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Definition 8.1. f:J — J is said to be topologically transitive if for any
pair of open sets U,V C J there exists k > 0 such that f*(U) NV # 0.
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Definition 8.2. f:J — J has sensitive dependence on initial conditions if
there exists 6 > 0 such that, for any € J and any neighborhood N of z,
there exists y € N and n > 0 such that |f"(z) — f™(y)| > 6.
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Example 8.3. The quadratic map pz(1 — z) with g > 2 + /5 possesses
sensitive dependence on initial conditions on A. To see this, choose ¢ less
than the diameter of Ay, where Ag is the gap between Iy and I;. Let x,y € A.
If z # y, then S(z) # S(y), so the itineraries of z and y must differ in at
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Example 8.4. An irrational rotation of the circle is topologically transi-
tive but not sensitive to initial conditions, since all points remain the same
distance apart after iteration.
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Definition 8.5. Let V be a set. f:V — V is said to be chaotic on V' if
1. f has sensitive dependence on initial conditions.
2. f is topologically transitive.
3. periodic points are dense in V. Ve LS’) - \I
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Example 8.6. f:S! — S! given by f(f) = 20 is chaotic. As we have
seen, the angular distance between two points is doubled upon iteration
of f. Hence f is sensitive to initial conditions. Topological transitivity also
follows from this observation since any small arc in S is eventually expanded
by some f* to cover all of S and, in particular, any other arc in S'. The
density of periodic points was established in §1.3. We remark that this map
possesses a strong form of sensitive dependence called expansiveness.
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Definition 8.7. f:J — J is expansive if there exists ¥ > 0 such that, for
any z,y € J, x # y, there exists n such that |f™(z) — f™(y)| > v.
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Example 8.8. The quadratic maps Fj,(z) = px(l — z) are chaotic on A
when p > 2+ /5.

b G/Q - / /L
/( @q@ PR f;

s /r@\(-)“ -L(‘va /fL\\JQ__

, Qou%f/& v ((Zjﬂ v~ >“LL

Pue, 2 ovn /)ubo\\o Iopls G el ds Go.
el e Deplo weestae ] Vew Coo fas usY e 7T
Example 8.9. Fy(z) = 4z(1 — z) is chaotic on the interval I = [0, 1].
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