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Chapter 5

DOUBLE AND
TRIPLE INTEGRALS

5.1. Introduction

Consider a real valued function f(z,y), defined over a rectangle R = [A, B] x [C, D]. Suppose, for
simplicity, that f(x,y) > 0 for every (z,y) € R. We would like to evaluate the volume of the region in
R? above R on the zy-plane (between the planes * = A and = B, and between the planes y = C' and
y = D) and under the surface z = f(z,y).

? 2=flzy) Y
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Let this volume be represented by

//R f(z,y) dady.

The purpose of this chapter is to investigate the properties of this “integral”.
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We shall first of all take a very cavalier approach to the problem. Consider the simpler case of a
function f(z) defined over an interval [A, B]. Suppose, for simplicity, that f(x) > 0 for every x € [A, B].

y=f(z)

A Tt z+Az B

Let us split the interval [A, B] into a large number of very short intervals. Consider now one such interval
[z, 2 + Ax], where Az is very small. Then the region in R? above the interval [z, z + Ax] on the x-axis
and under the curve y = f(z) is roughly a rectangle with base Az and height f(z), and so has area
roughly equal to f(z)Az. Hence the area of the region in R? above the interval [A, B] on the z-axis and
under the curve y = f(z) is roughly

Z fx)Az,
Ax

where the summation is over all these very short intervals making up the interval [A, B]. As Az — 0,
we have, with any luck,

B
%f(x)AmH/A f(z)da.

We next extend this approach to the problem of finding the volume of an object in 3-space. Consistent
with our lack of rigour so far, the following seems plausible.

CAVALIERI’S PRINCIPLE. Suppose that S is a solid in 3-space, and that for u € [, 5], P, is a
family of parallel planes such that the solid S lies between the planes P, and Pg. Suppose further that
for every u € [a, 3], the area of the intersection of S with the plane P, is given by a(u). Then the volume

of S is given by
B
/ a(u) du.

Let us now apply Cavalieri’s principle to our original problem. For every u € [A, B], let P, denote
the plane x = u.

Py
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Clearly the region in question lies between the planes P4 and Pg. On the other hand, if a(u) denotes
the area of the intersection between the region in question and the plane x = u, then

D
alu) = /C Fluy) dy.

By Cavalieri’s principle, the volume of the region in question is now given by

/ABa(u)du:/AB (/CDf(u,y)dy> du:/AB </0Df(x,y)dy> dz.

Similarly, for every u € [C, D], let P, denote the plane y = u. Clearly the region in question lies between
the planes Po and Pp. On the other hand, if a(u) denotes the area of the intersection between the
region in question and the plane y = u, then

a(u) = /AB f(z,u)de.

By Cavalieri’s principle, the volume of the region in question is now given by

/CDa,(U)duz/CD (/jf(x,u)da:) du:/CD (/ABf(a:,y)dx> dy.

We therefore conclude that, with any luck,

(1) //R f (@, y) dudy = /AB (/CD f(@,y) dy) dz = /CD </ABf(a:,y> dx) dy.

Unfortunately, the identity (1) does not hold all the time.

EXAMPLE 5.1.1. Consider the function f :[0,1] x [0,1] — R, given by

Fla,y) = 1 if z is rational,
Y= 2y if x is irrational,

Then

1

1 / dy=1 if x is rational,

/ flzy)dy =< 7%

0 / 2ydy =1 if x is irrational,
0

so that

/01 (/Olf(a:,y)dy> dz = 1.

On the other hand, the integral

/01 flz,y)dz

does not exist except when y = 1/2, so

/01 (/Olf@:,y)dr)dy

does not exist.



54 W WL Chen : Multivariable and Vector Analysis

5.2. Double Integrals over Rectangles

Suppose that the function f : R — R? is bounded in R, where R = [A, B] x [C, D] is a rectangle. Suppose
further that

A: A=<t <2< ...<z, =B, C=yg<y1 <y2<...<ym=D
is a dissection of the rectangle R = [A, B] x [C, D).

DEFINITION. The sum

n m

S(8) =3 (s — 2 ) (s — 1) min fay)

=11 (zy)Elwi-1,mi]x[y;-1,y;]

is called the lower Riemann sum of f(x,y) corresponding to the dissection A.

DEFINITION. The sum

n m

S(A) =D (@i —wi1)(y; — yi-1) max f(z,y)

=1 =1 (zy)€lwi—1,zi]x[y;—1,y5]

is called the upper Riemann sum of f(z,y) corresponding to the dissection A.

REMARK. Strictly speaking, the above definitions are invalid, since the minimum or maximum may
not exist. The correct way is to replace the minimum and maximum with infimum and supremum
respectively. However, since we have not discussed infimum and supremum, we shall be somewhat
economical with the truth and simply use minimum and maximum.

DEFINITION. Suppose that for every ¢ = 1,...,n and j = 1,...,m, the point (&;;,7;;) lies in the
rectangle [Ii_hl‘i] X [yj—hyj}'

D
Yj
(gij ,nij)
Yj-1
C
A €T -1 Zg b
Then the sum
DD (@ — @) (yy — v (Cogo i)
i=1 j=1

is called a Riemann sum of f(x,y) corresponding to the dissection A.
REMARKS. (1) It is clear that

min f(x’y) < f(gij’nij) < f(x7y)

max
(z,y)E[xi—1,7:] X [Yj-1,Y5] (z,y)E[mi—1,2:] X [y5-1,Y5]
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It follows that every Riemann sum is bounded below by the corresponding lower Riemann sum and
bounded above by the corresponding upper Riemann sum; in other words,

s(A) < ZZ(% —2i—1) (Y5 — yj—1)f(&ijsmij) < S(A).

(2) It can be shown that for any two dissections A’ and A” of the rectangle R = [A, B] x [C, D],
we have s(A’) < S(A”); in other words, a lower Riemann sum can never exceed an upper Riemann sum.

//Rf(fc,y)dxdy =L

if, given any € > 0, there exists a dissection A of R = [A, B] x [C, D] such that

DEFINITION. We say that

L-—e<s(A)<S(A)< L+e

In this case, we say that the function f(z,y) is Riemann integrable over the rectangle R = [A, B] x [C, D]
with integral L.

REMARK. In other words, if the lower Riemann sums and upper Riemann sums can get arbitrarily
close, then their common value is the integral of the function.

The following result follows easily from our definition. The proof is left as an exercise.

THEOREM 5A. Suppose that the functions f : R — R and g : R — R are Riemann integrable over
the rectangle R = [A, B] x [C, D].
(a) Then the function f + g is Riemann integrable over R, and

//R(f(ﬂc,y)-i-g(x,y))dxdy://Rf(l‘,y)dxdy—i-//Rg(x,y)dxdy;

(b) On the other hand, for any c € R, the function cf is Riemann integrable over R, and

//Rcf(m,y)d:vdy:c//Rf(x,y)dxdy.

(c) Suppose further that f(x,y) > g(x,y) for every (x,y) € R. Then

//Rf(:ﬂ,y)dxdyz//Rg(x,y)dxdy.

We also state without proof the following result.

THEOREM 5B. Suppose that Q = R1U...UR,, is a rectangle, where, fork =1,...,p, the rectangles
Ry, = [Ag, Bg] X [Ck, Dyi| are pairwise disjoint, apart possibly from boundary points. Suppose further
that the function f: Q — R is bounded in Q). Then f is Riemann integrable over Q) if and only if it is
Riemann integrable over Ry for every k =1,...,p. In this case, we also have

I sty - ; R
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5.3. Conditions for Integrability

The following important result will be discussed in Section 5.5.

THEOREM 5C. (FUBINI'S THEOREM) Suppose that the function f : R — R is continuous in
the rectangle R = [A, B] x [C, D). Then f is Riemann integrable over R. Furthermore, the identity (1)
holds.

ExXAMPLE 5.3.1. Consider the integral

//R(x2 + 3?) dedy,

where R = [0,2] x [0,1] is a rectangle. Since the function f(x,y) = x? + 3? is continuous in R, the
integral exists by Fubini’s theorem. Furthermore,

/02 (/01(932+y2)dy>dx—/02 (x2+§>dx_?.
/01 (/02(372+y2)dx)dy:/01 (§+2y2)dy:1—30.
//R(x2+y2)da:dy= 1—30

ExampLE 5.3.2. Consider the integral

On the other hand,

By Fubini’s theorem,

// sin x cos y dzdy,
R

where R = [0, 7] X [-7/2,7/2] is a rectangle. Since the function f(z,y) = sinz cosy is continuous in R,
the integral exists by Fubini’s theorem. Furthermore,

T /2 T
/ / sin x cos y dy dxz/ 2sinx dx = 4.
0 —m/2 0
w/2 ™ w/2
/ (/ sinxcosydx) dy:/ 2cosydy = 4.
—m/2 0 —m/2
// sin x cos y dedy = 4.
R

On the other hand,

By Fubini’s theorem,

5.4. Double Integrals over Special Regions

The purpose of this section is to study Riemann integration over regions R which are not necessarily
rectangles of the form [A, B] x [C, D]. Our argument hinges on the following generalization of Fubini’s
theorem.
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DEFINITION. Consider the rectangle R = [A, B] x [C, D]. A set of the form
{(z,0(x)):x € [A,B]}CR

is said to be a curve of type 1 in R if the function ¢ : [4, B] — R is continuous in the interval [A, B].

D

/—’—%/

A set of the form

{((y),y):y€[C,D]} C R

is said to be a curve of type 2 in R if the function ¢ : [C, D] — R is continuous in the interval [C, D].

D

=y (y)

THEOREM 5D. Suppose that the function f : R — R is bounded in the rectangle R = [A, B] x [C, D].
Suppose further that f is continuous in R, except possibly at points contained in a finite number of curves
of type 1 or 2 in R. Then f is Riemann integrable over R. Furthermore, if the integral

/CDf(m,y)dy

exists for every x € [A, B], then the integral

/AB (/CDﬂm,y)dy) da

exists, and

//R f(z, y) dady = /A ’ ( /C " o) dy) dz.

Similarly, if the integral

/Bf(:ay)dw

A
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exists for every y € [C, D], then the integral

/CD (/ABf(x,y)dx> dy
/Rf(x,y)d:vdy—/: (/jf(%y)dx) d

Thus, the identity (1) holds if all the integrals exist.

exists, and

In view of Theorem 5D, we can now study integrals over some special regions.

DEFINITION. Suppose that ¢; : [A, B] — R and ¢9 : [A, B] — R are continuous in the interval [A, BJ.
Suppose further that ¢1(z) < ¢o(z) for every x € [A, B]. Then we say that

(2) S ={(x,y) €eR?:z €[A B] and ¢1(z) <y < ¢o(x)}

is an elementary region of type 1.

D
y=0>(7)

y=01(2)

Suppose now that S is an elementary region of type 1, of the form (2). Since ¢ : [A, B] — R and
¢ : [A, B] — R are continuous in [A, B], there exist C, D € R such that C' < ¢1(z) < ¢a(z) < D for
every x € [A, B]. Tt follows that S C R, where R = [A, B] x [C, D]. Suppose that the function f: S — R
is continuous in S. Then it is bounded in S. Hence the function f* : R — R, defined by

. _ [ fxy) if (z,y) €8,
f(“’)‘{o Yty g5,

is bounded in R. Furthermore, it is continuous in R, except possibly at points contained in two curves
of type 1 in R. It follows from Theorem 5D that f* is Riemann integrable over R. We can now define

//S o) dady = | [ 1wy sy

On the other hand, for any x € [A, B], the function f*(x,y) = f(z,y) is a continuous function of y in
the interval [¢1(x), d2(z)]. Also, f*(z,y) = 0 for every y € [C, ¢1(x)) U (¢2(x), D]. Hence

D ¢a(x)
/ [z, y)dy = / f(z,y)dy,
C ¢1(x)

and so

/AB (/CD F*(z,y) dy> dz = /AB (/:(:) f(z,y) dy> da.
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We have proved the following result.

THEOREM 5E. Suppose that S is an elementary region of type 1, of the form (2). Suppose further
that the function f : S — R is continuous in S. Then

J[ remasan= [ ’ ( /¢ ¢(()) e dy) dr.

DEFINITION. Suppose that ¢ : [C, D] — R and 15 : [C, D] — R are continuous in the interval [C, D].
Suppose further that ¥ (y) < 12(y) for every y € [C, D]. Then we say that

(3) S ={(x,y) €eR*:y c [C,D] and ¥ (y) < = < a(y)}

is an elementary region of type 2.
D

=1(y)
= (y)

Analogous to Theorem 5E, we have the following result.

THEOREM 5F. Suppose that S is an elementary region of type 2, of the form (3). Suppose further
that the function f : S — R is continuous in S. Then

//S f(z, y) dady = /C i < / " e dx) dy.

P1(y)
EXAMPLE 5.4.1. The function f(z,y) = 22 + y? is continuous in the triangle S with vertices (0,0),
(1,0) and (1,1). It is easy to see that S is an elementary region of type 1, of the form

S ={(z,y) eR*:x€[0,1] and 0 < y < x}.

By Theorem 5E,

1 x 1
//(:v2+y2)dxdy:/ (/ (x2+y2)dy) dx:/ éac?’d;vzl
s 0o \Jo 0 3 3
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On the other hand, it is also easy to see that S is an elementary region of type 2, of the form

S={(z,y) eR*:ye[0,1] and y < = < 1}.

By Theorem 5F,
1 1 1/ 4 1
//(a:2+y2)da:dy:/ (/ (x2+y2)dx>dy=/ <——|—y2——y3)dy:—.
S 0 y 0 3 3 3

EXAMPLE 5.4.2. The function f(x,y) = sinz cosy is continuous in the parallelogram S with vertices
(m,0), (m,m) and (0, £7/2). It is easy to see that S is an elementary region of type 1, of the form

SZ{(ﬂf,y)ERQ:xe[O,w]andg—g§y§g+g}_
n
/2

-7/2 /E

By Theorem 5E,

T s+3 T
// sinxcosydxdy:/ / sinx cos y dy dx:/ sinx(sin (f—l—z)—sin(g—z))dx
S 0 o 0 2 2 2 2

-3
T . . T ™ r .7 . X m r T

= sinz ( sin — cos — + cos — sin — — sin — cos — + cos — sin — | dx
0 2 2 2 2 2 2 2 2

s T
8
:2/ sinxcosgdzzél/ singcoszidz:—.
0 2 0 2 2 3

On the other hand, it is also easy to see that S is an elementary region of type 2, of the form

S = {(a:,y) eR?*:ye {—gﬂr} and 1 (y) <z < 77/12(19)}’

where

{0 if y € [-1/2,7/2), 2yt n ifye[-n/2,0]
Y1(y) = {23/ . ifgzj € [7/2, 7], and  ta(y) = {Wy ifz € [0, 7).
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By Theorem 5F,

/ / sin x cos y dxdy

S
0 2y+m /2 T T T

:/ (/ sinxcosydx) dy+/ (/ sinxcosydx) dy+/ (/ sinxcosydx) dy
—7/2 0 0 0 /2 2y—m

e

0 /2
= / (cosy — cos(2y + m) cosy) dy + / 2cosydy + / (cosy + cos(2y — m) cosy) dy
—m/2 0 /2

0 w/2 ™ 0 T
:/ cosydy+2/ cosydy+/ cosydy—/ cos(2y+7r)cosydy+/ cos(2y — ) cosy dy
—m/2 0 w/2 —m/2 w/2
0 T
=2 / (cos 2y cosm — sin 2y sin ) cosy dy + / (cos 2y cos T + sin 2y sin 7) cos y dy
—m/2 /2

0 T
2+/ cos2ycosydy—/ cos 2y cosy dy
—7/2 m/2

0 ™
2+/ (172sin2y)cosydy7/ (1 — 2sin®y) cosy dy

—m/2 w/2

0 ™ 0 ™ 8
:2+/ cosydy—/ cosydy—2/ sinzycosydy+2/ sin® ycosydy = —.

—m/2 /2 —7/2 /2 3

Note that the calculation is much simpler if we think of S as an elementary region of type 1.

We can extend our study further. Suppose that T = S; U...U S, is a finite region in R?, where,
for every k = 1,...,p, Sk is an elementary region of type 1 or 2. Suppose further that Si,...,S, are
pairwise disjoint, apart possibly from boundary points. Then we can define

//T f(z,y)dzdy = é//s f(z,y)dedy,

provided that every integral on the right hand side exists.

ExXAMPLE 5.4.3. Consider the finite region T" bounded by the four lines y = =, y = —z, y = 22 — 2
and y = 2 — 2z and with vertices (0,0), (2,—-2), (1,0) and (2, 2).

Si

-2

Note that T' = S, USs, where S is the triangle with vertices (0, 0), (1,0) and (2,2) and Sz is the triangle
with vertices (0,0), (1,0) and (2, —2). It is easy to see that Sy and Sy are disjoint, apart from boundary
points. Clearly the function f(z,y) = x + y? is continuous in T, and so continuous in S; and Sy. Hence

//T(:U—I—QQ)dxdy://Sl(a:—l—yQ)dxdy+/[92(x+y2)dxdy.
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To study the first integral on the right hand side, it is easier to interpret S7 as an elementary region of
type 2, of the form

Sl:{($ay)€R2ly€[0,2] andygajgl_p%}.

To study the second integral on the right hand side, it is again easier to interpret Se as an elementary
region of type 2, of the form

S2:{(I7y)€R2:y€[—2,O] and —ygxgl_%}.

Then
//52(33—1—;y2)d3:dy=/_02 (/_ly_%(x—&-yQ)dx) dy:/_o2 (% (1—%)24— (1—g) yQ—%yQ—i—yg) dy
-/

11 5, 1, 5
S y+ oyt cy ) dy ==
5~ 5Y 8y+2y>y

Hence

1
// (2 +y?) dady = =,
. 3

EXAMPLE 5.4.4. Consider the region T in the first quadrant between the two circles of radii 1 and 2
and centred at (0, 0).

2—_
S

S

Note that T'= 57 U .S,, where
S ={(z,y) eR?*:zec[0,1] and (1 — 22 <y < (4—2)V/?)
and
Sy ={(z,y) ER? :z € [1,2) and 0 < y < (4 — 2?)Y/?}

are elementary regions of type 1 and disjoint, apart from boundary points. The function f(z,y) = x%+y?
is clearly continuous in 7', and so continuous in S; and S;. Hence

//T(x2 +y?) dody = //Sl(at:2 —l—yz)dfvdy—i-//SQ(:U2 + y%) dady.



Chapter 5 : Double and Triple Integrals _____ 5-13

We have
1 (4—z2)1/2
// (2® +y*) dedy = / / (2* +y?*)dy | de

S 0 (1—z2)1/2

1
1 . 1 .
_ / (1,2(4 . 132)1/2 + 5(4 - x2)3/2 . 1172(1 . :172)1/2 - §(1 . x2)3/2> dx

0

4 [ 2 [ 1! 2 (!
:—/ (47x2)1/2dx+§/ 502(47x2)1/2d:177§/ (l—zQ)l/defg/ 221 — )Y dx
0

3 0 0 0
and
2 (4—a?)1/?
// (m2+y2)dxdy=/ / (z* +y*)dy | da
So 1 0
2 1 4 2 9 [2
:/ 224 —2®)V? 4 (4 — 2?)3/? dx:—/ (4—3@2)1/2dx—|——/ 224 — 2®)V2 du.
1 3 31 35
Hence

//T(x2 + 9%) dzdy

4 [? 2 [? e 2 !
:—/ (4—x2)1/2d$+§/ x2(4—x2)1/2dx—§/ (1—x2)1/2dx—§/ 22(1—2?)Y?de
0 0 0 0

3
16 [ 2 [ 1! 2 [
:?6 (1—22)1/2dz+%/ 22(1—22)1/2dz—§/ (1—x2)1/2dx—§/ 22(1 — 2% dx
0 0 0 0

' ! 15
:5/ (1—x2)1/2dx+10/ xQ(l—xz)l/de: ?ﬂ'
0 0

Sometimes, we may be faced with repeated integrals that are extremely difficult to handle. Occa-
sionally, a change in the order of integration may be helpful. We illustrate this point by the following
two examples.

ExampLE 5.4.5. Consider the repeated integral

(4) /Oﬁ (/y:ﬁcos(wﬁ)dx) dy.

Here the inner integral
1/v2
/ cos(rx?) da
y/2

is rather hard to evaluate. However, we may treat the integral (4) as a double integral of the form
// cos(mz?) dady.
s
To make any progress, we must first of all find out what the region S is. Clearly

S-{(m,y)eRz;ye[O,ﬁ] andggxg%}
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is a triangle as shown below.

y=2x

1/v2

Interchanging the order of integration, we may interpret the region S as an elementary region of type 1,
of the form

1
S:{(x,y)GRQ:xE [O,E} andOSyﬁZm},

so that

1/V2 2z 1/V2 1
// cos(rx?) dady = / (/ cos(mz?) dy> dz = / 2z cos(rx?) dz = —.
s 0 0 0 7T

EXAMPLE 5.4.6. Suppose that we are asked to evaluate

2 T 4 2
(5) / (/ sin =¥ dy) dz + / (/ sin % dy) dx.
1 Nz 2y 2 Nz 2y

Here the inner integrals are rather hard to evaluate. Instead, we write

2 x 4 2
/ </ sin ™ dy) dz = // sin ks dzdy and / (/ sin ks dy) dr = // sin ™ dzdy,
1 \Jyz 2y s 2y 2 \Jyvz 2y S, 2y

where

S ={(z,y) eR?*:xc[1,2) and vz <y <z} and Sy ={(z,y) €R*:z¢c[2,4] and z <y < 2}.

8
Il
<

If we write S = S U Ss, then

S={(z,y) eR*:ye[l,2] and y <z < y?}
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is an elementary region of type 2, and the sum (5) is equal to

2 y° 2 4 9
//sinﬂdxdy:/ / sin =2 dg dyz—/ —ycosgdyzi(ﬂ: ),
S 2y 1 y 2y 1 T 2 ™

where the last step involves integration by parts.

5.5. Fubini’s Theorem

In this section, we briefly indicate how continuity of a function f in a rectangle R = [A, B] x [C, D] leads
to integrability of f in R. Note, however, that our discussion here falls well short of a proof of Fubini’s
theorem. We shall only discuss the following result.

THEOREM 5G. Suppose that the function f : R — R is continuous in the rectangle R = [A, B] x
[C, D]. Then for every e > 0, there exists a dissection

A: A=pp<t1<z2<...<xp, =B, C=y <y <y2<...<ym=D

of R such that for everyi=1,...,n and j=1,...,m, we have
(6) max f(z,y) — min f(z,y) <e,
(@,y)€[ri—1,2:] X [y;-1,Y;] (z,y)Elzi—1,@:] X [y —1,Y;]

so that S(A) — s(A) < (B— A)(D — C)e.

 SKETCH OF PROOF. Suppose on the contrary that there exists € > 0 for which no dissection of R
will satisfy (6). We now dissect the rectangle R into four similar rectangles as shown.

D

R Ry

A B

Then for at least one of the four rectangles Ry (k = 1,2,3,4), we cannot find a dissection of Ry which
will achieve an inequality of the type (6). We now dissect this rectangle Ry into four smaller and similar
rectangles in the same way. Note that each dissection quarters the area of the rectangle, so this process
eventually collapses to a point (o, ) € R. Since f is continuous at («, ) (with a slightly modified
argument if (o, 8) is on the boundary of R), there exists ¢ > 0 such that |f(x,y) — f(a, 8)| < €/2 for
every (z,y) € R satisfying ||(z,y) — (o, 8)]] < 6. It follows that for every

(1,91), (22, 92) € {(2,9) € R |[(z,y) — (o, B)|| < 0},

we have

|f(z1,y1) = f(z2,92)| < [f(21,91) — flo, B)] + [ f(w2,92) — f(a, B)| < e

However, our dissection will result in a rectangle contained in {(x,y) € R : ||(z,y) — (o, B)|| < ¢}, giving
a contradiction. O
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5.6. Mean Value Theorem

Suppose that S C R? is an elementary region. Suppose further that a function f : S — R is continuous
in S. Then there exist (z1,¥y1), (z2,y2) € S such that

f(@1,0) < f(z,y) < f2,92)

for every (z,y) € S; in other words, f has a minimum value and a maximum value in S. It follows that

F(en, ) AS) = //S F(r,91) dady < //S oy dody < | [ Flasoam) dady = faa ) A(S)

where

A(S)://s dzdy

denotes the area of S, so that

flxr,y1) < / f(z,y)dedy < f(x2,y2).

Since f is continuous in S, it follows from the Intermediate value theorem that there exists (g, yo) € S
such that

F(zo,90) = / f(z,y) dady.

We have sketched a proof of the following result.

THEOREM 5H. (MEAN VALUE THEOREM) Suppose that S C R? is an elementary region.
Suppose further that a function f : S — R is continuous in S. Then there exists (xo,yo) € S such that

/ [ Fa dedy = flanm)AS).

where A(S) denotes the area of S.

EXAMPLE 5.6.1. The function f(z,y) = cos(z +y) has maximum value f(0,0) = 1 and minimum value
f(n/4,7/4) =0 in the rectangle R = [0, 7/4] x [0,7/4]. On the other hand,

/ f(z,y)dady = /Tr/4 (/OW/4 cos(x + y) dy) dx = /077/4 (sin (a: + g) — sinx) dx

7T/4 1 1
SlIlIECOS- +COSI’S1HZ — SlIll’) dz = / <— sinx + — cosx — SiIlIE> dzx
0

V2 V2

/;“< e (1= Jg)ame)ar= Sy (o) (- ) o)
(o) ()

It follows that

(=)

1 16
W/Rf(x,y)dxdy = F<\/§_ 1).
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Simple calculation gives
16
0< F(\@ -1) <1,
so that there exists ug € [0, 7/4], and so (ug, ug) € [0,7/4] x [0, 7/4], such that

f(ug,up) = cos2ug = g(\/ﬁ —1).

EXAMPLE 5.6.2. The function f(z,y) = 22 + y? + 2 has maximum value f(1,1) = 3 and minimum
value £(0,0) = 2 in the disc S = {(z,y) € R? : 22 + y? < 1}. Hence

21 < //Sf(fﬁay) dzdy < 3.

5.7. Triple Integrals

In this last section, we extend our discussion so far to the case of triple integrals. Triple integrals over
rectangular boxes [A, B] x [C, D] x [P, Q)] can be studied via Riemann sums if we extend the argument
in Section 5.2 to the 3-dimensional case, although it is harder to visualize geometrically the graphs of
real valued functions of three real variables.

We have the following 3-dimensional version of Theorem 5C.

THEOREM 5J. (FUBINI'S THEOREM) Suppose that the function f : R — R is continuous in the
rectangular box R = [A, B] x [C, D] x [P,Q]. Then f is Riemann integrable over R. Furthermore,

///Rf(x,y,z)dxdydz:/j </0D (/}ff(w,yw)dz) dy) dx:/AB </PQ (/(ff(myﬂ)dy) dz) dx
:/CD (/AB (/PQf(x,y,z)dz> d:r) dy:/CD </PQ (/ABf(a:,%z)dx) dz) dy
/PQ (/CD (/ABf(x,y,z)dx>dy>dz/PQ (/AB (/CDf(:v,y,z)dy>dx>dz.

EXAMPLE 5.7.1. The function f(z,y,z) = cosz — siny — sinz is continuous in the rectangular box
R =10,7/2] x [0,7/2] x [0,7/2]. Tt follows from Fubini’s theorem that

///R f(z,y, z)dedydz

exists, and is equal to

/2 m/2 /2 /2 w/2 - -
/ / / (cosx —siny —sinz)dz | dy dm:/ / (§cosx—§siny—1)dy dx
0 0 0 0 0
/2 (2 T T /2 (2 w2 72 w2
:/ —cCcosT — — — — dx:/ —cosz—7|dr=—1 — — = ——.
) 4 2 2 . 4 172 4
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EXAMPLE 5.7.2.  We have
1, 3/ 2 1, /3 1
/ (/ (/ (x—i—y)zdz)dy)dx:/ (/ 2(x+y)dy>dx:/(6x+9)da::12.
o \Jo \Jo 0o \Jo 0

We can also extend the integral to elementary regions. Instead of giving the definitions of a number
of different types of elementary regions, we shall simply illustrate the technique with two examples. Our
discussion here closely follows the ideas introduced in Section 5.4.

ExAMPLE 5.7.3. Consider the set
S ={(z,y,2) ER®:2,y,2>0and 2% +y? + 22 <1}

in R3. We shall find its volume by evaluating the triple integral

V(S) = / / /S dadydz.

The region S can be described by
S={(z,y,2) €R*: 2 €[0,1], y €[0,v/1— 2] and z € [0, /1 — 22 — y2]}.

Hence

V(S):/O1 (/m (/ e dz)dy)dx:/;(Ommdy)dx

0 0

2

1 1—x
1 Yy
- 1—22 —y2+4 (1 —2a? sin_l—)} dx
/o {2 (y v ) 1—2%2/ 1o

1
™ ™
- de=".
4/0( v)dr =75

EXAMPLE 5.7.4. Consider the region S bounded by the planes x =0, y =0, z=0and z+y+ 2z = 2,
with vertices (0,0,0), (2,0,0), (0,2,0) and (0,0,1).

Y

1 2

Consider also the function f(z,y, z) = 4xy + 8z. We can write

S = {(mayaz) ceR3 .z € [0,2], y €[0,2— 2] and =z € {O,iﬂ}}



Then

/02 ( /OH ( /O (2_I_y)/2(4wy +82) dz> dy> dz

=/02 /02z<2a:y<2—x—y>+<2—x—y>2>dy)dx

2—zx
(6zy — 22%y — 2xy® + 4+ 2° + y° — 4o — 4y) dy) dz

S—

30(2 — 2)? — 22(2 — 2)? — gx(Q 2P A2 —2) 4222 — 2)

(2— ) —4z(2—x)—2(2 - J})Z) dz

2
8 4 5., 1 28
_ S 92 23 LA qp=
/0 3 37T g 3:”):” 15

We can also write

S={(z,y,2) €ER*:2€[0,1], x €[0,2—2z] and y € [0,2 — 2z — ]}.

/o1 (/02_22 (/02_2Z_I<4$y +82) dy) dm) dz

= /01 (/02_22(295(2 — 22 —2)% +82(2 - 22 — 1)) da:) dz

1 2-22
= / (/ (8x + 8zz% + 223 — 24x2 — 822 + 8222 + 162 — 1622) dx) dz
0 0

1
8 16 16 5 8 28
- = __162 —3 —4 d:—
/0(3+3Z Z+3Z+3z)z 15

Then

PROBLEMS FOR CHAPTER 5

1. Evaluate each of the following integrals, where R = [0, 1] x

] > [0,1]
a) //R(x2+y3)dmdy b) //Rlog((xﬂ—l)(y-kl))dxdy

1 1
2. Evaluate the integral / (/ e¥y? sin 2xy dy) dz.
-1 \J-1
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3. Suppose that the function f is continuous in the interval [A, B], and the function g is continuous in

the interval [C, D]. Suppose further that R = [A, B] x [C, D]. Explain why the integral

//R f(z)g(y) dady
(/ABf(w)dfC> (/CDg(y)dy>-

exists and is equal to



520 W W L Chen : Multivariable and Vector Analysis

4.

10.

11.

Suppose that the function f is continuous in a rectangle R = [A, B] x [C, D], and f(z,y) > 0 for

every (z,y) € R. Show that
// f(z,y)dady =0
R

if and only if f(z,y) = 0 for every (z,y) € R.

Sketch the region S on the xy-plane bounded by the lines # = 2, y = 1 and the parabola y = x2,

and evaluate the double integral
// (2% +y?) dady.
S

— y37 defined for every (z,y) € R =[0,1] x [0, 1], except at the

Consider the function f(z,y) = ﬁ
Ty

point (z,y) = (0,0).

1 1 1 1
a) Show that / </ flz,y) dy) do = %7 and deduce that / (/ f(z,y) dx) dy = —%.
0 0 0 0

b) Show that f(x,y) does not have a limit as (x,y) — (0,0).
¢) Does the double integral / / f(z,y) dady exist as a Riemann integral? Give your reason(s).
R

d) Comment on the results.

3 41—y
Consider the integral / (/ (x+y) dm) dy.
o \J1

a) Sketch the area S on the xy-plane such that the integral is equal to // (z + y) dady.
s

b) Interchange the order of integration, and evaluate the integral.

Show that the volume of the region bounded by z = 22 + 2, 2 =0, x = —a, * = a, y = —a and
y = a, where a > 0, is given by 8a*/3.

Find each of the following integrals:

111 11 gl
a) / / / (x4 y+ z)dedydz b) / / / (z +y + 2)* dadydz
o Jo Jo o Jo Jo

Let S be the region in R? bounded by the planes + = 0, y =0, 2 = 0 and z + y + 2z = 1, with
vertices (0,0,0), (1,0,0), (0,1,0) and (0,0,1). Show that

1
///Szdxdydz— u

Let S be a “pyramid” with top vertex (0,0,1) and base vertices (0,0,0), (1,0,0), (0,1,0) and

(1,1,0). Show that
///(1 — %) dadydz = 3
< YET 10

[HINT: Cut S by the plane z = y.]
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12. Consider the region S C R?® bounded by the planes 2 =0, y =0, 2 = 0 and = +y + 2z = a, where
a > 0 is fixed.
a) Make a rough sketch of the region S.

5
b) Show that /// (.732 + y2 + z2) dzdydz = ;_0
S

1 1 2
13. Show that / / / zyzdz | dy | dz = §
0 0 Va2ty? 8



