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14. Sequences and series of functions.

zﬁ““

"I think you should be more
explicit here in step two."

The reference for this Chapter is Reed Chapter 5, §1-3, and Example 2 page
197; and Chapter 6, §6.3

14.1. Pointwise and uniform convergence. Study Reed §5.1 carefully; the
definitions and all the examples.

14.2. Properties of uniform convergence. Study Reed §5.2 carefully.

The point is that continuity and integration behave well under uniform conver-
gence, but not under pointwise convergence.

Differentiation does not behave well, unless we also require the derivatives to
converge uniformly.

Theorem 5.2.4, concerning differentiation under the integral sign, is also im-
portant.

14.3. The supremum norm and supremum metric. Study Reed §5.3 and
Example 2 page 197 carefully.

One way of measuring the “size” of a bounded function f is by means of the
supremum norm || f|lo (Reed page 175). We can then measure the distance between
two functions f and g (with the same domain E) by using the sup distance (or sup
metric)

poo(f9) = IIf = glloe = sup |f(z) — g(z)|.
rEFE

In Reed, £ C R, but exactly the same definition applies for £ C R"™.

In Proposition 5.3.1 it is shown that the sup norm satisfies positivity, the tri-
angle inequality, and is well behaved under scalar multiples.

In Example 2 on page 197 it is shown that as a consequence the sup metric is
indeed a metric (i.e. satisfies positivity, symmetry and transitivity — see the first
paragraph in Section 10.2).



14. SEQUENCES AND SERIES OF FUNCTIONS. 67

(See Reed page 177) A sequence of functions (f,,) defined on the same domain
E converges to f in the sup metric?® if poo(fn, f) — 0 as n — co. (Note that this
is completely analogous to Definition 11.1.1 for convergence of a sequence of points
in R™.)

One similarly defines the notion of Cauchy in the sup metric (or equivalently
Cauchy in the sup norm).

One proves (page 178) that if a sequence (f,,) of continuous functions defined
on a closed bounded interval [a, b] is Cauchy in the sup metric, then it converges in
the sup metric and the limit is also continuous on [a, b]. (This is analogous to the
fact that if a sequence from R™ is Cauchy then it converges to a point in R™.)

The same theorem and proof works if [a, b] is replaced by any set E C R™, but
then we need to restrict to functions that are continuous and bounded (otherwise
the definition of poo(f,g) may give oco). (If E is compact we need not assume
boundedness, as this follows from continuity by Theorem 13.2.1.)

We say that the set of bounded and continuous functions defined on E is com-
plete in the sup metric (or norm).

14.4. Integral norms and metrics. Study Reed pp 179-181, particularly
Example 1. We cannot do much on this topic, other than introduce it.

The important “integral” norms for functions f with domain E are defined by

1/p
1= (L)
E
for any 1 < p < 0.

The most important are p = 2 and p = 1 (in that order). If F is not an interval
in R then we need a more general notion of integration; to do it properly requires
the Lebesgue integral. But f g 9 is still interpreted as the area between the graph
of f and the set E C R — being negative where it lies below the axis. In higher
dimensional cases we replace “area” by “volume” of the appropriate dimension.)

It is possible to prove for || f||, the three properties of a “norm” in Proposition
5.3.1 of Reed.

Actually, || f]|, does not quite give a norm. The problem is that if f is not
continuous then | f||, may equal 0 even though f is not the zero function, i.e. not
everywhere zero. However f must then be zero “almost everywhere” — in a sense
that can be made precise. This problem does not arise if we restrict to continuous
functions, since if f is continuous and fab |f| = 0 then f = 0 everywhere. But it is
usually not desirable to restrict to continuous functions for other reasons.

The metrics corresponding to these norms are

Pp(fag) = Hf_PHp,

again for 1 < p < oo.
REMARK 14.4.1. * The set S of continuous functions defined on a closed bounded
set is a metric space in any of the metrics p,, but it is not a complete metric space

(unless p = 00). If we take the “completion” of the set S we are lead to the so-called
Lebesgue measurable functions and the theory of Lebesgue integration.

46Reed says “converges in the sup norm”.
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14.5. Series of functions. Study Reed §4.3 carefully.

Suppose the functions f; all have a common domain (typically [a,b]).

The infinite series of functions Z;’il f; is said to converge pointwise to the
function f iff the corresponding series of real numbers Zj’;l fj(z) converges to
f(x) for each z in the (common) domain of the f;.

From the definition of convergence of a series of real numbers, this means that
the infinite sequence (Sy) of partial sums

converges in the pointwise sense to f.

We say that the series > ; f converges uniformly if the sequence of partial sums
converges uniformly.

Note the important Weierstrass M-test, Theorem 6.3.1 of Reed. This gives a
very useful criterion for uniform convergence of a series of functions.

The results about uniform convergence of a sequence of functions in Section14.2
(Reed §5.2) immediately give corresponding results for series (Reed Theorem 6.3.1
— last sentence; Theorem 6.3.2, Theorem 6.3.3). In particular:

e A uniformly convergent series of continuous functions has a continuous limit.

e Integration behaves well in the sense that for a uniformly convergent series
of continuous functions on a closed bounded interval, the integral of the
sum is the sum of the integrals (i.e. summation and integration can be
interchanged).

o If a series of C'! functions converges uniformly on an interval to a function
f, and if the derivatives also converge uniformly to g say, then f is C! and
f' = g (i.e. summation and differentiation can be interchanged).

Study example 1 on page 240 of Reed. Example 2 is * material (it gives an
example of a continuous and nowhere differentiable function).
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15. Metric spaces
Study Reed §5.6.

The best way to study convergence and continuity is to do it abstractly by
means of metric spaces. This has the advantage of simplicity and generality.

15.1. Definition and examples. The reference is Reed §5.6 up to the end
of the first paragraph on page 201.

The basic idea we need is the notion of a “distance function” or a “metric”.

DEFINITION 15.1.1. A metric space is a set M together with a function p :
M x M — [0,00) (called a metric) which satisfies for all z,y,z € M

1. p(z,y) >0 and p(z,y) =0iff x =y, (positivity)

2. p(z,y) = p(y,z), (symmetry)
3. p(z,y) < p(x,z) + p(z,y), (triangle inequality)

The idea is that p(x,y) measures the “distance (or length of a shortest route)
from z to y”. The three requirements are natural. In particular, the third might
be thought of as saying that one route from x to y is to take a shortest route from
x to z and then a shortest route from z to y — but there may be an even shorter
route from x to y which does not go via z.

EXAMPLE 15.1.2 (Metrics on R™). We discussed the Euclidean metric on R
in Sections 10.1 and 10.2

Example 3 on page 197 of Reed is important. It can be generalised to give the
following metrics on R"™:

n 1/p
(%, y) = (21— y)P + .. (a0 — y)?) P = (Z(% - yi)’”) )

=1
pmaX(XaY) = ma’X{ |$Z - yz| =1, 7”}7

forx,y e R", 1 <p<oo.

We sometimes write poo for prax.

Note the diagrams in Reed showing { x € R?|p,(x,0) <1} for p = 1,2, c0.

The proof that p, is a metric has already been given for p = 2 (the Euclidean
metric). The cases p = 1, 00 are Problem 1 page 202 of Reed in case n = 2, but the
proofs trivially generalise to n > 2. The case of arbitrary p is trickier, and I will
set it later as an assignment problem (with hints!).

ExAMPLE 15.1.3 (Metrics on function spaces). These are extremely important.
See also Section 14.3.

The basic example is the sup metric po, on Cla,b], the set of continuous func-
tions f : [a,b] — R. See Reed Example 2 page 197.

More generally, one has the sup metric on

1. B(E), the set of bounded functions f: E (CR") — R,
2. BC(E), the set of bounded continuous functions f : E (C R") — R.

In the second case, if E is compact, we need only require continuity as this already
implies boundedness.

The metrics p, (1 < p < 00) on Cla,b] (and generalisations to other sets than
[a,b]) have also been discussed, see Section 14.4.
* If we regard (ay,...,a,) as a function

a:{l,...,n} =R,
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and interpret

n
[lal s > latr,
i=1
(which is indeed the case for an appropriate “measure”), then the metrics p, (1 <

p < 00) on function spaces give the metrics p, on R™ as a special case.

EXAMPLE 15.1.4 (Subsets of a metric space). Any subset of a metric space is
itself a metric space with the same metric, see the first paragraph of Reed page 199.
See also the first example in Example 4 of Reed, page 199.

ExAMPLE 15.1.5 (The discrete metric). A simple metric on any set M is given

d(z,y) = {1 x #vy,

by

0 z=y.

Check that this is a metric. It is usually called the discrete metric. (It is a particular
case of what Reed calls a “discrete metric” in Problem 10 page 202.) It is not very
useful, other than as a source of counterexamples to possible conjectures.

EXAMPLE 15.1.6 (Metrics on strings of symbols and DNA sequences). Example
5 in Reed is a discussion about metrics as used to estimate the difference between
two DNA molecules. This is important in studying evolutionary trees.

ExXAMPLE 15.1.7 (The natural metric on a normed vector space). Any normed
vector space gives rise to a metric space defined by

p(z,y) = llz —yl.
The three properties of a metric follow from the properties of a norm. Examples
are the metrics p, for 1 < p < oo on both R™ and the metrics p, for 1 < p < oo on
spaces of functions.
But metric spaces are much more general. In particular, the discrete metric,
and Examples 4 and 5 on pages 199, 200 of Reed are not metrics which arise from
norms.

15.2. Convergence in a metric space. Reed page 201 paragraphs 2-4.

Once one has a metric, the following is the natural notion of convergence.

DEFINITION 15.2.1. A sequence (z,) in a metric space (M, p) converges to
x € M if p(xp,x) — 0 as n — oco.

Notice that convergence in a metric space is reduced to the notion of conver-
gence of a sequence of real numbers.
In the same way as for sequences in R, there can be at most one limit.

We discussed convergence in R™ in Section 11.1. This corresponds to conver-
gence with respect to the Euclidean metric. We will see in the next section that
convergence with respect to any of the metrics p, on R" is the same.

Convergence of a sequence of functions in the sup norm is the same as con-
vergence in the sup metric. But convergence in the other metrics p, is not the
same.

For example, let

0 ~lso=d 0 —-1<z<0
— X
falt)=qnz 0<z<Li ,  flz)= -
1 1 O0<z<1
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Then poo(fn, f) = 1 and p1(fu, f) = 5= (why?). Hence f, — f in (R[-1,1],p1)
(the space of Riemann integrable functions on [—1,1] with the p; metric). But

fn A~ fin (R[=1,1], poo)?7.

15.3. Uniformly equivalent metrics. The reference here is the Definition
and Theorem on Reed page 201, and Problem 11 page 203. However, we will only
consider uniformly equivalent metrics, rather than equivalent metrics.

DEFINITION 15.3.1. Two metrics p and o on the same set M are uniformly
equivalent®® if there are positive numbers ¢; and ¢y such that

ap(x,y) < o(z,y) < cap(z,y)
for all z,y € M.

It follows that

3 to(z,y) < p(z,y) < o to(a,y).

Reed also defines a weaker notion of “equivalent” (“uniformly equivalent” im-
plies “equivalent” but not conversely). We will just need the notion of equivalent.
The following theorem has a slightly simpler proof than the analogous one in the
text for equivalent metrics.

THEOREM 15.3.2. Suppose p and o are uniformly equivalent metrics on M.
Then x,, — x with respect to p iff x, — x with respect to o.

PROOF. Since o(xn,z) < cap(zy,x), it follows that p(z,,x2) — 0 implies
o(pn,x) — 0. Similarly for the other implication. (|

The following theorem is a generalisation of Problem 12 page 203.

EXAMPLE 15.3.3. The metrics p, on R"™ are uniformly equivalent to one an-
other.

Proor. It is sufficient to show that p, for 1 < p < oo is equivalent to poo
(since if two metrics are each uniformly equivalent to a third metric, then from
Definition15.3.1 it follows fairly easily that they are uniformly equivalent to one
another — Ezercise).

But
1
(%, ¥) = (e =l + -+ | — )"
1/p y
< - — ;P = p
< (n 121%}(“"171 Yil ) NP pos(X,Y),
and
= ol < .
Poo(X,Y) giaanIxz Yil < pp(%,y)
This completes the proof. [

REMARK 15.3.1. The metrics p, on function spaces are not uniformly equiva-
lent (or even equivalent).

It is easiest to see this for p; and po on R[a,b] (the space of Riemann inte-
grablefunctions on [a, b]). It follows from the example in the prevous section, since
fn — f with respect to p; but not with respect to peo.

47TRemember that “Riemann integrable” implies “bounded” according to our definitions.
48What is here called “uniformly equivalent” is usually called “equivalent”. But for consis-
tency, I will keep to the convention in Reed.
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15.4. Cauchy sequences and completeness. The reference here is Reed
§5.7 to the end of page 204.
The definition of a Cauchy sequence is exactly as for Definition 11.5.1 in R? .

DEFINITION 15.4.1. A sequence (x,,) is a Cauchy sequence if for any € > 0
there is a corresponding N such that

mn>N = pXmnXp) <e

It follows from the Definition in Reed Page 177 that for a sequence of functions
“Cauchy in the sup norm” is the same as “Cauchy with respect to the sup metric”.

It follows as for convergence, that a sequence is Cauchy with respect to one
metric then it is Cauchy with respect to any uniformly equivalent metric.

The definition of a complete metric space is extremely important (Reed page 204).

DEFINITION 15.4.2. A metric space (M, p) is complete if every Cauchy se-
quence from M converges to an element in M.

Moreover (Problem 10(a) page 209):

THEOREM 15.4.3. Suppose p and o are uniformly equivalent metrics on M.
Then (M, p) is complete iff (M, o) is complete.

PROOF. Suppose (M, p) is complete. Let (x,) be Cauchy with respect to o.
Then it is Cauchy with respect to p and hence converges to x (say) with respect
to p. By Theorem 15.3.2, x,, — x with respect to o. It follows that (M, o) is
complete. (|

EXAMPLE 15.4.4. The Cauchy Completeness Axiom says that (R, p3) is com-
plete, and it follows from Proposition 11.5.3 that (R™, p2) is also complete.

It then follows from the previous theorem that (R™,p,) is complete for any
1<p<oc

More generally, if M C R"™ is closed, then (M, p,) is complete for any 1 < p <
oo. To see this, consider any Cauchy sequence (x;) in (M, p2). Since (x;) is also a
Cauchy sequence in R™ it converges to x (say) in R™. Since M is closed, x € M.
Hence (M, p2) is complete. It follows from the previous theorem that (M, p,) is
complete for any 1 < p < co.

If M C R™ is not closed, then (M, p,) is not complete. To see this, choose a
sequence (x;) in M such that x; — x € M. Since (x;) converges in R™ it is Cauchy
in R™ and hence in M, but it does not converge to a member of M. Hence (M, pp)
is not complete.

EXAMPLE 15.4.5. (Cla,b], peo) is complete from Reed Theorem 5.3.3 page 178.

However, (Cla,bl, p1) is not complete.

To see this, consider the example in Section 15.2. It is fairly easy to see that
the sequence (f,,) is Cauchy in the p; metric. In fact if m > n then

1/n 1/n
m(fmfm)=/0 Ifn—fmlé/o Ful + 1] < 2/,

Since f, — f in the larger space (R[—1, 1], p1) of Riemann integrable functions
on [—1, 1] with the p; metric, it follows that (f,) is Cauchy in this space, and hence

is also Cauchy in (C[a, b], p1). But f,, does not converge to a member of this space??.

491f it did, it would converge to the same function in the larger space, contradicting uniqueness
of limits in the larger space
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15.5. Contraction Mapping Principle. The reference here is Reed §5.7.

The definition of a contraction in Section 11.6 for a function F': S — S where
S C RP applies with S replaced by M and d replaced by p for any metric space
(M, p).

The Contraction Mapping Theorem, Theorem 11.6.1 applies with exactly the
same proof, for any complete metric space (M, p) instead of the closed set S and
the Euclidean metric d. Or see Reed Theorem 5.7.1 page 205.

Completeness is needed in the proof in order to show that the Cauchy sequence
of iterates actually converges to a member of M.

In Section 16 we will give some important applications of the Contraction
Mapping Principle. In particular, we will apply it to the complete metric space

(€, [a;b]; poo)-

15.6. Topological notions in metric spaces*. In this section I will point
out that much of what we proved for (R™,d) applies to an arbitrary metric space
(M, p) with the same proofs. The extensions are straightforward and I include
them for completeness and future reference in the Analysis 11 course. But we will
not actually need the material in this course.

References at about the right level are “Primer of Modern Analysis” by Ken-
nan T. Smith, Chapter 7, and “An Introduction to Analysis” (second edition) by
William Wade, Chapter 10.

The definitions of neighbourhood, open ball B,.(x), and open set are analogous
to those in Section 10.5. Theorem 10.5.2 remains true with R™ replaced by M.

The definition of closed set is analogous to that in Section 10.6 and Theo-
rem 10.6.2 is true with R™ replaced by M.

The definitions of boundary point, boundary, interior point, interior, exterior
point and ezterior are analogous to those in Section 10.8. The three dot points
there are true for S C M.

The product of two metric spaces (M1, p1) and (Ma, p2) is the set M7 x My
with the metric p; X p2 defined by

(p1 % p2) (1, 91), (w2,92)) = Vpr(1,51)% + p2(@2, y2)?.

If Ay is open in (Mj,p1) and As is open in (Mg, ps) the A; X As is open in
(M1 X Ma, p1 X p2). The proof is the same as Theorem 10.10.1.

A set is closed iff every convergent sequence from the set has its limit in the
set; the proof is the same as for Theorem 11.2.1.

The definition of a bounded set is the same as in Section 11.3, tha analogue
of Proposition 11.3.2 holds (with the origin replaced by any fixed point a* € M),
convergent sequences are bounded (Proposition 11.3.4).

Bounded sequences do not necessarily have a convergent subsequence (c.f. The-
orem 11.4.2). The sequence (f,) in Section 15.2 is bounded in C[—1,1] but no
subsequence converges. In fact it is not too hard to check that

1
poo(fnafm) Z 5

if m > 2n. To see this take z = % Then

‘fm(x)_fn(m)‘:]-—%z].—%:%

It follows that no subsequence can be Cauchy, and in particular no subsequence
can converge.

Cauchy sequences are defined as in Definition 11.5.1. Convergent sequences
are Cauchy, this is proved easily as for sequences of real numbers. But Cauchy
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sequences will not necesarily converge (to a point in the metric space) unless the
metric space is complete.

A metric space (M, p) is sequentially compact if every sequence from M has
a convergent subsequence (to a point in M). This corresponds to the set A in
Definition 12.1.1 being sequentially compact. The metric space (M, p) is compact
if every open cover (i.e. a cover of M by subsets of M that are open in M) has a
finite subcover. This corresponds to the set A in Definition 12.2.2 being compact
(although A is covered by sets which are open in RP, the restriction of these sets
to A is a cover of A by sets that are open in A).

A subset of a metric space (M, p) is sequentially compact (compact) iff it is
sequentially compact (compact) when regarded as a metric space with the induced
metric from M.

A metric space (M, p) is totally bounded if for every € > 0 there is a cover of
M by a finite number of open balls (in M) of radius e. Then it can be proved
a metric space is totally bounded iff every sequence has a Cauchy subsequence; see
Smith Theorem 9.9. (Note that what Smith calls “compact” is what is here, and
usually, called “sequentially compact”.)

A metric space is complete and totally bounded iff it is sequentially compact iff
it is compact. This is the analogue of Theorems 12.1.2 and 12.3.1, where the metric
space corresponds to A with the metric induced from RP.

The proof of the first ‘iff” is fairly straightforward. First suppose (M, p) is
complete and totally bounded. If (z,) is a sequence from M then it has a Cauchy
subsequence by the result two paragraphs back, and this subsequence converges to
a limit in M by completeness and so (M, p) is sequentially compact. Next suppose
(M, p) is sequentially compact. Then it is totally bounded again by the result two
paragraphs back. To show it is complete suppose the sequence (z,,) is Cauchy: first
by compactness it has a subsquence which converges to a member of M, and second
we use the fact (Ezercise) that if a Cauchy sequence has a convergent subsequence
then the Cauchy sequence itself must converge to the same limit as the subsequence.

The proof of the second “iff” is similar to that on Theorem 12.3.1. The proof
that “compact” implies “sequentially compact” is esentially identical. The proof
in the other direction uses the existence of a countable dense subset of M. (This
replaces the idea of considering those points in R? all of whose components are
rational.) We say a subset D of M is dense if for each € M and each € > 0 there
is an 2* € D such that © € B.(z*). The existence of a countable dense subset of
M follows from sequential compactness.®®

If (M,p) and (N,0) are metric spaces and f : M — N then we say f is
continuous at a € M if

(n) S M and z,, — a = f(z,) — f(a).

It follows that f is continuous at a iff for every e > 0 there is a § > 0 such that for
all z,y € M:

p(z,y) < 0= o(f(x), f(y)) <e.

The proof is the same as for Theorem 7.1.2. One defines uniform continuity as in
Definition 13.1.3.

A continuous function defined on a compact set is bounded above and below and
has a mazimum and a minimum value. Moreoveor it is uniformly continuous. The

50We have already noted that a sequentially compact set is totally bounded. Let Aj be
the finite set of points corresponding to € = % in the definition of total boundedness. Let A =

Ure; Ak. Then A is countable. It is also dense, since if @ € M then there exist points in A as
close to x as we wish.
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proof is the same as for Theorem 13.2.1, after using the fact that compactness is
equivalent to sequential compactness.

Limit points, isolated points, the definition of limit of a function at a point,
and the equivalence of this definition with the e—0 characterisation, are completely
analogous to Definition 13.3.1 and Theorem 13.3.2.

A function f : M — N is continuous iff the inverse image of every open
(closed) set in N is open (closed) in M. The proof is esentially the same as in
Theorem 13.4.3.

The continuous image of a compact set is compact. The proof is the same as
in Theorem 13.5.1.

The inverse of a one-to-one continuous function defined on a compact set is
continuous. The proof is essentially the same as for Theorem 13.5.2.
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16. Some applicatons of the Contraction Mapping Principle
16.1. Markov processes. Recall Theorem 4.0.2:

THEOREM 16.1.1. If all entries in the probability transition matriz P are greater
than 0, and xq is a probability vector, then the sequence of vectors

2
X07PX0,P X0y .-y

converges to a probability vector x*, and this vector does not depend on xg.
Moreover, the same results are true even if we just assume P* has all entries
non-zero for some integer k > 1.
The vector x* is the unique non-zero solution of (P — I)x* = 0.

We will give a proof that uses the Contraction Mapping Principle. The proof
is rather subtle, since P is only a contraction with respect to the p; metric, and it
is also necessary to restrict to the subset of R™ consisting of those vectors a such
that Z a; = 1.

LEMMA 16.1.2. Suppose P is a probability transition matriz all of whose entries
are at least €, for some € > 0. Then P is a contraction map on

M={aeR"|) a; =1}
in the p1 metric, with contraction constant 1 — ne.
Proor. We will prove that
(24) p1(Pa, Pb) < (1 —ne) p1(a,b)

for all a,b € M.
Suppose a,b € M. Let v=a — b. Then v € H, where

H={veR"|> v =0}
Moreover,
pi(a;b) =lla bl = [v],
p1(Pa, Pb) = [[Pa— Pbl; = [[Pv|],

where ||wl|1 = > |w;].
Thus in order to prove (24) it is sufficient to show

(25) [1Pv][i < (1 =mne)lvi
for all v e H.
From the following Lemma, we can write
(26) v = Z’h‘j(ei —e;), wheren; >0, ||v|1 = 227]1-]-.
j
Then

1

1PVl = [ miPle: o)
ij
<> miylIP(ei —e))lh
ij

(by the triangle inequality for || - ||; and using n;; > 0)

= Zm‘j Z(Pki - ij)ekul
ij

k

= Zm‘j Z | Pei — Prjl
ij k
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= E Mij E (Pri + Prj — 2min{ Py, Py;})
ij k

(since |a — b] = a + b — 2min{a, b} for any real numbers a and b, as one sees by
checking, without loss of generality, the case b < a)

= Zma‘@ — 2¢)

(since the columns in P sum to 1 and each entry is > ¢ )

=(1—=ne)|v|1 (from (26))
This completes the proof. [

LEMMA 16.1.3. Suppose v € R™ and > v; = 0. Then v can be written in the
form

v = ij(ei —e;), wheren;; >0, |v]1 = 227717"
2%

PROOF. If v is in the span of two basis vectors, then after renumbering we
have

V = vi1€1 + v2€9 (where V1 + v = 0)
= (61 - 62)
= vy(es —e1).

Since either v; > 0 and then ||v|j; = 2vy, or v2 > 0 and then ||v||; = 2vq, this
proves the result in this case.

Suppose the claim is true for any v € H which is in the span of k basis vectors.
Assume that v is spanned by k + 1 basis vectors, and write (after renumbering if
necessary)

V=vie; + - -+ Vpt1€k41-

where v; 4+ -+ + vg41 = 0.
Choose p so

|vp| = max{ |v1],...,|vks1] }-

Choose ¢ so v, has the opposite sign to v, (this is possible since ) v; = 0). Note
that

(27) [vp + vg| = |vp| — |vg|
since |v,4| < |vp| and since v, has the opposite sign to v,,.
Write (where ™ indicates that the relevant term is missing from the sum)
v = (101 b T8y e (v U)ep e Vknsr@ki ) + vgleq — €)
=Vt ug(eg —ep).

Since v* has no e, component, and the sum of the coefficients of v* is >~ v; = 0,
we can apply the inductive hypothesis to v* to write

v = Zﬂij(ei —e;), wheren; >0,|v = 22772»]».

In particular,

o O

V:{ij(ei—eijq(eq—ep) vy

>
Yomij(ei —ej) +vgl(e, —ey) vy <
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All that remains to be proved is

vl =2 mij + 2lvg,

i.e.
(28) [vilr = [Iv¥]l1 + 2[vg].
But
[Ville = loi] + -+ [vgl + o+ |vp +vg| + -+ + Vg1 ]

= (Joi| + -+ |vrg1]) = |vg| = |vp| + |vp + vy

= (lv1] + - + [vk41]) = 2vg| by (27)

= [[vll1 — 2[vg].
This proves (28) and hence the Lemma. (|

PrOOF OF THEOREM 16.1.1. The first paragraph of the theorem follows from
the Contraction Mapping Principle and Lemma 16.1.2.

The last paragraph was proved after the statement of Theorem 4.0.2.

For the second paragraph we consider a sequence P(xq) with i — oco. From
Lemma 16.1.2, P is a contraction map with contraction constant A (say). For any
natural number ¢ we can write i = mk + j, where 0 < j < k.

Then

p1(Px0,x*) = p1 (P™x0,x*)

p1(P™ %%, P™x0) + p1(P™x0,x*)

< p1((PF)™Pixg, (P¥)x0) + p1((P*)™x0,x")
A" p1(PIxo,%0) + p1((P*)™x0,%x*)

A orgaf P1 (P]xo,xo) +p1((Pk) X0, X").

INIAIN TN

(Note that m — oo as i — o0). The first term approaches 0 since A™ — 0
and the second approaches 0 by the Contraction Mapping Principle applied to the
contraction map P¥. [

REMARK 16.1.1. The fact we only needed to assume some power of P was a
contraction map can easily be generalised.

That is, in the Contraction Mapping Principle, Theorem 11.6.1, if we assume
k
F o---0 Fis a contraction map for some k then there is still a unique fixed point.

The proof is similar to that above for P.

16.2. Integral Equations. See Reed Section 5.4 for discussion.
Instead of the long proof in Reed of the main theorem, Theorem 5.4.1, we see
here that it is a consequence of the Contraction Mapping Theorem.
THEOREM 16.2.1. Let F(x) be a continuous function defined on [a,b]. Suppose
K(z,y) is continuous on [a,b] X [a,b] and
M =max{|K(z,y)| |a <z <b, a<y<b}.

Then there is a unique continuous function ¥(x) defined on [a,b] such that

(29) P(x) —|—)\/ K(z,y)¥(y) dy,

provided |\| < m,
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PRrROOF. We will use the contraction mapping principle on the complete metric
space (Cla, b], poo)-
Define

T : Cla,b] — Cla, b
by

(30) (Ty) () +A/ K () b (y) dy

Note that if 1) € C[a, b], then T is certainly a function defined on [a,b] — the
value of T%) at x € [a, b] is obtained by evaluating the right side of (30). For fixed
z, the integrand in (30) is a continuous function of y, and so the integral exists.

We next claim that T is continuous, and so indeed T : Cla, b] — Cla, b].

The first term on the right side of (30) is continuous, being f.

The second term is also continuous. To see this let G(z,y) = K(z,y) ¥(y) and
let g(x f G(z,y)dy. Then Ty = f + Ag. To see that g is continuous on [a, b],
first note that

(31) lg(z1) — g(a2)| =

/ G xla (CI)‘Q, dy / |G T1,Y G($27y)|dy

Now suppose € > 0. Since G(z,y) is continuous on the closed bounded set [a, b] x
[a,b], it is uniformly continuous there (by Theorem 13.2.1). Hence there is a § > 0
such that

(1, 91) = (@2, 02)| <6 = |G(21,91) — G(32,12)| <e.
Using this it follows from (31) that
lzr — 22| <0 = [g(z1) — g(@2)| < €(b—a).

Hence g is uniformly continuous on [a, b].
This completes the proof that T4 is continuous (in fact uniformly) on [a, b].
Hence

T : Cla,b] — Cla,b].
Moreover, v is a fixved point of T iff ¢ solves (29).

We next claim that T is contraction map on Cla,b]. To see this we estimate

[ TY1(x) — Toe(7)| =

(y) — Ya(y)) dy

< [ 1Kl ) - sl dy
< MM (b = a) poc (1, 2).
Since this is true for every z € [a,b], it follows that
Poc(Th1, Th2) < [A[M(b = a) poo (1, ¥2).

By the assumption on ), it follows that 7" is a contraction map with contraction
ratio |A| M (b — a), which is < 1.

Because (C[a, b, poo) is a complete metric space, it follows that 7" has a unique
fixed point, and so there is a unique continuous function v solving (29). (|
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REMARK 16.2.1. Note that we also have a way of approximating the solution.
We can begin with some function such as

Yo(x) =0 fora <z <b,

and then successively apply T to find better and better approximations to the
solution 1.
In practice, we apply some type of numerical integration to find approximations

to T’L/J()7 T21/107 Tswo, e

16.3. Differential Equations. In this section we will prove the Fundamental
Exzistence and Uniqueness Theorem for Differential Equations, Theorem 7.1.1 of
Reed.

You should first read Chapter 7 of Reed up to the beginning of Theorem 7.1.1.

We will prove Theorem 7.1.1 here, but with a simpler proof using the Contrac-
tion Mapping Principle.

Solutions of dyldt = KLy)

-
-
—
-
f
—-

- /_\
it /
The slope of the line segmentak (Ev1 equals Fiy)

Every solution of the diferential eguation is tangent at
gach poinbon its graph ko the line segment ak thak point,

THEOREM 16.3.1. Let f be continuously differentiable on the square
S =[to— b0 + 6] x [yo — &, y0 + 4].

Then there is a T < 0, and a unique continuously differentiable function y(t) defined
on [to — T, to + T}, such that

dy
(32) E - f(ta y) on [tO - Ta tO + T]a

y(to) = yo.
REMARK 16.3.1.

1. The diagram shows the square S centred at (g, yo) and illustrates the situ-
ation. We are looking for the unique curve through the point (tg, o) which
at every point is tangent to the line segment of slope f(¢,y).

Note that the solution through the point (to,yo) “escapes” through the
top of the square S, and this is why we may need to take T' < 4.

From the diagram, the absolute value of the slope of the solution will
be < M, where M = max{|f(t,y) | (t,y) € S}. For this reason, we will
require that MT < ¢, ie. T < 4§/M.
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2. The function y(¢) must be differentiable for the differential equation to be
defined. But it then follows from the differential equation that dy/dt is in
fact continuous.

* In fact more is true. The right side of the differential equation is
differentiable (why?) and its derivative is even continuous (why?). This
shows that dy/dt is differentiable with continuous derivative, i.e. y(t) is in
fact twice continuously differentiable. If f is infinitely differentiable, it can
similarly be shown that y(¢) is also infinitely differentiable.

PROOF OF THEOREM.
Step 1:  We first reduce the problem to an equivalent integral equation (not the
same one as in the last section, however).
It follows by integrating (32) from ¢g to ¢ that any solution y(t) of (32) satisfies
t

(33) y(®) =yo+ [ f(s,y(s))ds.

to
Conversely, any continuous function y(t) satisfying (33) is differentiable (by the
Fundamental Theorem of Calculus) and its derivative satisfies the differential equa-
tion in (32). It also satisfies the initial condition y(to) = yo (why?).

Step 2: We next show that (33) is the same as finding a certain “fixed point”.
If y(¢) is a continuous function defined on [ty — d,ty + d], let Fy (often writ-
ten F(y)) be the function defined by
t

(34) (Fy)(t) = yo + t f(s,y(s)) ds.
0
For the integral to be defined, we require that (s,y(s)) belong to the square
S, and for this reason we will need to restrict to functions y(t) defined on some
sufficiently small interval [tg — T, %o + 7.
More precisely, since f is continuous and hence bounded on S, it follows that
there is a constant M such that

ty)esS = [fty)l <M.
This implies from (34) that
|(Fy)(t) = yo| < M|t —tol.

It follows that if the graph of y(¢) is in S, then so is the graph of (F'y)(t), provided
t satisfies M |t — to] < 4.
For this reason, we impose the restriction on T' that MT < §, i.e.

]
(35) T< <.
This ensures that (Fy)(t) is defined for ¢ € [to — T, to + T7.
Since f(s,y(s)) is continuous, being a composition of continuous functions, it
follows from the Fundamental Theorem of Calculus that (F'y)(t) is differentiable,
and in particular is continuous. Hence

F C[to —T,tg +T] — C[to —T,tg +T]
Moreover, it follows from the definition (34) that y(¢) is a fized point of F iff y(t)

is a solution of (33) on [to — T,to + T and hence iff y(t) is a solution of (32) on
[to —T,t -I—T]

Step 2. We next impose a further restriction on 7" in order that F' be a contraction

map. For this we need the fact that since % is continuous on S, there is a constant
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K such that
of
ty)esS = ‘—‘ <K.
dy

We now compute for any ¢ € [to — T, to + T and any y1,y2 € C[tg — T, to + T,
that

|[F'y1(t) — Fya(t)| =

t

[ S5 = S(s92(5) ds\

t
S\/
to

t
< | Klyi(s) —ya2(s)|ds by the Mean Value Theorem
to

< KT poo(y1,92)

Flo.v1(3) = (s (s))] ds

since [t — to| < T and since |y1(s) — y2(8)| < poo (Y1, Y2)-

Since ¢ is any point in [tg — T, tg + T, it follows that
Poo(FYy1, Fy2) < KT poc(y1,y2)-

We now make the second restriction on 7" that
1
36 T< —.
(36) e
This guarantees that F is a contraction map on C[to—T, to+7] with contraction
constant 1. It follows that F has a unique fixed point, and that this is then the

2
unique solution of (32). a

REMARK 16.3.2. It appears from the diagram that we do not really need the
second restriction (36) on 7. In other words, we should only need (35). This is
indeed the case. One can show by repeatedly applying the previous theorem that
the solution can be continued until it either escapes through the top, bottom or
sides of S. In fact this works for much more general sets S.

In particular, if the function f(¢,y) and the differential equation are defined
for all (t,y) € R?, then the solution will either approach +oco or —co at some finite
time t*, or will exist for all time. For more discussion see Reed Section 7.2.

REMARK 16.3.3. The same proof, with only notational changes, works for gen-
eral first order systems of differential equations of the form

dyx
L e Un
dt f1(7y17y2a 7y)
dy>
W2 _ ot e Un
dt f2( y Y1, Y2, » Y )
dYn
T nt7 32509 In )
dt fult,y1, 92 Yn)

REMARK 16.3.4. Second and higher order differential equations can be reduced
to first order systems by introducing new variables for the lower order derivates.
For example, the second order differential equation

y'=F(t,y,y)
is equivalent to the first order system of differential equations

Vi =Y2, Yo = F(t,y1,92)-



16. SOME APPLICATONS OF THE CONTRACTION MAPPING PRINCIPLE 83

To see this, suppose y(t) is a solution of the given differential equation and let
y1 =9y, y2 =y’ . Then clearly y;(¢), y2(t) solve the first order system.

Conversely, if y1 (t), y2(t) solve the first order system let y = y;. Then y' = ys
and y(t) solves the second order differential equation.

It follows from the previous remark that a similar Existence and Uniqueness
Theorem applies to second order differential equations, provided we specify both
y(to) and y'(to).

A similar remark applies to nth order differential equations, except that one
must specify the first n — 1 derivatives at tg.

Finally, similar remarks also apply to higher order systems of differential equa-
tions. There are no new ideas involved, just notation!



