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Appendix B
Navier-Stokes Equations

The purpose of this appendix is to spell out explicitly the Navier-Stokes and mass-continuity
equations in different coordinate systems. Although the equations can be expanded from
the general vector forms, dealing with the stress tensor T usually makes the expansion
tedious. Expansion of the scalar equations (e.g., species or energy) are much less trouble.

B.1 GENERAL VECTOR FORM

The equations in this section retain some compact notation, including the substantial deriva-
tive operator D /D¢, the divergence of the velocity vector V-V, and the Laplacian operator
V2. The expansion of these operations into the various coordinate systems may be found
in Appendix A.

B.1.1 Mass Continuity

ap Dp
- . = e V= B.1
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764 NAVIER-STOKES EQUATIONS

B.1.2 Momentum, General Form

DV oV A% A\
- 9y WiV = 2L A %
P p[at+(VV)} p|:at+V(2>+V><(V>< )}
= f+V.T=f-Vp+V.T (B.2)
B.1.3 Momentum, Constant Viscosity
DV vV aV V.V
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f—Vp+uVV+(x+wV(V-V) (B.3)

B.1.4 Momentun, Incompressible and Constant Viscosity

DV
E—:f—VerquV (B4)

B.2 STRESS COMPONENTS

The stress state is represented as a symmetric tensor T, whose components may be ex-
panded into various coordinate systems. The specific-coordinate-system expansions of the
divergence of the velocity vector V-V may be found in Section A.10.

B.2.1 Cartesian

The components of the velocity vector (u, v, w) align with the cartesian-coordinate direc-
tions (x, v, 7).

Ju

Ty = —p+4+2u— +«V-V
dx
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B.2.2 Cylindrical
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The components of the velocity vector (1, v, w) align with the cylindrical-coordinate di-

rections (z,r, 8).

Tzz
Trr
Tgo
Tar = Tz
Trg = Tor
Tz = Tz

B.2.3 Spherical
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The components of the velocity vector (v,, vg, vg) align with the spherical-coordinate di-

rections (r, 8, ¢).
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B.2.4 Curvilinear

The components of the velocity vector (vi, v2, v3) align with the curvilinear-coordinate

directions (x1, x2, x3).
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B.3 CARTESIAN NAVIER-STOKES EQUATIONS

B.3.1 Mass Continuity

dp Odpu Odpv  Opw
at ox ay az

=0

B.3.2 z-Momentum

Du ap d
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B.3.3 y-Momentum
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CARTESIAN NAVIER-STOKES, CONSTANT VISCOSITY

B.3.4 Zz-Momentum

Dw op 0 dw
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B.4 CARTESIAN NAVIER-STOKES, CONSTANT VISCOSITY

B.4.1 z-Momentum, Constant Viscosity

Du 3p 2 3
= fi——+uVv — V-V
P Dy Sx ax+“ u+(u+lc)ax

B.4.2 Yy Momentum, Constant Viscosity
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B.4.3 z-Momentum, Constant Viscosity

Dw d d
fom o+ VR0 () 5TV

,03[— - a9z
B.5 CYLINDRICAL NAVIER-STOKES EQUATIONS

B.5.1 Mass Continuity

dp dpu 13drpv la,ow_0
3t 3z r or rae
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B.5.2 z-Momentum

Du _ 8u+ 8u+ 8u+w8u (B.17)
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B.5.3 7r-Momentum

Dv  w? 8v+ 8v+ 8v+w8v w? (B.18)
_——— = —tu—+vr—+ —— — — .
P\Dr ~ r P\ ar ™% T T
op ad dv  du ) dv
Il R —|ou= .
8r+82[ﬂ(82+8r)]+ r[“ar“‘vv}

0
+]8 ]8v+8w w +2;L dv l1ow v
r a0 H r 36 or r r |or r 06 r

Il
:’ﬁ
l
|

B.5.4 6O-Momentum
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B.6 CYLINDRICAL NAVIER-STOKES, CONSTANT VISCOSITY

B.6.1 z-Momentum, Constant Viscosity
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B.6.2 7r-Momentum, Constant Viscosity

Dy w? ov n ov n ov n wav  w? (B21)
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B.6.3 O-Momentum, Constant Viscosity

Dw+vw aw+ aw+ 8w+w8w+vw (B.22)
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B.7 SPHERICAL NAVIER-STOKES EQUATIONS

B.7.1 Mass Continuity:

p 19 13 1
%4 (pr%,) + 2 (pugsinB) + ——— —(pvg) = 0 (B.23)
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B.7.3 6-Momentum
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B.7.4 ¢-Momentum
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B.8 SPHERICAL NAVIER-STOKES, CONSTANT VISCOSITY

B.8.1 7-Momentum, Constant Viscosity
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B.8.2 6-Momentum, Constant Viscosity
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B.8.3 ¢-Momentum, Constant Viscosity
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B.9 ORTHOGONAL CURVILINEAR NAVIER-STOKES

B.9.1 Mass Continuity

d Via V>0 V30
9  Y19p V200 + e (B.30)
ot h1 x) hy x2 h3 x3
p |3 (hah3VD) n d (h3h V) n dhaVs) | _
hihahs ax) 9x> 9x3 -

B.9.2 xi-Momentum
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1 a 1 9V Vo 0h Vi3 dh
2 douhghy (— L4 22 B0
hl 8x1 h1h2 8X2 h3h1 aX3

) h, o 1%) h, o Vi
A PN AN N 27 (2
M {” i [hl a1 (h2> T i (m)}
] hy 0 Vi hsy o Vs i
N YRR B (A N VIR )
+3)63 {M : 2[h3 9x3 <h1>+h13X1 h3
u hy o V2 +h] 0 8h]
hihy | hy 0xy hz hy 3x; h] 8x2

n I hy 0 V1 +/’13 d V3 dh,
h1h3 /133X3 h1 h1 8x1 h3 aX3

2u 1 V2 Vi dhy Vi ahz} ohy

hihy VB2 9%z | haha 9x3 | ik ox1 | ox1

2 1 8V Vi oh Vi dh oh
w 3 1 dh3 3 3]__3 (B31)

iihy s 9xs | hshy 9x | Tiahs 0x2

8x1

B.9.3 x2-Momentum
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B.9.4 x3-Momentum
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