO RI�WKLV�IXQFWLRQ�LV�GHILQHG�DV�IROORZV�
QQ G[[IG[[IGI ��������� ��

[[[ w��ww 
7KH�GLIIHUHQWLDO�JLYHV�WKH�FKDQJH�LQ�WKH�YDOXH�RI�WKH�IXQFWLRQ�I�ZKHQ�ZH�FKDQJH� �[ E\ �G[ ��
�[ E\� �G[ �«��DQG� Q[ E\� QG[ ��7KH�FKDQJHV� QG[G[ ������ DUH�DVVXPHG�WR�EH�VPDOO��([DPSOH��FRQVLGHU�WKH�IROORZLQJ�SURILW�IXQFWLRQ� �������� ������� [[[[[[I ��� ��ZKHUH�
�[ LV�WKH�ILUP¶V�RXWSXW�DQG� �[ LV�WKH�DPRXQW�RI�DGYHUWLVLQJ��6XSSRVH�WKDW�LQLWLDOO\�WKH�ILUP�SURGXFHV���XQLWV�RI�RXWSXW�DQG����XQLWV�RI�DGYHUWLVLQJ��4XHVWLRQ��:KDW�ZLOO�EH�WKH�FKDQJH�LQ�WKH�ILUP¶V�SURILW�LI�LW�LQFUHDVHV�WKH�RXWSXW�E\�����XQLWV�DQG�UHGXFHV�DGYHUWLVLQJ�E\������XQLWV"�6ROXWLRQ� 2QH�ZD\�WR�DQVZHU�WKLV�TXHVWLRQ�LV�VLPSO\�FDOFXODWH�WKH�LQLWLDO�SURILW����������  I DQG�WKH�SURILW�DIWHU�WKH�FKDQJH� �������������������  I ��7KH�FKDQJH�LQ�SURILW�LV����������$QRWKHU�ZD\�WR�FDOFXODWH�WKH�DSSUR[LPDWH�FKDQJH�LQ�SURILW�LV�XVLQJ�WKHGLIIHUHQWLDO��

�������������������������������
����������������������� ��������  � �������� 
 ������ ww�ww [[G[[IG[[I[[GI

7KH�DQVZHU�ZH�JHW�ZLWK�WKH�GLIIHUHQWLDO�LV�DSSUR[LPDWLRQ��DQG�WKH�VPDOOHU�WKH�FKDQJHV�LQ�WKH�YDULDEOHV��WKH�FORVHU�ZH�JHW�WR�WKH�WUXH�FKDQJH�LQ�WKH�YDOXH�RI�WKH�IXQFWLRQ��
���� &RQFDYH�DQG�&RQYH[�IXQFWLRQV�5$I o� LV�D�FRQFDYH�IXQFWLRQ LI�IRU�DOO� $��� �[[ � @���>������������ ���� ����t�� DDDD [[[[ IDII$�IXQFWLRQ�LV�VWULFWO\�FRQFDYH LI ����������������� ���� ����!�� DDDD [[[[ IDII,QWXLWLYHO\��D�IXQFWLRQ�LV�FRQFDYH LI�IRU�HYHU\�SDLU�RI�SRLQWV�RQ�LWV�JUDSK��WKH�FRUG�MRLQLQJ�WKHP�OLHV�RQ�RU�EHORZ�WKH�JUDSK��&RQFDYH�IXQFWLRQ�

)RU�FRQYH[ IXQFWLRQV��UHYHUVH�WKH�LQHTXDOLWLHV�RQ�RU�DERYH��,QWXLWLYHO\��D�IXQFWLRQ�LV�FRQYH[ LI�WKH�FRUG�FRQQHFWLQJ�DQ\�WZR�SRLQWV�OLHV�RQ�RU�DERYH�WKH�JUDSK�RI�WKH�IXQFWLRQ�
�[ �[
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&RQYH[�IXQFWLRQ�

���� 7KHRUHP��FKDUDFWHUL]DWLRQ�RI�FRQFDYLW\�ZLWK�VHFRQG�GHULYDWLYHV�������� /HW� I EH�WZLFH�FRQWLQXRXVO\�GLIIHUHQWLDEOH�IXQFWLRQ�RI�RQH YDULDEOH��7KHQ�I LV�FRQFDYH�IXQFWLRQ LI�DQG�RQO\�LI� ���

 d[I IRU�DOO�[�LQ�WKH�GRPDLQ�RI�I������� /HW� I EH�WZLFH�FRQWLQXRXVO\�GLIIHUHQWLDEOH�IXQFWLRQ�RI�RQH YDULDEOH��7KHQ�I LV�VWULFWO\�FRQFDYH�IXQFWLRQ LI�DQG�RQO\�LI� ���

 �[I IRU�DOO�[�LQ�WKH�GRPDLQ�RI�I�)RU�FRQYH[ IXQFWLRQV��UHYHUVH�WKH�LQHTXDOLW\��7KH�DQDORJRXV�WKHRUHP�IRU�PXOWLYDULDWH�IXQFWLRQV�LV�RPLWWHG�
���� ,PSOLFLW�IXQFWLRQ�WKHRUHP��IRU�IXQFWLRQV�RI�WZR�YDULDEOHV���VORSS\�YHUVLRQ�&RQVLGHU�DQ�H[SUHVVLRQ� F\[I  ��� ��7KLV�LV�DQ�LPSOLFLW�IRUP��1RZ��VXSSRVH�WKDW�ZH�ZLVK�WR�ILQG�WKH GHULYDWLYH� G[G\ ��7KH�LPSOLFLW�IXQFWLRQ�WKHRUHP�VD\V�WKDW�LI�I LV�FRQWLQXRXVO\�GLIIHUHQWLDEOH��DQG� ���� zww \ \[I ��WKHQD� :H�FDQ�VROYH�IRU� ��[\\  ��L�H���ILQG�WKH�H[SOLFLW�IRUP�IRU�\�E� \\[I [\[IG[[G\ ww ww� ���� ������ �

,W�VKRXOG�EH�REYLRXV�ZK\�WKH�DVVXPSWLRQ� ���� zww \ \[I LV�QHFHVVDU\�IRU�WKH�VHFRQG�SDUW��7KH�LPSOLFLW�IXQFWLRQ�WKHRUHP�KHOSV�XV�WR�ILQG�WKH�GHULYDWLYH�RI�\ ZLWK�UHVSHFW�WR�[ HYHQ�LI�ZH�GRQ¶W�KDYH�WKH�H[SOLFLW�IRUP�IRU�\ DV�D�IXQFWLRQ�RI�[��([DPSOH��/HW� U\[\[I  � ����� ��)LQG�WKH�GHULYDWLYH� G[G\ �6ROXWLRQ�� \[\[\\[I [\[IG[G\ � � ww ww� ������ ���� �

�[ �[
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�� +RPRJHQHRXV�IXQFWLRQV$�IXQFWLRQ� 55I Q o� LV�KRPRJHQHRXV�RI�GHJUHH�N LI� ����� !� OOO [[ II N �([DPSOHV�D� /HW� ���������� ��� [[[[I  ��7KLV�IXQFWLRQ�LV�KRPRJHQHRXV�RI�GHJUHH���VLQFH����������� �������������������� [[I[[[[[[I OOOOOO    �E� /HW� ���� ��� [[[[I  ��7KLV�IXQFWLRQ�LV�KRPRJHQHRXV�RI�GHJUHH���VLQFH����������� ���������� [[I[[[[[[I OOOOOO    F� /HW� ���� ���� [[[[I  ��7KLV�IXQFWLRQ�LV�KRPRJHQHRXV�RI�GHJUHH���VLQFH������������ ����������� [[I[[I[[[[[[I     OOOOO �G� /HW� ����� ��� [[[[I � ��7KLV�IXQFWLRQ�LV�QRW�KRPRJHQHRXV��
���� (XOHU¶V�WKHRUHP�IRU�KRPRJHQHRXV�IXQFWLRQV7KHRUHP� /HW� 55I Q o� EH�KRPRJHQHRXV�RI�GHJUHH�N��7KHQ ����������� ����� [[[[ INI[I[I NQ � ��� O3URRI� %\�GHILQLWLRQ�RI�KRPRJHQHRXV�IXQFWLRQ�RI�GHJUHH�N��� ����������������� ���� !� OOOOO QNQ [[[I[[[I7DNH�WKH�GHULYDWLYH�RI�ERWK�VLGHV�ZLWK�UHVSHFW�WR� O ���� ����������������� ������� QNQQ [[[IN[I[I[I � ��� OOOO [[[6LQFH�����LV�WUXH�IRU�DOO� �!O LW�PXVW�EH�WUXH�IRU� � O ��ZKLFK�JLYHV�XV�WKH�UHTXLUHG�UHVXOW��

�� 2SWLPL]DWLRQ��
���� 8QFRQVWUDLQHG�RSWLPL]DWLRQ�ZLWK�RQH�YDULDEOH�$�IXQFWLRQ� I KDV�D�ORFDO�PD[LPXP DW�WKH�SRLQW� �[ LI�WKHUH�LV�VRPH�LQWHUYDO�WKDW�FRQWDLQV�

�[ DQG� ���� � [I[I t IRU�DOO�[�LQ�WKDW�LQWHUYDO�$�IXQFWLRQ� I KDV�D�JOREDO�PD[LPXP DW�WKH�SRLQW� �[ LI� ���� � [I[I t IRU�DOO�[�WKH�GRPDLQ�RI�I��,I�D�IXQFWLRQ�I KDV�PD[LPXP�DW� �[ ��WKHQ� �[ LV�FDOOHG�D�PD[LPL]HU RI�I��:H�ZULWH���PD[DUJ� [I[  ��ZKLFK�PHDQV�WKDW� �[ LV�DQ�DUJXPHQW�WKDW�PD[LPL]HV�WKH�IXQFWLRQ�I��7KH�YDOXH�RI�I DW� �[ LV�FDOOHG�WKH�PD[LPXP RI�I RU�WKH�PD[LPXP�YDOXH RI�I��
������ 7KHRUHP��QHFHVVDU\�FRQGLWLRQV�IRU�PD[LPXP�/HW� ��[I EH�WZLFH�FRQWLQXRXVO\�GLIIHUHQWLDEOH�IXQFWLRQ�RI�RQH�YDULDEOH��,I�I KDV�D�ORFDO�PD[LPXP DW� �[ WKHQD� ���
 �  [I �)LUVW�2UGHU�1HFHVVDU\�&RQGLWLRQ��)21&��E� ���
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