Then, Plan
BLres:

0y = o, + R = 16.20 + 24.39 = 40.6 ksi ) The

03 = 0y — R = 16.20 — 24.39 = —8.2 ksi : geom

LOrce

The in-plane principal stresses are labeled oy and o, since the out-of- RO

plane principal stress, o, = 0, is the intermediate principal stress. Then,

from Eq, 8.32, ot
Stress
Tmax — Truin . — (0.2 K 0
i = : _ 40.6 ksi 2( 8.2 ksi) (62) ::_ ;h;
81gn
or Equili
result
T = 24.4 ksi Ans. (6b) ! 3
max Undivi
Review the Solution The calculations in Egs. (2) and (3) should be e
rechecked. Points X and Y are plotted correctly, so ¢ and oy appear to
be correct. Finally, since the working stresses in this example should not k'
produce yielding of the drill pipe, the absolute maximum shear stress
should be much less than half the tensile yield strength. Therefore, the ' [
answer in Eq. (6b) seems reasonable. The s
Bhear

Im Shaft Subjected to Combined Axial Loading and Torsion _
Many interesting applications of deformable-body mechanics in the field g =1

oilwell drilling engineering are presented in OQilwell Drifling Engineering
Principles and Practice, by H. Rabia, [Ref. 9-5].

where
Proble

General Combined Loading. In the final example problen on stresses due Ay
el ]

combined loading, we consider a problem that involves all types of stress resultanig
F, T.M,and V,

= EXAMPLE 9.5 <SGk RN
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Wind blowing on a sign produces a pressure whose resultant, P, acts g TAB
the —y direction at point C, as shown in Fig. 1. The weight of the sigr
W,, acts vertically through point C, and the thin-wall pipe that supportg
the sign has a weight W,

Following the procedure outlined at the beginning of Section 94
determine the principal stresses at points 4 and B, where the pipe columg
is attached to its base. Use the following numerical data.’

Pipe OD =3.50in..4 =2.23in%, [, =1, = 3.02in%, [, = 6.03 ie*,
W,=1251b, W, = 1601b, P =751b, b = 40in., L = 2201in,

"Cross-sectional propertics of the 3.50-in.-OD pipe are from Table D.7.



" Plan the Solution It will be 2 good idea to tabulate the stress resultants,
i stress formulas, and so forth, so that no stress contribution will be missed.
fl The weight W, contributes to the axial force, and it also produces a
| moment about the y axis. The wind force P produces a transverse shear
force in the y direction, and it also causes a torque about the x axis and
| 2 moment about the z axis. A correct free-body diagram is essential,

Solution

Stress Resultants: Allsix stress resultants on the cross section at the base
-1 of the pipe are shown in Fig. 1. The upper portion of Fig. 1 can scrve

as a free-body diagram for determining these six stress resultants. The
] sign convention is the one introduced in Fig. 2.40. Let us tabulate the
| equilibrium equations and indicate what stress is produced by each stress
resultant and label each individual stress.

Individal Stresses: Using the formulas from Table 9.1, we can compute
the numerical value of cach of the nonzero stresses listed in Table 1,

F_ —({1251b) — (160 1b ,
O = O = == ( 2'2)3 in(z ) . —128 psi (7)

The shear stress 7g; is due to the transverse shear foree V,. The basic Fig. 1 A cantilevered sign.
shear stress formula is

8

v.Q
Taz L
where (7 has to be calculated for the shaded area in Fig. 2. In Example

Problem 6.16, it was shown that the shear stress in this case (stress at
the neutral axis of a thin-wall pipe) is given by

== (9a)

[TABLE 1 A Table of Stress Resultants and the Stresses Produced
(F | stress Stress
{ | Eq. No. Equilibrium Equation at A at B

M SE=0 Fe-W,-W, 1 @ | o«
@ | XFR=0 V,=-p = m
(3) MFE =0 V. =0 | £ - —
(4) XM =0 T=Pb ! Taa | Tas
(5) DM =0 M, =-Wpb l — ’ Tps
(6) SM.=0 M, =-PL | ow | =
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Therefore,

_2(751b) _ . :
™= 53t 67 psi (9b);. é
__Tr,_(Pby, (80
Tasa = Tga = IP = Ip (103.} —
Z(0, 8
SO
_ (7516)(40in.)(1.75 in.) : 4

Tas = Ty 6 03 in‘ =§71 pSl (].Ob)

The flexural stresses due to M, and M, are given by Eq. 6.30.

U
M,r, (_st)ru oT the
Oge = —— = 11a
B 1, (112) tadial
_ —(1251b)(40in)(1.75in) _ : :
s = 02 i 2897 psi (11b)3
Mg, —(=PL), _
Tae — 1‘ = I: (123)
_(751b)(220in.)(1.75in.) _ . ! Bnd. fr
Tas 302 I 9561 psi (12b) !
Superposition of Stresses: 1Jsing the above values, and taking proper
note of the physical significance of the sign of each term by referring tg
Fig. 1, we get the stresses shown in Fig. 3.
x x . In
| | three s
4 9561 psi '
Bviey
the crc
nd s0l
ing v
coun
e hay
he din
Dipe in
Tl
quati
nd M
ee H
Fig. 3 The states of stress at points A and B, D5



X (=3025, -938) P 267,0
1 }

X (9433, -871) /
T (psi)

P, (-3292)

0 \

Fig. 4 Mohr's circles for in-plane stresses at points A and B.

Using the stresses shown in Fig, 3, we can construct a Mohr’s circle
for the states of plane stress at points A and B on the pipe surface. The
adial normal stress is o, = 0 at both places. From Fig, 4a.

R, = V/(9433/2)? + (871)2 = 4796 psi (13)

' (n) = (9433/2) + 4796 = 9513 psi
' (12a _ (14)

(ry)a = (9433/2) — 4796 = —80 psi

| (12b) and, from Fig. 4b,

Ry = V(-3025/2)" + (938)* = 1780 psi (15)

a)p = (—3025/2) + 1780 = 267 psi
{a)n = ( ) p (16)

(02)s = (—3025/2) — 1780 = —3292 psi

In summary, the principal stresses at poinis A and B, rounded to
three significant figures, are:

(o)a = 9510psi, ()4 =0, (&3), = —80psi

Ans.
{n)g =267 psi. {o)a=0, (on)y= —3290psi
Review the Solution By showing all six possible internal resultants at
the cross section where stresses are to be calculated, by writing down
| and solving all six possible equilibrium equations, and by carefully consid-
ering what stress(es) is {are) produced by each stress resultant, we have
accounted for the effects of all loads on the structure. As noted earlier,
we have been careful to make sure that each stress component acts in
he direction that “makes sense.” For example, the force P bends the
pipe in the direction that produces tension at point A, and so forth.
The maximum flexural stress at the base occurs at neither A nor B.
Equation 6.30 could be used to combine the flexural stresses due to M,
‘and M., and we would also have to consider the effect of shear stress,
I'(See Homework Problem 9.4-26.)

QEDS9SH Member Subjected to Combined Axial, Shear, and Bending Stresses
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Jear stress. When both in-plane principal stresses are negative {Fig. 8.24a) or when
woth are positive (Fig, 8.24¢), the absolute maximum shear stress acts on planes at
5 to the free surface, and the maxtmum in-plane shear stress is not the absolute
paximum shear stress. Even though the z faces are stress free, they must be taken
0 account in determining the absolute maximum shear stress! But, in every case,
fom Eqs. 8.32 and 8.33 we have

— Tmin

& (8.35)
Hx, Tmax + T rnin

551

Triaxial Stress; Absolute
Maximum Shear Stress

EXAMPLE 8.5

| Anelement in plane stress has the stresses shown in Fig. 1. {a) Determine
the three principal stresses. Use a Molr's circle to determine in-plane
| stresses. (b) Determine the maximum in-plane shear stress. (¢) Deter-
| mine the orientation of the principal planes, and sketch the principal-
| stress element. {d) Determine the absolute maximum shear stress, Show
an element oriented s0 that the absolute maximum shear stress acts on
| the element.

Plan the Solution We need to determine the principal directions and
| in-plane principal stresses for the xy plane using the Mohr's circle tech-
f pique of Section 8,5. From Mohr’s circle we can also get the maximum
ir-plane shear stress. In Part (c¢) we will have to order the principal
stresses oy = oy = oy, and compare the three principal stresses in this
jf problem (the two in-plane principal stresses plus o, = 0) with the three
I cases depicted in Fig. 8.24. The maximum absolute shear stress is calcu-
| lated using Eq. 8.32.

Fig. 1

Solution

{a) Principal Stresses: Onc of the principal stresses is o, = 0, since
7. = 7, = 0. The other two principal stresses are obtained from the
Moht's circle in Fig. 2.

From triangle XCA we get

R=V(CAY + (XAY = V(5ksi)* + (10 ksi)?
Se,
R ="125ksi = 11.18 ksi (n

Since all points on the Mohr’s circle in Fig. 2 have ¢ > 0, o, = O is
the minimum principal stress. Therefore, the intersections of Mohr's

An element in plane stress.




Fig. 2 Mohr's circle for the xy plane,
with P, shown for reference,

P2

Fig. 3 The principal-stress element.
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(.-..\ ————ol=26.2k5i~—m_—-‘
D
g Y(10, -10) 52 |
-10 F
Py0,=0,0 A Py, 0
W9, )/ 10 C A 20 (0 %(mi)
Py(0s, 03 ’
2
oA Fe: O (Tmachy = oy = 112 ks
5=
3.8ksi
10 |- X(20,10) §
5]1
1
@ o =(B10) < 154si
T (ksi)

circle with the o axis are labeled p, and p,. From the circie in Fig. 2,

oy=0ac+ R=15ksi + 11.2 ksi = 26.2 ksi

2
oy=oc— R=15ksi — 11.2 ksi = 3.8 ksi (

Lo

Therefore, the three principal stresses are
o= 26.2 kSi, a; = 38 kSi, oy = 0 Ans. (ﬂ) (3

(b) Maximum In-Plane Shear Stress: The maximuin shear stress in th
xy plane is the shear stress at point §; in Fig. 2, or

(Toea)es = R = 11.2 kst Amns. (b) (4)

{c) Principal-Stress Element: To orient the principal-stress elemen
(p\p2p1 axes) relative to the ryz axes we only nced to relate p, and p
to x and y, since we already know that p, = z (since o, < g; < o). Fro
Fig. 2 we can determine the angle 26,,,. From triangle XCA we get

26,,, = tan™! (15—0) =63.43° (5a
O = 31.7° Ans. (90 (b

A properly oriented principal-stress element is shown in Fig. 3.

(d) Absolute Maximum Shear Stress: The planc-stress Mohr's circle i
Fig. 2 corresponds to Case Il (Fig. 8.24¢). Therefore, we need to con
struct a pyp; Mohr's circle. For clarity, we will draw another figure, Fi




<C> g, =262 ksi
s’ )
. P - Ay (xy) Mohrs cirele
-0 r // \'\’f__p,m Mohr's circle
s 2
/
/
i
PiaZ .
o (ksi}
\
\ T, = 131 Ksi
\ max
N
10 AN J
-
: e L
L On= 13 kst Fig. 4 Mohr’s circles for
T (ksi)

determining 7...

max

4, repeating part of Fig. 2. From the dashed-line p,p, Mohr's circle in
Fig. 4 we get

Tan = -‘; = 13.1 ksi Ans. (@) (6)

Figures Sa through 5Sc depict the planes of absolute maximum shear
stress, First, in Figs. 5¢ and 56 the orientations of the planes of maximum
shear stress at 45° to the p, and p; axes (faces) are illustrated. Finally,
in Fig. 5¢ a two-dimensional view of the p, p; plane is shown, looking
“down’ the p; axis.

2 o ¥

’

¥

max

Pt

(b) (©)

Fig. 5 Plancs of absolute maximum shear stress.

Review the Solution We should first check to make sure the points X
and ¥ in Fig. 2 correctly represent the stresses on the x and y faces in
Fig. 1, especially making sure that the sign of the shear stress is correct
at X and Y. Since the answers in Eqs. (3), (4), (5). and (6) came directly
from the Mohr's circles in Figs. 2 and 3, we can visually check to see if
they are reasonable.
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FIGURE 8.18 Consistent
angles,

Two planes that are 90° apart on the physical body are represented by t§
two points at the extremities of a diameter, such as points X and Y or 8
and P; in Fig. 8.16.
If we rotate counterclockwise by an angle 8, to go from face a to face bg
the physical body, we must rotate in that samc direction through the ang
28, to get from pomnt A on Mohr’s circle to point B. Figure 8.18 illustrafg
this property of the Mohr’s circle sign convention. In equations, a posili
angle is always counterclockwise.
The principal planes are represented by points P, and P, at the intersectigg
of Mohr’s circle with the o axis (Fig. 8.16). The corresponding prinei
stresses are oy = o, + Rand oy = 0, — R. '
The planes of mmaximum shear stress are represented by points S, and!
that lie directly below and above the center of the Mohr's circle (Fig. 8.18
The corresponding stresses are: (0., R) on face 5,, and {7,,,, — R) on facg
Since the stresses on orthogonal planes » and r are represented by the poig
at each end of a diameter of Mohr's circle,

o, v+ o= o, + o

—_—X

l 20 MPa
——

21710 MPa

Shear
T diaganal

544

Fig. 1 A state of plane stress.

of the principal planes; determine the principal stresses. (d) Determig}
the orientation of the planes of maximum shear stress; determine {58
value of the maximum shear stress.

Solution We can just follow the procedure outlined on page 543, §
(a) Mohr’s Circle: On grid paper (Fig. 2), plot point X at (20 MPa, <l

is obtained by connecting X and Y. The diameter crosses the o a
C: (g O) where

_ 20MPa — 10 MPa

T = > = 5MPa [

The circle is drawn with center at C and passing through poinig
and ¥. The radius R is calculated from the shaded triangle XCB in Fig

R = V(15 MPa)’ + (10 MPa)* = V325 MPa = 18.03MPa  (}

(b} Stresses on x* and y' Faces: Locate the points on Mohr's circle [
correspond 10 rotating the stress element by 30°, This means rolaljg
60° counterclockwise from the XY diameter on Mohr's circle. We |ajg
these two points X' and Y'.




~204

e 1303 ———] X 32
W ; R= 1803 MPa
_104+ \1[ X(20,-10)
26, .= 60° .
- e b
L R S
l \\._.,'e',?.:-"-,ﬁ.::
<N2g L
I AR TIE N e
€ w 20

Y (=10, 10)

@ 23.03

T (MPa)

Fig. 2 Mohr's circle.

To determine the stresses at points X' and Y’ we necd to establish
e gecometry and trigonometry of the triangle X'CA. To determine
'CA we need to first determine the (clockwise) angle 28,,, in Fig.
g Using the triangle, XCB, we gel

26, =t1an" (%) = 33.69° {3a)
. = 16.8° 7 (3b)
Therefore,
LX'CA = 180" - 60° — 26, = 86.31° (4)
from the triangle X'CA,
AC = Rcos(£X'CA) = 18.03 cos(86.31°) (5a)
AC = 1.16 MPa (5b)

Ans.(b) (O)

oo =0,,— AC = 3.84 MPn}
Oy = O + AC = 6.16 MPa
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Also. lrom triangle X'CA we get
Too = —RSIN(LX'CA) = —18.03 5in(86.317)

or

7 = — 8.0 MPa Ans.(b) (7

Equations (6) and (7) are the same answers that we obtained |
Example Problem 8.1 by using formulas direetly.

{¢) Principal Planes and Principal Stresses: We have already calculat
6., in Eq. (3). From Fig. 2,

26, = 26, = 33.69°
H_.p: = 16.80 j.

Also. from Fig. 2,

o = o, + R =5MPa + 1803 MPa = 23.0 MPa
a=o,, — R=5MPa — 1803 MPa = —13.0 MPa
or
o = 23.0 MPa, o= —13.0MPa Ans. (€)
(d) Maxinuon In-Plane Shear Stress: The planes of maximum in-pl
shear stress are represented by the points 5, and 5, on Mohr's ci
From Fig. 2,
20, =90° + 26, = W0° + 33.69° = [23.69°

50

8, =618 "

Also, by referring to Fig. 2, we sec that

20,2 = 90° — 28, = 90° — 33.69° = 56.31°
B = 28.2° )

The maximum in-plane shear stress occurs on plane s, and on pla
and is given by

7= R = 18.0MPa
On the planes of maximum shear stress, the normat stress is

o4 =00 =0, =5 MPa
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1, ¥, 7) axes, but in Sections 8.2 through 8.3 we dealt only with planc stress—
trmulating stress transformation equations, determining expressions for principal
resses and maximum in-plane shear stresses, and establishing a graphical represen-
fition of the plane-stress transformation equations, called Mohr's circle. We now
ed to look further at three-dimensional stress states, In particular, we will briefly
onsider principal stresses for a general state of stress, and will then examine absolte
maximum shear stresses i greater detail.

Principal Stresses and Principal Directions. For a general three-dimen-
fional state of stress at a point, it can be shown that: there are three principal
tresses, and the corresponding principal planes are mmntually perpendicular.’ There
5 no shear stress on the principal planes, The three principal stresses are labeled
m the order—maximum, intermediate, and minimum:

l O = Onyxy 0= Ty, 0= i (829)

hat is, o, = o, = o To cach principal stress o, there i1s a unit normal vector that
fefines the corresponding principal direction, that is, the normal to the plane on
which that principal stress acts. If we draw the stress element whose faces are all
principal planes, we get Fig. 8.19. The principal directions are labeled p,, p,. and
o with o, = o = . Since all faces of this element are frec of shear stress, this
lement is said to be in a state of triaxial stress.

Absolute Maximum Shear Stress—General Stress State. In Section 8.4
we examined maxinuan in-plane shear siress for the case of plane stress. For a
gencral state of stress at a point, including the case of plane stress, we need (o
determine the absolute maximum shear stress, that is, the largest-magnitude shear
stress acting in any direction on any plane passing through the point.™ To do so,
it is convenicnt to assume that we already know the principal directions and the
principal stresses at the point. Figure 8.20a represents the clement on which the
principal stresses at the point act,

ne g3

or a detailed discussion of procedures for determining principal stresses and principal directions, sce
Sections 75-78 of Theory of Elasticity, Third Edition, by 8. P. Timoshenko and 1. N. Goodier, McGraw-
Hill Bosk Company. New York, 1970, [Ref. 8-1].

of a detailed desivation, see Seetion 79 of Theory of Flasticiry, Third Edition, by S. P. Timoshenko
and J. N. Goodier, McGraw-Hill Book Company, New York, 1970, [Ref. 8-1).

FIGURE 8.19 Principal
stresses acting on a three-
dimensional element,
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ME 46 A RESISTENCIA DE MATERIALES
28/11/02 EXAMEN Prof.: M. Elgueta

Problema 1

Una viga en voladizo de secciéon en T
esta cargada por una fuerza inclinada de
10 kN, como se muestra en la figura 1.
Obtenga los esfuerzos principales y el
esfuerzo cortante maximo en los puntos
A 'y B mostrados (recuerde que las
acciones internas se calculan en el centro
de gravedad de la seccion)

Problema 2.

La estructura de la figura 2 se encuentra 45N\ L
simplemente apoyada en A y empotrada

en B. Cuando se aplica la carga P, calcule c P
la reaccion en A utilizando el método de —_—
Castigliano. Considere que en la seccion
transversal hay fuerza interna normal y L
momento flector. Datos: 4 area de la
seccion transversal, FE mobdulo de A
elasticidad; / momento de inercia. Figura 2 #b’_

Problema 3. : P

Para la columna mostrada en la figura, se Y
pide determinar la ecuacién, en su B
expresion mas sencilla, que permite

calcular la carga critica.

SIS

J
Figura 3. D,




ME-46A RESISTENCIA DE MATERIALES
11/07/2002 EXAMEN ADICIONAL Prof.: M. Elgueta

PROBLEMA 1

Determine ¢l momento en B para la viga mostrada
en la figura 1. EI es constante Considcre sélo to

flexién. Si va a calcular algin giro o deflexion, "f : : - .
utilice Castigliano. 7 %.-_ - 2

PROBLEMA 2

El ancla de Y2 pulgada de didmetro mostrada en la
figura 1.estd sometida a una carga F = 150 Ib.
Calcule los esfuerzos principales en lkos puntos A 'y
B.

2 pulg -2 pulg 4

F=1501b
Figura 2.
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r=00.1075 1/F ];7;7-[_ ” l

Figura 3




ME-46A RESISTENCIA DE MATERIALES

03/07/2002

PROBLEMA 1

Determine los esfuerzos principales que actian
en los puntos 4 y B de la viga que se muestra en
la figura ].

PROBLEMA 2

La viga ABC mostrada en la figura 2 tiene una
rigidez a la flexion £l = 4,0 MN -m’ . Cuando
se aplican las cargas, el apoyo B se asienta
verticalmente una distancia de 3,0 mm. Calcular
la reaccion Rp. Nota: Utilice superposicion.
Para calcular las deflexiones utilice sélo el
método de Castigliano y considere solo flexion.

PROBLEMA 3

Una barra se precarga, a temperatura ambiente,
con una fuerza de compresion de 20 /b entre
dos cuerpos planos rigidos que permanecen
siempre a la distancia 6 pulg. La barra se
encuentra articulada en el extremo superior y
empotrada en el inferior. Determine cuanto
puede aumentar la temperatura de modo que no
se produzca falla por pandeo. Utilice un
coeficiente de seguridad 2 y asuma:

E=300-10° psi
a=290-107 1°F

EXAMEN

Prof.: M. Illguet.

8 kN/m
'%AHHHH _\QG l{

- i‘ "
Figura 2

L ;T(a T

0.24"—] te—

T VoA

Figura 3



T-4bA4  Resclewea de
'Pw,{: H\Eegg—u#—&-——— 1 Ma )(wﬁj_o_; ‘

UK atantan ?MJ 3_ L(f//,/oz,—
1.° Dec las condiciones de cquilibrio en la posicién de equilibrio indiferente
R, ~ R =0
V,— P =0
{
Ra‘z' = Ff
P P
i f ‘l’
8
b d
/
-2-- Sm
§t><1§-+
-1%- 5m

Figura VIILS,

s¢ deducen los valores de las reacciones en las ligaduras A y €

. 2
K"P;RchC=-:F{

@ ) Las leyes de momentos flectores en el soporte sometido a carga son:
0

M-P(f—yl) s 0 x €

por lo que las ecuaciones de la elistica seran:

. i

Elyy = P(f = y)) 0 x<3
i P
A.‘l Vi + Ky, = k3 siendo =

y = Asenkx + Beoskx + f

Vo
N A R LI L

a
Vi+ Ky m oy - 2L

—
A1) o
y2 = Csen kx + Dcoskx+2f_.l_x



(OIS)

Determinacidn de las constantes de integracion

x=0; y=f = f=B+[ = B=0

! ki
x’i;yl=0 -a-Ascn-2—+_f=0

! ki ki
xm=- | y3=0 = Csen—+ Dcos— +2f/~f =0

2 2 2

! ki kil Kkl of
x=3 P A=K = Akcos—2-=Ckcos—2—-Dkscn-2——-!—
xm=! ; y=0 = Csenkl+ Dcoskl+2f-2f=0

Estas condiciones de contorno constituyen un sistema homogénco de cuatro
ccuaciones con cuatro incégnitas: 4, C, D y /. La condicién para que esic sistema
tenga solucién distinta de la trivial, que no interesa, es que el determinante de los

coelicicntes sca igual a cero

k!
- 0
sen 3 0 1
ki k!
0 sen = cos — vy 0
k! ki kI 2
k cos 7 -~k cos 1 k sen 3 7
0 sen ki coskl O

Desarrolldndolo por los clementos de la primera fila, se tiene:

ki ki
seng cosg | ol T
“n? —kcosfc—!- kscn}—‘-l- -2- T kcos o Sﬂn-z-.cos-z- =0
2 2 ! sen kI cos ki
sen ki coski 0

kif2 - ki ki ki 2 A
scn—z-[-iscnklcos?—kcos—z—,cosIcl—kscn—z—scnkt—-l-cosklscn—z-]+.|

1 k
+kcos£2—(scn—2£coskl-cos%s¢nk1)=-0 .

Simplificando;

2 !
7(scn klcosk-z—-coskl sen 521) -—k(cosl—;{cos kl+ scn%—lscn kl) -k cosk?I= ¢

2 kil ki ki
-iscrf—z-—ﬂccos—z—no = lg—z-nlk



