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Chapter 6

CHANGE OF VARIABLES

6.1. Introduction

We consider double integrals of the type

//S f(z,y) dzdy,

where f : S — R is continuous in the region S C R2. Suppose that we wish to make a substitution
z = z(u,v) and y = y(u,v). Then as in the theory of real valued functions of one real variable, we
expect to have

(1) J[ sy = [ pt). )0 du,

where J(u,v) is a term arising from the substitution, and where S* is a region in the wv-plane corre-
sponding to the region S in the xy-plane.

Before we go any further, let us consider the following simple example in the theory of real valued
functions of one real variable.

EXAMPLE 6.1.1. To evaluate the integral

1
/ V1—z2dz,
0

we may use the substitution z = cos@. Then dz = —sinfdf, and = 7/2 when z = 0 and § = 0 when
z = 1. Hence

1 0 /2
/ \/1—3:2(137:/ \/1—00529(—sin9)d9=/ sin20d9:...:%.
0 /2 0
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Clearly there is great potential for making a mistake by omitting a minus sign somewhere in the argument.
We may instead proceed in the following way. Consider the function T : [0,7/2] — [0,1], given by
T(0) = cos @ for every 0 € [0,7/2]. Clearly this function is one-to-one and onto. We may well suspect
that for any continuous function f : [0,1] — R, we have

dT
f— 9 - 9~
Sy /W] F(1(0)) } 1T 4

Indeed, this is true when f(z) = v/1 — 2 for every = € [0, 1], and is in fact true for every continuous
function f:[0,1] — R.

6.2. Planar Transformations
In this section, we shall study functions of the type 7' : S* — S, where S* and S are sets in R?.

Suppose that S* C R? is given. Consider a function T : S* — R2. Then for any (u,v) € S*, the
point T'(u,v) is called the image of (u,v) inder T', and the set

T(S*) ={T'(u,v) : (u,v) € 5}
is called the range of the function 7.

EXAMPLE 6.2.1. Suppose that S* = [0, 1] x [0, 27]. The function T : S* — R? : (r,0) — (7 cos 6,7 sin f)
has range

T(S*) ={(rcosf,rsinb) : (r,0) € [0,1] x [0, 2x]},
the closed disc in R? with radius 1 and centre (0,0).

EXAMPLE 6.2.2. Suppose that S* = [0, 1] x [0, 1]. Consider the function T : S* — R?, given for every
(u,v) € S* by T(u,v) = (z,y), where

(5):(} _11>(Z) and 2 +iy = (1+1)(u+iv).

Clearly T'(5*) is a square with vertices (0,0), (0,2) and (%1, 1).

v Yy

(0,1) (1,1) Lt [ P

0,0) 150) u - 0.0 1

DEFINITION. A function 7" : S* — R? is said to be one-to-one if for every (u’,v’), (u”,v") € S*, we have
(u,v") = (v,v") whenever T'(u/,v") = T(u”,v"”). In other words, no two distinct (u/,v"), (u”,v") € S*
can have the same image.
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EXAMPLE 6.2.3. In Example 6.2.1, the function 7 : S* — R? is not one-to-one. It is easy to check
that 7(0,0) = T(0,7) = 0.

EXAMPLE 6.2.4. In Example 6.2.2, it is easily seen that the function 7 : S* — R? is a rotation about
the point (0,0) through an angle 7/4, together with a magnification by v/2 about the point (0,0). Tt
is clear that if T(u/,v") = («/,y'), T(u",v") = (2",y") and (2',y’) = (2”,y"), then since the matrix
(1 _11) is invertible, we must have (u’,v") = (u”,v"). Hence T : S* — R? is one-to-one.

EXAMPLE 6.2.5. Let us vary Example 6.2.1, and consider the rectangle S* = (0, 1] x [0, 27). Then the
function T : S* — R?: (r,0) — (r cosf,rsin ) is one-to-one, with range

T(S*) ={(rcosf,rsinb) : (r,0) € (0,1] x [0,27)},
the closed disc in R? with radius 1 and centre (0,0), punctured at the point (0,0).

In practice, our problem is the following: Given a region S C R?, we need to find a region S* C R?
and a one-to-one function 7' : S* — R? such that T(S*) = S. It is therefore convenient to consider
functions of the type T : S* — S instead of T : $* — R2. Note that this change does not affect our
definition of one-to-one functions given earlier, and we can rephrase it as follows.

DEFINITION. A function T : S* — S is said to be one-to-one if for every (u’,v’), (u”,v") € S*, we have
(u',v") = (u”,v") whenever T'(v',v") = T(u",v").

To characterize the property T'(S*) = S, we have the following definition.

DEFINITION. A function T : S* — S is said to be onto if for every (z,y) € S, there exists (u,v) € S*
such that T'(u,v) = (z,vy).

EXAMPLE 6.2.6. Suppose that S* = [0,1] x [0,27] and S = {(z,y) € R? : 2% + y*> < 1}. Then the
function T : S* — R? : (r,0) — (rcosf,rsinf) is onto.

EXAMPLE 6.2.7. In Example 6.2.2, if we change the codomain of the function T to the closed rectangle
S with vertices (0,0), (0,2) and (£1,1), then T': S* — S is one-to-one and onto.

EXAMPLE 6.2.8. Suppose that S* = (0,1] x [0,27) and S = {(z,y) € R?: 0 < 2% + y? < 1}. Then the
function T : S* — R? : (r,0) — (rcos 6, rsinf) is one-to-one and onto.

6.3. The Jacobian

In this section, we shall turn our attention to the term J(u,v) in the expression (1). We shall begin by
studying the special case when f(x,y) =1 for every (z,y) € S, so that the expression (1) is of the form

o [[asts= [[ stworauts

Note that the left hand side of (2) represents the area of S.

EXAMPLE 6.3.1. We study rectangular coordinates (x,y) and polar coordinates (r,8), related by
x =r1cosf and y =rsinf.

Consider the unit disc

S ={(z,y) e R*: 2? +y* < 1}.
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Let

S*={(r,0) eR?:0<r<1and0<6<2r}.

Then the function
T:8* —R?: (r,0) — (rcosf,rsinf)

is one-to-one and onto, provided that we remove the lines r = 0 and 6 = 27 from S* and the point

(z,y) = (0,0) from S. Clearly
// dzdy = 7.
s

On the other hand,

o0 0
Ox,y) _ det | 97 99 | _ qet (CQSG rsmt?) B
a(r,0) dy Oy sinf  rcosf

or 00

By Fubini’s theorem, we have

// ‘drdG://*rdrdG:/o%</01rdr>d0:7r,

Here we detect a small problem. The function 7" : §* — S may not be one-to-one and onto, unless
we remove some subsets of S* and S. Let us first of all consider such exceptional subsets.

o(z,y)
a(r,0)

DEFINITION. Suppose that S C R2. Then we say that a subset £ C S is exceptional if E is contained
in a finite union of curves of type 1 or 2 in S.

DEFINITION. Suppose that S* and S are sets in R?. Then we say that a function 7 : S* — S is
essentially one-to-one and onto if there exist exceptional subsets E* C S* and E C S such that the
function T': S* \ E* — S\ E is one-to-one and onto.

ExXaMPLE 6.3.2. In Example 6.3.1, we can take
E*={(r,0) e S*:r=00r60 =27} and E = {(0,0)}.
Then
S*\E*={(r,0)cR?>:0<r<1and0<0<2r} and S\E={(z,y)eR?:0<z®+9?><1}
We have shown in Example 6.2.8 that the function
T:S5*\E*— S\ E:(r,0)— (rcos,rsind)
is one-to-one and onto.

THEOREM 6A. Suppose that S* C R? and S C R? are elementary regions, and that the function
T:5% = S, where T(u,v) = (x(u,v),y(u,v)) for every (u,v) € S*, has continuous partial derivatives.
Suppose further that T : S* — S is essentially one-to-one and onto. Then for any Riemann integrable
function f : S — R, we have

J] fanasay = [[ st viwon |52

dudv,
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where the Jacobian determinant of T is given by

Jr Ox
M = det du Ov
O(u,v) dy Oy
ou v

REMARK. An alternative approach is to restrict S* to open sets and take S = T'(S*). However, the
problem with this approach is that since S is usually given, it may not always be possible to find a
suitable open set S* such that T'(S*) = S precisely, and we face the same difficulty, albeit in a slightly
different disguise.

We shall not prove Theorem 6A. Instead we shall only briefly indicate the ideas. Consider a small
rectangle

(u,v)

(uo,v0) Au

in S* with bottom left vertex (ug,v9) and top right vertex (u,v) = (ug + Au,vg + Av). We know from
our discussion of differentiability in Chapter 2 that a good approximation to T'(u,v) is given by the
linear mapping

(4 T(ug, vo) + (DT) (g, v0) (Z B Zg) — T(ug, vo) + (DT) (o, vo) (21;) ,

where (DT)(ug, vg) denotes the total derivative of T at (ug,vp). The image of the rectangle (3) under
the mapping (4) is a parallelogram

Yy _e

a
(A?}%,Ava—g)

T (uo,v0)
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with one vertex at T'(ug, vo) and adjacent sides, corresponding to Au and Awv, given by the vectors

ox Ox ox
Au ou v Au ou

DT)(uo, - —A
ou Ov ou

and

0\ _ | Ou Ov 0\ ov
OT)un,0) o, ) = o (0)=2 ”
ou Ov ov

respectively (here the partial derivatives are supposed to be evaluated at (ug,vp)). Clearly the area of
this parallelogram is

ox ox or Oz
MG B Ju v A, y)
det v = |det u Ul AuAv = ' Y ‘AUAU.
A @ A @ @ @ (’)(u,v)
“au U@v ou Ov

EXAMPLE 6.3.3. Suppose that 0 < 67 < 65 < 27. Consider the region
S ={(rcosf,rsind):0; <0 <6y and ¢1(0) <r < g2(0)},

where ¢1(0) < g2(0) for every 0 € [0,2x]. Writing (z,y) = (rcosf,rsinf), we can calculate the area of

S as
A(S) = //S dady = // g((i g; ‘ drds,
where
S* ={(r,0) €R?: 6, <0 < 0y and g1 (8) <r < g2(6)}.
Then

A(S)=/92 /gQ(a) a(x’y)‘ dr d9=/02 /QQ(Q)rdr dez/%Mde.
01 91(0) a(?", 0) 01 g1(0) 04 2

EXAMPLE 6.3.4. Consider the region
S={(r,y) €R*:z,y>0and 1 <2?+y* <4}

in the first quadrant between the two circles of radii 1 and 2 centred at (0,0). We showed in Example

5.4.4 that
15
// (a? +1%) dady = —".
s 8
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We now use the substitution x = r cos and y = rsin 6 instead, and consider the rectangle
S*:{(T,H)ER2:1§r§2and0§0§W/2}.
Note that the function
T:8 —S:(r,0)— (rcosf,rsinb)

is one-to-one and onto. By Theorem 6A, we have

. o(z,y) 157
2. 2 _ 2 2 2 02 , _ 3 _
//S(a: +y )dxdy—//*(r cos” 6 + r“sin a)la(r,ﬁ)‘d”w_//*r drdd=...= 5

EXAMPLE 6.3.5. Consider the parallelogram S with vertices (7, 0), (7, 7) and (0, £7/2). We showed

in Example 5.4.2 that
/ / : 8
sinz cosydady = —.
g 3

We now use the substitution x = 2u and y = u + v instead, and consider the rectangle S* with vertices
(0,£7/2) and (7/2,+m/2).

Sl
vl
°

[NE]

u /ﬂ— ’
=
—I4

I
&

Note that the function
T:5%—=8:(u,v) — (2u,u+v)

is one-to-one and onto. By Theorem 6A, we have
o(z,y)

//S sinz cosydzdy = //* sin 2u cos(u + v) 3w, v)
/2 /2 /2 /2
=2 / sin 2u cos u du / cosvdv | —2 / sin 2u sinu du / sinwv dwv
0 —m/2 0 —m/2
/2 /2 ]
=2 / sin 2u cos u du / cosvdv | =...= —.
0 —7/2 3

EXAMPLE 6.3.6. Consider the repeated integral

1 1
/ </ (2% 4 y?)3/? dx) dy = // (2% + y?)3/2 dady,
0 0 R

‘ dudv = 2// sin 2u(cos u cos v — sin u sin v) dudv
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where R = [0,1] x [0,1]. By splitting R into two triangles along the line y = z, it is easy to see that

T 1 Y
// 2 2 S/Qd:cdy*/ (/ (x2+y2)3/2dy>dm+/ (/ (x2+y2)3/2dx)dy
0 0o \Jo
s
s

where S is the triangular region with vertices (0,0), (1,0) and (1,1). We use the substitution z = r cos §
and y = rsinf, and consider the region

S*={(r,0) cR?:0< 0 <nm/4and 0 <r <sech}.
Note that the function
T:5"—S:(r,0)— (rcosf,rsinb)

is one-to-one and onto, provided that we remove the line » = 0 from S* and the point (z,y) = (0,0)

from S. By Theorem 6A, we have
/4 sec 0
O, )‘drde—/ / rtdr | do
a( r, ) 0 0

// 2 492 3/2dxdy—// 12 cos® 0 + 1% sin? 0)>/2
w/4

1 [ 1 3 3
:—/ sec®#df = | — tanf + sec® @ + — tan@secd + — log | tan  + secd)|
5 Jo 40 40

20

7V2
= V23 e 1 V2.
0 100 8(1+v2)

0

6.4. Triple Integrals
Our discussion so far can be extended to triple integrals with no extra complication.

DEFINITION. Suppose that S C R3. Then we say that a subset £ C S is exceptional if E is contained
in a finite union of surfaces in S representing one of the three variables as a continuous function of the
other two variables.

DEFINITION. Suppose that S* and S are sets in R?. Then we say that a function T : S* — S is
essentially one-to-one and onto if there exist exceptional subsets E* C S* and E C S such that the
function T': S* \ E* — S\ E is one-to-one and onto.

THEOREM 6B. Suppose that S* C R? and S C R? are elementary regions, and that the function
T:5* — S, where T'(u,v,w) = (z(u, v, w),y(u,v,w), z(u,v,w)) for every (u,v,w) € S*, has continuous
partial derivatives. Suppose further that T : S* — S is essentially one-to-one and onto. Then for any
Riemann integrable function f:S — R, we have

///f .y, 2 dxdydzf//s*f 2 (u, v, w), y(u, v, w), Z(uvw))‘gé:jg’w))

where the Jacobian determinant of T is given by

dudvdw,

or Oxr Ox
ou v Ow
T N T
O(u,v,w) ou Ov Ow
0z 0z 0z
du v Ow
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REMARKS. (1) The image under T of a rectangular box in S* with side lengths Au, Av and Aw can
be approximated by a parallelepiped in S with volume

ox ox ox Oox Ox Ox
y y oy . dy Oy Oy . ‘ o(z,y,2) ‘
det = = = =|det | =2 X2 ZZL ||AuAvAw = |—T"%| AuAvAw.
R e e “Now v w |7 T 0w v,w) | TR
0z 0z 0z 0z 0z Oz

(2) Cylindrical coordinates (r, 6, 2) are related to rectangular coordinates (x,y, z) in R?® by

T =rcosb, y =rsinb, z=2z.
Hence
o(z,y gr g@ gz cosf) —rsinf 0
D et | YY %Y 9Y | —det | sind rcos® 0| =r,
a(T797z) 67" 69 82’ 0 0 1
or 00 0z
so that

/// f(z,y,2) dxdydz:// f(rcosf,rsinf, z)r drdfdz.
s 5

Here, we essentially leave the variable z alone, and replace the variables z and y by the variables r and
0 in the same way as with rectangular and polar coordinates in R?.

3) Spherical coordinates (r, ¢,6) are related to rectangular coordinates (x,y, z) in R3 b
p ) g Y, y

T =rsingcosb, y =rsin¢sinb, Z = TrCOoS ¢.

z

) (2..2)
Y
T

- (2,y,0)

@

0 x
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We have
or 0¢ 96 singcosf rcos¢pcos —rsingsinf
ow,y,2) oy oy oy | L ) .
——~=det| =2 2 ZZ | =det| singsinf rcos¢sinf rsingcosh
8(7", ¢, 9) 87" 8¢ 39 cos ¢ —7rsin ¢ 0
or 0¢ 00

rcos¢sinf  rsin¢cosf singsinfd  rsin ¢ cos 6

— (cos @) det (TCOS¢COSH —rsin¢sin0> + (rsing) det (Sin¢cosﬁ —rsinqbsin@)

= (cos ¢)(12 cos ¢ sin ¢ cos? O + 2 cos P sin ¢ sin? §) + (rsin @) (rsin? ¢ cos? O + 7 sin? $sin? )

=r2sin ¢ cos® ¢ + r? sin ¢ sin® ¢ = r? sin ¢,
so that

/// fz,y,2) dxdydz:// f(rsin ¢ cos @, rsin ¢sin 6, r cos ¢)r? sin ¢ drdpds.
s 5

EXAMPLE 6.4.1. Consider the integral

2?4y + 22 1/2 dzdydz,
(
S

where

S={(z,y,2) €ER®:y,2>0and 4 < z* +y* + 2% < 9}.
We use spherical coordinates and the substitution
xr =rsing¢cosb, Yy = rsin ¢sin 6, Z = TCOoS ¢,
and consider the set
§* = {(T,QS,Q) cR®:re(2,3], ¢c [o, g} and 0 € [0,77]}.
Note that the function
T:5"—8:(r,¢,0) — (rsin¢cosf,rsin¢sinb,rcos @)

is one-to-one and onto. By Theorem 6B and noting Remark (3) above, we have
/// (2% + 4% + 222 dadydz = /// (% sin? ¢ cos® O + r2 sin® ¢sin® O + 12 cos? ¢) /%1% sin ¢ drdpdd
S *

:///*r3sin¢drd¢d9: (/23r3d7‘> (/OW/Qsinqﬁdgb) (/Oﬂ d0> - G?TW
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EXAMPLE 6.4.2. Consider the integral

/// (2% 4 y? + 2%)°/2 dzdydz,
S

S ={(z,y,2) €ER®: 2z + 42 + 2% < 1}.

where

We use spherical coordinates and the substitution
x = rsin¢cos, y =rsin¢sinb, zZ =1Tcos g,
and consider the set
S* = {(r,6,0) € R*:r €[0,1], ¢ € [0,7] and 6 € [0, 27]}.
Note that the function
T:5"—85:(r,¢,0) — (rsin¢cosf,rsin¢sind,rcos @)

is one-to-one and onto, provided that we remove the planes r = 0 and § = 27 from S* and the point
(0,0,0) from S. By Theorem 6B and noting Remark (3) above, we have

///S(x2+y2+z2)5/2dxdydz=///*ﬂsinqbdrdqﬁdﬁz (/017‘7dr> (/Oﬂsinqbdqb) (/O% d9> = g

EXAMPLE 6.4.3. Consider the integral

/// (2 + y*)V2 2 dedydz,
s

S={(z,y,2) ER?:2? +¢y* <land 0 <z < 1}.

where

We use cylindrical coordinates and the substitution
r =rcosb, y =rsind, z=2z,
and consider the set
S* = {(r,0,2) €¢R*:7 € [0,1], 6 € [0,27] and 2z € [0,1]}.
Note that the function
T:5—=8:(r,0,z) — (rcosb,rsinb, z)

is one-to-one and onto, provided that we remove the planes r = 0 and 6 = 27 from S* and the point
(0,0,0) from S. By Theorem 6B and noting Remark (2) above, we have

/// (2% 4+ )2z dedydz = /// (% cos? 0 4 r? sin? 0) /2 zr drdfdz
S *

1 27 1
—(/ rzdr) (/ d0> </ zdz)—z.
0 0 0 3
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PROBLEMS FOR CHAPTER 6

/m

1
1. By changing to polar coordinates, evaluate the integral / (
0 0

e v dy> dz.

1/2 1—x N2
2. By writing 2z = r — s and 2y = r + s, evaluate the integral / (/ (%) dy) dzx.
0 x x Yy

e—1

1 l1-z
3. By using the transformation x +y = u and y = wwv, show that / (/ v/ (@+y) dy) dr = 5
0 \Jo

[REMARK: Take great care when calculating the Jacobian.]

4. Suppose that f:R? — R? and g : R? — R? are differentiable. Suppose further that (u,v) = f(s,t)

and (x,y) = g(u,v), so that (z,y) = (go f)(s,1).
a) Use the Chain rule (D(go f))(s,t) = (Dg)(u,v)(Df)(s,t) to show that

I(z,y) O(u,v)

(z,y) £0

b) Show that D v)

= 1 provided that

5. Let S be the region in the first quadrant of R? bounded by 22 — y? =1, 22 —y? = 9, ry = 2 and
2y = 4. Consider also the substitution v = 2% — y? and v = 2zy.
a) Draw a picture of the region S.
b) Use the result in Question 4(b) to find d(z,y)/0(u,v).
¢) Show that 222 = (u? 4+ v?)"/2 + u and 2y? = (u? +v?)'/? — u.
d) Let S* = {(u,v) € R? : w € [1,9] and v € [4,8]}. Show that T': S* — S : (u,v) — (z,y) is
one-to-one and onto.

e) By changing variables, show that // (2% + %) dady = 8.
s

6. Evaluate each of the following triple integrals by using a suitable substitution:

a) ///(w2+y2+22)dxdydz, where S = {(z,y,2) e R3: 22 +y? <4and 0 < 2 <2}
s

b) /// (2% +y* + 22)1/2e*(w2+92+z2) dadydz, where S = {(x,y,2) € R® : 2% + y? + 22 < 4}
s

dzdydz _ 3.2 22 4 2 o p2Y w
c) ///S (x2+y2+z2)3/2,whereS—{(:my,z)ER caf <at4y*4 22 <b}withb>a>0

7. Let S be the region in R? bounded by the paraboloid z = x? + y? and the cone z = /22 + 2.
a) Find the set of points (z,y, z) € R? where the paraboloid intersects the cone.
b) Draw the cross section of the region S on the plane y = 0.
¢) Show that the volume of S is equal to

JL W @+ ) o

where T'= {(z,y) € R? : 2% + 4> < 1}.
d) By changing to polar coordinates, show that the volume of S is equal to /6.
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8. By considering a suitable set of coordinates in R?® and making the necessary change of variables,
show that

/// V2 +y? + 22 dadydz = %\/M,
S

where S is the region in R? bounded by the plane z = 3 and the cone z = /22 + 2.



