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EXAMINATION PAPERS

Math2011 Several Variable Calculus — June 2000.

1 a. Consider the surface defined by

y?e* — cos(zy) + 2z = 5.

Find the equation of the tangent plane at the point (g, 2,0).
b. For the function

U evt
f(u7 ’U) = —dt
1t
calculate g and g and hence find
ou v )

d x xt

2

de [, t

c. Suppose f(z,y) = e® =" and let u = (1,3). Find the directional derivative of f at the point
(—1,1) in the direction of u.

d. Calculate the Taylor series expansion of z = sin(zy) about the point (1,7). Your expansion
should include all second order terms.

e. Consider the iterated integral

2v/1—x2
1 —/ / (z,y) dydzx.
24/1— m2

i)  Sketch the region of integration for I in the x — y plane.
ii) Rewrite I as an iterated integral with the order of integration reversed.

2 a. Consider the function
flz,y) =3y> +2¢° + 32%y — 32%,  (z,y) € R%

Find and classify the critical points of f.
b. Use the method of Lagrange multipliers to minimize

f(xayaz) = $2 +2y2 - 2Z2

subject tox+y+z=1and x + 2z =2.
c. Use polar coordinates to evaluate the integral

// 22 dA,
Q
where Q = {(z,y) | 22 +y? <4, x > 1}.

3 a. Let S be the region which is bounded below by the cone z = /22 + 32 and bounded above by
the hemisphere 22 + y* + (z — 1) =1, (2 > 1).
i)  Sketch the region S and express the volume V of S as an iterated integral using:

a) Cartesian coordinates
B) cylindrical coordinates
v) spherical coordinates.

ii) Use one of the above integrals to find the volume V.
b. Find the area of the region, lying in the first quadrant (i.e. > 0,y > 0) bounded by the
ellipses #2 4 2y? = 2 and 22 + 2y? = 4 and the lines y = #/v/6 and y = 2/v/2 by using the change
of variables u = z? + 2y? and v = y/z.
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a. Find the point(s) at which the twisted cubic
HOEN(ARY

intersects the plane 4z + 2y + z = 24. What is the angle(s) of intersection between the curve and
the plane?
b. A particle moves so that

7(t) = 2cos2ti+ 3costj, t>0.

i)  Show that the particle oscillates on an arc of the parabola 4y — 92 = 18. Draw the path.
ii) What are the acceleration vectors at the points of zero velocities?

c. Calculate the work done by the force F=zi+ xyj + xyzk applied to an object that moves in
a straight line from (0,1,4) to (1,0, —4).

a. Find the surface area of the plane 2z + y + 22 = 16 bounded by = 0, y = 0 and 22 + y? = 64.
b. Let ¢ be a scalar field, @ be a constant vector, and ¥ = (x,y, z). Show that:

i) curl =0 divir=3

ii) curl(a x 7) =2d

iii) grad——= = —if'
[ [

c. Show that F = (y?, 22y — €¥) is a conservative field, i.e. F =V for some scalar field f.
d. Let C be the unit circle
7(t) = (cost,sint), t € [0,2m).

Let G = (4% + y, 2zy — €¥).
Evaluate

[Hint: write G = F + (y,0)]

a. Write down a statement of Stokes’ theorem.
b. Verify Stokes’ theorem for

—

F(ajay)'z) = (z—y,x—l—z,—(az—l—y))

when S is the surface
z=4—2%>—y?> above z=0

and dS is an upward normal.
c. State the Divergence theorem (Gauss’s theorem). Use the divergence theorem to calculate the
flux of ¥ = (=, 2y?,32%) out of the solid 0 < 2% + 92 <9,0< 2z < 1.

Solutions to Math2011 June 2000 exam

a. The surface is F(x,y,2) = 0 where F(x,vy,2) = y%e>* — cos(zy) + z — 5.
Hence the tangent plane at the point (7/2,2,0) in point—normal form is

VE(z,y,2).(x — /2,y —2,2) = 0.

Now VF(zr,y,z) = (ysin(zy), 2ye®* + zsin(zy), 3y%e** + 1)
VF(r/2,2,0) = (2 sin(r), 4e° + gsin(ﬂ), 3-22.¢e0 + 1) = (0,4,13)
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and so the tangent plane has equation

(0,4,13) + (z,y,2) = (0,4,13) . (7/2,2,0)
ie. 4dy+132=8

b.
8 uv
of — = ¢ (by Fund. Thm. of Cal.)
ou L P U
8f u a evt u
d =L = I — vt
an e /1 5 < ; dt /1 e’ dt
ot |T=u
_ - . (euv _ ev)
(I P
d [ et
— —dt = —
dr |, 1 @)
d d
:g.—u—i—a—f-—v (withu:xz, v=21x)

ou dxr Ov dz
3 3
T 1 z° _ x
:e_.gﬂ_(ew_ez).l:u
T

T

c. For u=(1,3), let v be the unit vector which is the normalisation of u,

¥ 1 1
= —=—=(1,3) = =(1,3).
Y= 12+32(,) 5(1,3)
of N e
8v( 1,1) = directional derivative in direction u at (—1,1)

= rate of change in f per unit increase
in direction of u at (—1,1)
=Vf(-1,1).v.
Now Vf(z,y) = (23:69”2_92, —2yem2_y2> S VA(-1L,1) = (-2,-2)

of 1
hence @(—1, 1) =(-2,-2). 5(1,3) =—(-2-6)=—4

DN =

d. Let u=2 —1 and v = y — 7, hence

ry=(u+D)v+m)=w+ur+v+mw
sin(zy) = sin(uv + ur + v 4+ 7) = —sin(uv + ur + v)
(wv +um + )2 (uwv +ur +v)°
3! 5!
(using the Maclaurin series for sin)

—(uwv +ur +v) +

= —mu — v — uv + higher order terms
=-—7(x—1)—(y—7n)— (x — 1)(y — 7) + higher order terms

OR directly from the definition of the Taylor series,

Z n! Z ( > xk8y” k(l,ﬂ') (x - 1)k(y - W)n_ka

rage oJ
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we calculate

f(l,7) =sinw =0

fo= I o yeosten), o m) = weosm =,
x
fy =k —weos(@y). . fallom) =1 cosm =1
82
for =575 = —yPsin(ey). . fra(lim) = —nsinT = 0,
0% f . .
Jay = D501 = cos(zy) — xysin(zy), .. fay(l,m) =cosm —wsinm = —1,
0% f 2 . 2
fyy = 2 = —z"sin(zy), .. fy(l,7)=—17 sinm =0,

1
T. series = 0 + T [-m(z—1) = 1(y — )]

b [0 = 1) +2(-1)(@ — 1)y —7) + 0y — 1)) + -

=—7m(zx—1)— (y —7) — (z — 1)(y — m) + higher order terms

2 py/1-(y/2)?
ii) I:/ / flz,y)dedy

—2J—4/1-(y/2)?

Vi(,y) = (fa. fy) = 6wy — 62, 6y + 6y* + 327) = (0,0)
gives 6x(y—1)=0 (1)
and 6y + 6y° + 322 =0 (2)

Hence from (1), we have z = 0 or y = 1. Substituting z = 0 into (2) gives 6y(1+y) =0soy =0
or y = —1, hence we have two critical points (0,0) and (0, —1).

Substituting y = 1 into (2) gives 12 + 322 = 0 which has no real solutions. Hence there are only
two critical points.

Letting A = f,, = 6y — 6, B = fyy =6z, C = f,, = 6 + 12y, we have the following table:

Critical Point | A |B | C | B?> - AC Type
(0,0) -6 [0 | 6 36 >0 |Saddle Point
(0,—1) —12 |0 |-6 | =72<0 | Local Max.
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b. Note: It was announced at the exam that this question has an error, “minimum” should be
replaced by “maximum”.

Define the functions g;(z,y,2) =z +y+ 2z — 1 and ¢2(z,y,2) =  + z — 2, then local maxima or
minima for f on the intersection of the two surfaces (planes) g; = 0 and g2 = 0, by the Lagrange
Multiplier Theorem, occur at critical points of f — ag; — Bgs for some real constants «, 3.

.. Vf=aVg + pBVgy at such points. (%)

Now Vf(a:,y) = (2%,4’((], _4Z)7 v91($7y7 Z) = (17171)7 ng(m,y, Z) = (1707 1)7 S0 (*) plus the
surface conditions g; = 0 and g, = 0 gives five equations:

2x=a+p (1)
4y = « (2)
—dz=a+p (3)
r+y+z=1 (4)
x+z=2 (5)
Hence z = QTM, y= %, z=— (OZTM) which when substituted into (4) and (5) give
a B B a B _
§+Z_1 or 2+ 3 =4, and 4+4—2 or a+(3=28
Solving these equations, we see a = —4 and § = 12, hence the only possible critical point is

(x,y,2) = (4,—1,-2).

Which has an f - value of f(4,—1,—-2) =16 + 2 — 8 = 10.
This point is in fact a global or absolute maximum point for f on the intersection of the two
planes. To see this, the intersection of the two planes is a line, given parametrically by

(r,y,2) = (2—t,—1,¢).

Now f(2—t,—1,t) = 6 — 4t —t2 = 10 — (¢ + 2)?, which has a global maximum when t = —2 i.e. at
the point (4, —1, —2), and it has no global minimum.

c. y
2

/3
/31 2
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In Q we see that 6 varies from —cos™(1/2) = —7/3 to cos™1(1/2) = 7/3. Given any 6 in this

range, r varies along the ray determined by 6 from the 7 solution to x = 1 to r = 2, i.e.

x =rcosb, fromr=1/cosf tor=2.

3 a.

r=2
- cos® 0 db
r=1/cos 6

/3 2 w/3 75
//;r dA = / / (rcos@)g-rdrdﬁz/ —
w/3J1/cosb —n/3 o
/3
:1/ (32— L >c0839d0
5/ _r/3 cos® 0

2 7'('/3
=% / 32 cos® 0 — sec? 0 do (by symmetry)
0
/3
2
= - s1n¢9—sm 9> —tanﬂ}
5 0
3
2 V3 o1 3
5P 7 e 7) L
2 [ 22
== 1—— ~V3| = [12f—xf] 2v3
5| 5
z
x2+y2+(z—1)2:1
S
N 2=/ 2% +y?
} Y
0 1
x

Note that the projection of S onto the zy-plane is Proj,, (S) = {(z,y) | ? +y? <1}

1—x2—y2
a) Vol(S / / / 1dz dydzx
2+y

27 1 14+v1—12
B) Vol(S) = / / / 1-rdzdrdf
0 0 r

v) All f—cross-sections are congruent. In the § = 7/2 cross-section, we see
¢ varies from 0 to w/4. Given any 0 in [0,27] and ¢ in [0,7/4], then p
varies from 0 to the p solution to the sphere equation:

as
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i+ (212 =1
so 2 +yi+22=2z

P =2pcos
hence p = 2cos¢

27 pmw/4  p2cos ¢
Vol(S) = / / / 1- p?sin ¢ dpde do.
0 0 0

Hence

ii) Using v) above,

p=2cos ¢

/4 3
Vol(S) = 271/ 3 -sin ¢ do
0

p=0

8 7'('/4
:271-—/ cos® ¢psin ¢ do
3 Jo

_ 16w _cos4gb /4
-3 4 1],
_dm | (AN _an ] 1] _4m 3
3 V2 3 4 3 4
= T.
b. y
y=1x/V2
y=1/V6
| | T
£ \-1 1
N\ 2?2 4 2y% =2
22+ 292 =4

Call the region R, then with the change of variables

u:x2+2y2, v =

8|

rage 4o
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we have

Area(R //1d33dy—// ‘7‘ dudv

with R = {(x,y) |2 <2?+ 2% <4, 2/V6 <y <z/V2, 2,y >0}
R ={(uv)|2<u<4, 1/V6<v<1/vV2}

u U _1
Now a(x,y>_<a<u,v>>‘1_ o B R
8(U,U) N a($7y) B % g—z N —y/l'2 1/.T
1 1

T 24 42/22 T 2+ 42

1 1/V2
Area(R)://, 5T 1 dudv = / /1/\/_ 1/2—i—1)2 dv du

\/_ 2 tan~1 (v/2v) ijé -(4-2)

{tan - tan_l(l/\/g)}
[

4 a. r(t) = (t,t%,t3) meets the plane 4z + 2y + z = 24 when 4t + 2t? + 13 = 24,
Le. (t—2)(t* +4t+12) = 0.
Now since the quadratic factor has discriminant 42 —4-1-12 = 16 — 48 < 0, there are no other
real roots, so the only point of intersection occurs when t = 2, i.e. at the point (2,4, 8)
At this point, the curve r(t) has a tangent vector

£(2) = (1,2t,3t%)|,_, = (1,4,12) =a (say)

The angle 0 the curve makes with the plane at the point (2,4, 8), is determined by the right-angled
vector triangle:

o

with b ||n=(4,2,1) normal to the plane and ¢ lying in the plane.
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. . _[/a.n
Hence b:prng({i)—(n )2
(1,4,12) . (4,2,1) 448412 8
4,2,1 “ T (4,2,1) = (4,2, 1
<(421 421) 420 =\1g32157) B2 =7(421)

/21 / 3
0 == — 412
sin 161 ~0 75

0~ 24.377° or 0.42547 rads

Alternatively, 6 = 7/2 — ¢ where ¢ is the angle (in radians) between a and that normal vector to
the plane pointing to the same side of the plane as a. Let w be the angle between a and n, where

0 <w <7, then
6= w, if 0 <w<7/2,
o\ Tm—w, fw>7n/2

(1,4,12) . (4,2,1)

a.n
COSwW = —
lafn] ~ VI+16+ 14416 +4+1
4+8—|—12 24
\/16 V2 \/161\/21
>0 0<w<7r/2 and so w = ¢,

cos ¢ ~ 0.41275
¢ =~ 1.14533 rads

S0
0 =7/2— ¢~ 0.42547 rads.

b. i) For r(t) = (x,y) = (2cos 2¢, 3cost),

2
m:cos2t22c0s2t—1:2<y> —1=
3 9

9z = 4y — 18

or 4y? —9x =18




rage 406 Uld exaln papers
ii) Velocity vector is ©(¢) = (—4sin2¢, —3sint) and the acceleration vector is
¥(t) = (—8cos4t, —3cost).

Now 1(t) = 0 = (0,0) when sin2¢t = 2sintcost = 0 and sint = 0, i.e. when sint = 0 so
when ¢t = n7 for n a nonnegative integer (as t > 0). For t = n,

i(t) = t(nm) = (=8, =3(-1)")

W:/E.dg
c

where the straight line interval is parameterised as

c. The work done is

C: r(t)=(x,y,2) =(0,1,4) +¢((1,0,4) — (0,1,4)) = (0,1,4) + ¢(1,-1,8)
(t,l—t4 8t) fort=0tot=1
£(t) = (1,-1,-8)

1
F(r(t) . £(t) dt

1

[
J

F(t,1—t,4—8t).(1,—1,-8) dt

0

hence W =
= 1
_ /1 (441 — 1), 4(1 — £)(4 — 88)) . (1, —1, —8) dt
0

L 97t3 !
/ —32t + 97t% — 64¢3 dt = —16t2+——16t4]
0 0
97 97  —96+97 1
=16+ ——16=-324— = — "~ —_
6 + 3 6 32 4+ 3 3 3

a. Call the surface §. Using « and y co-ordinates for the surface parameters, we have the param-
eterisation of S:

S:or(zy) =(v,y,2) = (v, y,8—x—y/2) for (z,y) €Q
where  is the parameter domain {(x,y) | z® +y? <64, >0,y >0}

or 0z or 0z
= =11 — )1 =(1 —1 —= = 1, — | = 1, —1/2
ox < > 0, 83:) (1,0, -1), oy <0’ ’ 8y> (0,1, -1/2)

ij k
y gr gr —1 0 &= <_% _%, 1>
€r ) 0 1 g_Z € )
or Or 92\ > 92\ >
= | = —= | = 1 R -
as o X 3y \/ + <8x> + <8y> dx dy

9 3
=1+ 1/2)2dxdy—\/;dxdy:§da:dy

where dS is the scalar surface area element

hence Area(S) = / 1dS = // —drdy = Area(Q) g 782 = 24n.

1
4
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b. i)
N R
cwlr=Vxr=|& & £L|=(0-0-(0-0),0-0)=(0,0,00=0
x Yy oz
dlvr:%(x)—i—%(y)—i—%(z):l—i-l—i-l:?)
ii)
i j k
axr=|ay ay az|=(a2z—azy, asr — a1z, a1y — asx)
x Yy oz

%’|® Vo
o
|Co =

Jy 0z
a2 — a3y a3r — a1z a1y — agx

= (a1 +a, —(—ag — ag), as +CL3) = (2@1, 2&2, 2&3) = 22}

iii)

1 1
grad<||r||3> :Y<—> where r = ||r|| = V22 + y? + 22

3
(507 5 ) 5 )
Now % (r3) = —3r % = 3y % —i—f
s % = 1($2+yQ+22) 12 9p =
Smilaly (%) =22, () = -
v(7)= (5 %)
= el a) =~
c. Method 1. Directly solve
F=(y220y—e’)=Vf= (g—i, g—;)
SO % = ¢ (1)
and g—; = 2zy — e’ (2)

Integrating (1) w.r.t. y, we have f(z,y) = xy? + h(y). Substituting this into (2) we have

22y + h'(y) = 2y — ¥
. W(y)=—-e¥ so h(y)=—e’ + const.

In other words we have solutions f(x,y) = ry? — e¥ + const.
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Method 2. Extend F to a vector field in R3 by
G(z.y,2) = (F(z,y), 0) = (4, 2zy — €”, 0)

then calculate

i J k
_ |2 ) o | _ _ _
curlG — | Oz oy 0z | — (07 _(O - 0)7 2y — Qy) - (07070) =0
y? 2xy—e¥ 0

Hence G is a conservative vector field in R? so there is a scalar field ¢ on R? with V¢ = G.

Since then ? =0, ¢ is independent of z and we may write ¢(z,y,2) = f(x,y), hence Vf =F.
z

d. Using the hint, let G = F +H where F is the conservative vector field in part ¢) and H(z,y) =

(,0).
/G.dlgz/lj‘.dlg—l—/ﬂ.dlg:O—l—/IjI.dy
C C C C

(as F is conservative in R? and C is a closed path)
27

=/ H(x(t)) . £(2) dt

27
= / (sint, 0) . (—sint, cost) dt
0

/2
=—4 / sin®t dt (by symmetry)
0

2.1 1 7
2,0 <2+0> 0,0 2 2~ 7

(where a reduction formula for a trig. integral has been used.)
a.

Stokes’ Theorem. If F is a continuously differentiable vector field on an open subset of R3
containing an open smooth (orientable) connected surface S with a boundary curve C' made up of

finitely many smooth curves, then
/ F.dr = / curl F . dS
c S

(up to £ with a “consistent” choice of normal to the surface S)

b.
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Parameterising the surface S by « and y co-ordinates,

S:

Or
SO

and

oz

r(z,y) = (2,9,2) = (z,y,4 — 2% —y?) for (z,y) €Q

(for parameter domain Q = {(z,y) | 2% + y* < 4}),

Jr Or
X (1,0,-22), == =(0,1,-2
aa,: ( 9 ) x)’ ay ( 9 ) y)
i j k
Or td -
X 8—~ =1 0 —2z|=(2z,2y,1)
Y 0 1 -2
dsS = (2x,2y,1) dx dy (outward normal)
i J k
_ o) el 9
CurlE = Bz a—y 32
z—Yy x+z —T—Y

=(-1-1,—(-1-1), 1= (-1)) = (-2,2,2)

/ curl F.dS = // (—2,2,2).(22,2y,1) de dy
S Q

://—4x+4y+2da:dy

Q

:—4//a:da:dy+4//yda;dy+2//1d33dy
Q Q Q

=—4-04+4-0+2- Area(Q)
=0+0+2-7-2°

= 8.

(by symmetry)

rage 49

The boundary curve C of the open surface S is the circle 22 + y? = 4 in the zy-plane, so parame-

terising C' by

C: r=

C.

(x,y,2) = (2c0s0,2s8in6,0), 6=0 to 6=2m,

27
/ (0 —2sin#,2cosf +0,—2cosf — 2sinf) .1v(6) db
0

27
/ (—2sinf,2cos @, —2cos — 2sinf) . (—2sin 6,2 cos 6,0) db
0

21 21
/ 4sin2¢9+4cos29d9:/ 4d0 =421 = 8.
0 0

Divergence or Gauss’s Theorem. If a vector field F is continuously differentiable in an open
subset of R® containing a solid Q bounded by a closed surface S, made up of finitely many smooth

surfaces, then

/divEdV:/E.dS
Q S

By definition, the flux of the vector field v = (z,2y?, 322) out of the cylindrical solid Q = {(z,y, z) |
0<a2?+y? <9, 0<2z<1}is the surface integral

Flux(v) = / v.dS
s
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where S is the closed surface made up of

the curved cylindrical surface {(z,y,2) |22 +4* =9, 0< 2 <1}
and the two (flat) circular disks 22 +y* <9 at 2 =0 and z = 1,

and the vector surface area element dS is always taken outward from €.

Now divv = 2(31:)3(23/2) + 3(322) =1+4y+62
ox " "0y 0z

Hence by the Divergence Theorem,

Flux(y):/1—|—4y+6de:///1+4y+62da:dydz
Q

Q
= 01(Q)+4///yda:dydz—|—6///zda:dydz
Q Q
27 3 1
:7T'32'1+0+6/ //z-rdzdrd@
o Jo Jo

(by symmetery for 2nd integral and using cylindricals in 3rd)

)z

1
:97r+127r'<% 5 = 97+ 27m = 367

>:97T+127T-2'
0 2
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Math2011 Several Variable Calculus — June 2001.

1 a. Determine the equation of the tangent plane to the surface

z=f(x,y) =€e"lny at (4,1).

1 1
b. If z = f(¢) and t = — + —, show that
r -y

82_ 20z
v ox y@y'

c. Use differentials to approximate the value of 1/(3.03)2 + (1.98)2

T (5.98)2.

rage ol

d. Your engineering company has won the contract to build a ski slope for the 2006 Winter

Olympics. The mountain side is approximated by the function

2 2

2= f(z,y) = 5000 — — ¥

1000 40

The company decides to start the ski slope at the point (200, 40).

i)  In which direction initially should the ski slope point to ensure the fastest possible ski run?

ii) What is the slope of the mountain side in this direction at (200,40)?

e. Consider the following double integral

39
//ycos ) dzx dy.
0

y2

i)  Sketch the region of integration.

ii) Hence determine an equivalent double integral with the order of integration reversed.

[DO NOT EVALUATE THIS DOUBLE INTEGRAL |

a. A function f:R? — R? is defined by

Yy
and the function g : R? — R is defined by
u
gl v (uvw)
w

Let h =g o f be the composite function.
i) Calculate Jy(x,)g - Jx, f where xo = (1,1).
ii) Hence determine the gradient of h at xo = (1, 1).

b. i) Using the method of Lagrange Multipliers determine the maximum value of z2y%2% on a

sphere of radius r centred at the origin.
ii) Using your result from i), show that

(x2y2z2)% <
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a. Consider the volume of the solid that lies under the paraboloid z = z? + %2, above the plane
z = 0 and inside the cylinder 2% + y? = 2z.

i)  Sketch the solid.

ii) Hence write down a triple integral to determine the required volume in

e cartesian co-ordinates, and
e cylindrical polar co-ordinates.

Clearly indicate the limits of integration in both cases.
iii) Determine the volume of the solid.

b. Consider the double integral
//(332 —zy +y?) dA,
R

where R is the region bounded by the ellipse 2 — zy + y? = 2 in the xy-plane.
i)  Using the transformation 7"

2 2
T:x:\/ﬁu—\/;v, y:\/§u+\/;v,

sketch the region T'(R) in the uv-plane.
ii) Hence evaluate the double integral.

a. Find the length of the curve
. P
r(t) =2Inti+2tj+ 515 k

fromt=1tot=2.
b. Consider the two curves given in parametric form as

Cl : !1(0 = (t7t7t)7 teR
02 : 22(8) = (8782783)> seR

i) Find the angle between the two curves at each point of intersection.

ii) Find all points on Cy where the tangent is parallel to the vector (1,0,0), and find the
parametric vector equations of the tangent lines at these points.

ri+yj+zk

(J:Z + y2 + 22)3/2’
i) Show that F is a gradient vector field by finding ¢ such that F = V.
ii) Show that the work done by F in moving an object along any curve C joining any two

point on the unit sphere 22 + 3% + 22 =1 is 0.
d. Use Green’s theorem to show that

a € R.

c. Let F(z,y,2) =«

]{emsinyda:—i-emcosydyzo
c

for any smooth simple closed curve in R2.

a. Let r= (aj>y> Z) and r = ||!|| = .1'2 +y2 + 22.
1 _

1) ShOWthatV(—):—;F’v!‘zgjandeEZO
T T

ii) If f is a differentiable function of one variable, show that

V- (f(r)r) =rf(r) +3f(r).
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Find f(r) if f(r)r is solenoidal, i.e., V - (f(r)r) = 0, for r # 0.

b. Let G be the region in R? bounded by the paraboloid z = 1 — (2% + y?) and the 2-y plane, and
let its bounding surface be denoted by S. Let v = (x,y, 2).

a.

i) Evaluate / / V - vdz dy dz directly.
el

ii) Give a parametrization for each of the two separate surfaces of S, the top and bottom.
iii) Use ii) to compute the flux of v out of S, directly.
iv) What theorem asserts the equality of the results of i) and iii). i) and iii).

Let F(z,y,2) = (—3y,3z,2*). Let S; be the portion of the ellipsoid z = /1 — 2(22 + y2) that

lies above the plane z = 1/ V2. Let C be the bounding curve, and S5 be the portion of the plane
z = 1/4/2 bounded by C.

i) Compute V x F.

ii) Give a precise statement of Stokes’ theorem applied to S; and C.
iii) Give a precise statement of Stokes’ theorem applied to Sy and C.
iv) Deduce from ii) and iii) or by direct calculations that

[0 <®) - mjas = 3
S

b. Find the surface area of the portion of the plane = + y + z = 8 that lies within the cylinder
22 +y? =1.

Solutions to Math2011 June 2001 exam

a. Let ¢(z,y,2) = z — e Iny. So the surface is ¢(x,y,2z) = 0. The normal n to the surface at
(4,1,1) is given by

n=+Ve(4,1,1) =+
(4,1,1)

—e”Iny, —e—, 1>
Yy

(4,1,1)

The tangent plane is given by Vp(4,1,1) e ()5 — (4,1, 1)) = 0. Hence

(—4)-0+(y—1)-(—eH)+(z=0)-1=0 = e'y—z=¢c"

=g =10 (-

1
Ox Ox P)
0z a0t 1
705 =10 ()

0z
2— pr— / pr— —_—
o= (t)=vy 9y
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c. Let f(x) = +/22 4+ y? + 22. Thus using differentials we have

flz+ Az, y+ Ay, 2+ Az)

- of of of
~ f(x,y,2) + (%AH ayAer aZAz

T Y z
= f(z,4,2) + ——A0+ —— Ay + —— Az
f&3,2) Vat+y? + 22 VvVt +y? + 22 ’ Vot +y? + 22
x Y z
= f(x,y,2) + Ax + Ay + Az
0t ey T T
Hence we can approximate f(3.03, 1.98, 5.98) with z = 3, y = 2, 2 = 6, and Az = 0.03, Ay =
—0.02, Az = —0.02. Thus
£(3.03, 1.98, 5.98)

~ (3.2.6 —(0.03 —(—0.02 —(—0.02
J(3:2.0) + 55 5 003+ 5556 00+ 55 5 (002

000 004 012

o 7 7 7

_ 72007 599

7
d. The gradient vector is given by Vf(z,y) = (—z/500, —y/20).

gradient is V f(200, 40) = (—0.4, —2).
i) Direction of fastest ski run is direction of the vector v = —V £(200, 40) = (0.4, 2).

ii) The slope of the mountain at (200, 40) in this direction is

of _ .
8‘2(200, 40) = V£(200, 40) ¥

At the point (200, 40) the

v

= —V e
o vl

= —|lvll = ~ /{004 + 2* = VA T6.

3T B o /3
Y=V ii) / / y cos(x?) dy dx
o Jo

Jf(xo)g = (vw uw uv)u:wo,vzzgfyg,w:yo
= (yo(a3 — ¥5) Toyo wo(ag — 7))

=(010) for xg=(xo,y0) = (1,1)

1 0 10
Jxof = 2.1‘0 —2:{/0 = 2 =2
0 1 0 1

1
Jtxod I f=(010) [ 2 -2 ]| =(2 —-2)
0



b.

i)
i)
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Hence Vh(xg) = V(go f)(xo) = (2, —2).

Let f(z,y,2) = 2%y?2? and g(z,y,2) = 22 + y? + 22 — r2. Hence we wish to maximise
f subject to the constraint ¢ = 0. By the Lagrange Multiplier theorem, local extrema
(i.e. local maxima and minima) for f on g = 0 occur at critical points of f — \g for some
constant A € R. This leads to

of _ 9y

e )\% S 22yP2? = A\
g—i = g—z cooyx?2? = N2y
% = % co 222y = A2z
and 22 + y? + 2% = r?
From the first three equations, y?2? = 2222 = 22y? = X provided z, y, z, # 0. Hence,

(with the same assumption) it follows
r==4y, z==3y

W1 mdadependent cnoice or signs). substituting 1mto g = 1ves oy~ = r7, nence
(with independent choice of signs). Substituting int 0 gives 3y? =2, h

T T T
r=4—\ y=4—\ =4 %
75 Y 7 7 (*)

(with independent choice of signs). They all have the same f value of

r2\? B 76

3) 27
If any of z, y, z are 0 then f has the value 0 at such points. Hence the points (%) are clearly
(absolute) maxima points for f on g = 0. It follows the absolute maxima points are

6

" :l:%) with maximum value ;—7

G

ii) Given (z,y, 2), let r = /22 + y? + 22, then part i) shows,

6 2 2 2\3
f(xayaz)é - - ($ +y +Z)

27 27
2 2 2\3
. +y° +2%)
e 222<(I
Le. x7y“z° < o7
(2222) 3 < ? +y* +2°

3
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a. i)

z
\ /
\ : /
\ / 2
\ __ | /7 2=2"+y
\ i T |/
\ ’,” ’,———:§~ |/
S~ ~S———=="
\ S~ ___ - - /4
\ ’
\ ¢ _1)2 2 _
\\ (7 RN (.f 1) +y =1
Y 4 A
\ -~
\ -
\\ /&
~ /
\\ @‘_l---.~ P
12
|
|
|
|
Yy

i)

V2r—z2
e  (Cartesian: Vol = / / / dz dy dzx.
V2z—x2

/2 2cos6 pr2
e  Cylindrical polar: Vol = / / / r dzdrdf.
/2 J0

Since the paraboloid is z = r2, and the cylinder is 72 = 2r cos @ or r = 2 cos 6.
iii) Using cylindrical polar co-ordinates,

/2 2 cos 6 /2 2 cos 6 o
Vol = / / / r dzdrdf = / / rz dr df
w/2 /2 2=0
w/2 2 cos 0 /2 7“4 r=2cos f
:/ / r deH—/ —
w/2 —m/2 4

w/2
= — cos* 0 df = 4 - 2/ cos* 6 dp
4 —m/2 0

L (4L (2ol) m_g 3 1 m s
- 440 240/ 2 4 2 2 2

b. i) The transformation here T : R? — R? is regarded as going from the zy-plane to the
uv—plane, i.e. (u,v) =T(z,y) so

(z,y) = T Hu,v) = (V2u — \/2/3v, V2u + \/2/3v).

Hence the region R in the zy—plane which is the region bounded by the ellipse 2% —zy+y? =
2, corresponds to the region T(R) in the uv—plane which is bounded by the curve:

do

(ﬂu_ \@) g (ﬂu_ \/g) <\/§u+ \@) . <\/§u+ \/g) i
2 <2u2 n §v2> _ <2u2 _ §v2> 5

fe. 2u2+20%=2

or u+v2=1



b.

i)

i)

So T'(R) is the unit disc in the uv-plane:

ox
ow,y) Ou
o(u,v) Jy
ou

//R(a;2 — 2y +y?) dedy = //T(R)(Qqﬁ + 20v%)

—9.

1
r(t) = (2 Int, 2t, 5752)

"(t) = (% 2, t>

]

4
V3

MatnzZull June 2ZUU1 solutions

v
T(R)
U
1
ox 2
oz 5 /2
ov | V2 3 _i
oy | 5| V3
ov V2 3
o(z,y)
8(u,v)‘ du dv

fort=1tot=2.

2 2
4
SO length:/1 H;"(t)Hdt:/l \/t—2+4+t2 dt

2 2 2
[ /2 9
:/ <—+t> dt:/ Satat
1 t lt
£2|? 1

=2In2+2-0— - =
n2 -+ 0 5

=2Int+ —
n+2

1

To determine the point(s) of intersection,

t=s

t=s°

t=s>

3
B +21In2.

we solve rq(t) = ra(s).

t=0 and s=0
— or
t=1 and s=1

rage ol
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Hence the two points of intersection are

2. ri(1) =r2(1) = (1,1, 1)
Let the angles of intersection be #; and 6, respectively. Note that

ri(t)=(1,1,1) and rh(s) = (1, 2s, 3s%) forall s, .

0 ~ ILLDNLO0I V3.1 V3

(0) (1,1,1) » (1,0,0) 1 1
ro(

(1) B (1,1,1) » (1,2,3) B 6
I I@LDINE2,3)) - v3v14

6
so By =cos™! ( ~ 0.3876 rads ~ 22.208°
V3 \/14)

ii) The condition is rh(s) = (1,2s,3s?) = (1,0,0) for some o € R. Hence s = 0, so the only
such point is at ro(0) = (0,0,0). The tangent line at this point is given parametrically by

r(u) =(0,0,0) + u(1,0,0) = u(1,0,0).

c. i) Solving F = V¢, gives

a¢ o ax . —Q

dx (22 +y2 + 22)3/2 = ¢= (22 + 42 + 22)1/2 + ha(y, 2) (1)
99 Yy -«

ik _ 9
@ R apr O T @rpaaye TEn @)
o) _

_¢ — az > (b = @ + hg(az,y) (3)

0z (22442 +22)3/2 (22 +y2 4 22)1/2
Equating these expressions for ¢, it follows that
hi(y, z) = ha(z,z) = hs(z,y) for all x, y, z € R.
The relation between h; and hy shows they depend on z alone, i.e.
hi(y, z) = ha(z,z) = g(z) forall z e R
for some function g : R — R, but then

g(z) = hs(x,y) forall z, y, z € R

shows hsg and g, hence h; and hs are constant. Hence there is a solution to F = V¢ which
is unique up to a constant:

—Q
(%2 + y2 + 22)3/2

-+ constant

o=
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0
Alternatively, substitute the solution for ¢ in (1) into the equation for a_qb to see that
Y

oh
a—yl(y,z) =0 hence hi(y,z) =g(z) forally, z€R.
Now substituting the revised expression for ¢ into the 3rd equation, shows that

g (z) =0 forall z € R, hence g(z) = constant.

ii) Let the constant in ¢ be c. Let C be any curve on x? —i— y? + 22 = 1 from one point A(a)
to another point B(b). On the unit sphere 22 + y? + 22 =1, ¢ = —a +c,

/CE-dz:/Cw-dz

= ¢(a) — ¢(b)
= (—a+c)—(—a+c) =0.

d. By Green’s Theorem, if R is the region bounded by the smooth simple closed curve C, and C
is traversed in the positive sense,

F, OF,
j{Fldengdy_// (%—@> dz dy.

Hence with Fy(z,y) = e®siny and Fy(z,y) = e cosy,

j{e siny dr + e cosydy—// ( (e cosy)—ag(e smy)> dz dy
// e’ cosy — e” cosy) da:dy-//OdacdyzO
R

(ORICREOREICE

T . Y . z
i— — k
(22 + 42 + 22)3/2 - (332—|-y2+22)3/2'1 (22 + y2 + 22)3/2 =

5 a. i)

r3
0 0 0
\Y% o;‘—%(w)—l—a—y(y)—l—&(z)—l—i—l%—l—fﬂ
i k
g 0 0
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i)

= f'(r)-

=rf'(r) +3f(r).

If V(f(r)r) =0 for r # 0, then
rf'(r)+3f(r)=0

fror) 3
f(r) r
so Inf(r)=-3lnr+c (c a constant)

or Inf(r)=In(r3)+c=In (%) (A a constant)

RARES

G is the solid region bounded by the surface S
where

S = Stop U Sbot
StOp = {($7y7]- _1:2 _y2) | $2 +y2 < 1}
Sbot = {(az,y,O) | 33'2 +yQ < 1}

2

SRR XXX

///V . yda:dydz:/// div(v) dedydz with v = (z,vy, 2)
G G

. _Or Oy 0z
—///G3d33dydz anlv(Y)_%—i—@_y—i_&_g

2 1 1—72
:3V01(G):3/ / / r dz dr df
o Jo Jo
1 1 r2 g
:3-27T/ r(1—r?) dT:67T/ r—r3 dr =6m <———>
0 0 4

1

0
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ii) We will use polar/cylindrical co-ords to parameterise Siop and Shos:

Shop r(r,0) = (rcosf,rsin,1 —r?), 0<h<2m 0<r<1
Shot : r(r,0) = (rcosf,rsind,0), 0<h#<2m, 0<r<1

We could use the cartesian co-ordinates x and y as the parameters, but one of the the later
integrals will simplify with a polar/cylindrical change of variables.
Jx o=
s s

v e dS+ / / v e dS
Shot
(using outward normals).

For the surface integral on Sy, dS = —kr dr df, hence

27 1
// ved :—/ /zrdrd@ where z =0
Spot o Jo
=0

iii) The direct calculation of the flux is

top

1))

For the surface integral on Siop,

Jr Or

= +(cosf,sinf, —2r) x (—rsinf,rcosh,0) dr db
i ik

=+| cosf sinf  —2r| drdf = £(2r?cos,2r?sin 6, r) dr df

—rsinf 7rcosf 0

and we choose the + sign for the outward normal, hence

27 1
// v e dS :/ / (rcosf,rsin®, 1 —1r?) e (2r%cosf,2r?siné, r) drdf
s o Jo

top

27 1
:/ / 213 cos? 0 + 2r3 sin? 0 +r — 3 dr db
0 0

27 1 27 1

:/ / 23 4 — 3 drd@z/ / 3+ drdf
0 0 0 0

o (Y 37

N 4 2

0

Hence

iv) Gauss’s Divergence Theorem.
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a. S,

cost sint 1
Note: C' is positively oriented with respect to the orientation for S; where the normal vectors to

S1 have z—component > 0.
C is also positively oriented with respect to the orientation for So where the normal vectors to So

are up (indeed in the direction of k).

i)

i j ok
0 o 0

VXF=|3- oy 02 = (0, 0, 6) = 6k
-3y 3z 2z

ii) Stokes’ Theorem applied to S; and C

J 9 x®) e nas = § ¥ e

with unit normal vectors n to the surface having non-negative z—component so that the
direction of C' (shown in the diagram) is positively oriented w.r.t. S;.
iii) Stokes’ Theorem applied to Sy and C'

J[ <) enis=fFear

with unit normal vectors n = k at all points of Sy so that the direction of C' (shown in the
diagram) is positively oriented w.r.t. Ss.
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iv) Hence, by ii) and iii) the harder surface integral over S, can be evaluated as the easier

surface integral over Si:

/ (VXxF)endS= // ) e ndS
Sl S2
// ) o kdS
Sa
—// 6k o kdS
:6// dS = 6 x area of Sy
So

1
At 2 = — = /1 — 222 — 292. Therefore
V2 Y

1 1
521—2$2—2y2:>x2+y221.

1
Hence S5 is a disc of radlus — and so has area Z Thus

37r
) e ndS=6- —.
Jf, < i3

Less simple is a direct calculation of the line integral in Stokes’ theorem — see the parame-
terisation of C' above under the diagram.

J[ @xE) enas—§pea
S1 c
27 . .
:/ _3smt7cost71 . _Lnt7cost70 &t
0 2 2 4 2 72

2™ 3sin?t  cos?t
— + dt

4 4

271' 3
/ —Z 4 cos?t dt
0 4

271' 3
/ —Z 4 cos?’t dt
0 4
2—-1 T
2 +4 | — )=
+ <2—|—0> 2
3T 37r

= - i dn .
p T =
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b.

in plane
r+y+z=28

-

Call the surface region S. A parameterisation of S, using the z and y co—ordinates as parameters

1S:

S:  r(zy)=(v,y,8-z—y) for 2®+y*<1
Or r
H dS =||=—= x =|| dxd
ence dS ‘&; 5 x dy
ij k
=|[|1 0 fo||[dedy  where f(z,y)=8—-z—y
01 f,

=1+ f2+ f2dedy=V1+1+1dxdy
= V3dxdy

area(S) = // s = / V3 dx dy where D = {(z,y) | 2* + 9> < 1}
S D

=3 area(D) =3 7-12 = 71V3.
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Math2011 Several Variable Calculus — November 2001.

1 a. Consider the surface defined by

In(2zy) — 2° = 8.

1
i) Show that the point (—1, —5 —2) lies on this surface.

1
ii) Find a unit normal vector to the surface at the point (—1, —5 —2).

Consider the function

flzy) =2y —1)°+ (z +4y)* —z +2.

1
i) Find the Taylor series expansion of f(x,y) about the point (1, 5) up to and including all
second order terms.
ii) From the expansion in part (i), find the linear function that gives the best approximation
1
of f near (1, 5)
Suppose f(z,y) = In(z —y) and let u = (cos d,sinf).
i) Find the directional derivative f] at the point (2,1).
ii) At the point (2,1) in what direction is f increasing most rapidly?

d. Evaluate the double integral

1 2
/ / cosh(z?) dx dy
0 2y

by first reversing the order of integration.

2 a. Locate and classify the critical points of the function

f(x,y):x2+y3+2a:y—x—y+1.

b. A function f:R? — R is defined by

and the function g : R® — R? is defined by

U
UV COS W
gl v | = . .
uY sinw

Let h = f o g be the composite function.

C.

—_

i) Calculate Jy(u,)f-Ju,9 when ug =

N =

ii) Hence determine Vh at (1,1, 7).
A rectangle lying in the zy-plane has vertices at (0,0), (x,0), (0,y) and (x,y) where z,y > 0.

Use the method of Lagrange multipliers to find the maximum area of the rectangle given that the
vertex (z,y) lies on the ellipse

where a and b are positive constants.
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a. Thesolid S is bounded below by the cone z = /322 + 332 and above by the sphere z?+y?+2% =
4.

i) Sketch the solid S and express the volume V of S as an iterated triple integral using:

«) Cartesian coordinates
B) cylindrical coordinates
~) spherical coordinates

iii) Use any one of the above integrals to evaluate the volume V.
b. Evaluate the area between the curves

(z+y)?=4(x—2y) and z—-2y=1

by making the substitutions v =z + y and v = =z — 2y.

a. Let F = (2zy® + 1,32%y? — 2y). Find a scalar potential ¢ such that F = grad ¢. Hence find
the work done by F in moving an object from (1,—2) to (3,1).
b. Use Green’s theorem to compute the line integral

j{ (z + y)dx + 22dy,
C

where C is the counterclockwise-oriented triangle with vertices (0,0), (2,0) and (0,1).

c. A particle moves in a plane such that its position at time ¢ is given by r(t) = (3t2,¢3 — 9¢).
Show that there are no positions where the velocity of the particle is parallel to its acceleration.
d. Show that the three vectors u = (1,1,1), v = (2,3,1) and w = (—1,5,—1) define a paral-
lelepiped. Find its volume.

2
a. Find the area of the portion of the surface z = 1 — gy?’/ 2 that lies above the triangle in the

xy-plane with vertices (0,0), (1,0) and (0, 1).
b. Let
F = (2° +yz,—2y(x + 2), 2y + 2°)

1 1
G = (_yz2 - 5 ajyzaovwzy + 5 yZZ)
i) Show that F is solenoidal (i.e., div F = 0).
ii) Show that curl G = F.
c. Find the flux /[Elg ds out of the unit box S = [0,1] x [0,1] x [0,1] of the vector field
E = (y—x,x—a:z,a:y— Z)

a. Let F(z,y,2) = (yz,—zz,2y) and let C' be the triangle with vertices (1,0,0), (0,2,0) and
(0,0, 3) oriented by the order in which the points are given.

i) Compute V x F.

ii) Let S be the plane of the triangle C. Show that S is given by

3
=3—-3r—=y.
z x 2y

iii) Parametrize the surface S.
iv) Parametrize C.

v) Verify Stokes’ theorem in this case by calculating / / V x F - nds in two different ways.
s

b. State the Divergence theorem.
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Solutions to Math2011 November 2001 exam

Point (—1, —

1 —2) lies on the surface In(2zy) — 2% = 8 since

27

In <2 (~1) - (—%)) —(=2)> =In(1) +8 =38.

Let F(x,y,2) = In(2xy) — 23, then

2 2 11
VF(.Z‘,:I/,Z) = —y> —xv 322 == = _322 .
2xy’ 2xy Ty

Hence a normal vector to the surface at the point (—1, —%, —2) is

Method 1:

Method 2:

1
a unit normal is = —(—1, =2, —12
NATT )
LY =0+(1+2?-1+2=10
2(r +4y)-1-1 fo(1,3)=2-14+2)—1=5
5-(x+4y)t-242-(z+4y) -4 - f(1L,3)=10-0+8(1+2) =24
32 " faw(1,3) =32
5(x —1)+24(y — L
0. e+ -3

=2 -1 +2-8(x—1)(y—3)+32(y — 3)*] +- -

=10+5(z—1)+24(y — )+ (z — 1) +8(x — 1)(y — ) + 16(y — 2)> + - --

Let u=z-1, v:y—%
2y—1=2v, and z+4y=(u+1)+4(v+3)=u+4v+3

and —z4+2=—(u+1)+2=—-u+1

f(a:,y):(2v)5+(u+4v+3)2—u—|—1
=1—u+9+6u+ 24v + u?® + S8uv + 16v% + 320°
= 10 + 5u + 24v + u® + Suv + 160 + 320°
=10+5(x —1)+24(y — ) + (z — 1)
+8(r 1)y — ) +16(y— 3)* +-+-

ii) The best “linear” (strictly speaking “affine”) approximation of f near (1, 1) is given by the

function

Az,y) =10+ 5(z — 1) + 24(y — 3).
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,_Of )
fu - a_u(Q’ 1) - Vf(Q, 1) u

Now Vf(z,y) = <$iy, x_—1y> o V(2,1 =1, -1)

so fl=(1,—1) e (cosf, sinf) = cosf — sin .
ii) f is increasing most rapidly at (2, 1) in the direction of Vf(2,1) = (1, —1), using a result
about gradient. Alternatively, one could maximise, as a function of 6,
fli=cosf —sin® = V2 sin (X —0)

max. at %—92%—#214:77, keZ

when 9:—g+2j7r, ez

i.e. in the direction of (1, —1).

d. Let I = / / cosh(z?) dx dy = // cosh(z?) dx dy, where R is the region of integration:
0o Jay R

Y
I—/ / cosh(z dyd:z—/ z cosh(z?) da
11y =2/2
R _sinh(2?)|"""  sinh(4)
Lz B T T4
I 1 2 =0

2 a. For f(x,y) = 2%+ 9%+ 22y — x — y + 1, critical points are where V f(x,y) = 0, i.e. where

O _gptoy—1-0 (1)
ox
of 4 2 _

Subtracting (1) from (2) gives
3y =2y =y(By—2) =0
and so y =0 or y = 2/3. From (1), x = 1/2 — y and so the critical points are

(3,00 and (=g 3).
(2:0) [ (=35 3)
A= fon =2 P P
B=fy,=2 | 2 2
C = fyy = 6y 0 4
D =B? - AC 4 —4

Since D > 0, the point ( O) is a saddle point.

Since D < 0, and A > 0 the point ( 59 %) is a local minimum point.
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Jf=(20 —2)

VCOSW UCOSW —uvsinw
vsinw wusinw UV COS W

g(ug) = <_é> and so Jgu)f=(-2 0)

-1 -1 0
Thus o) f Juog = (=2 0)< 0 0 _1>:(2 2 0)

ii) Now Juyh = Jyup)f Juog = (=2 0) but h = f o g is a mapping from R?® — R and so
Juoh = Vh(uo)

(identifying a 1 x 3 matrix to a row vector), hence Vh(ug) = (2, 2, 0).

¢ Y
X (&,9)
(an) N Y 22 2
\\\ EJF?Z_?:l
0 (x.0) @

The area of the rectangle is A = xy, thus we must maximise A subject to

T yY 1 z>0,y>0.

2 2
Let L(m,y;A)zazy—A(x—Q—l—y——1>
a

b2
oL 2z
—=y—A[—=]=0
oz Y <a>
oL 2y
o =) ¢
oL z2  q?
a—)\ —<$+b——1>—0
2 2
By (1) and (2), 2)\:M:b—$ a’y? = b2a?
€z Yy
22 2 972
a2+b—2_1 = 22 =1

0J
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Also y? =
(since y, b > 0)

So max. area = when z =

a
ﬂ»y

Note that the cone and sphere intersect in the circle 22 +y? = 1, z = /3 and the projection
of S onto the zy-plane is the disk z? +y? < 1.

4— a:zfy
/ / / 1 dzdydx
3z2+3y
27 Va=rz
:/ / / r dz dr df
0 0 JV3r

2 pmw/6 p2
:/ / / p*sing dpdedo
o Jo 0
ii) Using cylindrical co-ordinates,

27 Va—r2 27 1
/ / / szdrdﬁz/ / (7’\/4—T2—\/§T2) dr do
o Jo

3 1
:/ [_é(zl T)3/2_@] d9:27r<—%-33/2—£+§>
0
0

3 3
8;(2—\@)

or, using spherical co—ordinates,

e p*sing dpdepdf = - 7 sin ¢ de do
/ A T

3 - 2m [~ cosgb]ﬂ/ﬁ—g 27 (1—7>
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b. Givenu=z+y, v=1— 2y,

1 1
1 -2

0(u,v) _
d(z,y)

So if R is the region between the curves (z +y)? = 4(z — 2y) and  — 2y = 1 in the xy-plane, then

st = [ 1ty = [ 1229

where R’ is the region between the curves u? = 4v and v = 1 in the uv-plane.

1
Area(R):// 1-‘—5' du dv v
1 2 ,
:—/ / dv du R
3 J 2Juz/a 1 v=1

-3

1 /2 u? 1 u u
== 1—— ) du== |u— — _u
s [-5) w5 gl
1 8 2 4 8 u
—_—.2(2—-—)=2._="Z2 -2 2
3 < 12> 33 9
a.
F = (22y® + 1, 32%y? — 2y). Let F = grad ¢ so
0 0
—¢:2xy3—|—1 and —¢:3x2y2—2y
ox oy
%_ 3 _ .23
5y = 2y 1= 6z y) =27y o+ f(y)
" %:3$2y2+f’(y)=3w2y2—2y

f'ly)=—-2y= fly) = —y2 + constant
Thus a scalar potential function ¢ for F is
oz, y) =2y’ + 2 -y

Since F = grad ¢, the line integral is independent of path and the work done by F (as a force on
an object) in moving that object along any path P from (1,—2) to (3,1) is

2

/13 e dr=o(3,1) —d(1,~2) = (9+3—1) — (—8+ 1 —4) = 22.
.

7{($+y) dr + 2% dy

/7i< y@r%w>(Mdy ,
://R(Qac—l) d:rdy:/()l/;_zy@m—l) dz dy (0,1) z+2 :;

1 2—-2 !
= [l we [ (@2 -2-w) a
o 0

1

4 1
=-2414-=

4
— |=Z(1 = 3_2 2 .
[ 3( Y) y+y}0 5= 3
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c. r(t) = (3t?, t3 — 9t) hence

d
velocity v(t) = d_]i = (6t, 3t> — 9)
2
acceleration a(t) = % = (6, 6t)

The velocity is parallel to the acceleration (at some time t) if there is a scaler A and some ¢ such
that v(t) = Aa(t).
3t =9 =06M =6t  hence  3t? =-9

which has no real solutions in . Hence the velocity and the acceleration are never parallel.

d. The three vectors u, v, w form a parallelopiped if u o v x w # 0 (i.e. if u is not perpendicular
to the normal to the plane generated by v and w, i.e. u is not parallel to this plane — nor are v and
w parallel — so they do generate a plane). If this is, so the volume of the parallelopiped is given by
u e vxw

1 1 1
uevxw=|2 3 1|=1-(-3-5)—1-(=241)+1-(10+3)
-1 5 -1

— 8—(=1)+13=-8+1+13=6

volume = 6.

a. A parameterisation of the surface is

y=A
5 (0,1)
— _ = 3/2
O A L Abp=1
where 0<A<SL, 0 <1 — A
(0,0) a0 "
i) k
dszi<@x@>dmuzi1 0 0 |drdu
oA aluf 0 1 _M1/2

= +(0, /2, 1) d\dp.

So  dS=|/dS|| = /i + 1d\dp.

1 ,1-x 1
2
Area :/ \/,u+1dud)\:/ [g(u—l-l)?’p]
0 0

0

1-X

0
- %/01 ((2—)\)3/2—1) dA:% [—%(2—)\)5/2—)\}

2 2 2 2
=22 14202 = 2 —7).
3[ 513 ] 15(8‘[ )




MathzZUl1l INovember ZUU1 solutions rage (o
i) F= (22 +yz, —2y(z +2), 2y + 2?)

i _ﬁ 2 2 _ 3 2
divE = ——(z +yZ)+ay( 2y(@+2)) + - (zy +2°)

=2 —2(x+2)+22=0.

Hence F is soltinoidal. )
11) G = (_yz2 - —ﬂl'yQ, 0) 33'2 + _yQZ)

2 2
i J k
9 9 9
curl G = ox oy ox
1 1
—yz? — §xy2 0 z%y+ §y2z
0 1
=i a—y(wa +5v%2) - 0] -J [8—(3321/ +5v°2)

I
—~
8
)
-+
<
N
=1
|
S
8
<
+
DN
<
N
=
+
@
[\
+
8
<
~—
o
I
=

c. By the divergence theorem,

//SE.gdSZ///BdivEdv

where we have renamed B = [0,1] x [0,1 x [0, 1] as the (solid) unit box and S is now the closed

boundary surface for the cube.
Now F = (y — 2z, z —xzay — 2) so

0 0 0

wF = 2 o a9,

divF 5 (y —x)+ 3y (x —x2) + 5, (xy — 2)
=—14+0—-1=-2.

//SE ’ I*lalS:(_2)//3‘“/:(—2)><Volume of B=—2

VxF=culF= (L 2, 2)xF
i j k i j k
|l 2 bo|_|lo 2 &
“ | 0x Oy Oz | | oz Oy 0z
Fy F, Fj Yz —xz Ty

=(x—(-1), —(y—y), —2—2) = (2z, 0, —22).

ii) S should denote the (bounded flat) triangular surface with vertices P(1,0,0), Q(0,2,0) and
R(0,0,3) and not the (unbounded) plane containing the triangle PQR.
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A normal vector to this plane is
n=PQ x PR = (@_mﬁ) X (OT%—OTﬁ)
=(-1,2,0) x (-1, 0, 3)

€1 €y €3
-1 2 0|=(6-0,—(-3-0),0+2)=(6,3,2).

-1 0 3
Hence the plane containing triangle PQ R has Point—normal form
(x—1(1,0,0)) en=0, . xen=(1,0,0)en

ie. 6rx+4+3y+2z2=6 or z:3—3x—%y.

Alternatively, a plane in R? has cartesian form ax + By + vz = 6 with not all «, 3, v
equal to 0. If the plane does not go through the origin, we must have § # 0 hence it can
be expressed in the form

x Yy =z

- +=+-=1

p q r
Substituting in the corners of the triangle P, (), R which are the axes intercepts, we see
p=1, g =2, r =3 which gives the required equation.

iii) We want the parameterisation for the bounded flat triangle PQR which is what S should

be. The intended parameterisation after ii) is to use z and y as parameters:

z Y

R|3 9
S=A PQR D = Proj,, (9)
Q

Yy
p 2
1 x
xT

Hence the intended parameterisation with s for z and t for y and parameter domain D =
Proj,, (5) is:

St or(s,t)= (s, t,3—3s—3t), 0<s<1, 0<t<2—2s.

Alternatively, (and this was not the intended parameterisation!), one can use a para-
metric form for the plane, using say @ and Cﬁ as vectors parallel to the plane. Note
these vectors “take in the vertices P, (@, R in cyclic order”. This leads to the alternative
parameterisation:

S: r(\p)=O0P+APQ+uQR = (1,0, 0) + A(—1, 2, 0) + (0, —2, 3)
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iv) The closed boundary curve C' = PQR is made up of 3 smooth straight line segments, so

C=Cpg+Cqor+Crp with

Cpg: r(z)=(z,2—-2z0) r=1tox=0
Cor: ty)=(0,4,3-3y) y=2toy=0
Crp: r(z)=(z,0,3—3x) xr=0toxz=1.

These curve parameterisations use the relevant edges in the intended parameterisation of
S, choosing either the 1st or 2nd co—ordinate as the curve parameter. Alternatively, one
could use standard straight line parameterisations from scratch:

Cpg: r(t)=0P+tPQ=(1,0, 0)+t(-1,2,0)
=(1-t20) t=0tot=1

Cor: r(t)=0Q+tQR = (0, 2, 0)+t(0, —2, 3)
=(0,2-2t,3t) t=0tot=1

Crp: r(t)=OR+tRP=(0, 0, 3)+(1, 0, —3)
= (t,0,3-3t) t=0tot=1.

(The possible advantage of the alternative standard method is they all have t =0to ¢ = 1.)

v) Let ds = nds be the vector surface element, with ds the scalar surface element and i a
unit normal at the surface element. Stoke’s theorem says here

/ VXEOd§=/EOdI~'.
s c

Here for the open orientable surface S = APQR, with boundary the simple closed curve
C, C must be positively oriented. This means if we choose the unit normal vector 1 to be
pointing from the side of S away from the origin (i.e. with positive z—component) then we
must traverse C' in the order P to @, @) to R then R to P.

Calculating the LHS:

1. Using the intended parameterisation, for a correct choice of £,

ds = + (? X %) dsdt = +(1, 0, =3) x (0, 1, —=3) dsdt

€1 € €3

=+|1 0 -3|dsdt==+(0+3, —(-3-0),1-0) dsdt
o 1 -3

==+(3,2,1) dsdt

for the normal vector away from the origin, we choose +,

1 2—2s
LHS :/ / (22,0, —22) o (3, 2, 1) dtds
0 0

with x =s, z:3—3s—%t
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1 2—2s 1 2—2s
:// 63:—2zdtds:// 68—2(3—38—%15) dtds
0 Jo 0 Jo

1 p2-2s 1 t=2(1—s)
:/ / 12s+3t—6dtds:/ 12st + 3t* — 6t|,_, ds
0 0 0

:/1245(1—3)—1—6(1—5)2—12(1—8) ds
0
:/124[1—(1—s)](l—s)+6(1—s)2—12(1—8) ds
0
:/112(1—8)—18(1—8)2 ds
0

1
:/ 120 — 1802 dv after v=1-3s
0

= (6v* — 62}3)‘(1) = 0.

2. Using the alternative parameterisation, for a correct choice of +,

or  Or
=4 — x — =4+(-1, 2 —2
ds (8)\ X 8#) dXdp (—1,2,0) x (0, , 3)dAdu

€1 €2 €3
=+|-1 2 0|d\du==+(6-0, —(=3—-0),2—0) d\du
0o -2 3

= (6, 3, 2) d\ du

again, for the normal vector away from the origin, we choose +,

1 A
LHS = / / (2, 0, —22) o (6, 3, 2) dyud
0 0

with z=1—-X\ z=3u
1 A 1 A
:/ / 122 — 4z dud)\:/ / 12(1 — X) — 4(3p) dpdA
0 0 0 0
1A 1 N
:/ / 12 — 12X\ — 124 dud)\:/ 12/1—12)\u—6u2|5;0 d\
0 0 0
1 1
:/ 12X — 120% — 672 d)\:/ 12X — 1822 d\
0 0
— a2 3|A=1
= 6A% —6A°||_, = 0.

Calculating the RHS:

RHS:/EodI::/ Eodg—i—/ E-dg—i—/ F e dr
C Cpq Cor Crp
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1. Using the first parameterisation for C"
0
RHS = / (yz,—zz,xy) o (1,—2,0)dt with z=¢t y=2-2t, 2=0

1
0

+/ (yz,—zz,2Y) * (0,1,—%)dt with z =0, y=1, z:3—%t
2
1

—l—/ (yz,—zz,xy) o (1,0,—3)dt with 2=t y=0, 2=3-3t
0

1 0 1
= / yz + 2xzdt + / -z — %azy dt + / yz — 3zy dt
0 2 0

! ! !
z=0 z=0 y=20

0 0 1
:/Odt+/0dt+/0dt:0+0+0:().
1 2 0

2. Using the alternative “standard” parameterisation for C"
1
RHS = / (yz,—zz,zy) » (—1,2,0)dt with z=1—¢t, y=2t, 2=0
0
1
+ / (yz,—zz,xy) » (0,—2,3)dt with =0, y=2-—2t, 2 =23t
0

1
+/ (yz,—zz,xy) » (1,0,—3)dt with =t y=0, 2=3—-3t
0

1 1 1
= / —yz —2xzdt + / 2z + 3xydt + / yz — 3xy dt
0 0 0

! ! !
z=20 z=0 y=20

1 1 1
:/Odt+/0dt+/0dt:0+0+0:0.
0 0 0

Note: Since S lies in a plane with a unit normal vector n = %(6, 3, 2), it follows
ds = n¢(a, 8) da dp

for some scalar valued function ¢(c, 3) of the parameters «, 5. However it is not immedi-
ately obvious what this scalar function ¢ is without performing the cross product calculation
for ds. For the two parameterisations for S, this scalar function ¢ is a constant function of
the parameters:

ds=+n-Idsdt =+n-7d\dp.

b. The Divergence Theorem (or Gauss’s Theorem) states
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Divergence Theorem. If R is a closed bounded region in R® whose boundary is a closed piecewise
smooth orientable surface S and F is a smooth vector field (i.e. has continuous first order partial
derivatives) on an open set containing R, then

///Rdivlf‘dV://Slj‘odg

where dV = dx dydz is the volume element in R3, ds = fids is the vector surface area element

on §, with outward unit normal i on S at the surface element and divF is the divergence of F,

defined by
8F1 8F2 8F3

Oz + oy + 0z
where ¥ = (Fy, Fy, F3), i.e. F; is the i-th component function of F.

divF =V e F =
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Math2011 Several Variable Calculus — June 2002.

a. Let f(x,y) be the function

i)
ii)

iii)

f($7y) = (372 - 1)2 + y2'

Find Vf at (0,0), and hence find the equation of the tangent plane to z = f(z,y) at
(z,y,2) = (0,0,1).

Find the Taylor series of f(x,y) about the point (1,0) up to and including the second order
terms.

Find the critical points of z = f(z,y), and determine whether they are local maxima, local

b. Given that

minima or saddle points.
< 1 7r
/ 2 2=
0 T*+a 2a

show, by differentiating both sides of the result with respect to a, that

/°° 1 4 T
—_—ar = —.
o (22 +a?)? 4a3

c. Prove by induction that for n > 1

/Oo 1 dr — 2n T
y (@2 + a2l =1, (2a)2n 1

where <Z> is the binomial coefficient,

(7)==

a. The volume V of a cylindrical can of height h and radius r is given by

i)
i)

iii)

V = 7r2h.
Find aa_v and 88—‘2
r
Write down an expression for the differential dV in terms of dr and dh. Hence find an

dh

. dv . dr
expression for a in terms of — and 7

r
If r is increased by 5% and h by 10%, what is the resulting approximate percentage increase
in V7

b. The function f: R? — R? is given by

f(z,y) = (u,0) = (2® — y*, 22y)

and P is the point (a,b).

i)

i)

Calculate <@> , <@> , <@> , <@> , and hence write down
o Jp 0y Jp o Jp 0y Jp

= (55),

By using the chain rule, or otherwise, calculate Jp(f o f).
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a. Consider a triangular lamina R in the plane, bounded by z = 0,y = 0, x + y = 1, with density

é(z,y) = zy.
i) Find the mass M of the lamina,

M:/R/ci(a;,y)dA.

ii) Find the centre of mass (Z,y) of the lamina, given by

7= / R/ 26z, y) dA/M,

y= /}Z yo(z,y) dA/M.

b. A solid S is bounded below by the plane z = 0 and above by the sphere z = \/4 — 22 — y2. It
has density §(z,y, z) = 2.
Using either spherical or cylindrical polar coordinates, calculate the centre of mass, (0,0,%) where

o= [[[ v zavy [[[ s
s S

a. Evaluate the line integral [, F - dr if the vector field F is defined by

y2€m

F=2yzi+(x+2)j— k

z

and if the curve C has the parametric representation
2 . .2
r(t)=t 'L—l—t]—i—zk for1<t<2.
b. Find a scalar field ¢ such that the gradient of ¢ is
Vo = (ycos(zy) — 2ze”) i + zcos(zy) j — 2°e” k.

c. For the vector field
G=ux221—-222j+2%yzk

find
i) divG;
ii) curl G;

iii) div(curl G).
d. i) Show that if A is a constant vector field then

V-(pA) = (Vg)- A (%)

for any scalar field ¢.
ii) Verify that the identity () in i) above holds for A = ¢+ j and ¢(x,y, 2) = zyz=.



MathzZUl1l June ZUUZ solutions rage ol

In this question two different methods are to be used to evaluate

I:/S/(VXF)-ndS

where S is the open surface defined by z = 22 + y? and 0 < z < 4, n is the unit normal to S
directed upwards, and F' is the vector field

F(r,y,z) = (z—4)yi+ (2 — 4Dz .
Parametrise the surface S, and hence evaluate the surface integral I directly.

State Stokes’ theorem.
c. Evaluate the integral I using Stokes’ theorem.

o

a. Find the Fourier series S(z) of the function defined by
fley=2 if —w<z<m.
b. To what value does the Fourier series S(x) converge at

a) a::g, B) xz=mn?

c. Sketch the graph of the function to which the Fourier series S(z) converges for the interval
—3m < x < 37, carefully indicating the value of the limit function at any point of discontinuity.
d. Use the Fourier series at © = m/2 to obtain an infinite series which converges to 7 /4.

Solutions to Math2011 June 2002 exam

a—fi a—fj:2(x2—1)-2aji+2yj
Oz oy

Vf(0,00=0i+05=0

=

The tangent plane is z — 2o = V f(z0,%0) * (x — x0)

ie. z—1=0e (x—axp) =0

or z=1.
ii)
0 0
) = Flao,n) + 5y | G0 90) @ = 20) + 5 (a0 (0= o)
0? 02
+ % [@(33073/0) (x — x0)* + 2Wgy(330,yo) (. —20)(y — Yo)
02 f )

+ 8—y2(3307y0)(y —yo)”| + -+

:O-i—%[O(z—O)—i-O(y—O)]

—I—%[8(3:—0)2—1—2-0(;1?—0)(9—0)—1—2@—0)2]+---

flay) =4(z =1 +y* + -
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Since

of
ox
of
dy
o*f
0x?
0% f

Oz Jy
0% f

Oy?

= 4% — 4z

=1222 -4

=0

f(1,0)=(1-1)2402=0

of

5-(1,0)=0
%(1,0):0
%(1,0) —12-4=38
%(1,0):2

ORletu=xz—1, v=ysox=u+1, y =v, hence

fley) = (@2 - 12 + 4 = [(w+ 1) = 1]° + 27

= (u? 4 2u)? +v* = u?(u 4 2)% + 02
= u?(u® + 4u +4) +0*
=du® + v + 4 +ut

=4z — 1)+ + 4 — 13+ (z - 1),

iii) Critical points are the points (z,y) satisfying V f(x,y) = 0. So solving

of _

ox

of
Jy

4a(z? —1) =0

we see the critical points are (0,0), (—1,0), (1,0). Now at any point (z,y), let

*f 2
_ o _
- Oxdy
0% f
C=—=-=
0y?
So applying the 2nd order test:
Critical _ ﬁ _ >*f _ ﬁ 2
Point = 5.2 B = 920y C = RIE B — AC Type
(—1,0) 8 0 —16 Local Min. Pt.
(0,0) —4 0 2 8 Saddle Pt.
(1,0) 8 0 2 —16 Local Min. Pt.
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b. Differentiating both sides w.r.t. a (and assuming a version of Leibniz’s Rule for Differentiation
under the Integral Sign for Improper Integrals®)

/°° 2a d T
—_—_dr = ——
0 (22 4 a?)? 2a2

/Oo 1 p T
—  _dr=—.
o (224 a?)? 4a3

c. Forn e Z" (i.e. an integer and n > 1), let P, be the proposition that

/Oo 1 do — 2n T
o (224 a2)ntl “\n (2a)2n+1

then P is true by part b) above.
Suppose for some n € Z* that P, is true. Again differentiate both sides w.r.t. a, (again assuming
the appropriate version of Leibnz’s Rule *),

[ = () e b g

Dividing both sides by —2a(n + 1),

/‘”;dwm. mN 5 T
o (@24 a2 nl n (2a)?n+3

2n—|—1'<2n>'2:2(2n—|—1) (2n)! 2 (2n+2)! 1

Now

n+1 n n+1 .n!n!_n—l—l. n!n! .2n—|—2
B 1 (2n+2)! (2n 4 2)! ~[(2(n+1)
(n+1)2 nlnl (m+D)!n+1)! \ n+l

0 1 (204 7
o (2% + a?)nFDH = n41 (2a)2+D+1

So P, is true, so as P; is true and for any n € Z™, if P, is true then P, is true, hence by
mathematical induction, P, is true for all n € Z™.

[* Technical Note (Not expected in solution) The version of Leibniz’s rule required here:

%/0 f(x,a)da:—/o %(az,a)dx

requires the LHS improper integral to converge for at least one value of a in some interval, and the
RHS improper integral to be uniformly convergent for that interval for a, i.e. given € > 0, there
is an X such that for all o > X and all a in the interval,

—(z,a)dx

< €
Oa

Zo

— in other words, this X is independent of ¢ and the same X works for each value of @ in the
a—interval.

< g(z) for all values of a in the a—interval, for some

0
This is usually checked by showing ‘8—f(x, a)
a

function g(z) which is independent of a and for which g(x) dx is convergent.

0
These conditions can be verified in this case with f(x,a) = 1/(2? + a?)"™ when we take the interval
for a to be any finite closed interval not including 0.]
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2 a. V=mnr2h.
i)

av v,
W = 27TTh, % =T7r- .
i)
ov v ,
dV = Wdr—l—%dh—%mﬂhdr—l—ﬂr dh

d_V_27Trhdr+7TT2dh_ ﬂ—l-ﬁ
vV ar2h mr2h  r h

iii) With dr = 5%, % = 10% we have g = 2 x 5% + 10% = 20%, so the approximate
r

percentage increase in V is 20%.
b. f(z,y) = (u,v) = (z? — y?,22y). P is the point (a,b).
i)

@:233, @ = 2a
ox or ) p
ou ou
) =) =-2
dy Y <8y>P
ov ov
@:2% il = 2a
dy y/)p
ou ou
~_(O(w,v)\ | Oz Oy ~(2a —2b
7w = (5637 ), = Qv o - (% o)
Jdxr 0y / p

ii)
Jp(fof)=Jyp(f)Jr(f)

B <2$ —2y> <2a —2b>
2y 2z (,9)=(a2 b2, 2ab) 2b 2a

[ 2(a® - b?) —4ab 2a —2b

N 4ab 2(a® — b?) 2b 2a

_ (4a(a® — b?) — 8ab? —4b(a® — b*) — 8a?b

B <8a2b +4b(a®? — b?)  —8ab? + 4a(a® — b2)>

_(4a® —12ab* —12a%b + 4b3
— \ 12a%b — 463 4a? — 12ab?

Alternatively fo f(z,y) = f(f(z,y)) = f(z® — ¥, 2ay)
= ((z* = 9%)* — (22y)*, 2(2” — ¥*)(22y))
= (ac4 - 6x2y2 + y4, 4x3y — 4xy3)

4a® — 12ab®  —12a%b + 4b*
Tp(feof)= (12a2b — 46 4d® — 12ab’ >
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r+y=1

1 1—x
Mz//(SdAz// xy dy dx
R 0o Jo
1 2qy=1—x 1
Y 1 2
= Z - _ 1_
/Ox[2} dz 2/0;13( x)* dx

y=0
1

1
25/ u?(1 —u) du (after u =1 —x)
0

N
213 4| 24°

1 1 1—x
T=— // xo(z,y) dA:24/ / 2%y dy dx
M JJg o Jo
1 2 1

y=1—=x
= 24/ z? [y—} dr = 12/ 2*(1 —2)? do
0 2 0

ii)

y=0
3 2t 25! 1 1 1
12| - =125 -S4 =
[3 4+5}0 [3 2+5}
10— 1 12
_ o (0=15+67 ., 1 _2
30 5

By symmetry, (i.e. R and § are both symmetric under relection (x,y) — (y,z) about the
. 2 .o 2 2

liney=2x),y= E also, so centre of mass is (Z,7) = e )

. Using cylindricals,

2 2 p/A—r2
M:///5($,y,z) dV:/ / / z-r dzdrdf
s o Jo Jo

2 27e=VAT 5
:271'/ r[—] dT‘ZTI’/ r(4 —r?) dr
0 2 0
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B 1 27 Va—r2
:M///Szé(a:,y,z) dV—— / / -7 dzdrdf

1 2 23 4-r? 3/2
=— 27~ r|— dT:— r(4 r2)3/2 dr
T 0 3 2=0 6 0

4
2
6| 5 o 30 30 15
C. of M. = (0,0,%) = (0,0,16/15)
a.
2 2 2 t3et’ 2
F o dr = 2. t-= )i+ (t2+=2) - k|l o (2ti+j— k) dt
R A [ R G FE R R (D)
2 2 2 3 1 22
:/ 8t+ (t2+ =) +tet | dt = |4t + = —2Int + = ¢
L t 3 2,
:4(22—11)—1—%(23—13)—2(ln2—ln1)+%(e4—el)
7 1 43 1
—12+§—21n2+2(e —e) = ?—211124-2(6 —e).
b.
Solving 99 = ycos(zy) — 2ze® (1)
ox
g—z = z cos(zy) (2)
0
8—25:—.1‘262 (3)

Integrating (1) w.r.t. z, gives ¢ = sin(zy) — z2e* + h(y, z). Subst. this into (2) now gives

xsin(zy) — 0+ 8—Z(y, z) = x cos(zy)
oh
a_y(ya Z) =0
h(y, z) = 9(z)

Finally subst. ¢ = sin(zy) — z%e* + g(2) into (3), then

0—2%e* +¢'(2
J(z
9(

hence ¢(z,y, 2

I

) =
)
) a constant
): n(zy) — x%e” + const.
(All equations hold for all x,y, z).
c. G=uz?i—-2y%25+2%yzk.

i)
0

0
i = o = — 2 _— 2 —_— 2
divG =V « G ax(azz )+ y(2y z) + az(az Yz)

=22 —dyz+ 2%z



MathzZUl1l June ZUUZ solutions rage o/

i)

1 7 k

0 0 0

curlG =V x G = % 8_1/ &
x> 2%z x2yz

= (%2 — (=2y%)) i — (2zyz —222)j+ (0—0) k

= (222 +2y*)) i — (2zyz — 2w2) §
iii)

2(—2:1:yz +2x2)5 + 2(0) k

0, 5 2y -
—(z z—|—2y)z—|—ay 5

Ox
= (2z2)1 — (222) j

div(curl G) =

Let A=Aji+ Ayj+ Ask
0 0 0
V e (0A) = a—(¢A1) + a—y(éf?Az) + &@Agg)

0A | 0y | 04 o6 06 . 9P
¢>( ot az>+A18 o+ gy

(by the product rule for differentiation)
=¢-0+Vpe A (as A is constant)

=(Vg) « A

ii)
With A=14+ 35 and ¢o(z,y,2) =2xyz
then ¢A =zyzi+xyzj+0k

0 d d
V e pA = — pe (a:yz)+a—(acyz)+a—(0) =yz+az

and ( (ay2)i+ 5 (az) 3+ 5 O)R) + (i d)

yzi+azj) e (i+ jJ)=yz+zz.
5 a. [Sketch not required]

oz =a% 4+
0<2<4
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i) Two possible parameterisations for S are
L Cartesian : 7= (2,02 +%),  (2.y) €D ={(z,y) | 0<a? +y? < 4}
2. Polar . r=(rcosf,rsinf,r?), 0<6<2mr, 0<r<2

Using 1. Cartesian, (where the parameter domain has been given the name D),

or 0 v Ik
dS=ndS=4+ L x L) dedy=+|1 0 2z|dedy
oxr Oy
0 1 2y

= +(—2z,—2y,1)dxdy
and 4+ must be taken to be + for upward normal

dS =ndS = (—2x,—2y,1)dzdy

') j k

0 0 0

d VxF= = il il
o x or oy 0z

yz—4y xz—4x 0
=(0-2,-(0-y),((z-4) = (—4))

= (—JT, Y, 0)

//S(VXF) : "dS://D(—%.%O) o (—22,-2y,1) dedy

—// 222 — 2% da dy
D

=0

by symmetry of the parameter domain D about the line y = = under reflection 7" : (x,y) —
(y,x) and antisymmetry of the integrand under this reflection, i.e. if f(x,y) = 222 — 2y?
then

F(T () = fly, ) =2y — 22 = —f(z,y) .
OR by evaluating this double integral by polars,

2m 2
// 22?2 — 2% dx dy = / / (2r% cos® 0 — 2r®sin® 0) - r dr df
D o Jo

2 27
= </ 23 dr) . (/ cos 260 d9)
0 0
27

27 : 2
=0, as / cos 20 df = [sm 0} =(0-0)=0.
0 2 o

Alternatively using 2. Polar,

or Or
dS =ndS =+ <§ X %> dr df

7 J k
=+| cosb sinf 2r| drdf

—rsinf rcosf O

= +(—2r%cosf, —2r*sin 6, r) dr df
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and 4+ must be taken to be 4+ for upward normal
dS =ndS = (—2r%cosf, —2r*sin 6, r) dr db

and V x F = (—z,y,0) (as found above)

= (—rcosf,rsinf,0)
27 2
// (VX F)en dS:/ / (—rcosf,rsin®,0) o (—2r?cosf, —2r*sinb,r)dr df
S o Jo

27 2
= / / 213 cos? 6 — 2r3 sin? 6 dr db
0 0

= </022r3 dr> : </027rc0s29 d9>

=0 as above.
b.

Stokes’ Theorem. If F is a continuously differentiable vector field on an open subset of R3
containing an open smooth (orientable) connected surface S with a positively oriented boundary
curve C' made up of finitely many smooth curves, then

/FOdr:/curlFOdS:/(VxF)OdS'
C S S

c. Let C be the boundary curve 22 +y? = 4, z = 4 to S with the orientation shown as in the above
diagram, i.e. anticlockwise as seen looking down the z-axis towards the origin. With the choice of
upward normals on S, then C' is positively oriented w.r.t. this orientation of S. A parameterisation
for C with this orientation is

C : r=(2cosh,2sinb,4), =0 to O=2m.

On C we observe, however, that F' = ((z—4)y, (z—4)z, 0) = (0,0,0) (as C lies in the plane z = 4),
so we find that

2
/F . dr:/ ((z =4y, (z — 4)z,0) o r'(6) db
c 0
:/0 (0,0,0) or(@)d@z/o 0do=0.

6 a. Since fis odd on (—m,), its Fourier series is

Z.
5
N
8

=
=
I
()¢
S

n

3
Il
—

™ 2 s
f(x)sinnx de = — / xsinnx de forn >1
-7 ™ Jo

T d [ —cosnz 2 T CoSNT cosnr d T
/ r— | —— ) de == |— +/ - —(z) dx
o dz n 7'(' n n dz 0

s

0

A0 N[0 3=

rcosnr sSinnx 2 T COSNT
— + — —
T

n n? n

n

> 1\yn+1
so S(z) = 22 Lsinnaj .
n=1

n
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b. The 2r—periodic extension f of f is piecewise continuous (its discontinuities are at odd multiples
of 7), it is differentiable everywhere except at points of discontinuity a = (2p+1)7 for p € Z, (where
f(a) is undefined), but there D* f(a) = 1 and D~ f(a) = 1, so exist and are finite.

Hence by the Pointwise Convergence Theorem, for all = € R, the Fourier series S(z) converges and

Lorz, o 7 —
S@) =5 [f@) +fa)] -
where f(z7) = lim f(y) and f(z*) = lilrn+ f(y) are respectively the left and right hand limits of
y—x~ y—x

f at x. Hence

i)

S(/2) = 5 [F(w/2)7) + F(w/2))] = fmf2) = T
ii) L
S(m) =3 [F@) + 7)) = 5w+ (=m)] =0
| Yy
-3 —27 -7 T o 3
d.

- > (—1)ntl nmw
S =fT/2)=S(x/2)=2) % sin (7)

2
Qi (_1)2k+1+1 i (2k‘ + 1)71’
P 2k+1 2

(as the sine terms for n even are all zero)

=1
=2 (—1)*
2k +1
T = (—1)F 1
— = —1—-4=-_Z=
4 szﬂ + *
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Math2011 Several Variable Calculus — November 2002.

1 a. Let ¢(x,y, 2) be the function
o(z,y,2) = —2zy + zln(y + 2).

i) Find V¢ at (1,3,—2), and hence find the parametric equation of the line normal to the
surface ¢(z,y,2) = —6 at (x,y,2) = (1,3, —2).

ii) Find all points (x,y, z) such that V¢ = o at (z,y, 2).

iii) Find the directional derivative of ¢ at the point P with coordinates (1,3, —2) in the direction
of the vectora =1+ 375 — 2k

b. If z = f(t) and t = M, show that
zy

0 0
205 _ 20
ox oy
c. Use the method of Lagrange Multipliers to find the minimum value of x + 2y subject to the
conditions xy =2, x > 0, y > 0.

2 a. For a lens with focal length f, the object distance v and image distance v are related by

SN

1
v

~|

If f is measured as 2 meters and u as 3 meters, each with an error of at most £0.5%, estimate the
maximum possible percentage error in the calculated value of v.
b. The function g : R? — R? is given by

z\  (u\  [2*—y?
g y) " \v)~ 22+ y2 .
i) Find the Jacobian matrix J g .
ii) By using the chain rule, or otherwise, calculate J(g o g).

c. Find the Taylor series expansion of f(z,y) = In(1+z+ 2y +y?) about the point (0,0) including
all terms up to second order.

3 a. i) Sketch the region of integration of

1 el s
I:/ / ye YV dydx
0 T

ii) Evaluate the integral in i) by changing the order of integration.
b. i) Write down iterated integrals in both Cartesian and spherical coordinates for fQ fdV where

f(z,y,2) = z// 2% + y? + 22

Q:{(x>y¢z)0§23m,0§y§x}

ii) Evaluate one of the integrals in b) i) above.
c. Use the substitution u = 22 4+ y2/4, v = y/x to evaluate fQ fdA where

flay)=2>+y*/4+y/x

and € is the region in the first quadrant bounded by 22 +y2/4 = 1, 224+y%/4 = 3, y = 2z, y = 2V/3 x.
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a. Let F be the vector field
F(x,y,2) = (e, xe¥ +1Inz, y/z)

i) Find a potential for F'.
ii) Calculate [, F(r)-dr where C is the curve r(t) = (cost,sint,1+41),0 <t < 2.
b. i) Let G be the vector field
G(J?,y,Z) = (—yZ, Tz, xz)

Calculate curl G.
ii) For a vector field F(x) = (P(x), Q(x), R(x)) and a scalar field ¢ on R3, express div(¢F)
in terms of derivatives of ¢ and F', where ¢F' is defined as
(¢F)(z) = (¢(z)P(x), o(x)Q(x), d(x)R(x))
c. Find the flux [[¢ F'-ndS out of the unit cube
{(z,9,2): 0<2<1,0<y<1,0<2<1}

where F = (zy, vz, 22) .

a. Let F(z,y) = (1,2) and let C be the curve {(z,y) : 22/4 + y? = 1} oriented counter clockwise.
i) Evaluate [, F(r)-dr
ii) Is F conservative? Explain your answer.

b. State Stokes’ theorem.

c. Let S be the portion of the surface

z =1+l

lying above {(z,y) : x>0,y >0, z +y < 1} and let F be the vector field F(x,y,z) = (y, z, ) .
Calculate f gcurl F' - ndS where n is the upward pointing unit normal to S

i) directly, by parametrising S, and

ii) by evaluating an appropriate line integral.

Consider the function defined by
fle)=mm—2 for 0<zx<m.

a. Suppose that f were to be extended to an even function f,(x) with period 27r. Thus f.(z) = f(x)
for 0 <z < and

fe(_x):fe(x) and f5(1‘+271') :fe(x) for all x
i)  Sketch the graph of the function f.(z) for —4n < x < 4m.

ii) Find the coefficients in the cosine half-range expansion

fe(w) = 1ag + ian cos (nx) .

2
n=1
iii) Deduce the value of
> Gt
2
Pt (2k+1)

b. Suppose now that we were to find the Fourier series of period 27 of the odd periodic extension
fo(x) of f. (Note : You are not asked to actually determine this series). Sketch for —4nw < x < 4x
the function to which this series would converge, indicating clearly the behaviour at any points of
discontinuity.
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Solutions to Math2011 November 2002 exam
a. ¢(z,y,2) = —2zy +rn(y + 2)
) Vé=(-2y+ny+2)i+ (-2 +——)j+ ——k

Y+ z Y+ =z
At (1,3,-2), Vo =—6i—j+ k.
Thus, if (z,y, z) are the coordinates of a typical point on the normal line:

xi+yj+ zk — (1+3j —2k) = A\(—6i — j + k)
ie, z=1—-06\, y=3—-X, 2=—-24+\.

ii) If V¢ =0, then —2y +In(y + 2) =0, —2x+%:0and T~
y+z

Y+ z
The second two imply = = 0 and the first implies 2y = In(y + 2), i.e. 2 = —y + e?¥.
Thus, the required points lie on the curve z = —y + €2V in the plane z = 0.

iii) The unit vector in the direction of a is
a=a/la] = (i+3j—2k)/V14.
The required directional derivative is then

(Vo) -a=(—6i—j+k)-a=(—6-3—2)/vV14d=—11/V/14

b.
0: _df o 0s_dr o
or dt Oz oy dt Oy’
. 1 ot 1 ot 1
Since t-;%—&,%——P and T
gz = yzg—z (= —f'(t)) as required.

c. The Lagrangian for this situation is
L(x,y,\) =z +2y — Aoy — 2).
Hence setting to zero the derivatives of £ with respect to x,y and A gives
1-XAy=0,2-—X=0 and zy=2.

Hence y = A~! and x = 2\~ = 2y. Substituting this into the constraint gives 2y = 2, so y = +1
(as y > 0) and x = 2. Thus the minimum occurs at (2,1) and the minimum value is 2+ 2 x 1 = 4.

a.
1_1.1
v f u
S R L
v2of  f? o v2Ou  u?
v 0? ov 2, o
A and %——v/u
Now,
Av g—fAf—i—@Au
v? v?
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. We have, approximately,
02 02

The calculated value of v would come from

L1111

v f w 2 3 6 o
Further, |Af|/f < —— and |Aul/u < ——. Thus 100]Av]/v < = x 6 X (= + &) = 5,2
urther, = 300 n uu_200. u vv_2 5t3)= .

Thus, the calculated value (v = 6) could be in error by as much as +£2-% (approximately)

b. i) Jg— [um uy] _ [23: —2y]‘

Vg Vy 2¢ 2y
ii) Using Chain rule:

J(gog)=Jyg Jg

[ R

23 Y3
Alternatively, )
(gog)< >: (a;.Z_yZ)Z_(.IQ y2 2:|
(22— y2)2 + (a2 + y2)?
B _4$2y2 :|
B | 224 + 294
—8xy? —8ya?
o =
won=| ot e |
c.
flz,y) =In(1 + 2 +ay + y*); £(0,0) =0
1+y
x = ; z\Y, =1
f 142z +azy+y? 12(0,0)
z+ 2y
fy:1+m+a:y+y2; 14(0,0) =0
—(1+4y)?

(1+x+my+y2)2;

(I+z+ay+y*)1 - (1+y)(=+2y)

fmy = DRV ) fmy(0,0) =1
1+z+zy+y?)

f 204z t+aty?) - (2+2y)°

v (14 2z + 2y + y?)? ’

fyy(0,0) = 2.
£l y) = 0+ 1(2) +0y) + 5 {(~1)a? + (2 x Dy + 2%} +

1
i.e. ln(l—l—m—i—xy—i—yQ):x_§$2+$y+y2+,,,
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Y
(1,1)
1
y==z
} T
1
ii)
1,1
/ / ye - dy dx
0
1 1
:/ / ye yda:dy—/ ye ¥ dy
0o Jo 0
1 1
=[], =50
b. i) & ii)
[The following sketches were not required in the solution]
) z
. y=2x
PrOJzy(Q) 9
(V2,v?2)
x
2

NN .
I = dV = dzdzxd
/va /0 / Ty ey

/4 pm/2
:/ / / PCOSO 2 in & dpdesdd

/2
:%[%} / smqbcosqbdqb—% g[—sm2q§]
00 0
8 1
=1330-0="3.

rage Jo
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c. Need Jacobian determinant

o(u,v)  |u, wu,| | 2z y/2
Ow,y)  |va vy| |-y/2® 1)z
:2—|—y2/2x2:2—|—v2/2:%(v2+4).
Ox,y) 2
Hence o(u,v) 4 +02
Now /fdxdy—/ f ggm u;'d du

/ /2\/_ u—l—v v d
u

3 2v/3
1
=2 1 {[gtan—lg+§ln(4+v2)]2 }du

_ /13 {u[tan_l V3 — tan~(1)] + In (441142> } du
{

31
Lo g = 7T(9 1)+ 2In 2
= |-u*— —uln —(9 — n
2" 12T T
m
=T 4 om?2
g e

a. i) F=V¢ = o¢,=¢Y ¢oy=wxe!+1nz; ¢, =y/z
Integrating the first = ¢ = xe¥ + H(y, z) = ¢, =uwxe¥+ H,.
Comparing with the second gives H, =Inz, so H = ylnz + G(2).
So ¢ = xe¥ + ylnz + G(z) which :> R —y/z—l—G’( ).
Thus G'(z) =0, s0 G =C =0 wlo.g.
Hence, ¢ = xe¥ + yln z will suffice.

i)
[P de= [ Vo dr = b~
c
= ¢(1,0,1+27) — $(1,0,1) =1+0—-1-0=0.

b. i)
i j k
VxG=|08, 98, 0.
—yz xz x>

=i(—z)—j2z+y)+k(z+2)=—2i— 2z +y)j+ 2k .
i)
0 0 0
V. (¢F) = a—gg(éﬁp) + a—y(éf)@) + &@R)
= (Vo) -F+¢(V-F).
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c. Use Gauss’ Divergence Theorem

//F n ds = ///V FdV = /// (y + 22)dz dy dz
// y+22dydz_/ {Ey —i—2yzh}dz
[ (er)an [k <o

5 a. i) Represent curve as z = 2cosf, y =sinf; 0 < 0 < 2.
So, on C, r = 2cos 0i + sin 6j,

ie. dr=(—2sinfi+cosfj)dd and F-dr= (—2siné +2cos®6) df
2m
%F-dr :/ (—2sin @ + 2cos®6) db
c 0

27
:/ (—2sinf + 1 + cos 26) df
0

1 27
= [200594—94— §sin29] =27 .
0
ii) If F were conservative, the integral would be zero since we are integrating around a closed
curve. Hence F cannot be conservative.
b. Let S be a piecewise smooth orientable surface with boundary C (which is a piecewise smooth
simple closed curve). Then if F is differentiable on a domain containing .S,

/VxF-ndS:j{F-dr
S C

where n is a continuous non-vanishing normal to S and C is oriented positively with respect to n.
c. i) Parametrise S as the set of all points r = zi + yj + (1 + e*T¥)k with

x>0,y>0, z+y <1

Then a normal is

i ] k
N=r,xr,=|1 0 et
0 1 ety

= i — " TVj 4 k.

(Note: This is upward, as required)

i j k
V xF=|0/0x 0/dy 0/0z|=—(i+j+k)
Y z T

So,on S, VxF-N =2 —1 and

1 11—z
/VxF-ndS:// 2"V — 1) dy dx
s o Jo
1 1
= / ([2e™HY — y](lfm) dx = / (2¢ — (1 —x) — 2¢") dx
0 0

1 1
[2ea;+2x —x—2e I](l):26+§—1—26+2:3/2.
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ii) The boundary curve consists of 3 segments
Cy:  From (0,0,1) to (1,0,1 + e) along the curve z = 1 4 e” in the plane y = 0.
Ca:  From (1,0,1 +¢€) to (0,1,1 + e) along the curve z = 1 + e in the plane x +y = 1.
Cs:  From (0,1,1 + €) back to (0,0,1) along the curve z = 1+ ¢¥ in the plane z = 0.
Now F -dr = ydz + zdy + x dz.
OnCi: r=zi+ (1+2)k, (y=0), 0<z<1.

1
/ F'dr:/ $dz=/ $€zd$:[(33_1)€$](1):1'
(ot C1 0

OnCy:r=(Q1-ylityj+(1+ek 0<y<l, z+y=1

dr = (—i+j)dy
1 1 1
/ F-dr:/(—y—l—(1+e))dy:[——y2+(1—|—e)y
Cy 0 2 0
= (& 2—6 2

OnCs: r=yj+(1+e¥)k, z=0,1>y>0.

0 0
/ F-dr:/ Zdy:/(l—i-ey)dy
C3 1 1

=y+e'l=0+1-1—-c=—¢.

1
j{ F.dr = 1—1—6—1—5 — e = 3/2 (which agrees!)
c

6 a. i
Y
Je
T
x
—4r =37 27 —T ™ 2m 3m 4T
i)
fle) = S0+ Y
c(z)==a ayp, COS NT
2 ’ n=1
2 [T 2 (7
where ap = — fe(x)cosnz de = — | (m —x)cosnxdx
T Jo T Jo

2 [T 2 1 o2 1
So aoz—/ (7T—$)da::—[7m—§x2] Z—[7T2—§7T2]:7T
0

m s
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and for n > 1,

™
ap, = / (m — x) cos nx dx
0

_2 [(W—ac)sin naz}w+g/” sinnacdaC
T 0 0

n m n

3|

= [1 — cosnr]

— oS nx} T 2
3
0o ™

2 1 0: if nis even
= 1—-(-1)"
(= (=17 X{4: if n is odd

+£§:cosnaz _+ ZcosQn—Flac.

felz) = (2n + 1)

iii) Put x = 0. Since f.(0) = 7 and f. continuous everywhere and DT f.(0) and D~ f.(0) exist,

o

T4 1 1 )
T=ota nzo 2n+ 1) nzo Gy "/
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