
!
!
!
!
!
!
!

!
!

Proceedings! of! the! Eighth Congress!!
of!the!European!Society!for!Research!!

in!Mathematics!Education!
!
!

!
!

Editors 
Behiye Ubuz, Çiğdem Haser, Maria Alessandra Mariotti 

 
Organized by 

Middle East Technical University, Ankara 



Editors 

Behiye Ubuz, Middle East Technical University, Turkey 

Çiğdem Haser, Middle East Technical University, Turkey 

Maria Alessandra Mariotti, University of Sienna, Italy 

Editorial Board 
Paul Andrews, Samuele Antonini,  Pedro Arteaga,  Arthur Bakker, 
Mariolina Bartolini Bussi,Veronique Battie, Claire Berg, Irene Biza, 

Mariana Bosch, Richard Cabassut, Maria C. Cañadas, Susana Carreira, 
Charalambos Charalambous, Kathy Clark, Sarah Crafter, Pietro Di 

Martino, Therese Dooley, Viviane Durand-Guerrier, Andreas Eichler, 
Lisser Rye Ejersbo, Ingvald Erfjord, Alejandro S. González-Martin, 

Ghislaine Gueudet, Corinne Hahn, Jeremy Hodgen, Eva Jablonka, Uffe 
Thomas Jankvist, Gabriele Kaiser, Alexander Karp, Ivy Kidron, Christine 

Knipping, Snezana Lawrence, Roza Leikin, Esther Levenson, Thomas 
Lingefjärd, Mirko Maracci, Michela Maschietto, Alain Mercier, Mônica 

Mesquita, Joris Mithalal, John Monaghan, Elena Nardi, Jarmila Novotna, 
Reinhard Oldenburg, Cecile Ouvrier-Buffet, Alexandre Pais, Marilena 

Pantziara, Kirsten Pfeiffer, Nuria Planas, Despina Potari, Giorgos 
Psycharis, Luis Radford, Sebastian Rezat, C. Miguel Ribeiro, Philippe R. 

Richard, Bettina Roesken, Frode Rønning, Leonor Santos, Florence 
Mihaela Singer, Jeppe Skott, Hauke Straehler-Pohl, Gabriel Stylianides, 

Ewa Swoboda, Konstantinos Tatsis, Jana Trgalova, Jan van Maanen, 
Kjersti Waege, Geoff Wake, Hans Georg Weigand, Carl Winsløw 

The proceedings are published by Middle East Technical University, Ankara, Turkey  
 

ISBN  978-975-429-315-9
© Copyright 2013 left to the authors 

on behalf of the European Society for Research in Mathematics Education



TABLE OF CONTENTS 

General Introduction
Maria Alessandro Mariotti, Ferdinando Arzarello 

Editorial Introduction 
Behiye Ubuz, Çiğdem Haser, Maria Alessandro Mariotti 

I. PLENARY LECTURES 

Plenary Lecture 1 
Mathematics Education Today: Scientific Advancements and Societal 
Needs 

Paolo Boero 

Plenary Lecture 2 
Teaching and Learning Geometry and Beyond ... 

Alain Kuzniak 

Plenary Lecture 3 
Language and Mathematics: A Field without Boundaries 

Candia Morgan 

II. WORKING GROUPS

Working Group 1 – Argumentation and Proof 

Introduction to the Papers and Posters of WG1 

Research Papers 

Proof in Algebra at the University Level: Analysis of Students 
Difficulties 

Nadia Azrou 

Students` Use of Variables and Examples In Their Transition From 
Generic Proof To Formal Proof  

Rolf Biehler & Leander Kempen 

1

5

8

33

50

69

76

86

i



Use of Formalism in Mathematical Activity Case Study: The Concept of 
Continuity in Higher Education 

Faïza Chellougui & Rahim Kouki 

The Making of a Proof-Chain: Epistemological and Didactical 
Perspectives 

Renaud Chorlay 

Possible Language Barriers in Processes of Mathematical Reasoning 
Jenny Christine Cramer 

The Presentation and Setting Up Of a Model of Analysis of Reasoning 
Processes in Mathematics Lessons in Primary Schools 

Patrick Gibel 

Research Situations to Learn Logic and Various Types of Mathematical 
Reasonings and Proofs 

Denise Grenier 

The Width of a Proof 
Gila Hanna 

Multiple Proofs and In-Service Teachers’ Training 
Margo Kondratieva 

New Objectives for the Notions of Logic Teaching in High School in 
France: A Complex Request for Teachers 

Zoe Mesnil 

Approaching Algebraic Proof at Lower Secondary School Level: 
Developing and Testing an Analytical Toolkit 

Francesca Morselli 

The Epistemic Status of Formalizable Proof and Formalizability as a 
Meta-Discursive Rule 

Eva Müller-Hill 

0, 999….. = 1 An Equality Questioning The Relationships Between Truth 
and Validity 

Judith Njomgang Ngansop & Viviane Durand-Guerrier 

The Biological Basis for Deductive Reasoning 
David A. Reid 

96 

106

116

126

136

146

156

166

176

186

196

206

ii



Multimodal Proof in Arithmetic 
Reinert A. Rinvold & Andreas Lorange 

Ways of Analogical Reasoning – Thought Processes in an Example Based 
Learning Environment  

Markus Ruppert 

A Case Study of the Enactment of Proof Tasks in High School Geometry 

Ruthmae Sears 

The Roles of Behavioral Schemas, Persistence, and Self-Efficacy in Proof 
Construction  

Annie Selden & John Selden 

The Nature of Argumentation in School Texts in Different Contexts 
Chrissavgi Triantafillou, Vasiliki Spiliotopoulo & Despina Potari 

Posters 

Modelling Algorithmic Thinking: The Fundamental Notion of Problem 
Simon Modeste 

Working Group 2 – Arithmetic and Number Systems 

Introduction to the Papers and Posters of WG2 

Research Papers 

The (Relativity of the) Whole as a Fundamental Dimension in the 
Conceptualization of Fractions 

Nadine Bednarz & Jérôme Proulx 

Students’ Mental Computation Strategies with Fractions 
Renata Carvalho & João Pedro da Ponte 

Performance on Ratio in Realistic Discount Task 
Bernardo Gómez, Javier Monje,  Patricia Pérez-Tyteca & Mirela Rigo 

Replacing Counting Strategies: Children’s Constructs Working On 
Number Sequences 

Uta Häsel-Weide & Marcus Nührenbörger 

216

226

236

246

256

266

268

273

283

293

303

iii



Why and How to Introduce Numbers Units in 1st –and 2nd –Grades 
Catherine Houdement & Christine Chambris 

Levels of Objectification in Students’ Strategies 
Andreas Lorange & Reinert Rinvold 

Mental Computation Strategies in Subtraction Problem Solving 
Cristina Morais & Lurdes Serrazina 

Focusing Structural Relations in the Bar Board – A Design Research 
Study for Fostering All Students’ Conceptual Understanding of Fractions 

Susanne Prediger 

Flexibility in Mental Calculation in Elementary Students from Different 
Math Classes 

Elisabeth Rathgeb-Schnierer & Michael Green 

Different Praxeologies for Rational Numbers in Decimal System – The 
0,9 Case 

Benoit Rittaud & Laurent Vivier 

About Students’ Individual Concepts of Negative Integer – In Terms of 
the Order Relation 

Maike Schindler  & Stephan Hußmann 

Representations and Reasoning Strategies of Grade 3 Students in 
Problem Solving 

Isabel Velez & João Pedro da Ponte 

The Consistency of Students’ Error Patterns in Solving Computational 
Problems with Fractions 

Gerald Wittmann 

Posters 

Transformations via Fractions, Decimals, and Percents 
Regina Reinup 

To Measure with a Broken Ruler to Understand the Common Technique 
of The Substraction 

Anne-Marie Rinaldi 

313

323

333

343

353

363

373

383

393

403

405

iv



Working Group 3 – Algebraic Thinking 

Introduction to the Papers and Posters of WG3 

Research Papers 

An Analysis of Turkish Mathematics Teachers’ Self-Reported 
Preparedness to Teach Algebra in TIMSS 2007 

Kübra Çelikdemir & Ayhan Kürşat Erbaş 

Young Pupils’ Generalisation Strategies for the ‘Handshakes’ Problem 
Thérèse Dooley 

How Arithmetic Education Influences the Learning of Symbolic Algebra 
Sandra Gerhard 

Hidden Differences in Teachers’ Approach to Algebra – A Comparative 
Case Study of Two Lessons 

Cecilia Kilhamn 

Limit of the Syntactical Methods in Secondary School Algebra 
Rahim Kouki & Faiza Chellougui 

Covariation, Embodied Cognition, Symbolism and Software Design in 
Teaching/Learning about Functions: The Case of Casyopée 

Jean-Baptiste Lagrange 

From Recursive to Explicit Formula for the N-th Member of a Sequence 
Mapped from a Shape Pattern 

Heidi Strømskag Måsøval 

Different Ways of Grasping Structure in Arithmetical Tasks, as Steps 
toward Algebra 

Maria Mellone, Piera Romano & Roberto Tortora 

Generalising Through Quasi-Variable Thinking: A Study with Grade 4 
Students 

Célia Mestre & Helia Oliveira 

Syntactic and Semantic Items in Algebra Tests – A Conceptual and 
Empirical View 

Reinhard Oldenburg, Jeremy Hodgen, & Dietmar Küchemann 

407

411

420

430

440

450

460

470

480

490

500

v



Implicit Learning in the Teaching of Algebra: Designing a Task to 
Address the Equivalence of Expressions 

Julia Pilet 

Students’ Difficulties with the Cartesian Connection 
Valentina Postelnicu 

Mental Mathematics & Algebra Equation Solving 
Jérôme Proulx 

The Effects of a Teaching Method Supporting Metacognition on 7th 
Grade Students’ Conceptual and Procedural Knowledge on Algebraic 
Expressions and Equations 

Sevgi Sari & Elif Yetkin Özdemir 

Relational Understanding when Introducing Early Algebra in 
Portuguese School 

Leonel Vieira, Pedro Palhare, & Joaquin Gimenez 

Conceptual Challenges for Understanding the Equivalence of 
Expressions – a Case Study 

Larissa Zwetzschler & Susanne Prediger 

Posters 

How Experts Graph Formulas 
Peter Kop, Fred Janssen,& Paul Drijvers 

Generalizing and Justifying Properties of Real Numbers: A Study at 
Grade 9 

Joana Mata-Pereira & Joao Pedro da Ponte 

Improving the Covariational Thinking Ability of Secondary School 
Students 

Tobias Rolfes, Jürgen Roth & Wolfgang Schnotz 

Introduction to Equations: Three Cases as Part of a Video Study 
Ann-Sofi Röj-Lindberg, Anna-Maija Partanen, & Ole Björkqvist 

Introductory lessons on algebra: A video study (Videomat) 
Unni Wathne, Jorunn Reinhardtsen& Maria Luiza Cestari 

510

520

530

540

550

558

568

570

572

574

576

vi



Working Group 4 – Geometrical Thinking 

Introduction to the Papers and Posters of WG4 

Research Papers 

Using Origami to Enhance Geometric Reasoning and Achievement 
Sevil Arici & Fatma Aslan-Tutak 

Learning and Teaching Geometry at the Transition from Primary to 
Secondary School in France: The Cases of Axial Symmetry and Angle 

Aurelie Chesnais & Valérie Munier 

Which Geometrical Working Spaces for the Primary School Preservice 
Teachers? 

Annette Braconne-Michoux 

(Dis)Orientation and Spatial Sense: Topological Thinking in the Middle 
Grades 

Elizabeth de Freitas & Mary Jean Mccarthy 

Close Your Eyes and See...An Approach to Spatial Geometry 
Francesca Ferrara & Maria Flavia Mammana 

Are Mathematics Students Thinking As Kepler? Conics And 
Mathematical Machines 

Francesca Ferrara & Michela Maschietto 

Synergy Between Visual and Analytical Languages in Mathematical 
Thinking 

Juan D. Godino, Teresa Fernández, Margherita Gonzato & Miguel R. 
Wilhelmi 

Characterising Triangle Congruency in Lower Secondary School: The 
Case of Japan 

Keith Jones & Taro Fujita 

An Investigation on Students’ Degree of Acquisition Related to Van 
Hiele Level of Geometric Reasoning: A Case of 6-8th Graders in Turkey 

Yusuf Koç, Mine Işıksal, Şerife Seviş, Aslıhan Osmanoğlu, Bülent 
Çetinkaya, Cengiz Aşkun & Safure Bulut 

578

585

595

605

615

625

635

645

655

665

vii



Constructions with Various Tools in Two Geometry Didactics Courses in 
the United States and Germany 

Ana Kuzle 

Investigating Manipulations in the Course of Creating Symmetrical 
Pattern by 4-6 Year Old Children 

Eva Swoboda 

An Activity Entailing Exactness and Approximation of Angle 
Measurement in a DGS 

Denis Tanguay, Loic Geeraerts, Mireille Saboya, Fabienne Venant, 
Lourdes Guerrero & Christian Morales 

Mathematics Teachers’ Perceptions of Quadrilaterals and Understanding 
the Inclusion Relations 

Elif Türnüklü, Elif Nur Akkaş & Funda Gündoğdu Alaylı 

Plane Geometry: Diagnostics and Individual Support of Children 
through Guided Interviews – A Preliminary Study on the Case of Line 
Symmetry and Axial Reflection 

Seval Yetiş & Matthias Ludwig 

Posters 

Developing Spatial Sense: A Suggestion of Activities 
Annette Braconne-Michoux & Patricia Marchand 

Role of Symmetry Axes ; Undergraduate Students' Experience of 
Impossible Figures as Plane Symmetry Groups 

Özlem Çeziktürk-Kipel 

Geometrical Aspects of Generalization 
Marta Pytlak 

Working Group 5 – Stochastic Thinking 

Introduction to the Papers and Posters of WG5 

Research Papers 

What Does It Mean To Do Stochastics? Ideas, Symbols and Procedures 
Chiara Andrà & Judith Stanja 

675

685

695

705

715

725

727

729

731

736

viii



Prospective Primary School Teachers’ Errors in Building Statistical 
Graphs  

Pedro Arteaga, Carmen Batanero, Gustavo R. Cañadas & J. Miguel 
Contreras 

Psychology Students’ Strategies and Semiotic Conflicts When Assessing 
Independence 

Carmen Batanero, Gustavo R. Cañadas, Pedro Arteaga & Maria M. Gea 

Contexualizing Sampling – Teaching Challenges and Possibilities 
Andreas Eckert & Per Nilsson 

Principles of Tasks’ Construction Regarding Mental Models of Statistical 
Situations 

Andreas Eichler & Marcus Vogel 

Using Applets for Training Statistics with Future Primary Teachers 
Assumpta Estrada, Maria Manuel Nascimento & Jose Alexandre Martins 

Design and Exploratory Evaluation of a Learning Trajectory Leading to 
Do Randomization Tests Facilitated by Tinkerplots 

Daniel Frischemeier & Rolf Biehler 

Conceptualizing and Assessing Secondary Mathematics Teachers’ 
Professional Competencies for Effective Teaching of Variability-Related 
Ideas 

Orlando González 

Bridging Policy Debates on Risk Assessments And Mathematical Literacy 
Kjellrun Hiis Hauge 

Students’ Informal Inferential Reasoning When Working With The 
Sampling Distribution 

Bridgette Jacob & Helen M. Doerr 

Assessing Statistical Literacy: What Do Freshmen Know? 
Eugenia Koleza & Aristoula Kontogianni 

Evaluating the Efficacy of Training Activities for Improving Probability 
and Statistics Learning in Introductory Statistics Courses 

Caterina Primi & Francesca Chiesi 

746

756

766

777  

      787

798

809

819

829

840z

850

i



The Didactical Knowledge of One Secondary Mathematics Teacher on 
Statistical Variation 

Sandra Quintas, Helia Oliveira & Rosa Thomas Ferreira 

Prospective Elementary School Teachers’ Interpretation Of Central 
Tendency Measures During A Statistical Investigation 

Raquel Santos & Joao Pedro da Ponte 

Coping With Patterns and Variability – Reconstructing Learning 
Pathways Towards Chance 

Susanne Schnell 

Metaphorical Random Walks: A Royal Road to Stochastic Thinking? 
Jorge Soto-Andrade 

Statistical Understanding and Language – A Qualitative Analysis 
Ute Sproesser & Sebastian Kuntze 

8th Grade Students’ Statistical Literacy of Average And Variation 
Concepts 

Ayşe Yolcu & Çiğdem Haser 

Posters 

Understanding of Statistical Graphs in Primary: Results of a Teaching 
Unit 

Ana Henriques & Ana Michele Cruz 

Diagrams, Graphs and Charts in Biological Courses a System of 
Categories in the Overlap of Mathematics and Biology 

Christine Plicht 

Working Group 6 – Applications and Modelling 

Introduction to the Papers and Posters of WG6 

Research Papers 

Fermi Problems Involving Big Numbers: Adapting a Model to Different 
Situations 

Lluis Albarracín & Nuria Gorgorió 

860

870

880

890

901

912

922

924

926

930



Students’ Emerging Models of Average Rates of Change in Context 
Jonas B. Ärlebäck, Helen Doerr & AnnMarie O’Neil 

Creating Necessary Conditions for  Mathematical Modelling at 
University Level 

Berta Barquero, Lidia Serrano &Vanessa Serrano 

Diversity in Middle School Mathematics Teachers’ Ideas about 
Mathematical Models: The Role of Educational Background 

Alfredo Bautista, Michelle H. Wilkerson-Jerde, Roger Tobin & Barbara 
Brizuela 

Excel Modelling in Upper Secondary Mathematics - A Few Tips for 
Learning Functions and Calculus 

Jan Benacka & Sona Ceretkova  

Mathematical Modelling in Teacher Education Courses: Style of Thought 
in the International Community – ICTMA 

Maria Salett Biembengut & Emilia MeloVieira 

The Use of Theory in Teachers’ Modelling Projects – Experiences from an 
In-Service Course 

Morten Blomhøj & Tinne Hoff Kjeldsen 

Barriers and Motivations of Primary Teachers for Implementing 
Modelling in Mathematics Lessons 

Rita Borromeo Ferri & Werner Blum 

Project Teaching and Mathematical Modelling in Stem Subjects: A 
Design Based Research Study 

Wolfgang Bock & Martin Bracke 

Themes for Mathematical Modeling that Interest Dutch Students in 
Secondary Education 

Cor Willem Buizert, Jeroen Spandaw, Martin Jacobs & Marc de Vries 

Students’ Modelling of Linear Functions: How Geogebra Stimulates a 
Geometrical Approach 

Susana Carreira, Nelia Amado & Fatima Canário 

Teaching Practices and Modelling Changing Phenomena 
Helen Doerr, Jonas B. Ärlebäck & AnnMarie O’Neil 

940

950

960

970

980

990

1000

1010

1021

1031

1041



Developing a Criterion for Optimal in Mathematical Modelling 
Ole Eley 

Mathematical Modelling Discussed By Mathematical Modellers 
Peter Frejd 

Investigating Students’ Modeling Competency through Grade, Gender 
and Location 

Abolfazl Rafiepour Gatabi & Kazem Abdolahpour 

Solution Aids for Modelling Problems 
Gilbert Greefrath & Michael Riess 

Merging Educational and Applied Mathematics: The Example of 
Locating Bus Stops 

Horst W. Hamacher & Jana Kreußler 

About Mathematical Modeling in the Reality of the Cybernetic World 
Marcus Vinicius Maltempi & Rodrigo Dalla-Vecchia 

Parental Engagement in Modeling-Based Learning in Mathematics: An 
Investigation of Teachers’ and Parents’ Beliefs 

Nicholas Mousoulides 

Students’ Discussions on a Workplace Related Task 
Trude Sundtjønn 

Teacher Behaviour in Modelling Classes 
Katrin Vorhölter, Susanne Grünewald, Nadine Krosanke, Maria Beutel & 
Natalie Meyer 

Posters 

Studying the Teaching/Learning of Algorithms at Upper Secondary 
Level: First Steps 

Dominique Laval 

The Role of Modeling on Effects of Iranian Students 
Abolfazl Rafiepour Gatabi & Fereshteh Esmaili 

1052

1060

1070

1078

1087

    1097

 

              

     

      

 
   

1107

1117

1127

1137

1139



Working Group 7 – Mathematical Potential, Creativity and 
Talent 

Introduction to the Papers and Posters of WG7 

Research Papers 

Memory and Speed of Processing in General Gifted and Excelling in 
Mathematics Students 

Nurit Baruch-Paz, Mark Leikin & Roza Leikin 

Students’ Picture of and Comparative Attitude towards Mathematics in 
Different Settings of Fostering 

Matthias Brandl 

Possibility Thinking with Undergraduate Distance Learning 
Mathematics Education Students: How It is Experienced 

Els De Geest 

Typologies of Mathematical Problems: From Classroom Experience to 
Pedagogical Conceptions 

Oleg Ivanov, Tatiana Ivanova & Konstantin Stolbov 

Mathematical Problems for the Gifted: The Structure of Problem Sets 
Alexander Karp 

Learning with Pleasure – To Be or Not To Be? 
Romualdas Kasuba 

The Connection between Mathematical Creativity and High Ability in 
Mathematics 

Miriam Lev & Roza Leikin 

Mathematical Creative Solution Processes of Children with Different 
Attachment Patterns 

Melanie Münz 

Twice-Exceptional Children - Mathematically Gifted Children in Primary 
Schools with Special Needs 

Marianne Nolte 

1141

1146

1156

1166

1175

1185

1195

1204

1214

1225



Teaching Highly Able Students in a Common Class: Challenges and 
Limits of a Case-Study 

Ildiko Pelczer, Florence Mihaela Singer & Christian Voica 

Mathematical Creativity and Highly Able Students: What Can Teachers 
Do? 

Bernard Sarrazy & Jarmila Novotná 

Brain Potentials during Solving Area-Related Problems: Effects of 
Giftedness and Excellence in Mathematics 

Ilana Waisman, Mark Leikin, Shelley Shaul & Roza Leikin 

Posters 

Mathematically Able but Yet Underachieving in School Mathematics 
Elisabeth Mellroth 

Can We Just Add Like That? 
Alv Birkeland 

Proposing a Theoretical Framework for Studying Mathematical 
Excellence 

Sérgio Carlos 

Creativity and Critical Thinking in Solving Non-Routine Problems 
among Talented Students 

Einav Aizikovitsh-Udi 

Working Group 8 - Affect and Mathematical Thinking 

Introduction to the Papers and Posters of WG8 

Research Papers 

The Effect of the Origami Course on Preservice Teachers’ Beliefs and 
Perceived Self-Efficacy Beliefs towards Using Origami in Mathematics 
Education 

Okan Arslan & Mine Işıksal 

1235

1245

1254

1264

1266

1268

1270

1272

1279



Young Students Solving Challenging Mathematical Problems in an 
Inclusive Competition: Enjoyment Vis-À-Vis Help-Seeking 

Susana Carreira, Rosa A. Tomás Ferreira, & Nélia Amado 

Mathematics Security and the Individual 
Eleni Charalampous &Tim Rowland 

Where Does Fear of Maths Come from? Beyond the Purely Emotional 
Pietro Di Martino & Rosetta Zan 

Classroom Groupings for Mathematics Learning: The Impact of 
Friendships on Motivation 

Julie-Ann Edwards & Debra Deacon 

Reconstructing Teachers´ Beliefs on Calculus 
Ralf Erens & Andreas Eichler 

Analyzing Focused Discussions Based on MKT Items to Learn about 
Teachers’ Beliefs 

Janne Fauskanger & Reidar Mosvold 

Attitudes towards Mathematics of Teachers in Service of Telesecundaria: 
An Exploratory Study  

Maricela Fuentes Rivera & Inés María Gómez-Chacón 

Ethiopian Preparatory Students’ Perceptions of the Relevance of 
Mathematics to Learning Goals 

Andualem Tamiru Gebremichael 

Mathematics Confidence: Reflections on Problem-Solving Experiences 
Divan Jagals & Marthie van der Walt 

What Teachers Want out of Professional Learning Opportunities: A 
Taxonomy 

Peter Liljedahl 

Using Content Analysis to Investigate Student Teachers’ Beliefs about 
Pupils 

Reidar Mosvold, Janne Fauskanger, Raymond Bjuland & Arne Jakobsen 

1289

1299

1309

1319

1329

1339

1349

1359

1369

1379

1389



Teachers’ Beliefs and Knowledge Related to the Cyprus Mathematics 
Curriculum Reform 

Marilena Pantziara, Marianna Karamanou & George Philippou 

Factors Motivating the Choice of Mathematics as a Career among 
Mexican Female Students 

Mario Sánchez Aguilar, Avenilde Romo Vázquez, Alejandro Rosas 
Mendoza, Juan Gabriel Molina Zavaleta & Apolo Castañeda Alonso 

Investigating Teachers’ Trigonometry Teaching Efficacy 
Ayşe Saraç & Fatma Aslan-Tutak 

Uncertainty Orientation, Preference for Solving Task with Multiple 
Solutions and Modelling 

Stanislaw Schukajlow & André Krug 

Students’ Motivation and Teachers’ Practices in the Mathematics 
Classroom 

Kjersti Wæge & Marilena Pantziara 

Posters 
Handling Negative Emotions in Learning Mathematics 

Engin Ader & Emine Erktin 

Working Group 9 – Mathematics and Language 

Introduction to the Papers and Posters of WG9 

Research Papers 

Seeing – Acting – Speaking in Geometry: A Case Study 
Thomas Barrier, Christophe Hache, & Anne-Cecile Mathé 

A Linguistic Analysis of the Didactical Environment in Support of the 
Scaffolding Concept 

Thierry Dias & Chantal Tieche Christinat 

Meanings of the Concept of Finite Limit of a Function at a Point: 
Background and Advances 

José Antonio Fernández-Plaza, Luis Rico, & Juan Francisco Ruiz-Hidalgo 

1399

1409

1419

1429

1439

1449

1451

1458

1468

1477



The Influence of How Teachers Interactionally Manage Mathematical 
Mistakes on the Mathematics that Students Experience 

Jenni Ingram, Fay Baldry, & Andrea Pitt 

Writer Identity as an Analytical Tool to Explore Students’ Mathematical 
Writing 

Steffen M. Iversen 

Design and Validation of a Tool for the Analysis of Whole Group 
Discussions in the Mathematics Classroom 

Laura Morera, Núria Planas, & Josep M. Fortuny 

Reading Stories to Work on Problem Solving Skills 
Marianne Moulin & Virginie Deloustal-Jorrand, Eric Triquet 

Choice of Notation in the Process of Abstraction 
Mona Nosrati 

An Investigation into the Tension Arising between Natural Language 
and Mathematical Language Experienced by Mechanical Engineering 
Students 

Michael D. Peters &Ted Graham 

The Productive Role of Interaction: Students’ Algebraic Thinking in 
Large Group Work 

Núria Planas & Judit Chico 

Place of the Conversion of Semiotic Representations in the Didactic 
Framework R2C2

Maryvonne Priolet 

The Use of ICT to Support Children’s Reflective Language 
Eva Riesbeck 

A Comparison of Irish and English Language Features and the Potential 
Impact on Mathematical Processing 

Maíre Ní Ríordáin 

Making Sense of Fractions Given with Different Semiotic 
Representations 

Frode Rønning 

1487

1496

1506

1516

1526

1536

1546

1556

1566

1576

1586



Primapodcasts – Vocal Representation in Mathematics 
Christof Schreiber 

Linguistic Intercourse with Spatial Perception. Comparative Analysis in 
Primary School, Infant School and the Family 

Marcus Schütte 

Perceiving Calculus Ideas in a Dynamic and Multi-Semiotic 
Environment - The Case of the Antiderivative 

Osama Swidan 

Factors Affecting the Establishment of Social and Sociomathematical 
Norms 

Konstantinos Tatsis 

Posters 

Studying the Discourse of School Mathematics over Time: Some 
Methodological Issues and Results 

Candia Morgan, Sarah Tang, & Anna Sfard 

Analyzing Teachers’ Follow Ups and Feed Forwards, Seen as a Way to 
Enable Students’ Participation in Mathematical Reasoning 

Anna-Karin Nordin 

Texbooks and Logbooks in Mathematics 
Cecilia Segerby 

Working Group 10 – Cultural Diversity and Mathematics 
Education 

Introduction to the Papers and Posters of WG10 

Research Papers 

Understanding Immigrant Students’ Transitions as Mathematical 
Learners from a Dialogical Self Perspective 

Guida de Abreu, Sarah Crafter, Nuria Gorgori, & Montserrat Prat 

1596

1606

1616

1626

1636

1638

1640

1642

1648



Reflections on Recontextualising Bernstein’s Sociology in Teachers' 
Instructional Strategies 

Nina Bohlmann, Johannes Hinkelammert, Felix A. Rhein, & Hauke 
Straehler-Pohl 

Deaf Students and Mathematics Learning: Promoting Inclusion and 
Participation 

Ines Borges & Margarida César 

Social-Political Interfaces in Teaching Statistics 
Celso Ribeiro Campos; Otavio Roberto Jacobini; Maria Lucia Lorenzetti 
Wodewotzki; & Denis Helena Lombardo Ferreira 

School and Family Interplays: Some Challenges Regarding Mathematics 
Education 

Margarida César, Ricardo Machado, & Ines Borges 

The Gap between Mathematics Education & Low-Income Students’ Real 
Life: A Case from Turkey 

Oğuzhan Doğan & Çiğdem Haser 

Ethnomathematics and Teacher Education: Reasoning Over the Meaning 
of Students’ Prerequisite and the Teacher’s Listening 

Maria do Carmo S. Domite 

Mathematics For Life or Mathematics Of Your Life: A Study of the RVCC 
Process Of Portugal 

Maria Cecilia Fantinato 

The Emergence of Agency in a Mathematics Class with Robots 
Elsa Fernandes 

Multimathemacy 
Karen François & Rik Pinxten 

It is a Matter of Blueness or Redness: Adults’ Mathematics Containing 
Competences in Work 

Maria C. Johansson & Lisa Björklund Boistrup 

Logic, Society and School Mathematics 
David Kollosche 

1656

1666

1676

1686

1697

1705

1715

1725

1735

1744

1754



Diversity, Dialogism and Mathematics Learning: Social Representations 
in Action 

Ricardo Machado & Margarida César 

‘Regime of Competence’ in a School Practice with Robots 
Sonia Martins 

The Dialogical Mathematical ‘Self’ 
Richard Newton & Guida de Abreu 

To Participate or Not to Participate? That is Not The Question! 
Hauke Straehler-Pohl & Alexandre Pais 

Mathematics for All and the Promise of a Bright Future 
Paola Valero 

Posters 

Single-Sex Mathematics Classrooms in Public Schools: A Critical 
Analysis of Discursive Actions 

S. Megan Che & William Bridges 

Socio-Political Issues in the Context of Different Conceptualizations of 
Subjects 

Reinhard Hochmuth 

It Does Make You Feel a Bit Hopeless”: Parents´ Experiences of 
Supporting their Children’s School Mathematical Learning at Home 

Richard Newton & Guida de Abreu 

Working Group 11 – Comparative Studies in Mathematics 
Education 

Introduction to the Papers and Posters of WG11 

Research Papers 

A Cross-National Standards Analysis: Quadratic Equations And 
Functions 

Tuyin An, Alexia Mintos, & Melike Yigit 

1764

1774

1784

1794

1804

1816

1818

1820

1814

1825



The Development of Foundational Number Sense in England and 
Hungary: A Case Study Comparison 

Jenni Back, Judy Sayers & Paul Andrews 

Modelling in French and Spanish Syllabus of Secondary Education 
Richard Cabassut & Irene Ferrando 

The Validity-Comparability Compromise In Crosscultural Studies in 
Mathematics Education 

David Clarke 

Mathematics Teachers’ Beliefs In Estonia, Latvia and Finland 
Markku S. Hannula, Madis Lepik, Anita Pipere, and Laura Tuohilampi 

Analyzing Mathematics Curriculum Materials in Sweden and Finland: 
Developing an Analytical Tool 

Kirsti Hemmi, Tuula Koljonen, Lena Hoelgaard, Linda Ahl & Andreas 
Ryve 

Boredom In Mathematics Classrooms from Germany, Hong Kong and 
the United States 

Eva Jablonka 

The Problem of Detecting Genuine Phenomena Amid a Sea of Noisy 
Data 

Christine Knipping & Eva Müller-Hill 

School-Based Mathematics Teacher Education in Sweden and Finland: 
Characterizing Mentor-Prospective Teacher Discourse 

Malin Knutsson, Kirsti Hemmi, Andreas Bergwall & Andreas Ryve 

Comparing Mathematical Work at Lower and Upper Secondary School 
from the Students’ Perspective 

Niclas Larson & Christer Bergsten 

Re-Examining the Language Supports for Children’s Mathematical 
Understanding: A Comparative Study between French and Vietnamese 
Language 

Hien Thi Thu Nguyen & Jacques Gregoire 

1835

1845

1855

1865

1875

1885

1895

1905

1915

1925



Comparing the Structures of 3rd Graders’ Mathematics-Related Affect in 
Chile and Finland 

Laura Tuohilampi, Markku Hannula, Valentina Giaconi, Anu Laine, & 
Liisa Näveri 

Working Group 12 – History in Mathematics Education 

Introduction to the Papers and Posters of WG12 

Research Papers 

Teaching Modules in History of Mathematics to Enhance Young 
Children’s Number Sense 

Mustafa Alpaslan & Zişan Güner 

Students’ Views about Activities for History of Mathematics Included in 
Mathematics Curriculum 

Semiha Betül Bayam 

Arithmetic Textbooks and 19th Century Values 
Kristin Bjarnadóttir 

“I was Amazed at How Many Refused to Give Up”: Describing One 
Teacher’s First Experience with Including History 

Kathleen Clark & Lisa G. Philips 

The Use of Original Sources and its Possible Relation to the Recruitment 
Problem 

Uffe Thomas Jankvist 

History of Mathematics as an Inspiration for Educational Design 
Rainer Kaenders, Ladislav Kvasz & Ysette Weiss-Pidstrygach 

The History of 5th Postulate: Linking Mathematics with Other Disciplines 
Through Drama Techniques 

Panagiota Kotarinou & Charoula Stathopoulou 

The Power of Mathematics Education in the 18th Century 
Jenneke Krüger 

1935

1945

1951

1961

1970

1980

1990

2000

2010

2020



Evaluation and Design of Mathematics Curricula: Lessons from Three 
Historical Cases 

Jenneke Krüger & Jan van Maanen 

Making Sense of Newton’s Mathematics 
Snezana Lawrence 

The Teaching of the Concept of Tangent Line Using Original Sources 
Catarina Mota, Maria Elfrida Ralda & Maria Fernanda Estrada 

The Development of Place Value Concepts to Sixth Grade Students via 
the Study of the Chinese Abacus 

Vasiliki Tsiapou & Konstantinos Nikolantonakis 

Posters 

Calculus and Applications – Learning from History in Teacher Education 
Regina Moeller & Peter Collignon 

Ideas about Modern Mathematics and Teacher Trainees at Liceu Normal 
De Pedro Nunes (1957-1971) 

Teresa Maria Monteiro 

Facets of the Presentation of the Cartesian Coordinate System in Euler’s 
Introductio In Analysin Infinitorum and Lacroix’s Textbooks 

Maite Navarro & Luis Puig 

Working Group 13 – Early Years Mathematics 

Introduction to the Papers and Posters of WG13 

Research Papers 

The Second Discernment into the Interactional Niche in the Development 
of Mathematical Thinking (Nmt) in the Familial Context 

Ergi Acar Bayraktar 

Bambini Che Contano: A Long Term Program for Preschool Teachers 
Development 

Maria G. Bartolini Bussi 

2030

2040

2048

2058

2068

2070

2072

2074

2078

2088



Narrative Context and Paradigmatic Tools: A Tale for Counting 
Paolo Guidoni, Maria Mellone & Ciro Minichini 

Use of Digital Tools in Mathematical Learning Activities in the 
Kindergarten: Teachers’ Approaches    

Per Sigurd Hundeland, Ingvald Erfjord & Martin Carlsen 

Kindergarten Children’s Reasoning about Basic Geometric Shapes 
Eugenia Koleza & P. Giannisi 

Beliefs of Kindergarten and Primary School Teachers towards 
Mathematics Teaching and Learning 

Stephanie Schuler, Nadine Kramer, Rebecca Kröger, & Gerald Wittmannw 

Ipads and Mathematical Play: A New Kind of Sandpit for Young 
Children? 

Troels Lange & Tamsin Meaney 

Young Children´s Use of Measurement Concepts 
Dorota Lembrér 

Exploring the Functions of Explanations in Mathematical Activities for 
Children Ages 3-8 Year Old: The Case of the Israeli Curriculum 

Esther Levenson & Ruthi Barkai 

Selecting Shapes – How Children Identify Familiar Shapes in Two 
Different Educational Settings 

Andrea Simone Maier & Christiane Benz 

A Focus on Hidden Knowledge in Mathematics the Case of 
“Enumeration” and the Example of the Importance of Dealing with Lists 

Cecile Ouvrier-Buffet 

Shuxue [Mathematics]: Take a Look at China. A Dialogue between 
Cultures to Approach Arithmetic at First and Second Italian Primary 
Classes 

Alessandro Ramploud & Benedetto Di Paola 

Finger Counting and Adding with Touch Counts 
Nathalie Sinclair & Mina SedaghatJou 

2098

2108

2118

2128

2138

2148

2158

2168

2178

2188

2198



The Structures, Goals and Pedagogies of “Variation Problems” in the 
Topic of Addition and Subtraction of 0-9 in Chinese Textbooks and Its 
Reference Books 

Xuhua Sun 

How Families Support the Learning of Early Years Mathematics 
Kerstin Tiedemann 

Two Children, Three Tasks, One Set of Figures: Highlighting Different 
Elements of Children’s Geometric Knowledge 

Michal Tabach, Dina Tirosh, PessiaTsamir, Esther Levenson, &Ruthi 
Barkai 

Game Promoting Early Generalization and Abstraction 
Paola Vighi 

Videocoding – A Methodological Research Approach to Mathematical 
Activities of Kindergarten Children 

Rose Vogel &Judith Jung 

How Four to SixYear Old Children Compare Lengths Indirectly 
Johanna Zöllner & Christiane Benz 

Posters  

Cubes of Cubes 
Paola Vighi & Igino Aschieri 

Working Group 14 – University Mathematics Education 

Introduction to the Papers and Posters of WG14 
Elena Nardi, Irine Biza, Alejandro S. Gonzales-Martin, Ghislaine 
Gueudet, Carl Winslow 

Research Papers 

Interactive Construction of a Definition 
Angeline Alvarado Monroy, Maria Teresa Gonzales Astudillo 

2208

2218

2228

2238

2248

2258

2268

2270

2276



Mathematics as “Meta-Technology” and “Mind-Power”: Views of 
Engineering Students  

Christer Bergsten, Eva Jablonka 

The Understanding Understanding Equivalence of Matrices 
Abraham Berman, Boris Koichu, & Ludmila Shvartsman 

Teaching Statistics to Engineering Students: The Experience of a Newly 
Appointed Lecturer 

Irene Biza 

The Use of Unfamiliar Tasks in First Year Calculus Courses to Aid the 
Transition from School to University Mathematics 

Sinead Breen, Ann O’Shea, & Kirsten Pfeiffer 

Students’ Personal Relationship with Series of Real Numbers as a 
Consequence of Teaching Practices 

Alejandro S. González-Martín 

Digital Resources and Mathematics Teachers Professional Development 
at University 

Ghislaine Gueudet 

On the Concept of (Homo)Morphism: A Key Notion in the Learning of 
Abstract Algebra 

Thomas Hausberger 

Mathematical Enculturation – Argumentation and Proof at the Transition 
from School to University 

Andrea Hoffkamp, Jörn Schnieder, & Walther Paravicini 

Development and Awareness of Function Understanding in First Year 
University Students 

Olli Hyvärinen, Peter Hästö, & Tero Vedenjuoksu 

Mathematical Meaning-Making and Its Relation to Design of Teaching 
Barbara Jaworski 

Interest in Mathematics and the First Steps at the University 
Michael Liebendörfer & Reinhard Hochmuth 

2296

2306

2316

2326

2336

2346

2356

2366

2376

2386

 

2286



Shifts in Language, Culture And Paradigm: The Supervision and 
Teaching of Graduate Students in Mathematics Education 

Elena Nardi 

Transformation of Students’ Discourse on the Threshold Concept of 
Function 

Kerstin Pettersson, Erika Stadler & Torbjörn Tambour 

Variability in University Mathematics Teaching: A Tale of Two 
Instructors 

Alon Pinto 

Conceptual Understanding In Linear Algebra -Analysis of Mathematics 
Students’ Mental Structures of the Concept ‘Basis’- 

Kathrin Schlarmann 

Approaches To Learning Mathematics - Differences Between Beginning 
and Experienced University Students 

Erika Stadler, Samuel Bengmark, Hans Thunberg & Mikael Winberg 

Students’ Perceptions of How They Learn Best in Higher Education 
Mathematics Courses 

Svein Arne Sikko & Birgit Pepin 

Undergraduate Students’ Experiences of Themselves as Capable 
Mathematics Learners 

Amanjot Toor& Joyce Mgombelo 

What We Talk about When We Talk about Functions - Characteristics of 
the Function Concept in the Discursive Practices of Three University 
Teachers 

Olov Viirman 

The Transition from University to High School and the Case of 
Exponential Functions 

Carl Winslow 

Posters 

Teaching and Learning Complex Numbers in the Beginning of the 
University Course 

Martine De Vleeschouwer, G. Gueudet & M.P. Lebaud 

2396

2406

2416

2426

2436

2446

2456

2466

2476

2486



Open Access Maths Textbook: Students’ Perspective 
Irene Mary Duranczyk 

Students’ Personal Work A Case Study: Business School Preparatory 
Classes 

Lynn Farah 

The First Academic Year – Steps on the Way to Mathematics 
Tanja Hamann, Stephan Kreuzkam, Jürgen Sander, Barbara Schmidt-
Thieme, &Jan-Hendrik de Wiljes 

Enhancing Basic Skills in Modern Introductory Engineering Mathematics 
with High IT Integration 

Karsten Schmidt & Peter M. Hussmann 

Using “IRDO” Model to Identify Errors Made by Students in Differential 
Equations Exams 

Younes Karimi Fardinpour & Zahra Gooya 

Working Group 15 – Technologies and Resources in 
Mathematics Education 

Introduction to the Papers and Posters of WG15 

Research Papers 

Geneses of Technology Uses: A Theoretical Model to Study the 
Development of Teachers’ Practices in Technology Environments 

Maha Abboud-Blanchard, & Fabrice Vandebrouck 

Pre-Service Mathematics Teachers’ Practice of Questioning in Computer 
Learning Environments 

Hatice Akkoç 

Teaching Inverse Functions at Tertiary Level 
Iiris Attorps, Kjell Björk, Mirko Radic & Olov Viirman 

Reactions of Pre-Service Elementary Teachers to Implementing 
Technology Based Mathematics Lessons 

Esra Balgalmis, Kathryn G. Shafer, & Erdinç Çakıroğlu 

2488

2490

2492

2494

2496

2498

2504

2514

2524

2534



How Teachers Learn to Use Complex New Technologies in Secondary 
Mathematics Classrooms - The Notion of the Hiccup 

Alison Clark-Wilson 

Mathematics Teaching on the Web for Student Teachers: Action Research 
in Practice 

Helge Fredriksen 

Continuing Professional Development and Digital Media in Mathematics 
Education 

Maria Alice Gravina, Marina Menna Barreto & Marcia Notare 

Developing an Intuitive Concept of Limit When Approaching the 
Derivative Function 

Andre Henning & Andrea Hoffkamp 

A Framework for Examining Student Learning of Mathematics: Tasks 
Using Technology 

Marie Joubert 

The Effects of Interactive Whiteboards on Teaching Transformational 
Geometry with Dynamic Mathematics Software 

Gürcan Kaya, Veysel Akçakın, & Mehmet Bulut 

The Effects of Dynamic Geometry Software On Learning Geometry 
Hulya Kilic 

On-Line Discussions about Emerging Mathematical Ideas 
Chronis Kynigos & Foteini Moustaki 

Exploring the Potential of Computer Environments for the Teaching and 
Learning of Functions: A Double Analysis from Two Traditions of 
Research 

Jean-Baptiste Lagrange & Giorgos Psycharis 

The Role of Metadata in the Design of Educational Activities 
Paul Libbrecht & Ulrich Kortenkamp 

Didactical Design Patterns for the Applications of Software Tools 
Paul Libbrecht &Marc Zimmermann 

2544

2554

2564

2574

2584

2594

2604

2614

2624

2634

2644



Theory of Didactical Situations and Instrumental Genesis in a Cabri Elem 
Book 

Kate Mackrell, Michela Maschietto, & Sophie Soury-Lavergne 

Instrumental Genesis in Geogebra Based Board Game Design 
Morten Misfeldt 

A Problem-Solving Experiment with Ti-Nspire 
Per-Eskil Persson 

Bridging Diagnosis and Learning of Elementary Algebra Using 
Technologies 

Julia Pilet, Françoise Chenevotot, Brigitte Grugeon, Naima El Kechaï & 
Elisabeth Delozanne 

Results on the Function Concept of Lower Achieving Students Using 
Handheld Cas-Calculators in a Long-Term Study 

Michael Rieß & Gilbert Greefrath 

Pupils’ Role and Types of Tasks in One-To-One Computing in 
Mathematics Teaching 

Jarmila Robová & Nad’a Vondrová 

Using Dynamic Software to Foster Prospective Teachers’ Problem 
Solving Inquiry 

Manuel Santos-Trigo, Matías Camacho-Machín, & Mar Moreno-Moreno 

Threshold Constructs Instrumenting Teachers’ Orchestration of an 
Inquiry with Geogebra 

Håkan Sollervall 

Graphic Calculator Use in Primary Schools: An Example of an 
Instrumental Action Scheme 

Per Storfossen 

Developing a General Framework for Instrumental Orchestration 
Michal Tabach 

The Impact of the Involvement of Teachers in a Research on Resource 
Quality on Their Practices 

Jana Trgalová & Ana Paula Jahn 

2654

2664

2674

2684

2694

2704

2714

2724

2734

2744

2754



Tests and Examinations in a Cas-Environment – The Meaning of Mental, 
Digital and Paper Representations 

Hans-Georg Weigand 

Posters 

Mathematics, Technology Interventions, and Pedagogy – Seeing the 
Wood from the Trees 

Aibhín Bray 

Continuing Formation and the Use Of Computer Resources 
Maria Madalena Dullius 

Professional Computer Algebra Systems in Upper Secondary 
Mathematics 

Niels Grønbæk 

A New Instrument to Document Changes in Technological Learning 
Environments for Mathematical Activities Drawn from History 

Matthias Müller 

Using ICT to Support Students’ Learning of Linear Functions 
Annika Pettersson 

Information and Communication Technologies - and Mathematics 
Teaching: Research Conducted from Elementary to Higher Education 

Nilce Fátima Scheffer 

Working Group 16 – Different Theoretical Perspectives / 
Approaches in Research in Mathematics Education 

Introduction to the Papers and Posters of WG16 

Research Papers 

On the Geometrical Meanings of Multiplication: Geometrical Work 
Space, Semiotic Mediation and Students’ Chosen Paths 

Raquel Barrera 

2764

2774

2776

2777

2779

2781

2783

2785 

2790



Counting on Objects in Mathematical Learning Processes. Network 
Theory and Networking Theories 

Marei Fetzer 

Didactic Engineering as Design-Based Research in Mathematics 
Education 

Juan D. Godino, Carmen Batanero, Ángel Contreras, Antonio Estepa, 
Eduardo Lacasta, & Miguel R. Wilhelmi 

Networking Methodologies: Issues Arising from a Research Study 
Employing a Multi-Media Artefact 

Mike Hickman & John Monaghan 

Networking Theories in a Design Study on the Development of 
Algebraic Structure Sense 

Thomas Janßen &Angelika Bikner-Ahsbahs 

Networking Theories by Iterative Unpacking 
Boris Koichu 

Connecting Theories in a Case Study of Primary School Mathematics 
Teachers’ Professional Identity Development   

Hanna Palmér 

Inclusive Mathematics from a Special Educational Perspective – How 
Can it Be Interpreted? 

Helena Roos 

Comparing Approaches through a Reference Epistemological Model: 
The Case of School Algebra 

Noemí Ruiz-Munzón,  Marianna Bosch, & Josep Gascón 

Networking: Theory and Teaching Practice Using Lesson Study 
NellieVerhoef, Daan van Smaalen & Fer Coenders 

Posters 

Workers’ Communities as Potential Institutions: A Convergence Issue to 
Anthropological and Sociocultural Cognitive  Theories 

Corine Castela 

2800

2810

2820

2830

2840

2850

2860

2870

2880

2890



The Triad of Piaget and Garcia, Fairy Tales and Learning Trajectories 
Bronislaw Czarnocha 

Instructional Design Tools Based on the Onto-Semiotic Approach to 
Mathematical and Didactical Knowledge 

Juan D. Godino 

Working Group 17 – From a Study of Teaching Practices to 
Issues in Teacher Education 

Introduction to the Papers and Posters of WG17 

Research Papers 

Good Questions or Good Questioning: An Essential Issue for Effective 
Teaching 

Einav Aizikovitsh-Udi, David Clarke, & Jon Star 

Practices to Enhance Preservice Secondary Teachers’ Specialized Content 
Knowledge 

Fatma Aslan-Tutak & F. Gunes Ertas 

Visualizing and Comparing Teachers’ Mathematical Practices 
E. Badillo, L. Figueiras, V. Font, & M. Martinez 

Teachers as Investigators of Students’ Written Work: Does This 
Approach Provide an Opportunity for Professional Development? 

Sinem Baş, M. Gozde Didis, A. Kursat Erbas, Bulent Cetinkaya, Erdinc 
Cakıroglu, & Cengiz Alacacı 

Enhancing Mathematics Student Teachers’ Content Knowledge: 
Conversion between Semiotic Representations 

Claire Vaugelade Berg 

Exploring Teacher Perceptions of the Development of Resilience in a 
Problem-Solving Mathematics Classroom 

Pavneet Braich & Joyce Mgombelo 

Specialized and Horizon Content Knowledge - Discussing Prospective 
Teachers Knowledge on Polygons 

Emma Carreno, C. Miguel Ribeiro & Nuria Climent 

2892

2894

2896

2908

2917

2927

2936

2946

2956

2966



Mathematics Teachers’ Specialized Knowledge. Reflections Based on 
Specific Descriptors of Knowledge 

Emma Carreno, Nielka Rojas, Miguel Angel Montes, & Pablo Flores 

Determining Specialized Knowledge for Mathematics Teaching 
J.  Carrillo,  N. Climent, L.C. Contreras & M.C. Munoz-Catalan 

Teaching Multidigit Multiplication: Combining Multiple Frameworks to 
Analyze a Class Episode 

Stephane Clivaz 

Teachers’ Beliefs about Knowledge for Teaching- An Indirect Approach 
Jason Cooper & Israel Touitou 

A Theoretical Construct to Analyze the Teacher’s Role During 
Introducing Activities to Algebraic Modelling 

Annalisa Cusi & Nicolina A. Malara 

Using Redirecting, Progressing and Focusing Actions to Characterize 
Teachers’ Practice 

Ove Gunnar Drageset, 

Pre-Service and In-Service Teachers’ Views on the Learning Potential of 
Tasks - Does Specific Content Knowledge Matter? 

Anika Dreher & Sebastian Kuntze 

Disentangling Prospect Teacher’s Participation During Teacher 
Education 

Andreas Ebbelind 

A Theoretical Review of Specialized Content Knowledge 
Eric Flores, Dinazar I. Escudero & Jose  Carrillo 

The Role of Didactical Knowledge in Seizing Teachable Moments 
Rosa A. Tomás Ferreira, Maria Helena Martinho, & Luis Menezes 

Mathematical Communication: Teachers’ Recognition of the Singularity 
of Students’ Knowledge 

António Guerreiro, João Pedro da Ponte & Lurdes Serrazina 

New Teachers´ Ideas On Professional Development 
Guðný Helga Gunnarsdóttir &  Guðbjörg Pálsdóttir 

2976

2985

2995

3005

3015

3025

3035

3045

3055

3065

3075

3085



Competence in Reflecting - An Answer to Uncertainty in Areas of 
Tension in Teaching and Learning Processes and Teachers Profession 

Markus A. Helmerich 

One Possible Way of Training Teachers for Inquiry Based Education 
Alena Hošpesová & Marie Ticha 

Analysis of Pre-Service Elementary Teachers’ Pedagogical Content 
Knowledge in the Context of Problem Posing 

Cemalettin Isik, Tugba Ocal, & Tugrul Kar 

Delineating Issues Related to Horizon Content Knowledge for 
Mathematics Teaching 

Arne Jakobsen, Mark Hoover Thames, & C. Miguel Ribeire 

Primary Teachers’ Assessment in Mathematics: Resources Exploited in 
the Pedagogical Discourse 

A. Klothou & H. Sakonidis 

Heuristic Strategies Prospective Teacher Students Use in Analyzing 
Students’ Work 

Stefanie Kuhlemann 

Richness and Complexity of Teaching Division: Prospective Elementary 
Teachers’ Roleplaying on a Division with Remainder 

Caroline Lajoie & Jean-François Maheux 

Patterns of Participation – A Framework for Understanding the Role of 
the Teacher for Classroom Practice 

Dorte Moeskær Larsen, Camilla Hellsten Ostergaard, & Jeppe Skott 

Integrating Technology Into Teaching: New Challenges for the 
Classroom Mathematical Meaning Construction 

Angeliki Mali, Irene Biza,  Michalis Kaskadamis, Despina Potari & 
Charalambos Sakonidis 

MTSK: From Common and Horizon Knowledge to Knowledge of Topics 
and Structures 

Miguel Montes, Álvaro Aguilar, José Carrillo & M.Cinta Muñoz-Catalán 

Prospective Teachers’ Specialized Content Knowledge on Derivative 
Luis R. Pino-Fan, Juan D. Godino, Vicenç Font, & Walter F. Castro 

3095

3105

3115

3125

3135

3145

3155

3165

3175

3185

3195



Didactic Codetermination in the Creation of an Integrated Math and 
Science Teacher Education: The Case of Mathematics and Geography 

Klaus Rasmussen & Carl Winslow 

A Reference Framework for Teaching the Standard Algorithms of the 
Four Basic Arithmetic Operations: From Theoretical Analysis to Task 
Design 

Ira Raveh & Boris Koichu 

Developing Mathematics Teacher Education Practice as a Consequence 
of Research 

Tim Rowland, Fay Turner, & Anne Thwaites 

Mathematics in Pre-Service Teacher Education and the Quality of 
Learning: The Proceptual Divide. 

Fernando Luís Santos & Antonio Domingos 

The Influence of Early Childhood Mathematical Experiences on 
Teachers’ Beliefs and Practice 

Judy Sayers 

Teaching Practices to Enhance Students’ Self- Assessment in 
Mathematics: Planning a Focused Intervention 

Sílvia Semana & Leonor Santos 

Capturing Pre-Service Teachers’ Mathematical Knowledge for Teaching 
Ravi B. Somayajulu 

Preservice Teachers’ Knowledge and Beliefs: Their Association to 
Practice in the Context of Teaching Function with Analogies 

Behiye Ubuz, Utkun Özdil, & Ayşegül Eryılmaz Çevirgen 

Understanding Professional Development from the Perspective of Social 
Learning Theory 

Steven Watson 

What Can We Learn from Other Disciplines about the Sustainable 
Impact of Professional Development Programmes? 

Stefan Zehetmeier 

3206

3217

3227

3237

3247

3257

3267

3277

3287

3297



Specialized Content Knowledge of Mathematics Teachers In UAE 
Context 

Ismail O. Zembat 

Posters  

Professional Development Program in Formative Assessment 
Catarina Andersson & Lotta Vingsle 

Statistical Knowledge and Teaching Practices of Elementary School 
Teachers in the Context of Collaborative Work 

Ana Caseiro, João Pedro da Ponte & Cecília Monteiro 

The Trigonometric Functions-Concept Images Of Pre-Service 
Mathematics Teachers 

Aleksandra Čižmešija & Željka Milin Šipuš, 

Mathematics Teachers’ Understanding and Interpretation of their Own 
Learning and Classroom Practice 

Malin Lindwall Ehrnlund 

The Mathematical Knowledge for Teaching. A View from the Onto-
Semiotic Approach to Mathematical Knowledge and Instruction 

Juan D. Godino & Luis R. Pino-Fan 

Mathematical Knowledge for Teaching as a Measure of Coherence in 
Instruction Materials Produced by Teachers on the Internet 

Yvonne Liljekvist & Jorryt van Bommel 

Pre-Service Elementary Teachers’ Procedural Knowledge Of The 
Greatest Common Factor And Least Common Multiple 

Jeffrey A. McLean 

The Relationships between the Traditional Beliefs and Practice of 
Mathematics Teachers and their Students’ Achievements 

Alesja Sapkova, 

Teacher Learning within the Context of Lesson Study 
Daan van Smaalen 

3307

3317

3319

3321

3323

3325

3327

3329

3331

3333



Usage of Tasks During Professional Development of In-Service 
Mathematics Teachers 

Ján Šunderlík & Soňa Čeretková

Professional Mathematics Teacher Identity: An Example with 
Telesecundaria System Teachers In Mexico 

Erica Garcia Torres & Ricardo Cantoral Uriza 

Interaction Suitability Analysis with Prospective Mathematics Teachers 
Yuly Marsela Vanegas, Joaquin Giménez & Vicenç Font 

3335

3337

3339



1

PROCEEDINGS OF THE EIGHTH CONGRESS OF THE 
EUROPEAN SOCIETY FOR RESEARCH IN MATHEMATICS 

EDUCATION: GENERAL INTRODUCTION 
Maria Alessandra Mariotti    Ferdinando Arzarello 
University of Siena    University of Turin 

 
We are glad to present the Proceedings of the Eighth Congress of the European 
Society for Research in Mathematics Education (ERME), which took place 6-10 
February 2013, at Manavgat-Side/Antalya in Turkey.  
The story of ERME begins at its first congress in Osnabrueck, Germany, in 1998 and 
develops all along the CERME congresses that have taken place every two years 
since CERME2 in 2001. The vision shared by the first group of founders was that of  
establishing a community to promote communication, cooperation and collaboration 
in mathematics education research in Europe. At the very beginning of the ERME 
story, considerable time was spent talking about the nature of our conferences. 
Especially we wondered how were we going to achieve the communicative, 
cooperative and collaborative spirit we envisaged. It was clear that the conference 
should offer more than just a platform for presenting and listening to papers, as many 
other conferences do. We wanted that CERME could allow groups of researchers in a 
particular scientific area really to work together on their area of research, with 
sufficient time to get to know each other, to share and discuss their research and to 
engage in deep scholarly debate. At the same time we wanted to support the scientific 
development of young researchers fostering their active participation to our research 
community. 
Therefore it was decided that CERME should abandoned the common format of 
parallel research report presentations and adopt a new format based on Working 
Group activities where participation by all who attend the congress could be 
promoted. Such a format has been developed stating a clear policy for the 
organization and the management of  thematic Working Groups.  At CERME 
participants spent most of the time in discussion and debate within the thematic 
Working Groups (WGs), during 6 or 7 working sessions of 90-120. Each  CERME 
participant selects the membership of just one such Group, on the base of her/his 
personal scientific interests. For each WG, a team of leaders is nominated by the 
Scientific Program Committee, the leaders  have in charge the complex organization 
of the WGs, preparing and managing what will happen at the Conference. Though 
participation to the conference is completely free, prospective participants are 
encouraged to contribute with submitting a paper or a poster. The  leaders’ team 
organizes the peer review process among the member of the Group according 
significantly devolved and distributed responsibility in criticising but also supporting 
the elaboration of the single contributions. This process aims  not only at rising the 
quality of the papers but also at developing a sense of belonging to a community, for 
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all participants. At the end of this first phase all the accepted paper will be posted on 
the website of the conference and participants are expected to read all the papers 
related to their own WGs, before attending the conference. This corpus of papers will 
constitute the first working material for the WGs activities, and a great deal of time 
and intellectual efforts are spent by the leaders to outline the structure of the working 
sessions where the different contributions will be fully discussed and related to the 
other contributions.  
At CERME 8, different ways of organizing the working group sessions were set up 
by the different leaders teams. The main objective was always that of fostering the 
discussion exploiting the richness of the contributions. In some cases the discussion 
was structured according to subthemes focussing on specific clusters that emerged  
from the variety of the papers. Other times the leaders proposed the participants 
specific questions that  were sent in advance to the authors of the papers who were 
requested to focus a short contribution on this question. The variety in the 
organization structure witnesses of the complexity of the task that the leaders team 
are asked to face but also of their passion and commitment in accomplishing their 
work, for which the ERME community is highly grateful to them. In the introduction 
to the collection of papers of each WG, the reader will find a description of the 
different organizations that were adopted.   
The particular format of the conference gives the participants the opportunity of 
getting fruitful feedbacks that can enlarge and enrich their own perspectives; thus, 
after the conference the authors have the possibility to further revise their papers, 
integrating  significant elements emerged from their WG’s discussion: this will be the 
latest form in which papers will pass the final review process  and when accepted will 
appear in the proceedings.  The double review process  that is used at CERME 
congresses -  papers are firstly accepted for discussion in the WGs and than their final 
version has to be accepted for being published in the proceedings  - not only aims at 
raising the quality of the papers but also at assuring a fair balance between quality 
and inclusion, two goals that seem to pull in different directions, and may create 
tension, sometimes frustration. However, the attainment of a good balance between 
quality and inclusion constitutes the main challenge of our community according to  
our main objectie: to ensure the ERME spirit‘ of communication, cooperation and 
collaboration.  
The number of WGs increased in the years and since  CERME7 we have 17 WGs, 
and excepting of the WG 15 and WG 17, the number of participants in each is around 
25-30 on average, including about 4 WG leaders. 
The themes of the WGs   are as follows:  
WG1: Argumentation and proof  
WG2: Arithmetic and number systems  
WG3: Algebraic thinking  
WG4: Geometrical thinking  



3

INTRODUCTION

CERME 8 (2013)

WG5: Stochastic thinking  
WG6: Applications and modelling  
WG7: Mathematical potential, creativity and talent  
WG8: Affect and mathematical thinking  
WG9: Mathematics and language  
WG10: Cultural diversity and Mathematics Education  
WG11: Comparative studies in Mathematics Education  
WG12: History in Mathematics Education  
WG13: Early Years Mathematics  
WG14: University mathematics education  
WG15: Technologies and resources in mathematics education  
WG16: Different theoretical perspectives / approaches in research in mathematics 
education  
WG17: From a study of teaching practices to issues in teacher education  
 
The success of the ERME Conferences is witnessed by the constant increasing 
number of participants and presentations. In Manavgat 520 participants attended the 
congress, from 45 countries within and beyond Europe.  
In addition to the WG activities, the congress was enriched by in a number of plenary 
scientific activities, and  a varied social and cultural program.  
The opening session included a plenary address by Paolo Boero who proposed a deep  
reflection on how to deal, as researchers, with the unavoidable complexity of big 
problems concerning the teaching and learning of mathematics in our societies. On 
the base of a long personal elaboration, strictly and functionally interwoven with the 
evolution of the experimental activity in the school carried out with the Genoa 
research group since the seventies, Boero offered us some answers to those big 
questions emerging from complex phenomena, particularly those concerning societal 
needs and values and related educational choices.  
As at previous CERME congresses, two other plenary talks were given by former 
WGs leaders, Alain Kuzniak and Candia Morgan.  
Kuzniak presented a vivid account of what are today the core items and the 
contributions of researches in the didactics of geometry, and he did it in the light of 
the rich discussions which have been occurring in the CERME Working Group on 
geometry from its beginning in 1999. Candia Morgan delineated a superb survey of 
the complex field of study of language in mathematics education. As she said, she 
offered her map, her personal and critical account, on previous studies in this field, 
and especially a theoretical elaboration as it emerged from the active discussion 
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taking place at the CERME Working Group on Language and Mathematics over the 
years.   
Three papers corresponding to these three plenary addresses are included in these 
proceedings.  
Though these proceeding do not contain any document related to it, let me mention 
another fundamental event that took place one day before the opening of the 
Congress: the YERME (Young European Researchers in Mathematics Education) 
day.  This is now a constant appointment where young researchers – doctoral students 
or post-doctoral researchers - meet expert scholars in thematic discussion groups. 
This event, together with the YERME Summer School (YESS), is based on the 
volunteering of some members of the society. At CERME 8 the organization of the 
YERME day was coordinated by  João Pedro da Ponte,  Ferdinando Arzarello and 
Behiye Ubuz; the activities were led by professors Paolo Boero, Uffe Thomas 
Jankvist, Barbara Jaworski, Ester Levenson, Maria Alessandra Mariotti, João Pedro 
da Ponte, Susanne Prediger, Mario Sanchéz, Susanne Schnell, Behiye Ubuz.      
(http://cerme8.metu.edu.tr/yerme.html)    
As said, our Conference has a very particular format, it promotes the active 
involvement of all the participants and its success highly depends on their 
contributions; however, success also depends on the commitment of those who made 
this  involvement possible, to them we want to express our gratitude in behalf of the 
ERME community:  to the members of the Scientific Program Committee,  for the 
inspiration and support that they offered in the scientific planning of the conference,  
to the Leaders of the WGs, for the competence, the energy and the engagement that 
they invested in their responsibility, and last but not least to the President, Behiye 
Ubuz, and the members of the Local Organizing Committee, for the incredible work 
done in preparing and supervising the organization of the conference, they allowed 
all the participant enjoy the conference days of intensive intellectual work in a 
efficient, comfortable and delightful place. Their attentive support did not finished 
with the end of the conference but continued in the patient and competent work of 
editing these proceedings. 
We are certain that the reader will appreciate the richness of the contributions 
collected in this text that we hope will offer the opportunity to share with us 
something of the exciting experience of our congress, and encourage interested 
researchers to meet us at the next CERMEs. 

Maria Alessandra Mariotti       Ferdinando Arzarello 
(Chair of the program Committee)   (ERME President ) 

Information on-line  
The CERME website was at : http://cerme8.metu.edu.tr/ 
These proceedings can be accessed online from: http://www.mathematik.uni-­‐
dortmund.de/~erme/doc/cerme7/CERME7.pdf	
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THE EUROPEAN SOCIETY FOR RESEARCH IN 

MATHEMATICS EDUCATION 
 

http://www.cerme8.metu.edu.tr/	
  	
  

Behiye Ubuz and Çiğdem Haser                               Maria Alessandra Mariotti 
Middle East Technical University, Turkey              University of Siena, Italy 
 
The Eight Congress of the European Society for Research in Mathematics 
Education (CERME8) was held at the Starlight Convention Center, Thalasso & 
Spa Hotel in Manavgat-Side, Antalya, Turkey from 6th to 10th February, 2013, 
chaired by Prof. Dr. Behiye Ubuz (Local Organizer Chair) and Prof. Dr. Maria 
Alessandra Mariotti (International Program Committee Chair). It aimed to 
promote the development of mathematics education through intellectual 
communication and cooperation by attending thematic working groups, plenary 
talks, poster sessions, and so forth. At CERME8 there were 3 invited plenary 
talks given by Paolo Boero, Alain Kuzniak, and Candia Morgan together with 
17 thematic working groups (WGs). The main work of the congress took place 
in these Thematic Working Groups, facilitated by some 73 Working Group 
leaders. The congress was preceded by a meeting of Young European 
Researchers in Mathematics Education (YERME) on 5th and 6th February 2013.  
A total of 375 Research Papers and 90 poster proposal were submitted for the 
congress. Following peer review, 310 Research Papers and 57 poster proposals 
were accepted for publication in the proceeding.  

 
A view from Starlight Convention Center, Thalasso & Spa Hotel 

 

Around 520 participants attended the congress, from 45 countries within and 
beyond Europe. Many participants from European countries were there: UK 
(31), Portugal (29), Germany (98), Italy (22), Greece (10), Finland (6), Spain 
(30), Netherlands (8), Sweden (54), Cyprus (2), Denmark (16), Norway (24), 
Austria (1), Czech Republic (5), France (41), Ireland (5), Romania (1), Russia 
(4), Belgium (4), Iceland (4), Estonia (2), Latvia (1), Poland (2), and 



6

INTRODUCTION

CERME 8 (2013)

Switzerland (4). Moreover, there were 34 researchers from Turkey, 12 from 
Israel, 20 from the US and 16 from Canada, and 1 from Australia, 1 from the Far 
East (Japan), 27 from Latin America (Brazil, Chile, Colombia, Mexico) and 
several others from non-affluent countries, such as Iran (2), South Africa (1), 
Saudi Arabia (3), Algeria (1), Kuwait (1), Tunisian (2), Lebanon (1), and Zaire 
(1). 
In the first section of this proceeding, the plenary talks by Paolo Boero, Alain 
Kuzniak, and Candia Morgan are presented. They kindly accepted the invitation 
of the scientific program committee and provided a written account of the ideas 
they presented in their plenary talks. The second section documents the research 
papers and poster communications accepted for publication in the proceeding. 
The papers and the posters are presented under each WG following the 
introduction written by each WG’s leaders. Introductions summarize the scope 
of the WGs’ works and the value of the studies presented.  

 
A view from Side-Antalya (Taken from http://www.resim11.com/Antalya.html) 

 
CERME8 must surely be regarded as a great opportunity for teachers, 
mathematics educators, teacher educators, and policy makers around the world 
and in Turkey who are interested in mathematics education and its development. 
It also provided a valuable development opportunity for the young researchers 
through YERME.  
 
The proceeding for CERME8 is produced electronically both in CD format and 
in the website http://www.mathematik.uni-
dortmund.de/~erme/doc/cerme8/CERME8.pdf . You can access the individual 
research papers and poster contributions via the hyperlinks provided on the 
contents page. We hope that every participant enjoyed the conference and their 
stay in Turkey!  
 
Behiye Ubuz                                                              Çiğdem Haser  
(Chair of Local Organising Committee)                    (Congress Secretariat)  
 
Maria Alessandra Mariotti      
(Chair of the Program Committee) 
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METAPHORICAL RANDOM WALKS: A ROYAL ROAD TO 
STOCHASTIC THINKING? 

  Jorge Soto-Andrade1 
CIAE and Department of Mathematics, Faculty of Science, University of Chile 

  

We are interested in finding means to facilitating the access to stochastic thinking, 
especially for non-mathematically oriented learners. We argue that random walks 
are such means, since they allow a friendly visualisation of randomness, are 
amenable to experimental and enactive metaphorical study and provide “universal 
models” for a broad spectrum of stochastic problems. An explicit example of a 
didactical situation is given (Brownie’s walk) that has been tested with students and 
in-service teachers of various backgrounds since 2007. The findings suggest that this 
sort of approach significantly facilitates the access of non-mathematically oriented 
learners to otherwise cryptic mathematical notions, allowing them to construct them 
while solving situated concrete problems. 

 

INTRODUCTION 
We are concerned about facilitating the access to stochastic thinking. We are 
especially interested in approaches helpful for “general” non-mathematically oriented 
students in school, college and university. For instance, students majoring in 
humanities and social sciences or prospective or in-service elementary school 
teachers. 
We claim that random walks provide such an access, indeed a “royal road” so to say.   
Why random walks? Because random walks cross boundaries, appearing in the 
“natural world” as well as in the “cultural world”. They are a visual embodiment of 
randomness, that can be easily enacted and simulated, from primary school onwards.  
We can approach them in manifold ways: statistically, metaphorically, 
probabilistically… They provide “universal models” and metaphors for sundry 
phenomena. Indeed they facilitate the access of non-mathematically oriented learners 
to stochastic thinking, enabling them even to construct probabilistic notions while 
solving situated concrete problems. They show the way to a bottom-up approach to 
probability and statistics. 
From the didactical viewpoint, it is crucial that the study of simple random walks 
may be undertaken “bare handed”, with practically no previous statistic or 
probabilistic tools or concepts. Students may tackle the paradigmatic question: Where 
is the walker, after a given number of steps? equipped with sheer common sense. 
Most important, they may realize that there are several levels of answers to this sort 
                                         
1 Supported by PBCT- CONICYT, Proyecto CIE-05   
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of question, the 0th level being: Nobody knows! For subsequent levels see the 
example of Brownie’s walk below. Random walks also provide a propitious soil for 
the emergence of metaphors that make possible the construction of the concept of 
probability: for instance, the probability of finding the walker at given position at a 
given time appears as the portion of the walker found at that position and time.   
Historically random walks appear rather late in science, as Brownian motion of 
pollen grains (Powles, 1978), although it might be argued that they were 
“anticipated” by Lucretius in 60 AD, who observed dust particles “skirmishing” 
under sunlight and thought this to be caused by “motions of matter latent and unseen 
at the bottom” (loc.cit). Contemporary examples include Brownian motion in metallic 
alloys (Preuss, 2002), foreseen by Einstein in 1905 (Einstein, 1956), besides 
fluctuations of stock markets! Interestingly, we find also instances of “cultural 
random walks”, quite motivating for humanists. Recall for example Saint Francis of 
Assisi’s friars walking along the road network of medieval Italy to preach the Gospel, 
trying to be just an instrument of God’s will. So they wanted to avoid choosing 
rationally their direction at each crossroad. Seen from the outside, their goal was to 
random walk in the road network, choosing at random at each crossroad. Saint 
Francis devised a clever method to implement this random choice: He told a friar to 
spin and whirl nonstop, in spite of dizziness or nausea.  As a result (friars not being 
whirling dervishes) the friar finally collapsed and fell to the ground. Then the whole 
company would choose the road closest to the direction shown by the friar’s head 
(Anonymous, ca. 1600).  
In this paper, we describe a specific example of the use of random walks to introduce 
the students to stochastic thinking, that may be regarded as a first avatar of a 
fundamental didactical situation (Brousseau, 1998).  
This approach has been tested with students and teachers with various backgrounds 
(ranging from scientific and humanistic students to in-service elementary school 
teachers and juvenile offenders).  An a priori and a posteriori analyses were carried 
out, in the sense of didactical engineering. Finally, results obtained are discussed and 
some conclusions are drawn.   
 
THEORETICAL FRAMEWORK: METAPHORS AND DIDACTICAL 
SITUATIONS.     
Nature and Role of Metaphors in Mathematics Education.   
It has been progressively recognized during the last decade  (Araya, 2000; Bills, 
2003; Chiu, 2000, 2001; English, 1997; Johnson & Lakoff, 2003; Lakoff  & Núñez, 
2000; Parzysz et al., 2007; Presmeg, 1997; Sfard, 1994, 1997, 2009, Soto-Andrade 
2006, 2007, 2012, and many others) that metaphors are not just rhetorical devices, but 
powerful cognitive tools, that help us in building or grasping new concepts, as well as 
in solving problems in an efficient and friendly way: “metaphors we calculate by” 
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(Bills, 2003). See also Soto-Andrade (2012) for a recent survey. We make use of 
conceptual metaphors (Lakoff  & Núñez, 2000), that appear as mappings from a 
“source domain” into a “target domain”, carrying the inferential structure of the first 
domain into the one of the second, and enabling us to understand the latter, usually 
more abstract and opaque, in terms of the former, more down-to-earth and 
transparent. We notice than in the literature the terms representations, analogies or 
models are often loosely used as equivalent to metaphors. 
Recall that Grundvorstellungen (better translated as “fundamental notions” than 
“basic ideas”) for mathematical content, that are very often operationally equivalent 
to conceptual metaphors, have been developed for a couple of centuries in the 
German school of didactics of mathematics (vom Hofe, 1995, 1998). In the case of 
probability they are usually given in a more prescriptive way than we do here for 
metaphors (Malle & Malle, 2003).  
Our approach regarding the role of metaphors in the teaching-learning of 
mathematics emphasizes their “poietic” role, that brings concepts into existence, 
described as  “reification” by Sfard (2009).   
Didactical Situations.  
Instead of introducing first concept and tools that students will apply later to solving 
exercises and problems as in traditional teaching, in the spirit of Brousseau (1998), 
we aim at students constructing or discovering those tools and concepts, when trying 
to solve a problem or challenge, in the context of a didactical situation. The concepts 
or tools we intend to teach should emerge as “the” way to “save your life” in the 
given situation.    
We describe the role of metaphors in didactical situations with the help of a “voltaic 
metaphor”:  Metaphors are likely to emerge, as sparking voltaic arcs, in and among 
the learners, when enough “didactical tension” is built up in a didactical situation 
(Brousseau, 1998) for them. This requires setting up a suitable didactical situation 
and succeeding in having the students sustain and bear the necessary didactical 
tension. The notion of didactical tension deserves here further study.  
 
OUR DIDACTICAL SITUATION: BROWNIE’S RANDOM WALK   
Perhaps the most natural visual example of randomness is Brownian motion. So we 
begin by presenting Brownian motion to the students in an interactive form (using 
real time videos and also simulating applets). Then, the task of studying this 
phenomenon being complex, we try to settle for some “baby version” of it.  Usually 
the students themselves have the idea of “simplifying” the phenomenon that we want 
to study, as much as possible, but without “throwing away the baby with the bath’s 
water”. 
We consider here a specific “baby avatar” of Brownian motion: A 2D random walk, 
whose protagonist is a puppy, suitably called Brownie (as sometimes suggested by 
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the students themselves).  Also an even simpler version, a 1D random walk may 
appear, that we do not consider here. We discuss below, somewhat halfway between 
“bricolage” (Gravemeijr, 1998) and didactical design (Artigue, 2009), how this 
random walk has been tackled by the students with the help of suitable metaphors and 
without a previous knowledge of probability or statistics.      
Where is Brownie? 

Brownie is a little puppy that escapes randomly from home, when she smells the 
shampoo her master intends to give her. At each street corner, confused by the 
traffic’s noise and smells, escaping barely from being overrun, she chooses equally 
likely any of the 4 cardinal direction and runs nonstop a whole block until the next 
corner.  Exhausted, after 4 blocks, say, she lies at some corner.  Her master would 
like to know where to look for Brownie and also to estimate how far she will end up 
from home…   
Research background (the students)       

a) primary school teachers enrolled in a 15 month professional development 
program, at the University of Chile, aiming at improving their mathematical 
competences, from 2007 to 2010 and in 2012.   

b) 1st year University of Chile students majoring in social sciences and 
humanities, from 2007 to 2012 (1 semester mathematics course).  

c) University of Chile undergraduates majoring in mathematics and physics (one 
semester probability and statistics course) in 2009-2011. 

d) University of Chile prospective secondary school teachers  (one semester 
probability and statistics course) in 2009 – 2011. 

e) Secondary school teachers enrolled in various professional development 
programs, in Chile, in 2006-2008 and 2011-2012 

f) elementary school students (6th  to 8th grade), whose teachers were engaged in 
the professional development program described above  (in progress). 

Methodology 

Learners were observed by the author and two assistants during work sessions (some 
of them videotaped), their written outputs were kept or scanned. They also answered 
questionnaires related to their use, appreciation and preferences regarding metaphors 
used in courses a) and b). Learners a) and e) did group work most of the time. Other 
learners participated in interactive lessons with a high degree of individual 
participation, horizontal interaction included. 
We describe now the a priori and a posteriori analyses in the sense of didactical 
engineering or didactical design (Artigue, 2009) related to this experimentation. 
A priori analysis.  

The mathematical situation. 
We have several approaches to the problem. 
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“Arid” theoretical approach: We calculate stepwise the probabilities of finding 
Brownie at the different crossings in the city map. We obtain in this way the 
probability distribution of the sequence of random variables   Xn = “Brownie’s 
position after n steps” and Dn = “distance of Brownie to the origin after n steps”. To 
obtain a general expression for this distribution, a clever idea is to do harmonic 
analysis and synthesis of these processes with respect to the (non-commutative!) 
symmetry group of the random walk. 
Statistical approach: To see what is going on, we can make a statistical simulation of 
the random walk, eventually using a worksheet.   
Metaphorical approach: With the help of a “hydraulic metaphor”  (Soto-Andrade,  
2006, 2007), we replace the puppy’s random walk on the city map by a fission or 
sharing process on a grid. There we may see, for instance, the grid as a system of 
ducts and imagine a litre of water at the origin that flows symmetrically and fairly to 
the 4 next neighbours, each time.  We have then to calculate stepwise with a 
deterministic process, which is equivalent to the original stochastic process, but has 
the virtue to avoid probabilistic language.     

The didactical situation.  
Working in groups, the teachers or students should realize quickly that there are 
impossible corners (street crossings) for Brownie, even close to her home. There 
might be divergent opinions on whether returning home is possible after 1 or 3 
blocks, for instance. Then, after having spotted the corners where it is possible to find 
Brownie (after a 4 block run), some (up to one half of the) students or teachers will 
believe that they are equally likely. Others would have the vague intuition that some 
corners are more likely because Brownie can get there by several different paths.  
Quite late, some will have the idea of experimenting, by simulating a good number of 
puppies, to try to settle the question. The majority of them will now be convinced that 
some corners are more favorable to find Brownie; her home for instance. They will 
not have much trouble in setting up a corner ranking.  But they will have some 
trouble in quantifying their feeling of bigger or smaller likelihood. How to assign 
“weights” to the different corners?   Some will usually think of counting paths to 
quantify their vague feeling.   
It is likely that the “Solomonic metaphor” (cut the puppy into four pieces) or the 
“hydraulic metaphor” (the puppy flows equitably to the four immediate neighbours) 
will not emerge spontaneously.  But this could happen under some minimal 
prompting like: What, more concretely, could you imagine instead of this (rather 
abstract) fair random choice between the 4 cardinal directions? (using some discrete 
gesture language).  
The students or teachers should not have much trouble quantifying the likelihood of 
presence of the puppy at the different corners, with the help of the hydraulic 
metaphor. They will realize quickly the conservation law of the puppy: putting 
together her pieces at each step you reconstruct the whole puppy. The idea might also 
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emerge in the classroom to unleash a pack of puppies from home, that would spread 
out evenly, splitting into four equal groups at each corner (better begin with 16 
puppies that will run 2 blocks each). We call this a “pedestrian metaphor”. 
So we hypothesize that – eventually under some prompting – Solomonic, hydraulic 
and pedestrian metaphors may emerge, that will enable the students to solve the 
problem for a given (small) number of steps. Path counting will also emerge as a 
competing strategy to quantify likelihood, especially among students having being 
previously exposed to more mathematics. 
A posteriori analysis. 

Unexpectedly our primary school teachers had a strong tendency to see without 
hesitation the 9 possible corners for Brownie after a 2 block run as equally likely! 
Dissenting opinions emerged very slowly among them.  On the contrary learners 
from groups b), c), d) quickly sensed that corners closer to her home were more 
likely.  
We have witnessed the emergence in the classroom of metaphors like the Solomonic, 
hydraulic or pedestrian one (Soto-Andrade, 2006, 2007) right after the students or 
teachers were prompted to try to see the situation “otherwise”, while working in 
groups, with discrete support from the facilitator.  Typically in a class of 30, one or 
two immediately “see” the puppy split into four pieces. These metaphors emerged 
more easily from learners in groups a) and b). Initially however many teachers 
seemed to have feeling that they were violating some (unspoken) didactical contract 
when allowing themselves to metaphorize. 
In cases where this sort of visualization seemed out of reach, the hydraulic metaphor   
enabled us to act out the situation: 13 in-service elementary school teachers distribute 
themselves suitably on the nodes of a virtual grid on the floor, one of them holding a 
container with 1 litre water that she shares equitably with her immediate 4 
neighbours, and so on… Each one of them could estimate the amount of water that  
  
 
 
 
 
 
 
 
 

Fig. 2.  Brownie’s splitting (2 blocks).   Fig. 1  Brownie’s splitting (0 and 1 block).   
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she will have after a given number of steps. Eventually they simulate this (more 
easily although less dramatically) with a square of board that they partition into four 
pieces and so on.  See figures 1 and 2 above. 
Results 

As hypothesized, Solomonic, hydraulic and pedestrian metaphors did indeed emerged 
among our students, eventually with the help of some prompting. Path counting 
appeared also, among more mathematically literate students, leading to an assignment 
of probabilistic weights based in Laplace rule. One obstacle to the emergence of 
metaphors was the current didactical contract saying that metaphorizing is not good 
mathematical manners. Enacting the walk with the help of a hydraulic metaphor was 
a big help for most learners, especially for elementary school teachers.  
With this course of action, most students and teachers succeeded in constructing the 
concept of probability at the same time that they solved the problem in context, with 
the help of suitable conceptual metaphors, in the sense of Lakoff and Núñez (2000).      
Discussion  

Our voltaic metaphor seems suitable to describe what happened in the classroom, 
regarding the emergence of metaphors that enable the learners to solve the problem 
they are tackling. To build up the necessary didactical tension is here crucial but not 
easy, especially when working with big classes (more than 50 students).    
On the other hand, we remarked that in our hydraulic acting out of the random walk, 
each participant does something very simple, but the outcome is the analogical 
solution of a non trivial problem.  This could be seen as just one simple example of 
application of “swarm intelligence” to the didactics of mathematics.   
Also the role of the teacher in this sort of “mise-en-scène” turns out to be quite 
delicate.  Definitely better than the metaphor “a teacher is a technician” emerges here 
the metaphor “a teacher is a tightrope walker”. In particular, experience shows that 
didactical micro-gestures of the teacher - tightrope walker may feed a butterfly effect 
in the classroom.   
Notice that in our metaphoric approach the students are not given a 
“Grundvorstellung” (fundamental notion) for probability before they address the 
problem. On the contrary, they are prompted to tackle the problem “bare handed” 
first and eventually look for a friendly metaphor for the concrete random walk they 
want to study (e.g. “Brownie splits”). When trying to give pertinent answers to the 
questions asked, “poietic metaphors” may emerge that enable them to construct the 
abstract probability concept, like: “probabilities of finding Brownie at a given corner 
are pieces of Brownie”.  This fits the framework of Brousseau’s didactical (better, 
adidactical) situations (Brousseau, 1998). 
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Brownie’s walk seen from Google Earth (zooming out). 

First, Brownie’s walk can approximate efficiently Brownian motion: just make the 
grid denser and denser…If you zoom out, with the help of Google Earth, tracking 
Brownie with GPS, you will see the trajectories of pollen grains.  
Second, the title of this section is also metaphoric: if we zoom out cognitively, we 
realize that Brownie’s random walk is a paradigmatic example of a random walk (a 
metonymy, in fact) and that random walks play very often the role of universal 
models in probabilistic as well as statistical problems. For example: 
1. The famous Italian unfinished tournament problem: Two players of equal strength 
compete in a tournament that consists of a series of games. The winner, who will get 
the one million euros prize, is the one who completes 10 wins first. Now, the 
tournament must be interrupted by “force majeure” when one player had won 8 times 
and the other 7 times. How should the prize be divided fairly between the two 
players?   
This problem can solved very easily by modelling or metaphorizing it by a random 
walk (a 2D one!) and solving the random walk metaphorically. This is friendlier than 
Pascal classical solution (apparently he was not very fond of random walks). If we 
recall that “mathematics is the art of seeing the invisible” (Soto-Andrade, 2008) we 
would agree that students are doing real mathematics when they see the evolution of 
the tournament as a random walk on a 2D grid with absorbing barriers.   
2. Evaluating screening tests (e.g. false positive problems) is a tough task for 
experienced physicians (Zhu & Gigerenzer, 2006; Gigerenzer, 2011). The typical 
question that physicians answer wrongly is:    “I have got a positive HIV test, how 
likely is that I am really a carrier?” 
Natural frequencies have been suggested (loc. cit.)  as a means to get a correct answer 
without much toil, in a way a 10 year old could do. But if you look at this problem as 
a question about a (2 step) random walk, that you can solve with the help of a 
pedestrian metaphor, your recover exactly natural frequencies. 
It is interesting to compare the relative popularity, among students in various levels 
and countries, of the hydraulic and pedestrian metaphors. According to Gigerenzer 
(loc. cit.), pedestrian metaphors (i.e. natural frequencies) should be much more 
popular, because you just manipulate whole integers and you compute a fraction only 
at the very end, or even you get your result in the form “m out of n”, as in pre-fraction 
days, that is all the same efficient for practical purposes. In the hydraulic metaphor 
however you need to manipulate fractions all the way. We have found experimentally 
however, consistently year after year, that 1st year university students majoring in 
Social Sciences and Humanities (group a) above) tend to prefer the hydraulic 
metaphor (8 out of 10 approx.), even if computing with fractions is not all that 
smooth for them. Apparently one reason for that is the conceptual impact of seeing 
one litre of grapefruit juice (or probabilistic fluid, if you like) draining downwards 
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through a graph of ducts, something that helps them tackle Zeno’s paradox, for 
instance. 
3. The classical fundamental didactical situation of Brousseau (1998) for statistics 
where 7th graders try to find out the composition of a bottle containing 5 marbles of 2 
different colours by looking inside through a tiny opening (that lets them see just one 
marble at a time), can be modelled by a random walk in the plane that “ends up” 
engaging into one region out of four possible wedge-like regions (corresponding to 
the 1-4, 2-3, 3-2 and 4-1 compositions) 
CONCLUSIONS. 
We claimed that random walks are a means to facilitate access to stochastic thinking, 
especially for non-mathematically oriented learners. As grist to the mill of this claim,  
we described here an explicit didactical engineering for a concrete example of a 
random walk (Brownie’s walk) whose bare handed study facilitates the construction 
of the concept of probability, thanks to the likely emergence of various helpful 
(mainly enactive) metaphors.  
We have tested this didactical engineering with learners of several backgrounds, 
students as well as in service teachers across Chile. According to their performance 
(assessed by tests and group work) and answers to questionnaires and interviews, this 
approach (random walks metaphorically tackled) did help them to understand and 
even construct otherwise cryptic mathematical notions and to solve problems 
involving randomness in a friendly and efficient way (e.g. false positive problems). 
We noticed some initial resistance to metaphorizing, mainly among university 
students majoring in mathematics and secondary school teachers. University students 
majoring in humanities and social sciences and primary school teachers were more 
prone to metaphorizing, especially after being granted permission to do so (“you are 
not supposed to metaphorize in mathematics” seems to be the implicit current 
didactical contract). Among university students remarkable metaphorical capacities 
were detected in students coming from alternative schools, like Montessori or 
Waldorf. Otherwise it seems clear that traditional teaching in Chile, especially from 
grade 7th onwards tends to thwart metaphorizing. This suggests promoting this 
approach already at the beginning of elementary school and exploring related 
approaches emphasizing embodiment and enaction. Further research on this 
didactical phenomenon, quantitative as well as qualitative, seems commendable. 
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