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Figure 228  Acceleration record of a freely vibrating system,
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Api = Pray = {(5.2.1)

and the time variable T varies from 0 to Ag. For algebraic simplicity, we first consider
systems without damping; later, the prococdure will be extended 1o include damping. The
equation to be solved is

wili =k = p; + Eﬂr (5.2.2)
A
The response u{r) over the time interval 0 < © £ Ay is the sum of three pants: (1) free
vibration due to initial displacement «r; and velacity i at T = 0, (2) responsc to step force
pi with zero initial conditions, and (3} response to ramp force {(Ap; /Ar) T with 2ero initial
condiions, Adapting the available solutions for these three cazes from Sections 2.1, 4.3,
and 4.4, respectively, pives

a4 . . Apn T Sime.T
(T) = b CO8 i, T + w_: S, T + %(I w GOS0, T) T % (ﬁ_ﬂ g ) (5.2.3a)
and
i)

ot g . aAp 1 .
= —}; 5ina T 4 e COS fih, T + (4 gine, T 4+ o {1 —eose, ) {5.2.30)
ik iy k koo, A

Evaluating these equations at T = A gives the displacement wp,; and velocity a4 at
tme i + 1:

w
i) = u; COS{e, ALY+ — sinfw, An)
Gk

Ap;

i :
ko B [e2y Aty — sindooy &3] (5.2.4a)

. +%u—cm(w~ar.-u+

el = ~if; 5inm, ALY+ i cosia, &)
ithy ity
it sinfe, And + s A [1 — cosiw, &) {3.2.4b}
k ! k L0 -'ﬁ-'!r' i
These equations can be rewritten after substituting Eq. (5.2.1b) as recurrence formulas:
g = Aw; + Bu; + Cpp 4+ D (5.2.5a)
Hjep = A’u,- + ﬂ"b‘ir = Crﬂj + DIF,'.;.L [5.2.5b)

Repeating the derivation above for under-critically damped systems {i.e., £ = 1}
shows that Egs. (5.2.5) also apply to damped systems with the expressions for the coefh-
cients A, B, ..., D' given in Table 5.2.1. They depend on the sysiem parameters ., k,
and £, and on the time interval At = At

Since the recurrence formulas are derived from exact solution of the equaltion of
mation, the only restriction on the size of the time step At is that it permit a close approxi-
mation to the excitation funetion and that it provide response results at closely spaced time
intervals o that the response peaks are not missed. This numerical procedure is especially



TABLE £.2.1 COEFFICIENTS IN RECURRENCE FORMULAS (t = 1)

A= gt A £ sinwp A+ COS wp Al
G-l
1
B o= gt A (—- SN -"l:)
fehy

1 I e . » 2 ;
C—E!%&;-i-& wp A ﬁ B i+mn.ﬂ: RoStG o

1 1r pl L I
D=_11— 1 oo &t Ar L Eokaapy AP
[ o ar = ﬂf 510 {213 o ar ary

k W

A= —p e td “n__ sin wp Al
1=t

B'= =T A1 (r:m' oy OF — ¢ - sim wp {}.r)
1-¢

7 L 1 - i 1 ' !
e S Rt . E 1) + sinep A8+ — coswp &t
’f{ 2 i aior &

! g
L by AT 0 :
o A [] ¢ (ﬂmnwnﬁ: + cosdp ﬁ.r)}




TABLE 5.4.1 AVERAGE ACCELERATION AND LINEAR ACCELERATION METHODS

Average Acceloration Lingar Acceleration
i i
1 i
Ay Fiel
& o
-1 -
I it i Tivl
—a T —= T
"Jﬁ—!"'l IF'—E'"'"I
BT = i + i) Br) = fiy + g — b (5.4.2)
it} =t + Flten + ) ) =a+ it + j%(ffm — bf) 54,3}
fiig) = b + S Gigar + i) ey =t + 3 e+ i) (544
W(T) = j T+ S+ ) W) = i £ T S + E il = i) (5.4.5)

1 2 " a 1 . -
il =i+ A S G i) w = w4 b S+ (AP (Jlin + 4E) (5460




TABLE 5.42 NEWMARK'S METHOD: LINEAR SYSTEMS!

Special cases
(1} Average acceleration method (y = % =
(2} Linear acceleration method (y = % = %

— g
o

10 Imirial calculetions
Fo — cig — kg
= i

1.1 ilip=
1.2 Sclect Ar.

i ¥ 1
13 k=k+— a
+ﬁmc+,ﬂ{&:]3m
1 ¥ ! ¥
- =— Toandb=——m e Al | =— =1 ]
14 a ﬁa;m_‘-,&cm‘ zﬁm-i (2'5 )r.
20 Caicwlarions for each tine srep, |
21 Af = Ap; +ai; + by
27 Aw =20

' 4 i ¥ n

3 oy i—= =i+ At|l— =}

23 Ag 7 rﬂw ﬁu ( 2,5)“4'
| | &

4 [ = e Alfy — -

= 8 BlAn? % gar ap i

25 e = Hp + Dl gy = B+ Al B = H A

iy —

30 Repetition for the nexid time step, Replace § by £ + | and implement steps 2.1 to 2,5 for the
nekl lime step.
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TABLE 6.7.1 MODIFIED NEWTON=RAPHSON ITERATION

1.0 fuitialize deta.

o ;
Wi = ui =fn ARV =ap

o k]
-_'

|
o]

20  Calcelations for each fteration, j=1.2,3, ...
21 Solve kr AuY = ARV = AU
22 wiih =70+ au,
23 A = p  p0TY 4 e — kr) AU
2.4 ARUTH = A RUY _ A fl)

3.0 Repetftion for next iteration, Replace § by f 4 | and repeat calenlation sieps 2.1 t0 2.4,




TABLE5.7.2 HNEWMARK'S METHCOD: NONLINEAR SYSTEMS

Special cases
(1} Average acceleration method (y = 1, g = 1)
(2) Linear acceleration method (p = ,51 A= %}

1.0 Iritdal calculations

1 ﬁ'}::’u“mu—{fslul
m
1.2 Select Ar.
1 ¥ 1 ¥
1.3 = — Lerand b = ——rit 3 LA :
a ﬁmmd-ﬁfun zﬁm m(zﬁ I)e

2.0 Caleulctions for each time step, i
21 Af = Apy + aty 4 Bl
22 Determine the tangent stiffness &
" ¥ 1
23 b=k ——ot+ ——m.
par’ " pant
2.4 Solve for A from k; and A F; using the iterative proccdure of Tabls 5.7.1.

s ¥ ¥ P (e
1.5 M rl:—ﬂ ] LY —— i
I Bar i ﬂu e :(1 Z,H)u
1 Loz

Ay — i = =i}
pam T EA T IE"
T g = Awg e =0 = AR, B = iy 4 A

246 Aiy=

f

3.0 Reperition far the nest fime step. Replace § by i 4 1 and implement steps 2.1 to 2.7 for the
next time step.




TABLE 14.4.1 GEMERATION OF FORGCE-DEPENDENT RITZ VECTORS

1. Determine the first vector, afy.
a. Determine ¥; by solving: ky, =s.
b. Mormalize 7;: 3y =¥ =+ (3] my )2,

2. Determine additional vectors, ¥, . n =2 3,.._, 1.
a. Determine ¥, by solving: ky, = meh,_.

b. Orthogaonalize v, with respect to previous 4y, ¥, ..., 3,- by repeating
the following stepsforf = 1, 2,....n — 12

. oy = ¢rr:'"my,..
- 'I,E,, = ¥n — Giuifi.
. ¥y =
¢ Normalize $,: g = thn = (57 mahy )12,




TABLE 15.2.2 NEWMARK'S METHOD: LINEAR SYSTEMS

1.0 Imivig! calewfations
@7 muy . 7 milp
1.1 why 2= . iy e T
R e, oL gl
af = {qido ... (g 100} 4y = (g0 oo (60 00)
12 Pa=%"m.
1.3 Solve; Mijg = Po — Cgp — Kgo = G-
1.4 Sclect Ar. ;
- ¥
15 K=K+ —0C+——M.
28 B 2 Bran?
b wsetamae Doy e mesl Eerle
: T pA g’ T 28 2 5
2.0 Calewtations for each time step |
21 P=%a"p,.
2.2 AP, = AP +ad; +bi;.
23 Solves KAg = AP = Ag;.
: ¥ ¥ ¥
24 Al = Ay — 1— 2= Ja:.
q ,Bﬁ.fﬂq ﬁl] +£'-f( Eﬁ)m

1 1 1
23 Afi=——=AG - 4 = 539
e T T T
26 ga=qi+AgG. dip =+ AQ e =4+ Ady
27 Wiy = 'Iqu.H.

1.0 Repetivion for the next time step. Replace § by 7 4+ 1 and implement steps 2.1 10 2.7
for the next ime step.




TABLE 15.3.1 AVERAGE ACCELERATION METHOD: NONLINEAR SYSTEMS

1.0 Infrial calewlations

24

o

L1

Solve: mily = py — oy — (Fg)p == iip.

L2 Selact Ar.

1.3

4
A= —m- 2c;and b = 2m.
)

Calcularions far cach time step |

2.1
2.2

23

24
25

24
23

APy = Ay + i + bi;.
Determine the tangent stiffness matrix ki,
- 2 4
k= — —m.
i = ki + mi:+ {.ﬁrjlm
Solve for Aw from l‘cg and Afi; using the iterative procedurs of Table 15.3.2,

i
Fut)

4 4
—— Ay — —I]f — Jui;,

Al = an? Af

-l-'lf+1 = + A, by =+ A, and 8 = iy + Ay,

Repetition for the next time step. Replace § by # + 1 and implement steps 2.1 1o 2.8
for the next Wme step.




TABLE 1532 MODIFIED NEWTON-RAPHSON [TERATION

1.0 Iritiafize data.

EIEE& =1 f;m = {fs¥ AR = Api kr =%

2.0 Calewlations for each itergtion, f = 1,2,3,. ..
2.1 Solve: kr Au'? = ARV —» anl?
i _ if=1}
22 o), =al "+ A
23 ARUY = g T g tky — k) Aul
24 ARYHD = ARV — artd)
3.0 Repetition for the nexi iteration. Replace f by j + 1 and repeat calculation
steps 2.1 1o 2.4,




TABLE 153.3 WILSON'S METHOD: NMOMLINEAR SYSTEME

VO Taitial cofenlations

2.0

10

1.1
1.2

1.3

Solve mily = pg — g — (Fslp = -

Select At and .
a4
q= fﬁm+3t;andb= Im+ Trc.

Culculations for each time stap, §

21
2.2

23
24
2.5

28
2.7

8 = e(Ap;i) +aw; + bil;.
Dietermine the tangent stiffness matrix k;.
3
=i+ —t+ ——m
b=k+oat an
Salve for du; from k; and &f; using the iterative procedure of Table 15.3.2.

1) & 1.,
i = —— 81y — —— 1y — 3iy; and Adiy = =80,
g WA b = ooy — Siiri o b = 280,
2 2
o7, , 80
By =u+ A,y = w4 A, and g = ;4 Adi;

A
A = (A0 + ?'aﬁ.-; and Au; = (A0 + Ail;.

Repetition for the next rime step, Replace § by i 4+ | and implement steps 2.1 to 2.7
for the next time step.




