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Chapter 4

HIGHER ORDER DERIVATIVES

4.1. Iterated Partial Derivatives

In this chapter, we shall be concerned with functions of the type f : A — R, where A C R™. We shall
consider iterated partial derivatives of the form

%f 0 (8f> i o2 f ) (ﬁ)

0a2 ~ Ow; \ O, Or;0x;  Ox; \ Oz,
where 4,7 = 1,...,n. An immediate question that arises is whether
0% f B 0 f

8.’1?i8.%‘j N 8%81’1
when 7 # j.

EXAMPLE 4.1.1. Consider the function f : R? — R, defined by

zy(@® —y?)
fa) =4 Zrg if (z,y) # (0,0),
0 if (2,) = (0,0).
It is easily seen that
af wly + da2yd — P . af 25 — 4x3y® — zyt
dr (22 +y?)? dy (22 +y?)?

whenever (z,y) # (0,0). Furthermore,

83@(0’0)_:%11% z—0 =0 and ay(o’o)_ili% y—0
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Note, however, that

of of
32f a_( 70)_8_(0?0) -0
(0,0) = lim L L] = =1,
0x0dy z—0 x—0 z—0x —0
while
of of
a?f ) %(Oa )*%(070) —y—-0
83/83:(0’0):1}11»% y—0 e y—0 -
so that
0% f 0% f

—_— ——(0,0).
3x8y( 0 # 3y8x( »0)
It can further be checked that

o*f  o*f  ab+ 9zty? — 9x2yt — ¢f
0xdy  Oydx (22 +y?)3

whenever (z,y) # (0,0). Clearly at least one of these two iterated second partial derivatives

L P 9
dxdy Oyox

is not continuous at (0,0).

THEOREM 4A. Suppose that the function f : A — R, where A C R? is an open set, has continuous
iterated second partial derivatives. Then

0% f B 0% f

0xdy  Jydx

holds everywhere in A.

1 PROOF. Suppose that (xg,yo) € A is chosen. Since A is open, there exists an open disc D(zq, yo,7) C
A. For every (z,y) € D(zo,yo,7), consider the expression

S(gj,y) = f(x7y) - f(xay()) - f(‘Tan) + f(l’o;yo)-
For every fixed y, write
gy(x) = f(xay) - f(xay())a
so that
S(z,y) = gy(@) — gy(20).

By the Mean value theorem on g, there exists Z between z¢ and z such that

(2) -~ yfan) = (o = 20) F2@) = (o = o) (S @) = L))

By the Mean value theorem on 0f/dz, there exists y between yo and y such that

of of 0*f
Lo - L @w) = - w5 @D
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Hence

P S(z,y)
dyox (®9) = (x —20)(y — y0)

Since 92 f /Oydx is continuous at (z, yo), and since (Z,9) — (x0,%0) as (z,y) — (0, yo), we must have

an (:L‘ )_ lim M
Oyox 0: Y0 (z,y)—(z0,y0) (17 - IO)(y - yO) '

A similar argument with the roles of the two variables z and y reversed gives

é?z_f(x )= lim _ Sy
00y Y T ()=o) (@ — 70) (Y — o)

Hence

ﬁ( )_32_f( )
dydx Zo,Yo) = 910y Zo, Yo

as required. ()

4.2. Taylor’s Theorem

Recall that in the theory of real valued functions of one real variable, Taylor’s theorem states that for a
smooth function,

FACD))
k!

(1) F(@) = Fao) + F(zo)(x — ) + L @~ 4+ (& — 20)* + Ru(2),

where the remainder term

®) R = [ gy a

0

satisfies

Rk (1’)

- =0

lim
T—Ig (.23 — J}o)

REMARK. We usually prove this result by first using the Fundamental theorem of integral calculus to
obtain

f(z) — f(xo) = /aC f(t)de.

Integrating by parts, we obtain

x

| o (-] - [ e=orwa = pee—m+ [ @-nrie
Hence

x

F(2) — Fwo) = £ (w0) (@ — z0) + / (& — )" (1) t,

Zo
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proving (1) and (2) for £ = 1. The proof is now completed by induction on k and using integrating by
parts on the integral (2).

Our goal in this section is to obtain Taylor approximations for functions of the type f : A — R,
where A C R"™ is an open set. Suppose first of all that xg € A, and that f is differentiable at xq. For
any x € A, let

Ri(x) = f(x) — f(x0) — (D f)(x0)(x — %0),

where (Df)(x() denotes the total derivative of f at xg, and where x — x¢ is interpreted as a column
matrix. Since f is differentiable at xq, we have

L 60 = £6x0) = (D) (x0) (x = x0)

x—%o [[x = ol

in other words,

NRLCTES)]

= [|x — o

=0.

Note that

®) D Gx - x0) =3 (5L 6x0)) o1 - X0

i=1
where xg = (X1, ..., X,).
We have therefore proved the following result on first-order Taylor approximations.

THEOREM 4B. Suppose that the function f : A — R, where A C R™ is an open set, is differentiable
at xg € A. Then for every x € A, we have

70 = ) + 3 (5L ) ) (1= X0 + o)

"
i=1 Oz

where xg = (X1,...,X,), and where

For second-order Taylor approximation, we have the following result.

THEOREM 4C. Suppose that the function f: A — R, where A CR"™ is an open set, has continuous
iterated second partial derivatives. Suppose further that xg € A. Then for every x € A, we have

(4) f(x) = f(x0) +Z < (%0) > Zi (8@83:] ) (i = Xi)(2; — X;j) + Ra(x),

where xo = (X1,...,X,), and where

S XoH2 -

 SKETCH OF PROOF. We shall attempt to demonstrate the theorem by making the extra assumption
that f has continuous iterated third partial derivatives. Consider the function

L:[0,1] 5 R™:¢t— (1 —t)x¢ + tx;
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here L denotes the line segment joining x¢ and x, and we shall make the extra assumption that this line
segment lies in A. Then consider the composition g = f o L : [0,1] — R, where g(¢) = f((1 — t)xo + tx)
for every ¢ € [0,1]. We now apply (1) and (2) to the function g to obtain

9(1) = 90) +4'0) + T2 1 1,

where

1 -1 2
R2 = / 7(75 2 ) g///(t) dt
0

Applying the Chain rule, we have

.’1?1—X1
g/(t)—(Df)(L(t))(DL)(t)—(ﬁ(L(t)) ﬁ(L(t)))( : )

_ Z (L) @ - X0,

so that

Note that

g'(t)= z”: ((% o L> (t)) (zj — Xj).

Jj=1

It follows from the Chain rule and the arithmetic of derivatives that

i=1 j=1
so that
y n n 82f n n 82f
70 =33 (G (HOD) (o= X (o = X9) = 35 (G- 0) ) o = Xy = X,)
i=1 j=1 ¢ i=1 j=1 ¢
Note that
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It can be shown, using the Chain rule and the arithmetic of derivatives, that

n n

70 =333 (Gl (L0 ) (01 = X oy = X5)ax ~ Xo)

=1 j=1k=1

222 (3@850]31,% (1= )% + tX>) (z; — Xi)(z; — X;)(wr — Xp).

i=1 j=1k=1

Writing Ry = Ra(x), we have established (4), where

ZZZ/O (t—1)° <6$ig’xfam((1 — 1)xo +tx)> (2 — Xi)(z; — X;)(xn — Xp) dt.

i=1 j=1 k=1

The function

_1)2 3
(t 21) <6xig$jca$k<(1 —t)xo—i—tx))

is continuous, and hence bounded by M, say, in [0,1]. Also
lzi — Xil, [z — X1, |2k — Xi| < [[x — %o,
so |Ra(x)] < n3M]|jx — xo]|3, and so (5) follows. O

The second-order term that arises in Theorem 4C is of particular importance in the determination
of the nature of stationary points later.

DEFINITION. The quadratic function

(6) Hf (x0)(x — x0) %ZZ(%@% )(xi—xi)(xj—xj)

i=1 j=1
is called the Hessian of f at x.
REMARK. The expression (4) can be rewritten in the form
(7) f(x) = f(x0) + (Df)(x0)(x = x0) + Hf (x0)(x — x0) + R2(x),

where (D f)(x0)(x — X0), the matrix product of the total derivative (D f)(xg) with the column matrix
X — Xg, is given by (3), and where the Hessian Hf(xo)(x — x¢) is given by (6).

EXAMPLE 4.2.1. Consider the function f : R?> — R, defined by f(x,y) = 2%y + 3y — 2 for every
(x,y) € R?, near the point (zg,0) = (1, —2). Clearly f(1,—2) = —10. We have

of of _ o
%—ny and 3y =z° + 3.
Also
>*f 9 f 9*f  Of
@—23} and 6_y2_0 and Way—m—z’ﬁ
Hence
of of
83;(17 2)=—-4 and 8y(L 2)=4



Also

5’2f( o) >’f
Oxdy "’ - Oyox

2
—(1,-2)=—-4  and g—yJ;(l, -2)=0 and

fa =102+ ((Fa-2) @0+ (ga-2) o)

Y

+ % ((%(1, 2)) (x —1)*+ <£gy(1, 2)) (z—1(y+2)

+ (88:8];(1’ —2)> (r—1)(y+2)+ (giyg(l, —2)) (y + 2)2> + Ra(z,y)

=—10—4(z—1)+4(y+2) —2(x — 1)2 4+ 2(x — 1)(y + 2) + Ra(z,y),

it follows that the second-order Taylor approximation of f at (1,—2) is given by
—10 —4(z — 1) +4(y+2) —2(x — 1)® +2(z — 1)(y + 2),
and the Hessian of f at (1,—2) is given by

2z —1)2+2(z—1)(y+2).
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(1,-2) =2.

4-7

EXAMPLE 4.2.2. Consider the function f : R? — R, defined by f(z,y) = e cosy for every (z,y) € R?,

near the point (zg,y0) = (0,0). Clearly f(0,0) = 1. We have

3_f =e" cosy and 3_f = —e"siny.
or dy
Also
Pl _ o Pl _ P _OF
Froie e* cosy and 8_y2 = —e®cosy and 920y = y0z = —e”siny.
Hence
%(0,0) =1 and %(0,0) =0.
Also
%(0,0) =1 and %(0,0) =-1 and ;jéfy(0,0) = 8(228{15 (0,0) = 0.
Since

19)
3 ((F00)@-0+ (2L0.0) @060

N < O (o, 0)) (z— 0)(y —0) + (%(0, 0)) (y - 0)2> + Ba(,y)
R

0yor

1 1
=l+a+-a?— -y +

2 9 2(1'7y),
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it follows that the second-order Taylor approximation of f at (0,0) is given by

1 1
1 L a2 19
+x+2x 2y,

and the Hessian of f at (0,0) is given by

EXAMPLE 4.2.3. Consider the function f : R* — R, defined by f(x,y,2) = 2%y + 22° + y?2? for every
(7,y,2) € R3, near the point (g, o, 20) = (1,1,1). Clearly f(1,1,1) = 3. We have

a—f =2zy + 23 and ﬂ =%+ 2y2° and 3_f = 3x2% + 2y%2.
or oy 0z
Also
*f o*f 2 o*f 2
922 = 2y and W 2z and 2.2 = 6xz + 2y~.
Furthermore,
2f  9f N *f _ Pf
oxdy  Oydxr 2 and 0x0z 020w 32 and 0ydz 020y 1y=.
Hence
of _ of _ of _
grL1D =3 and (1 =3  and G111 =
Also
*f 0% f 0% f
w(l,l,l) =2 and ?(1,1,1) =2 and W(l,l,l) —8
Furthermore,
o f o f o’ f
gaay (111 = and oS (L1 =3 and S (111) =4
Since
af of of
= f(1,1,1 —(1,1,1 -1 —(1,1,1 -1 —(1,1,1 -1
fagn) = s+ (o) @0+ (o) w-v+ (Fain)e-v)
1 0% f 9 0% f 9 0% f 9
s (GRan) e+ (SRaan) -2+ (FLan) e-n

2
(’)x@y(l’ 1, 1)> (x—1Dy—-1)+2 <8axéfz(l, 1, 1)) (z—=1(z-1)

(11D )= (= 1)) + Rafay2)

=343 -1 +3y—1)+5(—-1)+@—-1)*+(y—1)>+4(z — 1)?
F2(x—1)(y—1)+3x-1(=-1)+4y—1)(z—1) + Ra(z,y, 2),

it follows that the second-order Taylor approximation of f at (1,1,1) is given by

343(x—1)+3(y—1)+5(z—1)+(2—1)24+(y—1)*+4(2—1)2+2(z—1) (y—1) +3(z—1)(z—1)+4(y—1) (2 —1),
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and the Hessian of f at (1,1,1) is given by

(-1 4+(y-1)24+4z-12+2@ -y -1 +3x—-1)(z—1)+4(y — 1)(z — 1).

4.3. Stationary Points

In this section, we study stationary points using an approach which allows us to generalize our technique
for functions of two real variables. Throughout this section, we shall consider functions of the type
f:A— R, where A C R" is an open set. We shall assume that f has continuous iterated second partial
derivatives.

DEFINITION. A point x¢ € A is said to be a stationary point of f if the total derivative (D f)(xq) = 0,
where 0 denotes the zero 1 X n matrix.

REMARK. In other words, xg € A is a stationary point of f if

of
al’i

(x0) =0
for every i =1,...,n.

DEFINITION. A point x¢ € A is said to be a (local) maximum of f if there exists a neighbourhood U
of x¢ such that f(x) < f(xg) for every x € U.

DEFINITION. A point xg € A is said to be a (local) minimum of f if there exists a neighbourhood U of
xo such that f(x) > f(xo) for every x € U.

DEFINITION. A stationary point xg € A that is not a maximum or minimum of f is said to be a saddle
point of f.

Our first task is to show that if f is differentiable, then every maximum or minimum of f is a
stationary point of f. Note that this may not be the case if the function f is not differentiable, as can
be observed for the function f: R — R : z — |z| at the point z = 0.

THEOREM 4D. Suppose that the function f : A — R, where A C R™ is an open set, is differentiable.
Suppose further that xg € A is a maximum or minimum of f. Then xq is a stationary point of f.

t PROOF. Suppose that xg € A is a maximum of f. Consider the restriction of f to a line through xg.
More precisely, consider the points xg + th € R™, where 0 # h € R™ is fixed. Since A is open, there
exists an open interval I containing ¢ = 0 and such that {xo+th :¢ € I} C A. Consider now the line
segment

L:I—R":t— xg9+th.
Since the function f has a maximum at xg, it follows that the function
g=folL:I—R,

where g(t) = f(xo + th) for every t € I, has a maximum at ¢t = 0. By the Chain rule, g is differentiable.
Since

) . g(t) —g(0)
o(0)= iy £ =45

)
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it clearly follows that

/ : g(t)—g(O) ’ :
= 7< =
g0)=lim T—g <0 ad g0)= lm T

and so ¢’(0) = 0, whence (Dg)(0) = 0. Again, by the Chain rule, we have
(Dg)(0) = (Df)(L(0))(DL)(0).

It is easy to check that (DL)(0) = h, and so (Df)(L(0))h = 0. Since h # 0 is arbitrary, we must have
(Df)(x0) = (Df)(L(0)) = 0. The case when xy € A is a minimum of f can be studied by considering
the function —f. O

It is a consequence of (7) that if f has a stationary point at xo € A, then
(8) f(x) = f(x0) + Hf (x0)(x = x0) + Ra(x).
It follows that the Hessian Hf(x¢)(x — xo) plays a crucial role in the determination of the nature of the

stationary point. Recall that the Hessian is given by (6). Let us write h = x —xg and h = (hy, ..., hy).
Then (6) becomes

7000 = 533 (G 00)) iy = 323

i=1 j=1
where, for every 7,5 =1,...,n, we have
i = lﬁ(x )
N 2 8$i8$j 0o/
A function of the type
(9) g(h) = g(h1,..., hy) :ZZﬁzjhihg‘
i=1 j=1
is called a quadratic function. Note that if we write
Bir ... Pin ha
B = and h = ,
then
g(h) = h!Bh.
Clearly for any real number A\ € R, we have
(10) g(Ah) = (Ah)!B(Ah) = A?h! Bh = \?g(h);

hence the term “quadratic”.

DEFINITION. A quadratic function g : R™ — R is said to be positive definite if g(0) = 0 and g(h) > 0
for every non-zero h € R".

DEFINITION. A quadratic function ¢g : R® — R is said to be negative definite if g(0) = 0 and g(h) < 0
for every non-zero h € R™.
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THEOREM 4E. Suppose that the function f: A — R, where A CR"™ is an open set, has continuous
iterated second partial derivatives. Suppose further that xg € A is a stationary point of f.

(a) If the Hessian Hf (x¢)(x — x0) = Hf (x0)(h) is positive definite, then f has a minimum at Xq.

(b) If the Hessian Hf(xg)(x — x¢) = Hf(x0)(h) is negative definite, then f has a mazimum at Xg.

EXAMPLE 4.3.1. Consider the function f: R? — R, defined by
fz,y) =2 +y> — 3z — 12y + 4.
Then

O = (G 5=t -s w-12).

For stationary points, we need 322 —3 = 0 and 3y* — 12 = 0, so there are four stationary points (£1, 4-2).
Now

0% f 0% f 0% f
ol 6z and 5‘—y2 = 6y and 920y
At the stationary point (1,2), we have
0% f 0% f 0% f

Hence the Hessian of f at (1,2) is given by

% ((%(1, 2)) (x—1)%+ (%(1, 2)) (y—2)%+2 (%(1, 2)) (x—1)(y — 2))
=3(z—1)?+6(y—2)?

and is positive definite. It follows that f has a minimum at (1,2). At the stationary point (—1,—2), we
have
0% f

@(_1’ —2)=—6 and —(-1,-2) = —12 and

?f

Hence the Hessian of f at (—1,—2) is given by

% ((%(—17 —2)> (z+1)%+ (%(—17 —2)> (y+2)*+2 (ggy(—l, —2)) (z+1)(y + 2))
= —3(x+1)% — 6(y + 2)*

and is negative definite. It follows that f has a maximum at (—1,—2). At the stationary point (1, —2),
we have

0% f

(1,-2) =6 and 8—y2(1, —-2)=-12 and

o f
0x0y

O*f

Hence the Hessian of f at (1,—2) is given by

% ((%(1, —2)) (x — 1)+ @%;(1, —2)) (y +2)%+2 (;;afy(l, —2)) (x—1)(y + 2))
=3(x— 1) - 6(y +2)>
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Let us investigate the function
Hf(1,=2)(h1, hs) = 3 — 613
more closely. Note that
Hf(1,-2)(h1,0) =3k >0 and  Hf(1,-2)(0,hy) = 0 —6h3 < 0.

In this case, Theorem 4E does not give any conclusion. In fact, both stationary points (1,—2) and
(—1,2) are saddle points.

REMARK. To prove Theorem 4E, we need the following result in linear algebra. Suppose that a
quadratic function of the type (9) is positive definite. Then there exists a constant M > 0 such that for
every h € R", we have

(11) g(h) > M|h|?.
To see this, consider the restriction
gs: S —R:hw— g(h)

of the function g to the unit sphere S = {h € R™ : |h|| = 1}. The function gg is continuous in S and
has a minimum value M > 0, say. Then for any non-zero h € R™, we have, noting (10), that

o) =g (It ) = Il (i ) = IniPs (7 ) = Ml

Hence (11) holds for any non-zero h € R™. Clearly it also holds for h = 0.
1 SKETCH OF PROOF OF THEOREM 4E. We shall attempt to demonstrate the theorem by making the

extra assumption that iterated third partial derivatives exist and are continuous. At a stationary point
Xp, the expression (8) is valid, and can be rewritten in the form

f(x) = f(x0) = Hf (x0)(x — %0) + Ra(x),

where Ry(x) satisfies (5). Suppose that Hf (x¢)(x — xo) is positive definite. Then by our remark on
linear algebra, there exists M > 0 such that

H £ (0) (x — %0) > Mjx — o]
for every x € R™. On the other hand, it follows from (5) that
1 2
[Ra(9)] < 5 Mllx— o,
provided that ||x — xgl| is sufficiently small. Hence
1 2
F) — fxo) > LM~ xo]> 2 0,

provided that ||x — x| is sufficiently small, whence f has a minimum at x¢. The negative definite case
can be studied by considering the function —f. O

4.4. Functions of Two Variables

We now attempt to link the Hessian to the discriminant. Suppose that a function f : A — R, where
A C R? is an open set, has continuous iterated second partial derivatives. Suppose further that f has a
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stationary point at (2o, o). Then the Hessian is given by

L2 a00)) @ =202+ (L ao0) ) (@ = 20)(w = w0)
2 ox dxdy

? 2
+ <88y@fx (o, yo)> (x —z0)(y — yo) + (g—y{(wo, yo)) (v — yo)z)
82f 82f
:l(x—xo Y= 1) w(m,yo) m(xo’yo) T — o
2 82f 82f o

ax—@(mo’y()) 8—y2($0,yo)

REMARK. We need the following result in linear algebra. The quadratic function

sen = 0 (5 ) (7).

where a, b, ¢ € R, is positive definite if and only if a > 0 and ac — b?> > 0. To see this, note that
g(x,y) = ax® + 2bxy + cy®.

Suppose first of all that a > 0 and ac — b?> > 0. Completing squares, we have
b\’ b2

(12) 9(z,y) =a<x+ay> + (c—g) y* >0,

with equality only when

b
y=0 and x+ay=O;

4-13

in other words, when (x,y) = (0,0). Suppose now that a = 0. Then g(z,y) = 2bxy + cy? clearly cannot
be positive definite (why?). It follows that if g(z,y) is positive definite, then a # 0 and (12) holds, with
strict inequality whenever (z,y) # (0,0). Setting y = 0, we conclude that we must have a > 0. Setting

x = —by/a, we conclude that we must have ac — b* > 0.

We have essentially proved the following result.

THEOREM 4F. Suppose that the function f : A — R, where A C R? is an open set, has continuous

iterated second partial derivatives. Suppose further that (xo,y0) € A is a stationary point of f.

(a) If

2 (’)2_f<x0 Yo) 1 (70, v0)
ﬂ(l‘ ) >0 and A = det Qa2 Oyox 50
o2 0> Y0 52 82f ,

0z0y (o, 0) 8—3/2(%’ Yo)

then f has a minimum at (xo,yo)-
(b) If

ﬁ(130 Yo) <0 and A = det x> oydx 50
Ox2 s azf 62f ,

92y ($07y0) 8—2/2(170, yo)

then f has a mazimum at (xo,yo)-
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REMARK. The reader may wish to re-examine Example 4.3.1 using this result.

4.5. Constrained Maxima and Minima

In this last section, we consider the problem of finding maxima and minima of functions of n variables,
where the veriables are not always independent of each other but are subject to some constraints. In
the case of one constraint, we have the following useful result.

THEOREM 4G. Suppose that the functions f: A — R and g : A — R, where A C R" is an open
set, have continuous partial derivatives. Suppose next that ¢ € R is fized, and S = {x € A : g(x) = c}.
Suppose further that the function f|s, the restriction of f to S, has a mazimum or minimum at xXg € S,
and that (Vg)(xo) # 0. Then there exists a real number X € R such that (V f)(xo) = A(Vg)(x0).

REMARKS. (1) The restriction of f to S C A is the function f|s: S — R:x— f(x).
(2) The number A is called the Lagrange multiplier.

(3) Note that (Vg)(x0) is a vector which is orthogonal to the surface S at xo. It follows that if f
has a maximum or minimum at xo, then (Vf)(x¢) must be orthogonal to the surface S at xo.

 SKETCH OF PROOF OF THEOREM 4G. We shall only consider the case n = 3. Suppose that I C R
is an open interval containing the number 0. Suppose further that

L:T—R3:tw L(t) = (L1(t), La(t), L3(t))

is a path on S, with L(0) = xq, so that L(t) € S for every ¢t € I. Consider first of all the function
h=goL:I—R. Clearly h(t) = g(L(t)) = c for every t € I. It follows that

_dh

(DR)(0) = 5

(0)=0
On the other hand, it follows from the Chain rule that

(D7)(0) = (Dg)(L(0))(DL)(0) = (Vg)(xo) - (L1(0), L5(0), L5(0)),

so that (Vg)(xo) is perpendicular to (L}(0), L5(0), L5(0)), a tangent vector to S at xg. Since L is
arbitrary, it follows that (Vg)(x0) must be perpendicular to the tangent plane to S at xg. Consider next
the function k = foL : I — R. If f|s has a maximum or minimum at xg, then clearly k£ has a maximum
or minimum at ¢t = 0. It follows that

dk

(Dk)0) = 5

(0)=0
On the other hand, it follows from the Chain rule that
(DFk)(0) = (Df)(L(0))(DL)(0) = (V£)(x0) - (L1(0), L5(0), L5(0)),
so that (Vf)(x0) is perpendicular to (L} (0), L5(0), L4(0)). Since L is arbitrary, it follows as before that

(Vf)(x0) must also be perpendicular to the tangent plane to S at x¢. Since (Vf)(x0) and (Vg)(xq) # 0
are perpendicular to the same plane, there exists a real number A € R such that (Vf)(xg) = AM(Vg)(x0)-

O
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EXAMPLE 4.5.1.  'We wish to find the distance from the origin to the plane x — 2y — 2z = 3. To do this,
we consider the function

R = R:(2,y,2) — 2?4+ 9% + 22,

which represents the square of the distance from the origin to a point (z,y,2) € R3. The points (z,y, z)
under consideration are subject to the constraint g(z,y, z) = 3, where

g:R> = R:(2,y,2) — 2 — 2y — 22

We now wish to minimize f subject to this constraint. Using the Lagrange multiplier method, we know
that the minimum is attained at a point (x,y, z) which satisfies

(VI)(2,y,2) = MV9)(z,y, 2)
for some real number A € R. Note that
(V(z,y,2) = (2z,2y,22) and (Vg)(z,y,2) = (1,-2,-2).
Hence we need to solve the equations
(2z,2y,22) = A(1,—-2,-2) and r—2y—2z=3.

Substituting the former into the latter, we obtain A = 2/3. This gives (z,y,2) = (1/3,-2/3,-2/3).
Clearly f(xz,y,z) = 1 at this point. Hence the minimum distance is equal to 1, the square root of
f(x,y, z) at this point.

EXAMPLE 4.5.2. We wish to find the volume of the largest rectangular box with edges parallel to the
coordinate axes and inscribed in the ellipsoid

z
(13) S+ 4+ =1

Clearly the box is given by [—z, x| X [y, y] X [—2, 2] for some positive z,y, z € R satisfying (13), with
volume equal to 8xyz. We therefore wish to maximize the function

[:R* = R: (z,y,2)— Szyz,

subject to the constraint g(z,y, z) = 1, where

1,2 2 2

Yy z
9R3—>R($7yaz)'_’a—2+_2+c_2

b

Using the Lagrange multiplier method, we know that the maximum is attained at a point (z,y, z) which
satisfies

(Vf)(as,y, Z) = )\(Vg)(x,y, Z)

for some real number A € R. Note that

2z 2y 2z
(V1) 2) = (G Sezson) and (Vo)(ens) = (5.2 5)).

Hence we need to solve the equations (13) and

2¢ 2y 2z
(14) (8yz,8xz,8zy) = A <¥, 7 c_2> .
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Since z,y,z > 0, it follows from (14) that

222 20y2 2)22

(15) 8ryz = 2 -2 - 2

so that combining with (13), we have

222 2Xy%  2)22 z2 oy 22
24zyz = a2 + b2 + 2 :2/\(ﬁ+b—2+§> =2\,

whence A = 12zyz. Substituting this into the left hand side of (15), we deduce that

giving

(x,y,z)z(%,%,%) and  f(z,y,2) =

REMARK. In Example 4.5.2, we clearly have constrained minima at points such as (a,0,0). Note,
however, that we have dispensed with such trivial cases by considering only positive values of z,y, z.
Note that (15) is obtained only under such a specialization.

In the case of more than one constraint, we have the following generalized version of Theorem 4G.

THEOREM 4H. Suppose that the functions f : A — R and g; : A — R, where A C R"™ is an open

set and i =1,...,k, have continuous partial derivatives. Suppose next that c1,...,c, € R are fized, and
S={x€A:g(x)=c foreveryi=1,...,k}. Suppose further that the function fl|s, the restriction
of f to S, has a mazimum or minimum at X9 € S, and that (Vg1)(Xo),--.,(Vgr)(Xo) are linearly
independent over R. Then there exist real numbers A1, ..., A\ € R such that

(V) (x0) = Ar(Vagr)(x0) + . + Ar(Var) (o).
ExaMpPLE 4.5.3. We wish to find the distance from the origin to the intersection of xy = 12 and
x4 2z = 0. To do this, we consider the function
fiR3 = R: (z,y,2)— 22 +y? + 22,

which represents the square of the distance from the origin to a point (x,%,2) € R3. The points (x,v, 2)
under consideration are subject to the constraints ¢; (z,y,2) = 12 and go(x,y, z) = 0, where

g1 R} = R: (2,9,2) — 2y and g2 R¥ = R: (2,y,2) — z + 22

We now wish to minimize f subject to these constraints. Using the Lagrange multiplier method, we
know that the minimum is attained at a point (z,y, z) which satisfies

(VI)(2,y,2) = M(Vgr) (@, 9, 2) + Aa(Vg2) (2, 9, 2)
for some real numbers A1, As € R. Note that
(VH(x,y,2) = (22,2y,22)  and  (Vg1)(z,9,2) = (y,2,0)  and  (Vg2)(x,9,2) = (1,0,2).
Hence we need to solve the equations

(2z,2y,22) = M (y,x,0) + A2(1,0,2) and xy =12 and xr+2z=0.
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Eliminating A; and Ag from this system of five equations, we conclude (after a fair bit of calculation)

that
(z,y,2) = (ﬂf/?’—:,iﬁf/%,:p{‘/%) and  f(z,y,2) = 12V5.

Hence the minimum distance is equal to v/12v/5, the square root of f(z,y, z) at this point.

PROBLEMS FOR CHAPTER 4

1. For each of the following functions, find the second-order Taylor approximation at the given point:
a) f(z,y) =z cos(zy) + ysin(zy); (zo,y0) = (0,0)
b) f(2,,2) = €%y + siny cos 2 + 52 (20, 40, 70) = (0,7, 0)

2. Consider the function f : R? — R defined by
flz,y) =2 — 9> — 3zy + 4.

) Show that the total derivatives (Df)(—1,1) = 0 and (Df)(0,0) = 0.

) Find the second-order Taylor approximations to f(x,y) at the points (—1,1) and (0,0).
) Find the Hessians (Hf)(—1,1) and (Hf)(0,0).

) Is (Hf)(—1,1) positive definite? Negative definite? Comment on the result.

) Is (Hf)(0,0) positive definite? Negative definite?

) Find the discriminant of f at (0,0).

g) Comment on your observations in (e), (f) and the second part of (a).

a
b
¢
d
e
f

3. Consider the function f : R? — R, defined by

xt — 423 + 422 — 3

flz,y) = 1547

a) Find the total derivative (D f)(z,y).

b) Show that the three stationary points are (0,0), (1,0) and (2,0).

c¢) Evaluate the partial derivatives 02 f/0x2, 8%f/0y? and 0%f/0xdy, and find the Hessian of f
at each of the stationary points.

d) Show that the Hessian of f at (0,0) and at (2,0) are positive definite.

e) Find the discriminant of f at (1,0).

f) Classify the stationary points.

4. Consider the function f : R? — R, defined by f(z,y) = 2> + y> + 922 + 9y + 12xy.
a) Show that (0,0), (—10,—10), (—4,2) and (2, —4) are stationary points.
) Find the Hessian of f at (0,0) and show that it is positive definite.
) Find the Hessian of f at (—10, —10) and show that it is negative definite.
) Classify the stationary points (0,0) and (—10, —10).
) Find the discriminant of f at the other two stationary points, and classify these stationary
points.

b
c
d
e

5. Consider the function f : R* — R, defined by f(z,y,2) = 22 + y? + 2% — 6xy + 822z — 10yz.
a) Show that (Df)(x,y,z) = 0 leads to a system of three linear equations with unique solution
(z,y,2) = (0,0,0).
b) Without any calculation, can you write down the Hessian of f at (0,0,0)?
¢) If you cannot do (b), then proceed to calculate the Hessian of f at (0,0,0). Then try to
understand the surprise (assuming that your calculation is correct).
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6. Consider the function f : R? — R, defined by f(z,y) = 422 — 122y + 9y
a) Show that f has infinitely many stationary points.
b) Show that the Hessian at any stationary point of f is given by the same function (2 — 3y)2.
¢) Can you classify these stationary points?
[HINT: Dispense with the theorems and have some fun instead.]

7. Consider the function f : R? — R, defined by f(z,y) = (y — 2?)(y — 22?).

a) Show that (0,0) is a stationary point of f.

b) Find the Hessian of f at (0,0). Is it positive definite? Negative definite?

¢) Show that on any line through the origin, f has a minimum at (0, 0).
[HINT: Consider three cases: y = 0, x = 0 and y = ax where « is any non-zero real number.]

d) Draw a picture of the two parabolas y = 2% and y = 222 on the plane. Note that f(z,y) is a
product of two factors which are non-zero at any point (z,y) not on the parabolas. Shade in
one colour the region in R? for which f(z,y) > 0, and in another colour the region in R? for
which f(z,y) < 0. Convince yourself that f has a saddle point at (0, 0).

8. Follow the steps indicated below to find the shortest distance from the origin to the hyperbola
2% + 8xy + Ty? = 225. Write f(x,y) = 22 + 9 and g(z,y) = 2% + 8zy + Ty>. We shall minimize
f(z,y) subject to the constraint g(x,y) = 225.

a) Let A be a Lagrange multiplier. Show that the equation (Vf)(z,y) — A(Vg)(x,y) = 0 can
be rewritten as a system of two homogeneous linear equations in x and y, where some of the
coefficients depend on .

b) Clearly (z,y) # (0,0). It follows that the system of homogeneous linear equations in (a) has
non-trivial solution, and so the determinant of the corresponding matrix is zero. Use this fact
to find two roots for .

¢) Show that one of the roots A in (b) leads to no real solution of the system, while the other root
A leads to a solution. Use this solution to minimize f(z,y).

d) What is the shortest distance from the origin to the hyperbola?

9. Find the point on the paraboloid z = x? + y? which is closest to the point (3, —6,4).

10. Find the extreme values of z on the surface 222 + 3y? + 2% — 122y + 42 = 35.



