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Lhis paper exanines the cxisienice of conipetitive eguilibria i -
kets [or exhanstible resources wheve there are initiad econoinies ol
seale in cither the exoraction ol the resawree o the nilizaiion of the
resource as an inpat in production, Tiosuch dastances. which are
Laly common, we find thai the cassic Hotelling rule o OitijaCTitive
extraction does not apply, since competinnve prive cquilibiia gener-
ally clo not exist. This 1s i1 marked contrast 1o sctie markets where
the usual textbook exammple of fivms with Ushaped average cost
cirves s not inconsistent with the existence sl competitive equilibyia.
Furiliermore, oligopolistic market equilibria which resouree Lems
act us Nash producers sy also el o exist when there are retaris (o
ceale in production.
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cnsure that optimal production decisions exe
Lehaved, Beginning with Hotelling (193 1) muck ol the work on o
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haustible resources has followed in this tradition. But the extraction
and utilization of particular exhaustible resources may very well dis-
play various sorts ot nonconvexitics. For example, there may be start-
up costs when a new mine is opened and shutdown costs when the
deposit is exhausted. There may be initial scale cconomies in mining
the resource or in utilizing the resource as an input to produce a final
consumption good.

Generally, nonconvexides are known to present problems in eco-
nomic theory. Competitive market equilibria need not exist when
technologies are nonconvex. Furthermore, even if equilibria exist, it
may not be possible o achieve socially optimal outcomes in competi-
tive markets. While these problems have been extensively analyzed
for static markets, the effects of nonconvexities on production in
intertemporal markets for natural resources are not yet fully under-
stood.

This paper deals with the existence of competitive equilibria in
markets for exhaustible resources where there are decreasing unit
costs of production over some range of ourput. Various authors in-
cluding Clark (1976), Vousden (1977), and Lewis, Matthews, and
Burness (1979) have analyzed the optimal use of exhaustible re-
sources with nonconvexities in production. Our concern here, how-
cver, is to examine competitive behavior of resource producers under
decreasing cost conditions. It is convenient to classity possible sources
of nonconvexities and decreasing costs as arising from (1) fixed (llow)
costs and/or setup (or shutdown) costs, and (2) economies of scale
in cither the resource extraction sector or the sector utilizing the
resource,

When nonconvexitics are of type 1, it seems intuitively clear that
competitive equilibria may tail to exist and that production will be
imetficient. For example. in competitive markets with identical firms,
each facing fixed fow costs and constant marginal costs of extraction,
the existence of an equilibriumn will require that price net of marginal
cost rise at the rate of discount. But in such cases each {irm will want
to delay producing until the very end in order to minimize its present
value fixed costs, so that a competitive equilibrium will not exist {see
Lewis ct al. 1979, pp. 227-28). Equilibria will also fail w exist in
situations where there are fixed setup costs to operating each mine
(see Hartwick, Kemp, and Long 1980) and wherce the output of each
firm 1s constrained by initial investment (see Olewiler 1981).

Our concern in this paper is with the type 2 source of decreasing
costs. The importance of initial scale economies in resource extraction
is well documented in Campbell and Scott (1980), Following Scott
(1967 we will assume a U-shaped average cost-of-extraction curve to
reflect inidal increasing returns to scale in resource production. As-
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suming the resource is used as an input n the production of some
other good, we will allow also for the possibility that there are seule
cconomies in ihe resource-nsing sector, Lic either case we find that
compctitive equilibria, i which all producers take input and ouipus
prices as given, gencrally do not exist.

This result is of interest to us for several reasons. Fivst, the exis-
ence of scale economics in reseurce extraction iy well documented.
Accordingly, various authors have modeled extractive firms as having
U-shaped average cost curves in analvZing conpetitive resource in-
kets. However, the question of the existence of equilibria in such
markets has, until now, been ignored. Secoid, our results suggest that
production nonconvexites pose moic serious problems for exisience
of equilibria in intertemporal resource imarkets than they do in static
mavkess, Becall thar the usual texibook example ol fivms with U-
shaped! average cost curves is not necessarily inconsistent with com-
petitive equilibria existing In static narkets.

The failure of equilibiium is a result of the presence of scale econo-
mies in produciion which cause the profit fusiction tor cach firm o be
Honconcave over ai initial range of ciitpar. We show thiai this lack ot
concavily is suflicient to preclude the existence of competitive cistii-
libria in resource markets, We also argue that the same existence
problem may arise under noncompetitive conditions. That 1s, in oli-
gopolistic resource markets where Arims act as Cournet prodicers,
cquilibria can fail to exist when scale ceonomics are sufhaently im-
portant. Similar existence problems are sncountered in staiic oli-
gopoly analysis.

Section 11 of this article treats the case of type 2 nonconvexities, and
we present our conclusions in Sccuon 1.

II. Decreasing Costs Due to Scale Econoimies
A, Eeonomies of Scale mn the Resourer Extraction Secloy

To illustrate our poiint we wail 10 consider thie simplest Hotelhing-
type model that is moditied slightly 1o allow for increasing retums 1o
seale in extraciion.

Consider » sociery that derives atility () {row the direct con-
sumption of an exhaustible resovrce which is extracted and con-
sumed at the rate (). Assumnc [ 0 aind U7 <AL Suppose that there 18
an indusury that supplies the resourey and that vroducers face an
inverse demand schedule p(Q) = (7(0Q). where (J represcnts 1ot
industry output. Assurie that the industiy consists of a sufficicauy
lavge number of identical firms so 28 fo warvant price-taking beluvior.
Fonr simplicity we presume that alt firins have the same inital reserves,
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R, and face the same costs of extraction, C(g), as a function of output,
g, with C(0) = 0. We emphasize that the nonexistence of equilibria
result that we are about 1o prove does not depend on the assumptions
that all firms are identical and that they are price takers. The conse-
quences of relaxing these assumptions are discusscd below.

Initial increasing returns to scale in the resource extraction technol-
ogy imphes that C(g) is not convex and that the average cost curve
Clg¥g 1s U-shaped, as depicted in figure 1, top and botom. Let § be
the output rate thar minimizes the average cost. We further assume
that there are nonzero adjustment costs to changing the extraction
rate by some discrete amount from one instant to the next. Were this
not the case, then if we vary the extraction rate infinitely often be-
tween 0 and g, any cost level on the ray OA of figure 1, top, could be
attained in a time-average sense. In other words, by engaging in a
“chattering control” we could make the cost function convex.'

If it is assumed that firms take prices, p(£), as given, the optimization
problem facing the representative firm i is

T
max J e Mp(Hgit) — Clgi ()]t (1)
94T, 0

subject to R, (0) = R{0) < e, B;($) = 0, and R,(x) = —g,{t}, for all firms
:=1,2,...,N. The rate of discount, 3, is assumed to he positive and
conmunon to all iirms.

In equilibrium all firms arc simultaneously maximizing profits,
given the time path of prices, p(¢), and at each instant of time plt) =
pLQ(H].7 It follows from first principles that if an equilibrium exists
with all firms maximizing profits we must have

(1) continuous. (2)

If, for example, p(t) were to increase discontinuously at some time fg,
then by (1), profit-maximizing firms would produce more Just atter
the jump increasc in price at ¢, than they would just before the jump.
But this would imply that total industry output was greater after the

' Forwally. this is equivalent to assuming that ¢ must be a piccewise continuous
function of time. If it were possible to vary the extraction rate “infinitely often” etween
0 and g, e.g., 1o spend half the time with g = 0 and half the time with ¢ = §, then a cost
of €(7)/2 could be obtained in a time-average sense. In fact, by varying the amount of
time spent at ¢ = O and ¢ = § one could ohtain any level of cost on the ray OA. This
method of convexification is similar 1o that of using mixed strategies in game-theorctic
madels. See Davidson and Harris (1981) and Lewis and Schinalensee (in press) tor a
discussion of chautering controls in the context of investmrent and renewable resonree
management models, respectively.

“ Here, as in almost all resource extraction maodels, we are implicitly assuming the
existence of a complete set of forward markets in order 1o sidestep the difficult issue
of expectations formation.
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Jjump than before and that market price (which is inversely related 1o
output) must have decreased discontinuously at #,, which violates our
original supposition. A similar argument also establishes that prices
cannot jump down at any time during extraction. Hence, market
price must be continuous.

In addition to (2) an equilibrium is further characterized by the
solution to (1). Before proceeding we note that using the assumption
that all firms are identical, we can show that if a market cqguilibrium
exists, it must involve each firm extracting at the same rate. The proot
is tedious and is neither mathematically nor cconomically profound,
so we have relegated it to the Appendix. The control-theoretic solu-
tion to (1) requires that the representative firm choose g in order to
miximize the present value Hamilionian, Hig, \, ) = ¢ 8’{])(0(](1)
— c[q()] ~ Ag(#}}, at each instant of time.”? This irmplics

P~ CLgn] = A1), g() > 0, (3)
and
C'lq(0] > 0, g(1) > 0. (3b)

According to (3b), firms always produce on the upward-sloping por-
tion of their marginal cost curve. The solution to (1) is further charac-
terized by

Aty = BA(1), {1

lim e™™{p(g() = Clg)] = NOgO} = 0, (5)

where A} is a positive and continuous function. Differentiating (3a)
with respect to time and using (1) yields the familiar Hortelling rule,

d
dt

{p(t) = C'lg(alt = 3{p() — C'lgni, (6)

that price net of marginal cost rises at the discount rate whenever
extraction is positive.

With ¢(t) bounded away from zero, it tollows that T is finite, he-
cause firms have only finite reserves R(0) to produce from. Further,
the continuity of A1) and ¢(¢) implies from (3a) that Ty — Clg(T)]
— A(T) = 0. This together with (5) and the fact that 7 is finite vields

Clg(] — Clg(M)]g(T) = 0, (7)
which is satisticd by ¢(T) = 0 or ¢(T) = 7. Since ¢(¢) continuous and
(3a} mply C"[¢(¢)] > 0 whenever q(t) = 0, it follows that ¢(T) = 7 is

* Since all firms produce identically, we can dispense with subscripting variables in
the analysis w follow,
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p(0} W

p(Ng)

the retevant solutioit 1o (5). Hence, the firm's outpui rate at the i
minal time must be such that it minimizes the average cost. !

Let us summarize our resules thus far, Faguation (6) nmplies that
price rises continuously while firmis extract, At the terminal time 1
each firm is producing at the finite rate g, 50 that total industry output
is V7. and market price, expressed as a fuiction of indusiry output, Is
givein by p(Ng). However, at the instant after 7, industry outpid s
zero and the marker price is p(0) > HING). as illustrated below. But
this unplies a violation of onr cquilibrium condition. (2), that #(1) be
continuous, since the price of the rescuree jumps discontinucusly 10
the choke price, p() = L), a1, This, in turi, implies that individ-
wal firms (taking the price path as given) can profi from the dis-
continuous jump by holding back production pricr to T in order o
produce after 7. Hence. it is not possible to satisty conditions {2) ek
{%)—(5) simultancously, so that an intertemiperal market cquilibriuii
does not exisi.”

This is an unexpected result, since seale coonoimies are Not neces-
sarily inconsistesit with the existence of competitive equilibria in static
models. There, in fact, the presence of initial increasing returns o

Fiurness (1976) obtaims a sitnilar vesult.

¢ is casy 1o see that with full comyexity of the cost curves, nurkel eouilibria do exist
Tu this case § = {4, so that indusiry autput tenes to 2o and price rises continwonsh to
the choke price as £ approaches T
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scale has the virtue of rendering the size of the firm finite. In the
intertemporal problem being examined here, the finiteness of the
resource stock requires the price to be rising over time. In order for
price to rise continuously—a necessary condition for competitive
cquilibrium—industry output and hence the output of each firm
must eventually decline smoothly to zero. But the presence of scale
economies in extraction causes each lirm’s profit schedule to be non-
concave over an initial range of output. Since firms retuse to operate
in this nonconcave region (see [8h]), it is not possible to support a
conunuous price profile; so competitive equilibria do not exist.

This reasoning suggests also that the same nonexistence problem
may arise when we relax our assumption that all producers are identi-
cal price-taking firms. For example, allowing producers to have dif-
ferent U-shaped average cost curves should not change the analysis.
Firms’ profits will still be nonconcave over an initial range of output,
so that the rate of extraction and the price of the resource will jump
discontinuously when the last set of firms stops producing. In the case
of an oligopolistic industry where each resource fivm acts as a
Cournot producer, market equilibria typically require that each firm’s
profit be a concave function of its own output (see Lewis and
Schmalensee [1980] and the references cited therein). Again the pres-
ence of scale economies is likely to eliminate concavity of firm profits,
so that equilibria in oligopolistic markets may also not exist.

The nonexistence of a competitive equilibrium considered above
arises because the nonconvexity of the cost function causes the extrac-
tion rate and the price of the resource o jump discontinuously at the
terminal time. One might conjecture that the equilibriz could be re-
stored if firms could store extracted resources above the ground,
Firms would then respond to an anticipated jump in prices by ac-
cumulating inventories to be sold at the tinie of the price increase.
Presumably, this would smooth consumption so that jumps in price
would be eliminated. In order to investigate this possibility, we as-
sume that [irms can store the resource above the ground at zero cost.
The profit-maximizing problem facing the representative firm is then
given by

"
-y -
: t)s(t) — Clglt L
max L e {psi) — Clg(n)]}ae (8)
subjectto R = —gandf = ¢ — s, and the nonnegativity of g, 5, R, and

I, where g and s are the rates of extraction and sales, respectively, and
fis the stock of the resource stored above the ground. The terminal
times of extraction and sales, respectively, are represented by 7 and §.
The necessary conditions for the maximization in (8) require the exis-
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tence of contininous Tuactions AU and wid) such that the comstramts
and the tollowing conditions are satishied:"

!’ (] <2 ()
s() = 0 s £ (0 =t pin) ol ()
x“ ol
— O] - N+ p=00 by = O
(gte)y] =0 qlt) = 0 {9h)
A = BA: (“e)
B DA (Ul
i e “4C g lginy - Clgtalh = (e
tel

We will now show that if a solution to (8) exdsts, it niust involve 7
S. Suppaese T < S and let {g(H)} and s} be v solution to (8, 107 =
§ we must have ({7 = 0. Condition {40} implics ¢/ s bounded above
g0 that there must exist a period just priovto Twhaer 1{7) 1s also strictly
positve. Lett << T be an instuit atwizich Fi7) = 00 Consider a variaiion
i 40} sauslying

g [E v s A)

Gy = 4y ret, A (10w
gin otherwise,
Sy = () {in {8, (10b)

since sales in excess of producion can he taken directly from inven-
tories during the interval (o7 + Ay when gty = i) = v. Since the
sales profile 1s unchanged. so is the prosent vitue of the fivnn's reve-

The paths {G(O} and {§(0} are Leasible for small y = 0 and A =0

nues. But the variation in ouiput reduces presenit value costs, since
somie production is delayed until atter tme 7. However, this unplics
it the oilginal extiaction and sules probles could wot have Loen
opimal, and thus T muast equal 5.

Conditions (9h)—(¢) imnly that whenever oxdtraviion 1s positive G(f)
is 2 continnons deercasing funciion which is hounded away from zero.
Consegquently, 1 must be fnite, since £(0) is finite. [t tollows from (8¢
that C'lg(Dyg(T) — Clg{hy| = 1. which japlies that g7y = g,
vecall = 8 so that s{7) = g 2 00 This meais that sales are stisctly
positive at the terinnal tite S aned zevo afterward. Ao the no-
SLOFAgC case, Price must jump discontinuously at the rerniial time. so

that an ntertemporal equilibrium does ot exist.

vSee Fakavinna (1974, po 635, theoremn B40H We <hiadl assuie shat the consteaint
Firg - 0 s not binding except an the mtieh and termial fies
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B. Economies of Scale in the Resource-utilizing Sector

It turns out that intertemporal competitive equilibrium may still fail
to exist even when the technology for extracting the resource is well
behaved. that 1s, convex. The problem can arise when there is a non-
convexity somewhere else in the economy, in particular in a manufac-
turing sector that uses the resource as an input in production.

A sketch of the argument used for showing this is as follows.”

Suppose that the extracted resource is used as an input to manufac-
ture a hnal product y. Assume that both the resource-extraction sec-
tor and the production sector consist of competitive price-taking
firms. For simplicity we shall assume that the resource is the only
mput used by the manufacturing sector. Denote by v = g(g) the
production function for each manufacturer, and suppose that there
are initial increasing returns to scale in producing y as shown in frgure
3, top and bottom. Denote 4 as the input rate that maximizes averaye
productijvity.

Arguing as we did in the previous section. we can show that if a
competitive equilibrium exists, then production of the manufactured
good ¥ declines monotonically up until time 7, when output ¥{7') =
£(§} > 0 and the resource is exhausted. Prior 1o 7, the price of the
resource rises smoothly at the rate § (if we assume for simplicity that
extraction costs are zero). [his means that P(¢) jumps discontinuously
to £2(0) at 7. But such jumps in price cannot occur in equilibrium,
since individual price-taking resource firms will desire ro delay extrac-
ton until after 7" to take advantage of higher prices. Since it is not
possible to have P(t) continuous and satisfy our equilibrium condi-
tions simultaneously, a competitive equilibrium must not exist.

Again we find that the presence of scale economies causes competi-
tive equilibria in multiperiod resource markets not to exist, But here
the production nonconvexities affect resource extraction indirectly
through the manutacturing sector. As we demonstrated above, it is
possible also to show here that allowing producers the option of cost-
lessly maintaining inventories of the final good as a means of eliniinat.
ing price jumps is not suflicient o restore equilibrium,

III. Conclusion

We have studied the existence of competitive equilibria in exhaustible
resource markets where there are decreasing costs duc 1o scale ccono-
mies or learning by doing. The existence question would seem to be

¥ The complete formal arguntent is available from the authors.
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important since many of the mined resources are subject to decreas-
ing cost technologies, at least for small outputs. Our results on this
matter are primarily negative. In Hotelling-type models where pro-
ducers and consumers can contract for current and future deliveries
of the resource at specified prices, competitive equilibria fail ro exist
when there are scale economies in extracting the resource or in using
it to manufacture a final product. ‘Technically, the problem arises
because each firm’s profit function is nonconcave over an initial range
ot output. This lack of concavity presents a problem in establishing
the existence of oligopolistic equilibria in resource markets as well.

Unfortunately, given our assumptions, there appears to be no easy
solution for the nonexistence problem. In the game theory literature,
nonexistence problems are typically dealt with by “convexifying” the
problem through the use of tixed strategies. A similar option exists
here. We could allow the firms to eliminate the increasing returns of
production by having them engage in chattering controls (see Sec.
ITA, para. 3). However, we believe the use of such controls would
have 1o be taken as a mathematical convenience rather than as an
appropriate way to model economic alternatives of behavior.

As a practical matier, it is difficult to assess the importance of our
nonexistence result and its implications for performance in exhaust-
ible resource industries. In reality therc are several factors that may
mitigate the problem we have uncovered. First, our result that all
producers stop at once, thus causing a large discontinuous price in-
crease, will disappear if the resource stock is heterogeneous, so that
the extraction cost curves differ across mines. Second, the jump in
price at the end of the extraction horizon will depend on the degree
ot scale economies in mining, which may be small for some resources,
The incorporation of these factors into our theory suggests that there
may be a series of many small jumps in prices as one resource mine
doses after another. To the extent that these variations in price are
small and hard to detect, conditions consistent with market equilib-
rium may be approximated.

These considerations suggest also that it would be useful to look for
less demanding notions of intertemporal equilibria in resource mar-
kets, This might involve relaxing the stringent assumption that the
entire time path of resource prices is known and is determined in a
complete set of future markets. In reality, most natural resources are
traded in short-term futures and spot markets. Naturally, there is
often significant uncertainty about future resource prices. In these
instances sudden fluctuations in price are not necessarily inconsistent
with the market being in equilibriumn when information about future
prices is imperfect and costly to obtain.
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Appendix

Proof That All Firins Extract st the Sawme Rate

First we show that all firms begio and terninate production at the same e,
Suppose, contrarily, that there 15 a firm j which begins producing after the
other fitms at some tme §, = 0. Ther prior o 8, price must be strictly
merensing, olha‘r\yist firm j would not {indd 1t prc)lil;ihlc 1o wait uniil §; beloic
producing. Since (1} = (dp/d( > 0, it follows that there s at teast one i,
o operEling prior o8, with g, < 0 (subscripes reler (o fivins, and dotted
vaiiables wre tiine devivatives). The profitanaximization conditions for each
fivin ate given by (3) with the approprite subsiiittion for subseripts, Diiter-
entaing (3a) with respect o time and using (3hy one obtains

plo = 8{puy — Claindt 4 gl gdd. (A

Since qif) < 00 (AL} implies
hiny = d{pen) — € lgdn) (A2)

Given our assumptions about (g} as illestrated in Hgure 1, there oXists o
unique 4, located at the point of inflecuon 1n figure 1. top, which Enimmi.«tes
€' {q). Nonice that ("(§) = 0. From (3b) 1t follows that (6 = g. Let &7 = "{q).
Ther (A2) inlics

—,(jj,“'”’“) S0 = < B Cllgdn ] = 8lpiy - O (A

The present value marginal retarn o imm 7 at the moment it hegins piadic-
ing satishies

eTPUS) O dSHE < e sy = 7 (A

since g1y > ¢ by (3b). B (AS) and (AD mmpdy that fivin j could have eatned a
higher present value return by beginning at some e before §; and extraci-
iy at a 1ate equal o 4. Henee, delaying extizetion cannot e epiinal for any
firm. Suppose i j steps extracting before the other firms. Given the oon
tintity of p(2), A2 Lor all firms o, it follows from (3a) that cach fivmy's outpiii s
continueus during prmll,r.(.iion excepi the instant it stops seraducing, when
its output jumps from a strictdy posttive level to zero. But thix implies that
industey outpui, and hernce price, must jumnp discontimously at the e firm
7 stops producing, which violates ous equilibriom condition (2).

To complete our prool, suppose that q,(1) 7 {1 even though both brous
exiract over the same time horizon. Differentiating {3a) with respect to e
and using (3h) one obtains

d
et

{0 g1 = Clgdoll — Bl atn) — CTadn (A5)

iroty (AD) it follows that gi0) # g{0): otherwise the two extraciion paths
would coincide. Assumic ¢,(0) > ¢/(0). Then (AD) and the fact that O g()] =
for hoth lirms implies g/} > {0 for all ¢, Bt this is not possible, simee both
firms end up extracting the same amount, R, ol the resource over the sumie
time horizon. Heace all fivros must extrwct ar the same saie.
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