Exercises ’ 91
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Show that

f(z):/: sinztdt

t

is an entire function.
a. by applying Morera's Theorem,
b. by obtaining a power series expansion for f.

With f as in (11) show that

1
f’(z)=/; cos zt dt

a. by writing

i) = /: /:cosztdzdt

z 1
=f (/ cosztdt) dz, etc.,
0 0

b. by using the power series for f.

Show that g(z) = 2o + €%z, § = Arg(z — 2o), maps the real axis onto the line
L through z; and z,.

Suppose f is bounded and analytic in Im z > 0 and real on the real axis. Prove
that f is constant.

Given an entire function which is real on the real axis and imaginary on the
imaginary axis, prove that it is an odd function: i.e., {z) = —f{—2).

Suppose f is analytic in the semi-disc: |z} < 1, Imz > 0 and real on the
semi-circle |z) = 1, Imz > 0. Show that if we set

2 Izl <1, Imz>0
’ E(Z)-= f(%) lz2l >1, Imz >0

then g is analytic in the upper half-plane.

Show that there is no non-constant analytlc function in the unit disc which
is real-valued on the unit circle.

Suppose f is analytic in the upper seml—dlsc |z| <1,Imz > 0 and is contin-
uous to the boundary. Explain y{hy it is not possible that f{x) = |x| for all real
values of x. ‘
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