Chapter 5

Plasma Kinetic Theory

5.1 Klimontovich Equation

5.1.1 Introduction

Start from first principles => exact plasma description

Single particle:

e location X, (t), velocity V(%)
=> 6 degree of freedom
=> six-dimensional space

e Density of the particle in this space: N (x,v,t) = § (x — X;(¢)) 0 (v — V1(t))

with: § (x — Xy (t)) =0 (z — X1(1)) 6 (y — Yi(1) 6 (2 — Zu(2))
0 — Dirac delta function
Consider Ny, particles of species s:
Density of this distribution in phase space:

Nos

Ns (x,v,t) = ;5 (x — X;(t)) d (v — V(1))

and for all species:
N = ZNS (x,v,1)

Particle motion:

Vi = SET(X(0),0) + S Vi(t) x BT (X (1), )
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To solve the equations of motion we need Maxwell’s equations

1
V-E™(x,t) = "z (x,1)
0
V-B"(x,t) = 0
VxEm(x,t)+8BT§X’t) S
m 1 OE™ (x,1) o
V xB (X,t)—CTT = o) (X,t)

(m stands for microscopic fields) with the charge and current densities (sources)

pr(x,t) = D g /oo d*vN, (x,V,1)

M (x,t) = qu /_O:o d*vvN,(x, v, 1)

The above equations fully determine the entire sytem of particles.

Initial value problem:

Ns (x,v,t=0) => E"(x,t=0),B™(x,t=0)

=> Integrate equations in time.

5.1.2 Klimontovich Equation

Time evolution of the distribution function N; (x, v, t):

W = —%XZVxé(X—X,(t))é(V—Vz(t))

=3V Vb (x — X(t) 6 (v — V(1))

=1

Note:
of(a—b)  Of(a—b)
oa T
df (¢ (t)) _ df dg
dt © dgdt

Substitute: Xi and VZ



CHAPTER 5. PLASMA KINETIC THEORY 121

W _ _%v Vb (x — Xi(1)) 8 (v — V(1))

—ﬁ{ E™( )+—v><Bm (x, t)}-VV(S(X—Xi(t))(S(V—VZ'(t))
where we used  f(a)d (a —b) = f(b)d (a — b).

Exercise: Prove that the last equation for N, (x, v, t) is correct and in particular that one can replace
Vi(t) x B™(X;(t),t) with v x B™ (x, t) in this equation.

As the final step we can now take the v - V4 and {T‘jL—SSEm (x,t) + v x B™ (x, t)} in front of the
summation which yields the Klimontovich equation

ON; qs
- Vi N, E™ xB™)-V,N, =0
ot My (B +v )

Together with the Maxwell’s equation and the definitions for charge and current densities this provides
a full description of the plasma dynamics!

However, since the distribution is a distribution of delta functions it still requires basically to follow all
individual particles which in typical application is not feasible even on modern supercomputers.

Properties of the Klimontovich equation

e Incompressibility in phase space: Hypothetical point particle at x, v
total time derivative

D 0 dx dv
Dtot Tat VeV
=> Klimontovich equation
DN (x,v,t) 0
Dt B

=> along each (hypothetical) path N,is constant!

e Conservation of particles (continuity): 9f/0t+ V.- (vf) =0
In 6-dimensional phase space we can define Vg = (Vy,Vy) and V = (dx/dt, dv/dt) =

ON;
ot

’ (VNS) =0

Klimontovich eq. must satisfy continuity!
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5.1.3 Plasma Kinetic Equation

The Klimontovich distribution is a distribution of § functions => need to reduce amount of information
(we know that a plasma behave collectively so it is not necessary to follow each individual particle.).

=> generate smooth distribution using an appropriate average

Rigorous way:

e Ensemble average over infinite number of realizations, e.g., with a temperature contact => statis-
tical mechanics

Alternatively:

e Define boxes size Az, Av with Az < A4 and count particles in range [x, v] to [x + Ax, v + Av]|

— _ n
=> f,= AZIALS

Define fluctuations

Ny (x,v,t) = fq(x,v,t)+ 0N, (x,v,t)
E™ (x,t) = E(x,t)+E(x,t)
B™(x,t) = B(x,t)+B(x,1)

such that:  (JN;), (JE), (6B) =0

=>

0fs qs g
5 + v -Vyfs+ . (E4+vxB)-V,f, = m. ((0E+v x 0B) - V,dN;)

e L eft side - collective effects

e right side -collisional effects

Continuum limit: Ny — oo

/2

e right side: fluctuations d N ~ NO1 (statistical mechanics)

0E ~ edN, ~ £ Ny/* ~ Ny /2

=> right side — const
=> left side ~ Ny — o0

Which yields the collisionless Boltzmann equations:

0fs —i—v-fos—i-&(E—i-va)-vas:O
ot M
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Complemented with Maxwells equations and with the definitions for charge and current density

1

VB = —pe(x?)
V-B(x,t) = 0
V xE(x,t) = —w

1 OE (x,t)

VxB(x,t) = MOJ'(XJ)‘*‘C—QT
pex,t) = Yoo [ dufi(x,v,1)

jx,t) = qu /_O:O d*vv fi(x,v,t)

yield the Vlasov equations.

5.2 Liouville Equation

5.2.1 Concept of a system

Motivation:
Use Liouville equation => derivation of a kinetic equation (right hande side of the Boltzmann equation)
Note: Klimontovich equation - Behaviour of individual particles

One particle:

e spatial coordinate of the system x; = (1, Y1, 21)

velocity coordinate of the system vy = (g1, Uy1, V1)

Particle orbit (as before) by X (¢) and V(¢)

System coordinates: (X1, V1) = (Z1, Y1, 21, Vg1, Vy1, Uz1) (6 coord)

Density of systems:
N (x,v,t) =0 (x1 = Xq(t)) 0 (vi — Vi (1))
One system consisting of one particle

2 particles:

e 12 coordinates for our system

e Phase space: (X1, V1,Xo, Vo) = (Z1, Y1, 21, g1, Vy1, Va1, T2, Y2, 22, Vg2, Uy2, Vz2)
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e Density:
N (X, v, t) =4 (Xl — Xl(t)) ) (V1 — Vl(t)) ) (X2 — Xg(t)) 1) (V2 — VQ(t))
1 system consiting of 2 particles

Generalisation to N, particles => Phase space has 6N coordinates

Density:
No
N (X1, V1,X2, Vo, ..XNy, VNG, L) = H d (x; — Xi(t)) d (vi — V(1))

5.2.2 Liouville equation

Interested in the time evolution of N and with

0 (i —Xilh)) _ _dXl) ¢ i xi)

ot dt
IO S %9 TEo G- Xult) (v - Vi)
—Zolvz Vvil—io5(xi—Xz(t))(5(vz Vi)

As before we can substitute (note x; instead of X;(t) and v; instead of V() in the Lorentz force!):

X; = Vit
vV, = Ti—s[Em(xi, t) +vi x E™ (x;, )]

Such that

oN o
8t +sz V« N+ZV -Vy,N=0
1=1

=1

which is Liouville’s equation.

Properties:
(a)
D
FtN (Xlavla X9, Vo, .. XNoa vNoat) =0
with
D 0
= 7 X; V v;
Dt En + Zv -V, + Z Vy,

=> incompressibility
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(b) Continuity
A\ VxlN = in (VZN)
Vi-Vy, = V- (ViN)
because
V.. Vi :V-{%[Em(xi, £) +vi x E™ (x;, )]} —0
=>
No .
val viN)+ Y V.- (ViN) =0
=1 =1
Probability density:

Ensemble of systems /V:
Def.:
o (X1, V1, X2, Vo, ... XNy, VN, t) dX1dV1dXodVs...dX N, dV iy,

is the proability that

X (t) is in the interval [x1,x; + dx;], X (%) is in the interval [x2, X + dXa],

V1 (t) is in the interval [vy, vq + dv1], Vo (%) is in the interval [vo, vo + dvo],
Probability is conserved along trajectory:

each fluid element moves along the trajectory as a probability

With V,, - v;=0and Vy, -V, =0 =>

0
ggo +zvz VxlfNO—i-ZV V. fn, =0
1=1
or
D
HthO (X1, V1, X2, Vo, ..XNgs Vg, £) = 0

We have now a probability distribution function which determines the kinetic evolution exactly, how-
ever, this distribution is in a 6Ny dimensional space. Thus there is now reduction in complexity com-
pared to Klimotovich equation!



