Lagrange Multipliers
(Adams, 4™ edition, section 13.3, p.786)

A constrained extremum value problem for afunction f (x,y) isoneinwhichthe

variables x and y are not independent, but are related by some other condition. Inthe
problem “maximize f (x,y) subject to the condition h(x,y)=c” , or equivalently,

g(x y)=h(x,y)-c =0, thecondition h(x,y)=c or g(x,y)=0 iscalled the
constraint.

In the previous section, the problem of finding the maximum of atwo dimensional
function restricted to the boundary of aregion can be considered as a problem of finding

an extremum subject to a constraint. Problems of this kind were solved previously by
reducing them to a one dimensional problem. Thiswas done by expressing y as afunction

of x on the boundary and substitutingin f (x,y), or else by finding a parametric

representation x(t), y(t) for the boundary curve and substituting in the function f. Inthe
general case these solution methods may not be possible.

Example.

A problem previously considered isto maximize f (x, y) =X+ Yy subject to the constraint
g(xy)=x*+y*-1=0. Thiscan be solved by expressing y=+/1-x* and maximising
the function q(x) =x+y =x +y1-x2 whichisafunction of the one variablex. It can
also be solved by expressing x and y in terms of the parameter t as x = cos(t) ,

y =sin(t) and maximizing the function s(t) = x+y =cos(t) +sin(t).

In the general case, it may not be possible to express the boundary curve in terms of a
single parameter t. In this case we can introduce an extravariable A (known asa

L agrange multiplier) and a new function L(x, y,/\) (known as a L agrange function).

Theorem.
Supposethat f (x,y) and g(x,y) have continuous first partial derivatives near the point

P, =(% Y,) onthecurve C defined by the equation g(x,y) =0. Supposethat,
restricted to pointson the curve C, the function f (x, y) has alocal maximum or

minimum valueat P,. Also suppose that

(1) P, is not an endpoint of the curve C

(i) Og(Rk O.

Then there exists anumber A, suchthat (x,, Y,,A,) isacritical point (in three
dimensions) of the Lagrangian function L(x,y,A)=f (x,y)+Ag(x,y).



Comment.
The three conditions for a critical point of L (afunction of three variables) are

(i) oL _of 99 _
ox o0x  0x
(ii) oL _of 99 _
oy oy oy
(iii) g—l/]‘ =g(x,y) =0, whichisjust the constraint condition.

Atthepoint B, Ol=0 (¥ Ag) 0, sothatintwo dimensions Of= - A;J g and
grad( f) isparalle to grad(g).

Example 1.

Use the method of Lagrange multipliersto maximize f (x,y)=x+y subject to the
constraint g(x,y) = x* +y? -1=0.

Level curves of thefunction f (x,y)=x+y, with the curve C
defined by the constraint g(x,y) =x*+y? -1 =0.



Form the Lagrange function
L(xy.A)= (% y)+Ag(xy) =x+y +A(X* +y* -1), with A the Lagrange multiplier.

Look for acritical point satisfying

a—L—1+2/\X =0
0X

a—L—1+2/\y =0
oy

a—L:x2+y2 -1=0.
oA
From the first two equations,

1 1
X=—-—and y=—-—.
24 2A

Substituting in the third (constraint) equation,

1 1 _ _ .
W 4/‘2 =1, A? = %,S()A—iTz.

Incasel, A =2, 50 x=-*%2 and y:—ﬂ and f(x,y)=-2.
2 50 x=%2 and y=2,and f(xy)=+2.
The function f restricted to the curve g has amaximum value of  f (% %) =/2.

Incase2, A =-

Example 2.

Find the shortest distance from the origin (0,0) to the curve x*y =16.

Note. Let d(x,y)=+/x* +y* bethedistance from (0,0) to apoint (X, y)on the curve
x?y =16. Then write Q for the square of the distance, Q =d? = x> +y?. The distance d

9Q_ 2d — for example,
X 0X

soaslongas d # 0, any critical point of disalso acritical point of Q. Itismuch easier
to look for critical pointsof Q .

isnot differentiable at the origin, but Q is differentiable. Also,

Solution.
The problem is equivalent to finding the minimum of Q =d? =x* +y? subject to the
constraint g(x,y) = x*y-16 =0.

Form the Lagrange function
L(xy,A)=f(xy)+Ag(xy) =x* +y* +A (xzy —16) , with A the Lagrange multiplier.



Look for acritical point satisfying
oL

a_=2x+2/\xy =2x(1+1y) =0 (A)
X

a_l_:2y+/\X2 :0 (B)
ay

oL 5

= =x?y-16 =0. C
= y ©

Equation (A) requires that
x=0 or Ay=-1. Thecondition x=0 does not satisfy equation (C). Multiplying

equation (B) by y and substituting for A gives 2y* +Ayx* =0 or 2y* -x* =0, or
X= i\/iy. Substituting in equation (C) gives 2y® =16, or y=2. Thetwo critical
pointsare (x,y) = (—2«/5,2) and (x,y) = (2\/5,2). The distance from each point to the

originis d(x,y)=+/8+4 =2J3.
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Level curves of the function d? =Q(x,y) =x* +y?, with

the curve C defined by the constraint g(x, y) = x*y -16 =0.
The shortest distances from the origin to the curve are shown.



Extension to 3 dimensions.

Suppose that we wish to find a maximum or aminimum of afunction f (x, Y, z) of three
variables on the surface S defined by the constraint g(x,y,z)=0.

Asin thetwo dimensional case, we can use A alLagrange multiplier and define the
Lagrangian function

L(xy,zA)=f(xy,2)+Ag(x V,2).

And look for acritical points of L satisfying

a_L:O , a_Lzo ,a_Lzo and
0X ay 0z

oL

—=9g(xY,2)=0.

o= 9(xy.2)

Example 3.

Use the method of Lagrange multipliersto find the maximum and minimum values of the
function f (x,y,z)=x+y +z onthe surface of the sphere x* +y* +2* =1.

Solution. We wish to find the maximum and minimum values of f(x, y,z):x+y+z

subject to the constraint g(x,y,z) = x* +y* +z* -1 =0.

Form the Lagrange function
L(xy.zA)=f(xy,2)+Ag(X y,z) =x+y +Z +A (x2 +y® +7° —l),With A the
Lagrange multiplier.

Look for acritical point satisfying
oL

—=1+2Ax=0

ox

a—L:1+2/\y:0

oy

a—L=1+2/\z=0

0z

a—L:x2+y2+z2 -1=0.

oA

From the first three equations,

1 1 1

X=—-—— ,y=—and z=——.
2A 2A 24



Substituting in the third (constraint) equation,
4j2 +4:2 +4j2 =1, A*=3, 0 A=22,

Incasel, A=L,s0 x=-L, y=-8 7=-8 and f(x,y)=-3.

=L and f(xy)=+3.

The function f restricted to the surface g has amaximum value of  f (@@@) =43,

and aminimum value of f (—@,—@,—@) =—/3.

N

Incase2, A=-2 50 x=B, y==8
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